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Abstract. A potential function is computed for the lithium ion core, and is used 
to calculate the cohesive energy of metallic lithium, which is found to be in good 
agreement with experiment. Eigenvalues for conduction electrons in metallic 
lithium are calculated for points of high symmetry in the Brillouin zone, using 
the improved cellular method of Howarth and Jones, in which boundary 
conditions are applied at a large number of points on the surface of the atomic 
polyhedron; the merits of this type of boundary condition are discussed. The 
energy gap at the centre of a face of the zone is found to be 2°57 ev, the lowest 
state at that point having a p-like symmetry, and the interpretation of the soft 
X-ray emission spectrum of lithium is discussed in the light of this result. 


$1. INTRODUCTION 


HE energy of the lowest state of a conduction electron in metallic lithium 
| has been calculated by Seitz (1935), and Millman (1935) has obtained the 
energies of electrons in excited states, using the method of Slater (1934). 
However, as Shockley (1937) has shown, Slater’s method frequently leads to 
errors of 20° in the empty lattice test. In this paper the more accurate method 
of von der Lage and Bethe (1947), as developed by Howarth and Jones (1952), 
is used to calculate the energies of electrons at points of high symmetry in the 
Brillouin zone of metallic lithium. 'The energy gap at the centre of a face of the 
zone is found to be 2:57 ev; the energy of the N, state* lying above that of the 
N," state. The interpretation of the soft x-ray emission spectrum of lithium 
in the light of this last result is discussed in § 4. 

The work involved in a calculation of this kind is considerable, and only the 
use of the symmetry properties of the wave functions, as mentioned above, has 
kept the labour necessary within reasonable bounds. In the present case 
thirty-five integrations of the radial Schrédinger equation are required. 
Considerable further computation is involved in the determination of the 
eigenvalues, as described in § 3. 


§2. POTENTIAL FUNCTION FOR THE LITHIUM ION CorRE 


The potential function for the lithium ion core given by Seitz is tabulated 
only at fairly wide intervals of the radius 7, which makes interpolation rather 


* Throughout this paper the notation of Howarth and Jones (1952) will be used to 
indicate electronic states. ‘T'he first Brillouin zone for a body-centred cubic lattice is a 
regular dodecahedron, and the points I’, N, H lie at the zone centre, the centre of a zone face, 
and a corner point at which four faces of the zone meet, respectively. The subscript letters 
denote the symmetry of the function, e.g. I’, is a state at the centre of the zone with no 
nodal planes through the atomic nucleus. Superscript numbers, e.g. Hq, are used to dis- 
tinguish between states at the same point of the zone with similar symmetries. 
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difficult and, as Silverman and Kohn (1950) have pointed out, the published 
potential is in error; the correct potential has not yet been published. In view 
of these facts it was decided to calculate a smooth potential function of analytic 
form, which we denote by V(r), using the method of Prokofiew over as large 
a portion of the range of r as possible. As Seitz has pointed out, it is not possible - 
to determine a consecutive series of parabolae for r?V(r) over the whole 
range of 7 in the case of lithium. However, the two parabolae (2) and (3) 
given below, calculated from the 2p and 3d terms respectively, are found to 
cover the range 1-2<r<7-22. For values of 7 greater than 7:22 the coulombic 


potential V=—2/r is a sufficiently good approximation. Since V(r) tends 
to —6/r Ryd as ry tends to zero, and to —2/r Ryd as 7 tends to infinity the form 
rV = —2—4 exp|[ — {ar + br* + cr*}] is assumed for values of 7 less than 1:2. The 


constant a is chosen to have the value 3 in order that the function may approximate 
to the Hartree-Fock potential given by Fock and Petrashen (1935) near the 
origin. ‘The requirement that the function should fit the Prokofiew parabola (2) 
smoothly at y=1-2 gives b=0-1738 and c= —0-4475. 

Thus the potential function over the whole range of 7 is as follows: 


eV = —2r —4Ar exp{— 37 — 0-17387? + 0-447577}, r<l-2  —........ (1} 
r?V = —0-024467? — 1-7972r — 0-4296, eee 42 WN. le (2) 
r?V = —0-00096r? — 1-98617r — 0-0500, Aer jel 2 ee (3) 
r?V = —2r, V2 | | oe eee (4) 


where V(r) is in Rydberg units. 

Hartree’s method (1928) is employed to calculate the energy of the 2s electron 
in the free atom, i.e. the ionization potential, which is found to be —0-3661 Ryd, 
compared with the experimental value —0-3965 Ryd, an error of 0-0305 Ryd. 
The above potential function is chosen in preference to the Hartree-Fock 
function, since the latter leads to a considerably greater error in the value of 
the ionization potential. 


§ 3. DETERMINATION OF THE EIGENVALUES 


The energy of the I, state is found by means of the Wigner—Seitz method 
(1933) to be —0-615 Ryd. The method used to determine the eigenvalues of 
the states N,, N,', H,, H, and H,' is described by Howarth and Jones, who 
give the expansions for the corresponding wave functions. For example, the 
wave function for the N, state is 

o(N,) = Ry + AR,P,(cos 0) + BR,P,(cos 0)+CR,P,(cos @), ...... (5) 
which contains three arbitrary constants. ‘Ihe radial wave functions are 
obtained by integration for several values of the energy e«, and three boundary 
conditions are used to calculate the values of these constants for various values 
of «. From the large number of particular boundary conditions applicable to the 
state N, eleven examples are given by Howarth and Jones as being most suitable. 
If three of them are used to calculate the constants in (5), a determination of 
the eigenvalue may be made from each of the remaining eight conditions, the 
eight determinations forming a ’. Other sets are obtained by calculating 


« 


set’. 
the constants from a different choice of three boundary conditions. 

The consistency of the various determinations of the eigenvalue of a given 
state is affected by the expansion used for the wave function and by the particular 
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group of point boundary conditions employed. Groups of boundary conditions 
not fully independent of one another will yield incorrect eigenvalues. Apart 
from these cases, however, experience shows that when sufficient terms are 
taken in the expansion, very consistent results are obtained for all groups of 
conditions. On the other hand if the expansion is terminated at too low a value 
of J, no group of boundary conditions will give a good eigenvalue. ‘This is 
evidently because there are no values of the arbitrary constants A, BuCwete 
which will make the expansion an adequate representation of the wave function 
if the essential high harmonics are omitted. This shows that none of the 
elaborate average boundary conditions which have been suggested by various 
authors can give good wave functions if the expansion is too limited, and there 
appears to be no real reason why they should give good eigenvalues in this case. 
On the other hand, when sufficient terms are taken in the expansion, the very 
easily applied point boundary conditions appear to give excellent results, as 
demonstrated below. 

The most consistent results are obtained for the H,? state, five separate 
determinations giving the value « = + 0-202 Ryd, which is taken as the eigenvalue. 
Eight determinations (taken from four sets) for the H, state yield the values 
«= —0-119, —0-120, or — 0-121, giving a mean of —0-120 Ryd. The eigenvalue 


Table 1 
Conditions used Eigenvalue (Ryd) 
(i), (vi), (viii), (Ax), (vii) —0-122 
(i), (vi), (viii), (ix), (x) —0-122 
(1), (vi), (viii), (ix), (xi) —0-112 
(viii), (1x), (x), (xi), (11) —0-109 
(viii), (ix), (x), (x1), (i) —0-114 
(viii), (ix), (x), (xi), (iv) —0-107 
(vill), (ix), (x), (xi), (vi) —0-111 
(1), (vi), =; (xi), (1i) —0:122 
(1), (vi), (x), (xi), (vil) —0-109 


of the H, state is found to lie well outside the range of energy covered by the 
integrations, which are carried out at «= —0-3, —0-15, 0, and +0-2 Ryd. The 
eigenvalue for this state probably lies between «= +0-45 Ryd and <= +0-65 
Ryd, and is not of sufficient interest to justify the considerable extra number of 
integrations which would be needed to determine it accurately. 

The symmetry at the point N in the Brillouin zone is lower than that at the 
point H, and it is therefore to be expected that the accuracy of the results for the 
states at the point N will be less than for those at the point H. Nevertheless, the 
results for the N,,! state are almost as consistent as those obtained by Howarth 
and Jones for the corresponding state in sodium. Six determinations lie in the 
range --0-302 to —0-307, which gives a mean of —0-304 Ryd. The results for 
the N, state, using the expansion (5) are less satisfactory, and the determinations 
can be divided into two distinct groups lying near to —0-10 and —0-13 
respectively. ‘The expansion (5) is not the full one for 1<6, as terms 
P/" (cos @) cos mf, with 1 and m both even, can also occur. The inclusion of 
these terms, giving nine arbitrary constants in all, leads to no significant 
improvement in the results. If, however, the next term DRg,P, (cos 0) in the 
expansion. is included, the effect is to bring the two groups together, as shown 
in table 1, in which the figures in parentheses refer to the boundary conditions 
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given by Howarth and Jones. The determinations lie in the range —0-107 to 
— 0-122, which gives a mean of — 0-114 Ryd. 

The results for the N, state would seem to indicate that for the body-centred 
cubic lithtum structure the consistency of the determinations is improved, as 
would be expected, by the addition of terms with higher values of /, but that the 
inclusion of terms dependent on ¢ does not result in any significant improvement. 

The final results are summarized in table 2, which includes the energies of 
free electrons at the points N and H measured relative to the ground state 
energy, — 0-615 Ryd. 


Table 2 
State Eigenvalue (Ryd) State Eigenvalue (Ryd) 
ite —0-615 lelat -+-0-202 
Ny’ —0-304 Hy ~+0°55 
Ng —0-114 Free electrons at N —0-166 
ise —0-120 Free electrons at H + 0-283 


The energy gap at the centre of the zone face is thus 0-190 Ryd (2:57 ev), 
and the largest deviations from the mean for the N, and N,,! states amongst the 
consistent determinations of the eigenvalues are 0-008 Ryd and 0-003 Ryd 
respectively, so that the total error is almost certainly well below 5°% of the size 
of the energy gap. 


§ 4. DiIscuUSSION OF RESULTS 


In view of the soft X-ray emission spectrum of lithium, the most interesting 
feature of the results given in §3 is the order of the energies of the N, and N,! 
states. ‘The emission spectra for sodium and lithium have been measured by 
O’ Bryan and Skinner (1934) and are illustrated in figure 1, which is taken from 


0 Volts 4 0 Volts 


Figure 1 (after Skinner 1938). Curves showing the relative densities of soft X-ray 
emission tor transitions of conduction electrons to the K shell of lithium (A) and to 
the L shell of sodium (B). 


a review article by Skinner (1938). ‘The curves A and B arise from transitions of 
electrons in the conduction band to the 1s state in lithium, and to the 2p state 
in sodium, respectively. It will be noticed that the curve for lithium begins to 
drop before the cut-off at the top of the Fermi distribution, whilst that for sodium 
rises steadily until the cut-off is reached. If ny is the number of electrons whose 
energy lies in the range E to FE +dE, and fy, is the transition probability per unit 
time, the number of transitions is given by 


Ty ="pfr Fie Bin 
=0 E> jes 
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where E,,,, is the energy of an electron at the top of the Fermi distribution. 
Jones, Mott and Skinner (1934) consider the case of a simple cubic lattice, and 
show that the wave function for points along the line joining the origin in k-space 
to the centre of the zone face may be expressed in the form #,=a.b,+ 4}, 
where #, and #, are the zero order s and p wave functions for electrons in the 
lattice. For these electrons J, will be proportional to nz | a, |? if the final state 
is an s-state and to n, | a, |? if it is a p-state, as the value of / must change by unity. 
For the body-centred cubic lattice, the state at the centre of the zone is I’, an 
s-state. Let us suppose that the state at the point N, at the boundary of the 
first zone, also has s symmetry. In this case, as we go along the line ['N in the 
zone, a,, the proportion of p-state present, will be zero at either end, having a 
maximum near the middle of the line, and may be decreasing at the top of the 
Fermi distribution, agreeing with the curves shown. It was on these grounds 
that Mott (1953) suggested that the lowest state at the point N should be an 
s-state for lithium, as well as for sodium. ‘The results obtained would seem to 
indicate that no simple explanation of the difference between the soft X-ray 
emission spectra of lithium and sodium can be given in terms of these transition 
probabilities. 

A comparison of the energy levels for sodium and for lithium is given in 
figure 2. The levels are measured in electron volts, relative to the I, state of 
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Figure 2. Comparison of the energy levels of corresponding states in lithium and sodium. 
The energies are in ev relative to the ground state I’, of lithium. The broken lines 
represent the energies of free electrons at N and H respectively. 


lithium, which differs from the corresponding state of sodium by 0-09ev. The 
main difference is the size of the energy gap at N and the large depression of the 
H,, state of lithium below its free electron value. In sodium the H,, energy lies 
well above the higher energy at N,, whereas for lithium it lies just below the energy 
of the N, state. This would have the effect of drawing the energy contours 
nearer towards the corner point H than in the case of sodium, suggesting that, 
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although the valence electrons in lithium are by no means free, the energy 
contours may not be far from spherical throughout most of the occupied part of 
the first zone. 


§ 5. CoHESIVE ENERGY 


In view of the use of a different potential function from that given by Seitz, 
the cohesive energy has been calculated again, using the field given in $2. The 
rapid variation of the effective mass with interatomic distance has been noted 
by Bardeen (1938). His method gives the value 0-5559 for «, the reciprocal of 
the effective mass, at the observed lattice constant of 3-4492A quoted by 
Silverman and Kohn (1950). The latter have also computed the cohesive 
energy, using the correct Seitz field, and a comparison of the results is given 
in table 3. In view of the uncertainty about the values of the coulomb, exchange, 


Table 3 
Field chosen Seitz field 
a 0:5559 0-7270 
Ey (Ryd) —0-6148 —0-6832 
Ey; (Ryd) +0-3661 +0:3965 
Ey (Ryd) +0-1188 --0-1554 
E,+£;+ Ep (Ryd) —0-1299 —0-1313 


and correlation energies, the values of the sum E, + E,+ E, have been compared, 
where E, is the ground state energy, Ey is 2:21 «/r,2, the Fermi energy for 
electrons of effective mass 1/x, and £; is the ionization potential. ‘The energies 
are given in Rydberg units, and have been evaluated for a lattice constant of 
3-4492A, which gives a value of 3-2156 Bohr units for r,, the radius of the 
equivalent sphere. 

It will thus be seen that the different values of the Fermi energy almost 
exactly cancel the difference in the values of E)+), the values of Ey) + E,+EFy 
differing by only 0-0014 Ryd per electron, or approximately 0-5 kg cal mole}. 
If we add to L,+ #,+ Ey the quantities 1-2/r,, —0-916/r, and —0-576/(r, + 5-1), 
the coulomb, exchange and correlation energies respectively for free electrons, 
the cohesive energy amounts to 34:5 kg cal mole*. Herring (1951) has added 
corrections to the coulomb, exchange, and correlation energies to compensate 
for the use of the free electron values. ‘These corrections depend on the effective 
mass, their sum amounting to approximately 1:5 kg cal mole! for « =0-7270, 
so that for the value of « quoted above the corrections would add up to nearer 
3 kg cal mole!, thus bringing the cohesive energy somewhere near the most 
recent experimental value of 37-9 kg cal mole+ quoted by the National 
Bureau of Standards (Selected Values of Chemical Thermodynamic Properties, 


March 1952). 
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Abstract. Experimental results giving the shape of the Compton profile in 
X-ray scattering show that the momentum distribution of the electrons in 
metallic Li and Be differs markedly from that given by wave-mechanical 
calculations for isolated atoms. 

As the starting point of a detailed theoretical investigation the present paper 
is concerned with examining the momentum distribution of electrons in metals 
on the basis of the Thomas—Fermi theory. Quantitative results are presented 
for Li, Be, Na, K and Rb, and a considerable broadening of the Compton line 
due to the interaction of atoms in a lattice is unmistakably shown. Agreement 
with experiment is, however, poor for Li, and it is concluded that the momentum 
distribution of the valence electrons in metallic Li differs considerably from a 
free electron distribution. For Be there is surprisingly good agreement with 
experiment, but unfortunately no experimental results exist as yet for the other 
metals. 

The effect of introducing exchange is examined in detail for Na and some 
additional broadening of the Compton line is found. Finally the concept of 
free electrons in the Thomas—Fermi theory is discussed. 


§ 1. INTRODUCTION 


UCH attention has been given in recent years to the problem of 

calculating wave-mechanically the momentum distribution of electrons 

in isolated atoms and molecules such as exist in the gaseous phase. 
A useful summary of some of this work, due largely to Coulson and Duncanson, 
has been given in a book by Sneddon (1951), where a number of references can 
also be found. The importance of the momentum distribution lies in the fact 
that it determines the shape of the Compton line in x-ray scattering and also 
the energy distribution of inelastically scattered electrons. 

The most accurate calculations for atoms have been made using the 
analytical wave functions of Morse, Young and Haurwitz (1935) for the 
elements H to Ne, and the wave functions of Slater (1930) for those from 
Na to K. Whilst direct comparison with experiment is only possible for 
He and Ne, in which cases agreement is satisfactory, the accurate values for the 
other atoms are valuable in the sense that they provide a means of estimating 
the effect of the binding of atoms in a molecule or crystal. 

For molecules the situation with regard to quantitative results is less 
satisfactory than for atoms, as one would expect, since molecular wave functions 
are in general known with less precision than those for atoms, and even in cases 
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where accurate space wave functions are known the difficulties involved in the 
transformation to momentum space are often formidable. With regard to the | 
general effect of molecular binding on the momentum distribution it will be 
useful to bear in mind in what follows that in forming a diatomic molecule, for | 
example, the half width of the Compton profile is increased by about 15 to 25%, 

Although numerous theoretical results exist for isolated atoms and molecules, 
very little work has been done on the momentum distribution of electrons in_ 
solids. In fact, when the present investigation was begun the writer was not 
aware of any previous attempt to make quantitative calculations for a solid. 
Since then, however, Duncanson and Coulson (1952) have published a paper in | 
which they have calculated the momentum distribution in graphite. Experimental - 
results in this case show a broadening of the Compton line by about 35%, whilst 
the calculations of Duncanson and Coulson, using the tight-binding approximation, 
lead to a predicted increase of 22°/,, though the authors show that the introduction 
of a plausible scale factor in the atomic wave functions can lead to much better 
agreement. 

The broadening of the Compton line noted above for graphite is similar to, 
though somewhat larger than, that occurring in isolated molecules. However, 
an examination of the experimental results for metallic Li (Kappeler 1936) and 
Be (Dumond 1933) indicates that for these solids the broadening is very much 
greater, for Li about 350% and for Be about 160%. It was the observation of 
this striking broadening which prompted the present investigation. 

In this paper, as the starting point of a detailed theoretical discussion, the 
momentum distribution of electrons in metals is examined on the basis of the 
Thomas—Fermi (TF) theory. A qualitative discussion of the results to be 
expected in this case has indeed already been given by Slater (1934). The 
purpose of this paper is to present detailed quantitative results for a number 
of metals and to compare with existing experimental data. The TF method 
has the considerable advantage over a completely wave-mechanical treatment 
that one does not have to handle separate space or momentum wave functions 
for each electron, but can simply deal with the total spatial electron density 
obtained from a proper T'F treatment of the metallic problem, as discussed by 
Slater and Krutter (1935), and can transform this into momentum space to 
obtain directly the momentum distribution function required for calculation of 
the shape of the Compton line. 

The results of the TF method for atoms have already been investigated in 
detail by Coulson and March (1950). In this case, although a useful overall 
description of the momentum distribution function resulted, and the variation 
of mean momentum with atomic number was in good agreement with wave- 
mechanical calculations, the results, on the whole, were rather disappointing, 
due to the fact that the Compton profile was of quite the wrong shape. This 
defect could however be traced back to the incorrect form of the momentum 
distribution function for small momenta. The reason for this wrong behaviour 
near the origin in momentum space resides in the fact that electrons with small 
momenta are found, in the main, at large distances from the nucleus, and in these 
regions the fundamental assumptions of the theory break down, as indicated 
by the fall-off of the electron density as 7~® instead of exponentially. However, 
the method can be used with more confidence in the metallic case, since here 
this defect is not present, the electron density in any atomic polyhedron (replaced 
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by a sphere in the Slater and Krutter treatment) joining smoothly on to that in 
the neighbouring polyhedra without ever becoming very small. 

The ‘TF method is, however, limited in its application and, in consequence 
of the basic assumptions, it will be most appropriate to describe the alkali metals 
(see, for example, Seitz 1940).* We have restricted ourselves therefore to these 
metals, with the single exception that we have made calculations also for Be, 
since this is one of the two metals for which experimental results exist at the 
moment. It is not suggested that the application of the method is really very 
appropriate in this case, but it will be seen later that at any rate some understanding 
of the experimental results for Be is possible along these lines. 


§ 2. MOMENTUM DISTRIBUTION USING THE UNMODIFIED 'T'F METHOD 


The method of setting up the equations giving the momentum distribution 
has been discussed in detail by Coulson and March (1950) and, therefore, it will 
be sufficient to quote the results here. If I(p) dp is the probability of an electron 
having momentum of magnitude between p and p + dp, then we have the equations 


32m 


I(p) dp = 5, Rp? dp for p<pAR) 
Ole foveoee (1) 

= p37" (P)P* ap for p>p(R) | 

J 

where 7(p) is defined for this purpose by 
2me?Z\ 12 /b(x)\ "2 
P(x) = = ) (=) oe (2) 
: oe ae een? 

with T= Di (sz) ImeZis pe ae ene) Horas (3) 


In these equations p,(r) represents the maximum momentum at a distance 7 
from the nucleus, R(=bx,) is the radius of the spherical cell and ¢(x) is the 
appropriate solution of the TF equation in its customary dimensionless form 


Adldx2=p2[e aa (4) 


As Slater and Krutter first pointed out, the solution representing the metallic 
state in the ‘TF theory is defined by the boundary conditions ¢(0)=1, 
(d/dx),,.=$(%)/* 9. The first of these simply ensures that as we approach a 
nucleus of charge Ze the potential V-—> Ze/r._ The second is the condition 
characteristic of the metallic problem and can be obtained either from the 
requirement of electrical neutrality or from the condition that the potential V 
has the correct periodicity, that is (dV /dr), =0. 

As the TF model does not predict a position of metallic binding, the obvious 
procedure is to choose the cell radius in accordance with the experimental lattice 
constant. Thus, as soon as ¢(x) is known, the corresponding momentum 
distribution can be calculated in a straightforward manner. 

Now a number of solutions of the TF equation of the form required here have 
been given recently by the writer in the course of a discussion of the ‘TF method 

* Further evidence in support of this will be given in a forthcoming paper by the writer 
in which the cohesion of the alkali metals will be discussed by means of the TF method 
including exchange. 
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for molecules (March 1952). In table 1 of this paper the solutions with 
(29) =0-1806, x9 =5-229, and (a9) =0-2463, x»=4330 correspond to lattice 
constants differing by only 1 and 2%, from the observed values for Li and Be 
respectively. For our purposes this is quite adequate as calculations show that 
the momentum distribution and width of the Compton profile are not 
particularly sensitive to small changes in the lattice constant. For Na the existing 
solution nearest to the experimental lattice constant is that given by Feynman, 
Metropolis and Teller (1949) and defined by 4(x)) =0-0599, x9 =9-565 (for some 
comments on these solutions see March 1952). The lattice constant in this case 
differs from the experimental value by about 4%, which, as we shall see later, is 
still good enough for our purpose. The curves of J(p) thus obtained for Li, Be 
and Na from eqns (1) and (2) are shown in figure 1. The general shape of these 
curves agrees with that given previously by Slater (1934), to whose paper the 
reader is referred for a very interesting qualitative discussion. 


§ 3. MomENTUM DISTRIBUTION USING THE 'THOMAS—FERMI—DirRac MODEL 


Before going on to discuss the calculation of the Compton profiles it is of 
some interest to consider the effect of exchange on the momentum distribution. 
The equations required to discuss the momentum distribution on the basis of 
the Thomas—Fermi—Dirac (TFD) model are essentially the same as for the 
unmodified TF method, except that eqn (2) must be replaced by 


P(x) = (= = ce (5) | 2 (5) 


where of ONS A(T Ze = oe i ee (6) 
and (x) is now the appropriate solution of the TFD equation 


oe =| mp (e)" | = (7) 


Detailed calculations have been carried out only for Na, for which the writer 
has recently obtained a solution of the TFD equation corresponding to a lattice 
constant which differs from the experimental value by about 4%. The 
momentum distribution using this solution is shown in curve IV of figure 1. 
The results with and without exchange are not quite directly comparable since 
the lattice constants differ slightly. But it can be seen that the momentum 
distribution in the neighbourhood of the peak of the curve is quite appreciably 
altered. ‘This is mainly due to the fact that inclusion of exchange has a marked 
effect on the electron density near the boundary of the atomic sphere. The 
general effect of exchange is to spread the momentum distribution curve out 
somewhat, which is reasonable when it is remembered that a contraction of the 
charge cloud results when exchange is introduced. 


§ 4. COMPTON PROFILES 


As we have already mentioned, it is the momentum distribution of the 
electrons in the scatterer which determines the form of the Compton modified 
line for x-rays. ‘The calculations are most easily carried out by finding 

I 


J(q)=}| ' “e ap Ses lia ae (8) 
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which can be regarded as giving the Compton profile in a convenient form in 
which all incident wavelengths and all scattering angles are included (see, for 
example, Duncanson and Coulson 1945). Using the momentum distributions 
shown in curves I, II and III of figure 1, the Compton profiles have been found 
and are displayed in curves I-III of figure 2. The total widths of the profiles 
at half maximum provide a convenient means of comparison with experiment, 


0 | 2 3 ) I 2 3 
P Hy 
Figure 1. Momentum distribution function Figure 2. Compton profiles (atomic units 
I(p) (atomic units used). I, Li; II, Be; Used) sels eet i Bese Tipe Nala 
III, Na; IV, Na including exchange. Na including exchange. 


and are recorded in the table. For Na, to ascertain the effect on the width of 
small changes in the lattice constant, three solutions have been used, and the 
width corresponding to the observed lattice constant has been found by 
interpolation to be 1:25 a.u. This value differs by 4% from the value recorded 
in the table, a difference which will be almost certainly quite unimportant in view 
of the more fundamental limitations of the TF model. 


Half Widths of Compton Profiles (in atomic units) 


Ta Be Na Kk Rb 
AMM 1-08 1-61 1°30 — _— 
TFD = — 1-40 1-65 251i 
Isolated atom 0°57 0:77 0-80 1-06 — 
Experiment 26) 2:0 — 24 ae, 


In the case when exchange is included, the Compton profile for Na is shown 
in curve IV of figure 2 and the half width is recorded in the table. Interpolating 
from the results without exchange to find the half width for the same lattice 
constant as in the case when exchange is considered it is found that the half 
width is increased by the inclusion of exchange by about 16%. We can infer, 
then, that the general effect of exchange will be to broaden the Compton profile 
somewhat, which is as we would expect from the fact that the momentum 
distribution becomes more diffuse. It can be seen from curves III and IV of 
figure 2 that the form of the Compton profile is not markedly changed even 
though, as we have seen, the effect of exchange on the momentum distribution 
is quite large near the peak of the curve. 
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It is worth while to consider here the results to be expected on the basis of _ 
the TF theory (including exchange) for K and Rb. The half widths can be | 
obtained by interpolation from the result obtained here for Na, and the half 
widths obtained for A and Kr by Coulson and March (1950) using Jensen’s 
interpretation for the isolated atom in the TFD model (Jensen 1935).* The 
results thus obtained for the half widths are given in the table. 


§ 5. COMPARISON OF COMPTON PROFILES WITH EXPERIMENT i 


We are now in a position to compare our results with experiment. Unfor- 
tunately the only results that exist at the moment are for Li and Be, and we have 
recorded the values of the half widths obtained experimentally for these metals 
in the table, together with the values calculated wave-mechanically for isolated | 
atoms. | 

It will be seen immediately, by comparing the results given in the first two 
rows of the table with those in the third row, that a very definite broadening of 
the Compton line is predicted when atoms are bound in a lattice. The 
broadening decreases from about 100% for Li to 50% for K. A decrease is 
qualitatively reasonable when one remembers that the number of electrons in K 
which are appreciably disturbed by metallic binding is a much smaller fraction 
of the total number than in the case of Li. However, the width for Li, though 
twice as great as that indicated by wave-mechanical calculations for an isolated 
atom, is still only about two-fifths of the experimentally determined width. 
(An estimate of the effect of exchange for Li shows that agreement between 
theory and experiment is not significantly improved by its inclusion.) The 
agreement is much better for Be but, as we have already mentioned, it is unlikely 
that the 'I'F model is a good one for this metal, and it seems that the degree of 
agreement in this case is at least partly fortuitous. The result for Li, we feel, 
is of more significance. It is true that the TF model will give a somewhat poor 
description of the ion-core of Li (this is true of course also for Be) and this will 
affect the results for the momentum distribution. But the experimental results 
show that the actual momentum distribution in metallic Li must be very 
considerably different from that calculated on the basis of the TF model, and the 
difference is so large that it seems to us very unlikely that it can be attributed 
solely to the shortcomings of the TF description of the ion-core. We believe 
therefore that our results indicate that the momentum distribution of the valence 
electrons in metallic Li is considerably different from that of free electrons since 
the ‘TF method ought to be able to describe a momentum distribution resembling 
that due to free electrons with some accuracy. This conclusion is perhaps not 
too surprising, even for Li, in view of the astonishing complexity of the 
momentum eigenfunctions found in some cases by Slater (1952) in his recent 
discussion of the Mathieu problem. It would be very helpful to have experimental 
results for the other alkalis considered here, and particularly so for Na, since the 
method used should be most appropriate in this case. 


* Further justification for using these solutions will be given in the forthcoming paper on 
the T'FD method applied to the cohesion of the alkali metals. For the moment it will 
suffice to note that the solutions correspond to/lattice constants not differing very much 
(about 12% for K and Rb) from the observed values. 
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$6. CONCEPT OF FREE ELECTRONS IN THE TF THEORY 


It is worth while here, whilst on the subject of momentum distribution, to 
say a little about the concept of free electrons in the TF model. As Slater (1934) 
has pointed out, there is a sharp distinction between bound and free electrons 
in this theory. ‘Those electrons which have sufficiently high energies to pass 
over the potential barrier between atoms are free electrons, in the sense that they 
may travel throughout the metal, whilst those with insufficient energy to 
surmount the barrier are bound electrons. As Slater also pointed out, it is 
incorrect to suppose however that all the electrons within the sphere of 
discontinuity in momentum space defined by 0<p<p,(R) are free electrons, 
even though in this region the momentum distribution is of exactly the form that 
holds for perfectly free electrons. Slater contended though that the number of 
electrons within this sphere is exactly equal to the number of free electrons. 
This did not appear to the writer to be at all obvious, and it seemed worth while 
to clear up the point and to see in a particular case what value one would obtain 
for the number of free electrons. 

In the TF model all energies are allowed up to a maximum Ey. Now the 
maximum value of the potential energy occurs at r= R, the value being U(R), say. 
Thus the number of free electrons is the number having energies between U(R) 
and E,. To find this number we require first of all the number of electrons, 
say \(E)dE, in the energy range E to H+dE. ‘This can be obtained in a quite 
straightforward manner. N(E)dE is obviously zero for E>E,, and otherwise 
it is given by 


327°(2m*)1? | (Ear)? dr de 3” ae (9) 


he 
where the limits of the 7 integration are such that E— U(r) is always positive. 
We require to obtain the number of free electrons 


ME)dE = 


- Ey 
| ME) dE. 
U(R) 


The limits of F here are such that E—U is positive for all r from 0 to R, and 
hence these are the required limits of integration. Interchanging the order of 
integration, the integration over F can be performed but the remaining integral 
must be evaluated numerically. ‘This has been done for Li using the solution 
defined in §2, and the number found is 1:3. On the other hand the number of 
electrons within the sphere of discontinuity in momentum space is 0-9, and 
we can only conclude that Slater’s contention is not correct. Whilst we attach 
no great significance to the number of ‘free’ electrons obtained from a model 
such as this, in which classical mechanics is used, and we are thus enabled to 
distinguish sharply between free and bound electrons, it is somewhat gratifying 
that a sensible value around unity is obtained. 


§ 7. CONCLUSIONS 


The results we have presented here show clearly that a very considerable 
increase in the half width of the Compton profile results from metallic binding, 
in general agreement with experiment. The results for Li show, however, that 
the TF model is not adequate to explain quantitatively the very broad profile 
found experimentally. We conclude that, although some of the difference 
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between theory and experiment is doubtless due to the somewhat poor 
description of the ion-core that the TF method will give in this case, the | 
discrepancy is so large that it seems very likely that the momentum distribution — 
of the valence electrons in metallic Li is markedly different from that of perfectly _ 
free electrons. This, though somewhat surprising for Li, is not incompatible — 
with some recent results of Slater concerning the Mathieu problem, which showed _ 
that in many cases the momentum eigenfunctions were unexpectedly complex. 
The better agreement obtained in the case of Be, whilst interesting, is not very _ 
convincing as the assumptions of the theory are not likely to be well satished | 
in this case. 

In view of the results for Li, the writer, in conjunction with Dr. B. Donovan, 
is at present undertaking completely wave-mechanical calculations of the — 
‘momentum distribution for this metal. It is hoped to report the results of this 
work in a later paper. 
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Riesz Potential and the Elimination of Divergences from 
Quantum Electrodynamics * 
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Abstract. Using a modified definition of Riesz potential it is shown that the 
divergences arising in quantum electrodynamics from (i) the point nature of 
_ charge, (ii) the electron self energy and (iii) the vertex part of a Feynman graph, 
can be eliminated in a consistent way, without having to introduce any cut-off 
factors or auxiliary fields. 


$1. INTRODUCTION 


OME time back Riesz (1949) developed an elegant method for solving the 
S hyperbolic equation by the analytic continuation of an integral which is an 

analytic function of a parameter « (« real or complex). This method has 
been successfully used by various authors to avoid some of the divergences in 
electrodynamics and meson theory. Most of the work has been carried out using 
Fremberg’s definition (1946) of the ‘ Riesz potential’ which is a suitable generali- 
zation of the Maxwell potential (or the usual meson potential) in the «-plane. 
Ma (1947) has proved the equivalence of this definition and the d-limiting process, 
whereas the equivalence of Riesz potential to the method of contour integration 
has been demonstrated by Auluck and Kothari (1949). 

So far the application of Riesz potential to quantum electrodynamics has been 
considered mainly by Gustafson (1945, 1946) and Nilsson (1949). While 
Gustafson has introduced photons of both positive and negative energy for 
removing the electron self-energy divergence, Nilsson has obtained what might 
be regarded as a generalization of the A-limiting process. He succeeds in remov- 
ing the electron self-energy divergence without having to introduce any negative 
energy photons. 

For the electromagnetic field a new definition of Riesz potential in momentum 
space was recently given by Auluck and Kothari (1951, to be referred to as AK). 
Kothari and Bhatnagar (1952) showed explicitly that the new definition represents 
a generalization of the Wentzel potential in the x-plane and hence makes it possible 
to obtain a direct connection between Riesz potential and the work of Feynman, 
Dyson, and others in quantum electrodynamics. It has also been pointed out 
(Kothari 1952) that by using Riesz potential as defined by AK, one is in fact 
working with a field that has a continuous mass spectrum. Only photons of rest 
mass zero remain when finally continuation to « =0 is carried out. 

Recently a number of methods have been devised for evaluating the divergent 
integrals occurring in quantum electrodynamics. Feynman (1949) and Pauli and 
Villars (1949) have given rules for evaluating such integrals by introducing fields 
with auxiliary masses. A more consistent account of auxiliary fields has been 
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presented by Gupta (1953). In all such attempts, though the fields are introduced 
explicitly, it is ensured by suitable boundary conditions that the particles corre- 
sponding to such fields never show up in the free state. The purpose of the 
present paper is to show that the explicit introduction of the auxiliary fields is not 
necessary. By using the Riesz potential instead of the usual electromagnetic 
potential one can evaluate the divergent integrals in a consistent way. In this 
_ paper we consider the divergences arising from the point nature of charge, the 
self energy of an electron and the vertex part of a Feynman graph. (Though here 
we have considered a third order vertex graph only, the method developed is 
applicable to higher order irreducible vertex graphs as well.) To treat the photon 
self-energy divergence one has to generalize the solution of the Dirac equation in 
the «-plane.. This problem will be studied in a subsequent paper. 


In §2 we quantize the Riesz potential and then proceed to eliminate the 


longitudinal part of the electromagnetic potential from the Dirac equation. ‘The 
divergence due to the point nature of charge that normally arises in this problem 
isremoved. In§4 we consider the self energy of an electron (lowest order graph). 
The last section is devoted to the study of the divergence arising from the vertex 
part of a Feynman graph. 


§2. QUANTIZATION OF RIESZ POTENTIAL 


We define a metric tensor g,,, a8 299 =1, 231 =£22 =£33 = — 1, 8,»=9 for uAv. 
c and v are taken to be unity. The scalar product of two four vectors A, B,, is 
denoted by [AB]: 


[AB] = A,B" = A,B, — A,B, — A,B, — A3zB3 = Ay By — (AB) 
where (AB) is the three-dimensional scalar product of the space parts of A,, and 
B,. The positive length of the space part of A, is denoted by| A]. Greek suffixes 


take the values 0, 1, 2, 3 while the Latin suffixes run from 1 to 3. 
We define the Riesz potential 4,°(x) at any point x as 


A f(x) = H(a)J,% | x *{A is elke] ae A fe e tkelh d*k, 1 et (1) 
D 
where H(«) =2/T'(4a)0'(1 — $x) =2/m sin dora 
X=? [RPT 


A,,/s are so far arbitrary. The domain of integration D is the region bounded by 
ky >0, [kk] =0, k,, being the momentum four vector of the field. J, is a constant 
with dimensions of length, introduced to make the dimensions of 4,,°(x) indepen- 
dentof%. With a suitable choice of A,,, it readily follows that (for details see AK), 


0A,,“(w) ates Sp. Gu 
Ox, = eae (x—2;), ee ceee (2) 
H pn 
where Gx) = By jy? 7 xsin[kx]dtk, ne, (3) 


and %;=2,(7,) is the world line of the 7th electron with charge e, and proper time 7;. 
It has also been shown that in classical electrodynamics the potential A,%(x) 
satisfies the following Poisson bracket relation 


[A A(x), AO) eA ee eae (4) 


+ For convenience we have slightly changed our notation from that of AK. 


ew 
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‘Transition to quantum theory can be made in the usual way (Dirac 1947) by 
treating the potentials in (4) as operators satisfying commutation relation instead of 
the corresponding Poisson bracket relation. ‘Therefore from henceforth we will 
consider (+) as a commutation relation between A,°(x) and A,%(x’). Further, 
eqn (2) has to be replaced by a supplementary condition 


R(x) = 0, ee (5) 
where R%x)= — a OKI HS Re) AU «eG A (6) 


and ys), represents the state of the system, ys being a power series in the operators 
Aja, Aya, Ay3, Ayo whose coefficients are wave functions in the z-variables and the 
spin variables. ), is the standard ket of the whole radiation field, and satisfies 


the relations Ayo)p=0, Aaa 0 te (7) 


The above supplementary condition is consistent with the commutation 
relations (4) only for«=0. Inorder that they may be consistent for all values of «, 
one has to modify the commutation relations, and this modification is introduced 
a little later. 

To get the commutation relations between the various Fourier components 
A,,,, we substitute for the potential from (1) in the left-hand side of (4) and obtain 
on a little simplification 


H(a)H(«’)h*+@’ 
JD 


| x2’ exp (i[ka] —i[k’x']) — exp (—i[ kx] +i[Rx’])} 
/ D’ 
x [Ay A Aw dk dh! 


_ H(«) 


72 Re Suv pee sin| kod ko eel seen (8) 


Here we have made use of the following facts, (i) the commutation relation between 


A,,,and A,,, is symmetric in » and v (since the right-hand side of (8) is symmetric 
in p and v), and (ii) since Riesz potential has finally to reduce to the usual electro- 
magnetic potential, we have taken 
(Apel leo ee (9a) 
It can now be readily verified that the commutation relations 
= t 5,(k—k’) : 
[Ags Ayy] = ma. VOSS: Hohe? ee eat (9b’) 


satisfy eqn (8). However we will work with slightly different commutation 
relations instead of (96’). We assume 


a 4 O<k—R’ 
[Aw Avol=— 7a ae aioe (96) 
Sip ora 
(Aus AAS a at Wy Se [A [RP Sing os (9c) 


The introduction of the factor k,?/|A|? in (9c) is essential (in working with Riesz 

potential one cannot assume k, = |A| for photons) in order to carry out the elimina- 

tion of the longitudinal waves in a consistent way. Further, as can easily be seen, 

with this modification the commutation relations (9) and the supplementary 

condition (4) are consistent for all «. As it stands, this makes relations (9) and 
(9c) non-relativistic, though in the limit «— 0 the theory is Lorentz invariant. 
2-2 


20 L. S. Kothari 


§3. ELIMINATION OF LONGITUDINAL WAVES 
To eliminate the longitudinal waves from the electromagnetic potential A,(x) — 
we write, following Dirac (1947), 
A,o(x) = La) VA) i leah Gee eeee (10) 


where L,,*(x) is the potential of the longitudinal waves and M,%(«) that of the 
transverse waves. ‘The longitudinal waves are made up of the Fourier components 
A, and A,,, A; being the component along the wave vector of the space part of 


Aj, We define L5@)\= AP) oe eae (112) 
BAH T(a)i* { yh, ky 2{(RA,) e*214 (RA,) eth 4k, 1... (116) 
D 
These equations determine the longitudinal part of the potential and the transverse 
part is given by M3(%)=0 Wellies «2s (12a) 
M(x) =A "(e) = ey). eee (126) 
The supplementary condition (5), with the help of eqns (1) and (3), can be written 
in the form 1 
{AA y Fa beexp (—ilked)| Wyn =0, iene (13 a) 
na 1 
A in Fp Le; exp (tee) by =O. - eee (13 d) 


Further, if for the time being we assume that k takes on discrete values only, the 
commutation relations (96) and (9c) become 


mi] i S19 px 
[Aro Avol = — 73 Hypa? Seneae (14a) 
BS , TOR Re 
ee (145) 


A” et He TE 


s, being the density of discrete k values. With the help of the above two relations 
and (7) one arrives at the following result 


1 oS, Ors Paste ae 
Feb GB Ag PT (PA + De exp (lke) bye =, 


1 Rocce Ous : am P 
Fok aT TATRE (Fra) ¥»— {foclo ea Bevexp ited) } Y= 


‘The solution of these equations is of the form 
where i ee a... (15) 
S=47?H(«)l, “2 ho Is Ly 


4n*k, 


and ¢, is Recker of Ay and A px. oe to continuous k values we have 
S = 4777 (a) | i {A wo(RA y) + 


ane > Le, exp (i[ka; D} Ch ae ee (16) 


A; =I . 
* : A y(RA,) + Foe exp (—7[kz;])— (has Tae pexp (7[Re Dh, 


rT Gate exp (—2[Rz,]) | 
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We can look upon ¢, as a wave function from which the longitudinal waves 
have been eliminated. ‘To get the wave equation for 4, we proceed as follows. 


We have 


gy OS 
by =p ties, 


where p,; is the momentum of the jth electron. Substituting for S from (16) 
and using (11) and (13) we obtain after some simplification 


(Pu — €;L,(3;) bp = ef Pas oa €;B,(3;) }o1 Desek Det ies (18) 


where 


By(2;) = aS eee | ky 1x* * exp (—1[R, 2;—2,]) d*k, 


B,(2;) = — Pere, i ky *x** exp (i[k, 2;—2,]) dk. 
We now introduce another transformation 
i SF oa eA eran, WUD | Pero (19) 
where 
Te ee ei; Al cos [k, 2;— 2) ]hy 2x” 2 ath. 
With the help of this, eqn (18) can be written in the form 
{Pug — Ly) bp =O Pyg — DAZ) Dvr vee (20) 
bila) =B,s;)- + 2 
=+ ae ) ase, | hk 2x2. cos [By 2; 2%] 04h, oe... (21) 


the positive sign being taken when ;. =0 and the negative sign otherwise. 

We are now in a position to write down the wave equation for an electron 
interacting with electromagnetic field from which longitudinal waves have been 
eliminated. ‘The wave equation for the jth electron interacting with a general 
electromagnetic field is 


(Po; = €;A,(2;) sis (%5, Dj = e;A(z;)) sig Bym; bin pm) an seis (22) 
a;, 8; being the Dirac matrices for the jth electron having a mass m,;. With the 
help of eqns (10) and (21) we can rewrite this as 


(Pos — esol 25) + (4 Pj — esb(2;) — ep M(z;)) + By} wp =O. «+. -- (23) 
The variables describing the longitudinal waves no longer appear in the equation. 
The effect of longitudinal waves appears here through the functions b,(2;), which 
have already been evaluated in AK: 


bole) =F er eel 1) 7) wo srateines (24a) 
0%) * 125 (34-74 
« €i(305 = Zoi )(Sp5 = Sri) 
b,(;) = —4t »2 Re ae Ge ma CRONS (245) 


t#j 
For single time formalism b,(z;) =0 and bo(z;) gives the usual coulomb interaction 
term. 
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§4. Setr ENERGY OF AN ELECTRON 


It is well known that the self energy of an electron diverges logarithmically in _ 
the hole theory. One method of getting a finite and physically significant result _ 
is to introduce a suitable cut-off factor in the integral for the matrix element. We 
will show that the introduction of any cut-off factor is not necessary if one works 
with the modified definition of the Riesz potential. We propose to work in the 
Feynman—Dyson formalism and hence before proceeding with the actual problem, 
it is essential to generalize the Feynman D,-function in the «plane. For this 
we consider the function Y(x) defined by eqn (3). By changing the variables of 
integration from kp, ky, ke, Rs to x =(Ry?—|A|?)1?, K;=k;; we can write it as 

esl: : ak 
I(x) = SP Ue [et dy | sin f(x? + KP —(K)} Crp 


= Habe | x AD) de Be oe ee (25) 


where Dy(x) is the usual D function referring to a particle of mass x, and 
satisfies the equation _ (C+ x2)D,(«)=0. 


From eqn (25) it is now simple to see that 


DyX(w)=H(a)bo* | x *Day() dx 


a) > eilka] 4p 
ee ae gg oi ie ee Re | { 
park | re | ae (26) 


‘To obtain a finite result from an otherwise logarithmically divergent integral we 
have to assume « to be a complex quantity (Nilsson 1949) and instead of taking 
1)*x*1 as the ‘weight factor’ in eqn (26) we take 


BAX) =H EEX) ee (27) 
as the weight factor. The need for this assumption will become clear later on. 
Thus we define 


Hla) r= -@ ilke] J4p 
D(x) = | ; SAX) dy | =e (28) 


Using D(x) as defined by eqn (28) instead of the usual D, function, we write 
the matrix for the self energy graph between the states ” and wu of the electron: 


Cel (ah ii: -  (p—k)+m d*k 
471 ii B(x) dx | y (p —k)? — m2 Yu ghee (29) 


where p=[yp], p, being the momentum of the electron, p?=m?. The y-matrices 
satisfy the following relations 


Yul v st Vee 28, 7) 
OY eat fe ks cle an I se oe ds (30) 
y,Ay" = — 2A. 


To evaluate (29) we consider the integral (in Feynman notation) 


Se Aii sy | A (1:k,) d4k 
I*=H(a)ly I. dy | Gooey (31) 
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This is convergent over y for 0<« <2. Integrating by parts over y in this range 
of « we obtain 


ELC helt (1:k,)d*k 
)iisSs Lo a+1 | ENE a OLE << 
eT a] xe Te — eae 
Now integration over k can be carried out and it yields 
ae Hife) -¢” 1(1: (1—.x)p,)x dx 
NR a+1 eS Ne EO Hee 
ie), ee) Geer 


eS fa: (1—x wpwdr| | aX 


1 « mc) 1 1 
a a—1 = $23 tg tay a ie = BT | 
“3 ae dx lia x2 + m1 = he oy dy | 5 ooo S (32) 


The first integral over y, on the right-hand side of (32), is convergent and we can 
put «=0 before evaluating it (H(«)/x—+1, as «+0). It gives 
; La Kx + m3(1— x)? 

2x 8 et —xP 


The second integral is convergent for «<0, and gives 
ie ee) x a ae ibe /Al 
ee dy = — ==, (5 +1o¢ Ki +00). 


xO 
Since in the limit «70, ai wwe 0, we have 


Ju= — 


1 
eons =i Ax) dx = — 7 08 ih. 


2—>i0 © 
The last integral is zero for K> ~. 
Combining the above results and substituting them in (32) we obtain, for 


ig 1° =in® | (1:(1 : 
= Ur J ¢ af — x)p,) dx 8 7 2m™(1— x)” 


- ip heey lodge gece 
=17T L + log Tea Po PORTE 4 


The matrix element (29) therefore becomes 


e 1 1 1 1 
(29) = 4a |(P +m) (108 ra at 1) - (2 108 Ta Ze -;)| Vu 


e t 
= | 8m (108 p53 +1) -p(2 log rap3 +5) |. Bi. (33) 
To calculate the self energy we note that pu =mu, and this gives 
Nise es 1 2 
<r = 7 (308 p+ 9): Ate (34) 


§5, VERTEX PART OF A GRAPH 


To illustrate the use of Riesz potential in eliminating the divergence arising 
from the vertex part of a Feynman graph we consider, as an example, the scattering 
of a free electron by an external electromagnetic potential 4,(°(x), which is assumed 
to vary as a(q) e2”! in space and time. If p, and p, respectively denote the initial 
and final momenta of the electron, then p,?=p,? =m’. 

The correction to the scattering matrix element from the ‘vertex graph’, 
apart from a numerical factor, is 

; (ps k) tm \(pi-k)tm—, d*k” 
=H(2) | g(x) dx | %" (p,— Rk — me? Y»(p, kp — me” Re — x2" 
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To evaluate this we consider the following integral 
Pe Hae ( ytd | (eRe Reker 
=Heedh dx | aM 
This integral is divergent over k but converges over y for 0<«<2. As before 
we first integrate by parts over x, obtaining 
pepe HO) ool ae (Lay ckek,) ak 
1 bs |x| OF 
The integration over k can now easily be carried out by introducing Feynman 
variables. One gets 
Sy) 2m ia) “f" ee ial x(1— x) dx dy 
BO OO oly Poe 


X (1: xPyoi XP ycP yr — BBolH DP + x(1—%)}),  vree (37) 
where p, = a +p(1—y). Analytic continuation to «=0 he 
dy’ 
Das > are (toes 2 2P yo: DicPoat Py — t£o-Py log sara Dy? =) Sea te ole (38) 


where integration over x has already been Pe out. For integration over y 
Feynman’s paper may be referred to. 

The slight difference between result (38) and the corresponding result obtained 
by Feynman will be noticed. If we put « =0 in (37) before integrating it over x, 
the first term, (1), of (1:k,:k,k,) gives x *p,* and this leads to a divergent integral 
over x as x->0. Feynman overcomes this difficulty by putting a lower limit 
Xmin to the integral over y (his A). However in our case the contribution to the 
integral over y from x =0 vanishes and the integral over x has to be taken between 
e<x<l1 with «+0. 
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On the Electron Affinities of Atomic Fiuorine, Oxygen and Lithium 
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Abstract. ‘The Ritz variational method in conjunction with an extrapolation 
procedure has been employed to calculate the electron affinities of atomic 
fluorine, oxygen and lithium, the values obtained being 3-05, 1-12 and 0-74 ev 
respectively. In the case of fluorine the accord with the value 3-57 ev found by 
using the Born—Haber cycle is reasonable. The electron affinity of oxygen 
obtained from collision experiments is 2:2 + 0-2 ev, which is considerably larger 
than the value calculated in this paper. No comparison data are available for 
lithium. 


§1. INTRODUCTION 


HE electron affinity of atomic hydrogen has been calculated by many 

investigators using the Ritz variational method, the most accurate of 

these calculations being performed by Henrich (1943) with an eleven 
parameter trial wave function. Because of the computational difficulties involved 
such an elaborate treatment is not practicable for more complex systems. 
However, Glockler (1934) and Bates (1947) obtained useful results by extra- 
polating the experimental values for the ionization potentials of the neutral 
atom and positive ions isoelectronic with the negative ion under consideration 
keeping second differences constant. For instance, they found that this 
procedure gives a very good approximation to the electron affinity of atomic 
hydrogen A(H) and for helium it gives A(He) to be less than zero which 1s in 
agreement with the fact that He~ has never been observed. 

Although reliable laboratory data are rather scanty for the heavier atoms, 
the evidence available suggests that parabolic extrapolation (i.e. extrapolation 
keeping second differences constant) seriously underestimates the electron 
affinities. In the case of oxygen, for example, the error is apparently as much 
as 1-1 ev which is surprisingly large in view of the fact that the second differences 
for the higher members of the isoelectronic series are remarkably constant. 
Conceivably, however, an error of such magnitude might arise from the 
fundamental difference that exists between negative ions on the one hand and 
neutral atoms and positive ions on the other hand. An attempt has been made 
in this paper to investigate the matter further by performing variational 
calculations on the series isoelectronic with H-, Li, O~ and F~ respectively. 
The first two series were chosen because their relative simplicity permits the 
effects of polarization and non-separability to be studied and the last two series 
because of their intrinsic importance. A summary of the values of the deduced 
electron affinities and a comparison with the results obtained by other methods 
are given in table 5. 
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§2. THE VARIATIONAL MeTHop AND TRIAL FUNCTIONS ASSUMED 


The Hamiltonian of an atom or ion consisting of N electrons moving in the 
field of a nucleus of charge Z is 


where 7, is the distance of the 7th electron from the nucleus and 7,; is the distance 
between the 7th and jth electrons in Hartree units. If ‘V is a suitable trial wave 
function which depends on a number of arbitrary parameters C,, an upper 
bound to the total energy of the atom or ion in its ground state can be obtained 
by minimizing the expression 


W= [wrrvar | [Pear 


and this upper bound gives a good approximation to the true value of the 
energy provided the trial wave function is sufficiently flexible. 

A convenient form to take for ‘ is the set of N-electron Slater determinants — 
for which the orthonormal one-electron wave functions (with the spin functions 
factorized out) are 


u(nlm | r6b) = R(nl |r) Y(lm | 04) 


where Y(/m |6¢) is a normalized spherical harmonic and the first three normalized 
radial wave functions are those used by Fock and Petraschen (1934): 


R,(10 |r) = (4a8)12 @-2 


BAAD ITs (ue {1 —4(a+ B)r} e*, | 


4a5\ 1/2 
R21 |r)= (¥) re 


As Slater (1929) has shown W depends on the one- and two-electron integrals 
Ry, j d 71 
I(nl; nl) = — | R(nl|r) E (" i) -« —Ul+1)+ 22 | R(nl|r) dr 
0 
F'(nl; n'l’) =2 | L, R(al|r,) R(T Ir) Hi R(nl |r )ROT |75)777*7o7 a7, ate > 
OF 0 


G'(nl; n'l’) =2 | iby R(nl|7,)Rn'l’ I") =e R(n'l’ |74)R(al | r9)r 2792 dr, drs 
10) 0 


where r_, r. are the lesser and the greater of 7, and rg. It is convenient to 
express these integrals as functions of « and the ratios x=B/«, y=y/« because 
then W can be written in the form (see Appendix) 


W =02T(x, y)—aV(x 9) 


so that for given values of x and y the minimum value of W corresponds to 
“*=V/2T in which case W=—V?*/4T and only the minimization with respect 
to x and y need be done numerically. 

It is also of interest to investigate the effect of using trial wave functions 
which are not simply Slater determinants. This can be done comparatively 
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easily for the H~ and Li- isoelectronic series. ‘Thus, in the case of the H~ series, 
in addition to the Slater determinant given by 


Y= R,(10 |r,)R,(10 | 79) rs | 

the following forms have been used}: | 3 
Y=R,(10|7,)R,(10 | 72) +R,(10|7,)R,(10 115), B gar tages ‘oe 
PY=R,(10 |7,)R,(10 |72){1 +719}. C 


For the Lr series not only has a four-electron Slater determinant been used 
but also wave functions which are analogous to B and C. These are discussed 
in more detail in the next section. 


$3. DiscuUssION OF THE RESULTS 
3.1. H- Series 


Table 1 shows the values of the parameters and the total binding energy 
Win for H-, He, Lit and Be?+ in the ground (1s)? 'S state corresponding to the 
wave functions A, B and C respectively.{| The total binding energy for a 
member of the series isoelectronic with hydrogen is given by — Z? in Hartree 
units, where Z is the nuclear charge. Consequently the calculated ionization 
potential for a member of the H~ series is —Z2 —W,,,,. Also listed in table 1 
are the experimental ionization potentials § of He, Lit and Be?+. The difference 


Table 1. The calculated values for the binding energies of H-, He, Lit, Be?* 
corresponding to the trial functions A, B and C 


A B c 
Atom 
eon o Eealc om x E calc a ay Beale (I-P. exp 
sig 11/16 — 0-945 1:04 0:27 — 1:027 0:83 0:30 — 1-018 
He 27/16 9 5)-095 2:19 0:54 — 5-751 0:93 0-10 — 5:782 1-808 


bras 43/16 —14-445 3°30 0°63" —14-498" 0°95, (0-059), 14-536 5-562 
Bet) 59/16 =—27-195 4:39 0:68 —27-246 0:96 0:041 27-288 Osi] 

a, x, y parameters; F.;, calculated total energy (Hartree units); (I.P.),,, experimental 
ionization potentials (Hartree units). 


between the calculated and experimental ionization potentials can be extra- 
polated to give the electron affinity of hydrogen by assuming the second 
differences are constant. Corresponding to the wave functions A, B and C 
respectively, A(H) is found in this way to be 0-73 ev, 1:03 ev and 0:57 ev. ‘Thus 
the wave function A gives a value for A(H) which is in very good agreement with 
the value of 0-749 ev found by Henrich with an eleven parameter trial function. 
On the other hand A(H) is overestimated by the wave function B and under- 
estimated by the wave function C. ‘The same value 0-73 ev found by using 


} Note that the trial wave functions B and C are not normalized. 

t Some of these have been calculated previously by Hylleraas (1929, 1930), Zener (1930), 
Eckart (1930) and Chandrasekhar (1944). 

§ The experimental values for the ionization potentials which are used in this paper 
have been taken from the compilation of Charlotte Moore (1949), with the exception of 
Ne? for which the ionization potential is not well determined. In this case a value was 
obtained by interpolating the experimental results for F, Na?* and Mg**. 
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the wave function A can also be obtained by parabolic extrapolation of the 
experimental values only for the ionization potentials of He, Lit and Be?*. 


3.2. La- Sees 


Summarized in table 2 are the values of the parameters and the total binding 
energy for Li-, Be, B+ and C?+ in the ground (1s)? (2s)? 1S state. ‘Two types of 
wave function, chosen by analogy to the trial functions A and B respectively, 
were used to calculate the total energies for the members of this isoelectronic 
series. The first type was just a four-electron Slater determinant ; the second type 
was obtained by replacing all products of the form R,(20|73)R,(20 174) which 
occur in the Slater determinant by R,(20|r3)R,(20|74) + R,(20 |73)R,(20 |74). 
Also shown in table 2 are the values of the parameters and the total binding 
energy corresponding to a trial wave function which is simply a three-electron 
Slater determinant for Li, Be+, B?+ and C*+ in the ground (1s)? (2s) 'S state. 
Using these values for the energy, the electron affinity of Li and the ionization 
potentials of Be, B+ and C?+ can be calculated. By parabolic extrapolation of 
the difference between the calculated and the experimental ionization potentials, 
the type A wave function gives 0-74 ev and the type B wave function gives 


Table 2. The calculated values for the binding energies of Li, Be, Bt, C?* 
corresponding to trial functions of type A and type B and also the calculated 
values for the binding energies of Li, Bet, B+, C%+ corresponding to a 
three-electron Slater determinant trial function 


A B 
Atom : E ec ; E j LP Atom Ras 
Son x cale m oe y cale (1.P.)exp or one x calc 
Ile 2:70 0:20 —14:790 2:69 0:30 0:10 —14-833 Li 2-69 0:28 —14-828 
Be 3:71 0:31 —29-060 3:70 0-40 0:22 —29-104 0:686 Bet 3-70 0:36 —28-512 
Bt 4-71 0:36 —48:379 4:71 0:44 0:28 —48-427 1:850 B+ 4-69 0:40 —46-706 
Cz 5°72 0:39 —72:714 5:70 0:47 0:31 —72-765 3:521 C+ 5:69 0:42 —69-404 


_ %, %, Y parameters; Ecale calculated total energy (Hartree units); (I.P.)exp experimental 
ionization potentials (Hartree units). 


0-80 ev for A(Li). A similar calculation for Li- was performed previously 
by 'Ta-You Wu (1936) using Slater determinants only. He obtained the value 
of 0:54 ev for A(Li) which differs from the corresponding value obtained in 
this paper because he used earlier values for the experimental ionization 
potentials given by Bacher and Goudsmidt (1932).+ 

Allowance can be made for polarization between the electrons in the 2s shell 
in a similar manner to the way the wave function C makes allowance for 
polarization between the 1s electrons. ‘This was done without an excessive 
amount of calculation by assuming that the motion of the 1s electrons is 
unaffected by the presence of the 2s electrons. The wave function A was used 
for the Is electrons while wave functions given by R,(20|73)Rj(20|7,) and 
R,(20 |r3)R,(20 |74){1+yrgq} were used for the 2s electrons. The results 
obtained with these two types of wave function are given in columns A and C 
respectively in table 3. By making a comparison with the values of the total 
energy given by the four-electron Slater determinant for the Li- series 


" By interpolating the experimental results for Be, C?+ and N*+ Edlén has recently 
revised the value of the ionization energy of B* (cf. Moore 1949), 
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extrapolation of the results obtained with the polarization type wave function 
gives A(L1) to be 0:67 ev. ‘Thus the Slater determinant trial wave function gives 
a value for A(Li) which is the arithmetic mean of the values of the affinity 
given by the type B wave function and the polarization type of wave function. 
It may be noted that the effects are similar to those found for hydrogen but that 
the spread in the results is less. Extrapolation of the experimental values only 
for the ionization potentials of Be, B+ and C?+ gives for A(Li) the value 0-38 ev. 
This differs from the result obtained by using the four-electron Slater 
determinant by 0°36 ev. 


Table 3. The calculated values for the binding energies of Li-, Be, B+, C2+ 
assuming that the motion of the 1s electrons is unaffected by the presence 
of the 2s electrons 


Atom or ion Calculated energy (Hartree units) 
Lie — 14-783 — 14-841 
Be — 29-006 —29-101 
Bt —48-255 — 48-376 
Ou —72-513 —72-654 


Columns A and C respectively refer to calculations in which polarization between the 
2s electrons has been neglected and has been taken into account. 


3.3. O- and F- Series 


Table 4 gives the parameters and the total binding energy for O, F+, Ne2+, Na3+ 
in the ground (1s)? (2s)? (2p)* 3P state; for O-, F, Ne+, Na?+, Mg?+ in the ground 
(1s)? (2s)?(2p)>?P state; and for F~, Ne, Na*, Mg?" in the ground (1s)? (2s)? (2p)®!S 
state, corresponding to trial wave functions which are simply eight-, nine- 
and ten-electron Slater determinants respectively. By parabolic extrapolation of 
the difference between the calculated and experimental ionization potentials, 
the electron affinities of O and F are found to be 1-12 ev and 3-05 ev respectively.+ 
The values for A(O) and A(F) obtained by extrapolating the experimental values 
for the ionization potentials are 0.97 ev and 2-93 ev respectively. ‘Thus the 
results obtained by the two extrapolation procedures are almost the same. 
This at least suggests that they are not seriously in error, for any major 
discontinuity in passing along an isoelectronic series to the negative ion would 
be expected to be revealed by variation with Slater type wave functions 
(particularly as the use of more elaborate wave functions in the case of H” and Li- 
made very little difference). 

Experiments to determine the electron affinity of oxygen have been carried 
out by Lozier (1934), by Hagstrum and ‘late (1941), and by Metlay and 
Kimball (1948). ‘These investigators obtained the value 2:2 +0-2 ev for A(O). 
A detailed discussion of the experiments is given by Massey (1950) and by 
Gaydon (1953). 

It is also possible to calculate A(F) by using the Born—Haber cycle for the 
alkaline fluorides (Mayer and Helmholz 1932). Until fairly recently the value 
of the electron affinity obtained was 4:13 ev using the old value of 63-5 kcal mole + 
for the dissociation energy of F,. However, a new value of 37-7 kcal mole for 


+ A value of 3-17 ev for A(F) has been obtained by Johnston (1951) using perturbation 
methods. 
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the dissociation energy of F, has been obtained by Doescher (1951) and by 
Barrow and Caunt (1953) which gives A(F) to be 3-57 ev (Bernstein and Metlay _ 


1951). This value is in good agreement with the experimentally determined 
value 3:6 + 0-2 ev for A(F) (which was previously considered unreliable) obtained 
by Metlay and Kimball (1948). 


Table 4. The calculated values for the binding energies of the members of the 
series isoelectronic with O, F and Ne using Slater determinants as trial 
wave functions 


ne a x sy E calc (I-P-)exp 
O Weal 0:36 0-29 — 148-786 

hie 8-70 0:38 0-32 —196-816 

Ne?* 9-70 0:39 0:34 — 251-882 

Na’* 10-69 0-40 0:35 — 313-972 

On Ue 0:35 0:26 — 148-254 

F 8-71 0:37 0-29 —197-501 12S 
Net 9-70 0:38 O32 — 254-310 3-014 
Na?t 10-70 0:39 0:34 — 318-658 5-270 
Met 11-70 0-40 0-35 — 390-533 

hiss 8-72 0°35 0-26 — 196-938 

Ne 9-71 0:37 0:29 — 255-138 1-586 
Nat 10°71 0:38 0-32 — 321-400 3-478 
Meg?t 11-69 0:39 0-33 — 395-703 5-893 


a, xX, y parameters; E,.,), calculated total energy (Hartree units); (I.P.) exp) experimental 
ionization potentials (Hartree units). 


Table 5. Calculated and experimental values of electron affinities 


Electron affinities 


(ev) 

Atom (i) (ii) (iii) 
H 0-73 0-73 0-749 
He —0°53 — <0 
if 0-38 0:74 a 
N —0-66 (—0°51) <0 
O 0-97 1:12 2:2 
F 2-93 3-05 3:57 


In column (i) are given the values calculated by a purely extrapolation procedure ; 
in column (ii) are given the values calculated by using the variational method with Slater 
determinants as trial functions in conjunction with an extrapolation procedure; and in 
column (iii) are given the values obtained by experiment and by the variational method 
in the case of hydrogen. 


The differences between the experimental values of A(O) and A(F) and 
those calculated in this paper are 1:08 ev and 0-52 ev respectively.t In 
comparison with the latter the former difference is unexpectedly large as is at 
once apparent when consideration is given to the next member of the Periodic 
Table. For it seems highly probable that N~ does not exist in a stable form 
because although a careful search has been made for it by Tiixen (1936) with 

y If the estimated value for the ionization potential of Ne*+ given by Moore (1949) is 


used, A(O) is found to be 0:85 ev which makes the anomaly between the experimental 
and calculated values of A(O) even more acute. 


\ 


ee ay a ra, ee nee en Ee ee ee ee re ee ee 


| 


Electron Affinities of Atomic Fluorine, Oxygen and Lithium 31 


a mass spectrograph its presence was not detected. If this is correct A(N) is 
less than zero. Now the extrapolation procedure first used by Glockler and 
later by Bates gives A(N) to be —0-66 ev and the extrapolation procedure used 
in this paper is likely to raise this value by about 0-15 ev. Thus the error made 
by the latter procedure is less than 0-5 ev in the case of A(N) as in the case of A(F) 
so that it is very peculiar that for A(O) it should seemingly be as much as 1:1 ev. 
Indeed it is almost tempting to suppose that the error in the calculated electron 
affinity is not greater than this amount and consequently that A(O) is smaller 
than 1-7 ev (unless indeed the original value of A(F) is in fact correct). However, 
though the anomaly is at least sufficiently suggestive to make further laboratory 
work seem desirable, too much weight should not be attached to it. Even 
should the true value of A(O) be as low as 1-7 ev both it and A(F) would still be 
some 0-5 ev above the calculated values. While such a difference is not of course 
unduly large the corresponding difference in the case of the simpler extrapolation 
procedure is only 0-15 ev higher. Apparently therefore the improvement 
brought about by the variational refinement is slight. The reason for this is 
not understood so it would seem that the electron affinities may depend on some 
more subtle factor than any which have been considered. 
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APPENDIX 


Let us consider an atom or ion in the ground state with configuration 
may? (7s) (7p) where Van, <2, 0 <n, <2, 0 <n, <6. “Phe energy W is given 
in terms of the one- and two-electron integrals by the expression 


W =n,1(10; 10) + 4n,(n,—1)F (10; 10) +n,1(20; 20) + $n.(n,— 1) F (20; 20) 
+2n,F (10; 20) —n,G°(10; 20) 
+n1(21; 21)+4n,(n,—1)F (21; 21)— 46 F (21; 21) 
+2n,F 10; 21) + 2n,F (20; 21) — 4n,G1(10; 21) —4n,G1(20; 21) 
where 
d=4n,(n,—1) if O<n, <3 
=4(n,—3)(n,—4)+3 if 4<n,<6. 
With the wave functions specified in the main text (eqns (4)) we obtain: 
I(10; 10) =a? —2Za 
ae ake 1 — 2x) x? 
T2020) = {5 + gfe 2 fe Tosa 
1(21; 21) =y?0? — Zya 
O10 10) = Fa 


P20; 20) = TNT sy {93x —244x? + 438x9 — 420at + 245x°}a 
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pion (1 — 2x)x? (5 + 3x)? n 
ia (10; 20)= {»— C=O - Oa 
st 2 Sy re ee eee 
F105 2) = 12— aps Tap (1+y)* eh 


x(1— 2x + 3x?) 


BO 25 20 
x? 3 3y 3y? 2y* } 
~ [-x+x? Pena x+y ee (x+y)? a5 (x+y)? 
a Oy 12y2 10y3 } 
(x+y)? x+y (x+y? (x+y) 
(1+x)? OE hippie, } | 
Z (xay)* as x+y i (x+y)? a (wtf _]” 
F221; 21) = aaa 
8x? 
0 5 peegee ee ee Ca ee eee 
Oe = eae ea 
56y9 
G(10; 21) = ar 
AxgSys ie (1+«)? 
1 A ste ho ale Doe A cae ~~ NS 
G1(20; 21) = ae ea 1° 2 ee +185 eee 
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Abstract. A self-consistent improvement of Bloch’s spin-wave treatment of 
the ferromagnetic exchange problem at low temperatures is developed. This 
leads to appreciable corrections to the spontaneous magnetization. 


$1. INTRODUCTION 


HE limiting solutions of the three-dimensional ferromagnetic exchange 

problem for high and low temperatures are well known. In the former 

case (Opechowski 1937) the thermodynamic functions can be computed 
by consistent expansion in descending powers of the temperature. For the 
latter case, Bloch (1930) by his famous spin-wave method was able to give an 
expansion in ascending powers of temperature, of which the first term can 
certainly be trusted. It does not, however, appear to be known up to which term 
this series is correct, i.e. how strongly the spin-wave solution deviates from the 
exact one at very low temperatures.* The purpose of the present paper is to 
deal with that question by introducing a refined, self consistent spin-wave method 
which allows the determination of the next higher terms in the above-mentioned 
expansion. ‘The main result will be that Bloch’s expression for the spontaneous 
magnetization of the lattice 


M=M,(1—¢,T9?+...) 


has to be supplemented by terms of the orders 7", T?,..., whereas the classical 
spin-wave theory would give as a next term onein 7°. ‘This result indicates 
that the spin-waves interact quite strongly with each other and that care is required 
in applying the results of Bloch’s original theory to actual experimental results 
as the 77/4 term will usually not be negligible compared with the T°? term. 


§2. CALCULATIONS 


We wish to calculate the low-temperature thermodynamic behaviour, in 
particular the spontaneous magnetization M, of a lattice occupied by spins of 
magnitude S with nearest-neighbour exchange interaction, i.e. of a system 


with Hamiltonian 

He = =./f Di (S,S,.) —pg Hz; eeceee (1) 
(ik) j 

where J7>0 is the exchange integral, « the Bohr magneton, g the g-factor, H the 

magnetic field, acting in the x direction, and (jk) means that the sum is to be 


* Kramers and Opechowski (1937), by a different approach, have pointed out already 
that the second term of Bloch’s expansion cannot be trusted. 
PROC. PHYS. SOC. LXVII, I—A 2 


34 M. R. Schafroth 


extended over all nearest-neighbour pairs. The well-known substitution 
(Holstein and Primakoff 1940, Kubo 1952) | 


S,7+18,¥ =(2S)1£(;)4; Nn; = a;*a; 
Sj” —iS,¥ =(2S)¥2a,*£,(m;) f,(n)=(1—m/2S)? -  ... 0. (2) 
Sf=S—n,; | 


brings # to the form 
H = —1N2IS?— NguSH + (21S + pg) yn, 
+IS X nyn,— ret {a,*£,(m;)£(;,)@, + 4x *f(@;)fs(4;)@j fy +--+ (3) 
(ik) jk 


where N is the total number of lattice points and z the number of nearest _ 
neighbours to a lattice point. 

The operators a; and a,;* as defined by (2) satisfy the commutation relations | 
of absorption and emission operators: 


[4,4 1l=s,. > ee eee (4) 


Hence n;=a,;*a; has the properties of an occupation number operator with 
positive integer eigenvalues. 

Bloch’s (1930) spin-wave approximation consists in replacing in (3) f,(m,;) by 
unity and neglecting the term JSXj;,)njn,. The justification for this lies in 
our expectation of finding ferromagnetic ordering at low temperatures, i.e. a 


value of een IIN ya a (5) 
Jj 


differing from the ground-state value v»=0 by an amount independent of N in 
the limit of large N and vanishing as T+0. ‘This expectation can then be 
checked in a self-consistent way by computing the value of v which is obtained 
in this approximate treatment: it is found (Bloch 1930) that for lattices of 
dimensions equal to or greater than three v has the required properties, whereas 
for dimensions less than or equal to two v is not independent of N for large N 
(which fact is then to be interpreted as an indication that no ferromagnetic ordering 
exists, contrary to the initial assumption). 

A further point needs some care: in applying the spin-wave approximation 
we destroy the invariant splitting of the Hilbert space of the eigenfunction of 
(m1,...;..-) into two disconnected parts 0 <n; <2S, n;>2S, of which only the 
first one corresponds in a one-to-one manner to the state vectors of the initial 
spin representation. However, though this point has an important bearing on 
the theory of antiferromagnetism (Kubo 1952), it is here of no importance as 
the average excitation of all 7; is small compared with S. 

It is thus clear that Bloch’s method will give a correct approximation for the 
spontaneous magnetization of a ferromagnetic three-dimensional lattice. The 
well-known result is 


M=NguS(1—a(kT/D82+...). ea ene (6) 


‘The next term of the expansion, which would be proportional to T*?, can, however, 
not be trusted as the deviation of the f,() from unity and the neglected term 
TSE 5 ,)MjM will have an influence. Our aim is to correct this shortcoming by 
carrying out a self-consistent improvement of the spin-wave method. 


ee 
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We shall replace the exact Hamiltonian (3) by an approximate Hamiltonian 


ge form H' = —SNzIS?— NgwSH + (21S + pgH)En, 
j 
eNO SP 1Se Data, a) et Snel (7) 
(ik) 


Here o and f are two adjustable parameters which we allow to be functions 
of the temperature and which are to be determined by the self-consistency 


requirement > 
= — { 1 nn 

B= yy (= mm) | 

eX x a;*f(a;)f(a,)a,)/{ U a;*a;,) | 

Gi) Gk) J 


where ¢ ) means averaging over the canonical ensemble of the Hamiltonian #’. 
We expect, of course, that for vanishing temperature 8 tends to zero and o 
to unity, so that our procedure should agree with Bloch’s results as far as the 
lowest term in the expansion in the temperature is concerned. 
The diagonalization of #’ is easily achieved in the usual way by introducing 
the Fourier transforms 


1 i 1 a | [ay ay*]=8,y | 
= V7 .eli*- kin et 
a= ee rie ae Nee e Broan eo (9) 
where A runs over a reciprocal lattice of N points. One then gets 
, pel 
KH” = —4N2IS(S— B)— NgpSH + 21Sin, (14 xIS ~2,) walgariee (10) 
A 
1 eee 
where y, is defined by pee De Oe i Ne eee (11) 


z 5 


6 running over all z lattice vectors connecting a lattice point to its nearest neigh- 
bours. As in the case of Bloch, the ‘spin waves’ (9) form a Bose—Einstein gas 
with energy function in the magnetic field 


epee ug tizl Sai at ee (12) 


The field-free energy (13) «,°=1-—oy, may be expanded in terms of X, retaining 
only the second-order term in A, since it may easily be shown that the higher 


terms give only contributions to M of order higher than 7°. We write 


peli T) ile eleragert 13ys1 1 camara ng Le 52% 26 (14) 


> and f= eolfonse "rat ) Be. (15) 


Our first task is to compute the self-consistent values of the parameters Band o. 


For this purpose we do not need the magnetic field which will be introduced as 


a perturbation for the actual calculation of the free energy; we thus put H=0. 
In order to evaluate 8 we need first the diagonal elements 


PIER r 
<(n,)| Noe alti: [(m)) = ON = eres a) ele are eS (16) 
jK Att 
as is easily seen by Fourier transformation. ‘Thus 


2s 
p= aN STN. Ane )i nr etayarers (17) 
le 
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(nn, > may be replaced by <n,)<n,,), since fluctuations exist only for A=, and 
thus give rise only to corrections of the relative order 1/N. Hence , 


p= Eee Eea wd oe (18) 
where we have to put “(, ) <fexp(2ISeS/kT)—1F._.... . sna (19) 


Replacing the summations by integrals 


N 
Eas | 


kT \3?2 
leads to ><) = N care Lixjal X)> el 


dm Mm nan N* (gare) {Zanlell— Spgs Zana} (21 


lS 
where x= 22) SS ee (22) 
1 (oa) 
and Lo ml dua (e821) |, eae 23 
n (1) = sap] daw (ent*—1) (23) 
(The properties of this function are collected in the ee Finally we find 
Ra Ne 
B =1S Ae Sat 2[Z3) axle = Zz}o(x)Z5) ss). ac eee (24) 
The calculation of o is quite similar. We write 
of % a;*dy) = CD a,*h,(n,)E (mag)  aeaeee (8 a) 
(ik) (ik) 


and expand f,(m) about n=0 keeping only the first-order term; this is easily seen 
to be permissible, the neglected terms giving to o only contributions proportional 


to T?. Hence r, . 
CAC OST NeW ea Go TY bal ones i 
a ae) on : ( 7s) 73) ° x) 


1 
or l—-o=5, ( = (4,;*4,*a,a,+ a;*a,*a,a / Pa Pil PS ere i pA 
2S eh k k x) aes J > ( ) 


Fourier transformation of the right-hand side leads easily to 


l—c= (22/N)2 i (1) KM Yn >* yD u,<n;) 


BSL, CN, yy Y. S N as (26) 
2 kT \3?2 
which finally gives l-o= 3 inalS) LEARN Abie od 6 nea nO) 


with x given by (22). ‘This is our self-consistency equation for o. Equation (26) | 
can also be written, using M=yg(NS—,n,), 


M=M){1-}(1-o)}=M,(1+0)/2, —-  ...... (28) 


which shows that o is directly related to the spontaneous magnetization. The 
fact that the definition (25) reduces to the simple form (28) is again related to 
the vanishing of fluctuation terms for large N. Equation (28) together with 
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Bloch’s result for M leads us to expect (1—o)/RkT to be small for small 7; we 
therefore expand the right-hand side of (27) in powers of x=(z/S/kT)(1—<c). 
Using eqn (A 4) (see Appendix) we obtain 


(-0)-5(gasc) @-ppl ar d-9)| Fp 94 6) 


Solving this equation for 1—o by iteration we find 
il LS ee ene 
oa Ears) (2) 


Introducing this into (24) and confining ourselves to the first term of the 
expansion, we obtain for f 


B=21S (ars) | ONE OCT) ema ee (30) 


With the self-consistent values (29) and (30) of the parameters o and f£ the 
Hamiltonian #’, eqn (7), is now fully defined and we can easily calculate by 
standard methods its partition function in the presence of a magnetic field. 
We find for the free energy 


RT)? H 
F=—4NzIS(S—)—NevSH— \ oa Tas (« aa eet (31) 


Expansion in powers of the magnetic field yields, using eqn (A6), 
F=—4NzIS(S—)— NgpSH 


(RT)* 


(4nz1So7)3?“* Dsialx) + N ee Zan(%) +O) ....+- (32) 


ry kT (422z1Sro)3? 


from which all interesting quantities may be derived. Especially for the magneti- 
zation we get, using M= —(dF/0H),, 


1/ kT \3" ' 
M= Ngps +1 i iyi Zsia(*) p = Mo{1—3(1—«)}, 


in accordance with (28). Inserting the expansion (29) we find 


bad (3) (RT \32 1 /24(3)\¥2 (kT \74 
M=NgpsS {1- cog bere ont hers Te 


1 Qn —€($)E(3) Ree \3 9/4 
~ 3S” Wnk(3)St (sears) ocr}. a oe (83) 


Up to T?? this expression is identical with Bloch’s, but the remaining two terms are 
due to deviations from the original spin-wave model. One can easily see that 
they represent quite noticeable corrections by considering some special case, 
e.g. the simple cubic lattice with S=4(z=6,7= +4). One finds for this case 


3/2 kT kT 
M= Ng 41 033(“-)" + +003(“) -037(F) te wicot (33a) 
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APPENDIX 


The Function Z, (x) 

We define oe 

Z,(x)=[T@)P | duw’Wer**—1)1 (Av>0). «2. (Al) 
J0 


For non-integral v this can be written 

I 
with C shown in the figure. We obtain the expansion of Z,(«) for small x by 
replacing the integral over C by one over C, and a residue at uy = —x: 


rCy a 
Z,(x\(1—e")T(v) = |“ dun’Yert"—1)4+  de(t—x) Me 1) 


-C 
Z,,(x) = | duu’-Yet*—1)2, eee (A2) 


rCy : 
= | duu’ Mert —1)14 2nieh@O Dyer, (A3) 


Integration paths in the w-plane. 


The integral over C, can be expanded by expanding the integrand, which finally 


gives T xral = ( af 1 


Lx) = Sane) a Zeta U(v—A)x fast (A4) 


where ¢(v) is Riemann’s ¢-function. The series clearly converges for all non- 
integral values of v and |x|<27. (For integral values of v the singularities in 
the term in x’ cancel, but we need not enter into this question here.) 

From (A 2) or (A4) it follows at once that 


Li (#) = —Zy_i(ay  eee (A5) 
which enables us to write down the expansion of Z,(x) about a point x40: 
= (=1) 
Zj(x+€) = as — ST () em Sr (A6) 
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Abstract. ‘The isotopic-spin purity of some low-lying excited states in light 
nuclei is calculated in first order perturbation theory. Special attention is given 
to the odd parity states in even nuclei. The isotopic spin impurity caused by 
coulomb forces is shown to be sufficient to account for the electric dipole 
transition in *O between the 7-12 Mev excited state and the ground state. 


$1. INTRODUCTION 


N the last few months the isotopic-spin purity of many excited states in 
light nuclei has been measured in order to test the validity of the isotopic-spin 
selection rules (Jones and Wilkinson 1953 a, b, Wilkinson 1953, unpublished). 

The accuracy of these measurements is still not very high. However, it seems 
worth while to investigate the amount of mixing between excited states of 
different isotopic-spin caused by coulomb forces in order to see to what extent 
the violation of the isotopic-spin selection rules might be considered to disprove 
the charge independence hypothesis. 

To calculate the coulomb mixing in the excited states one needs a fairly 
detailed knowledge of the quantum numbers and of the configuration to which 
these states belong, together with a knowledge of the location of the states that 
can be mixed. Owing to the uncertainties in these factors one cannot hope to 
get very accurate results, but in many cases the order of magnitude can be 
obtained. 

To calculate the isotopic-spin purity of the excited state we will use the 
same method already applied to the ground state (Radicati 1953, to be referred 
to as I). 

In particular if T is the isotopic spin of a state with energy Ey, on the 
assumption of purely charge independent forces, we will take «,°(7") as a 
measure of the amount of mixing introduced by the coulomb forces, where 

/ py 
GL = Pear pemncice Maur 1 -uitsgeh 3h (1) 
and Hp, is the matrix element of the coulomb energy between the two states 
and 7 

In §2 we will consider briefly the purity of the low-lying states which can 
be assigned to the same configuration as the ground state. §3 will be devoted 
to establishing a formula for the matrix element H%;; tor states of T=0 and 
odd parity in light even nuclei, i.e. for states whose configuration can be written 
pl (n odd, J even). These states are important because an E1 transition from 
them to the ground state is forbidden by the isotopic-spin selection rule 
(Radicati 1952) even if it is allowed by angular momentum consideration. It is 
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therefore important to know the isotopic-spin purity of such states in order to 
decide the extent to which the isotopic-spin selection rule might be expected 
to be satisfied. In $4 we will apply the formulae previously established to 
the discussion of the state at 5-11 Mev (J=2, —) in 1B discussed by Jones 
and Wilkinson (1953 b). Finally (§5) we evaluate the purity of the state at 
7:12 mev (J=1, —) in %*O whose E1 decay to the ground state constitutes a 
striking violation of the isotopic-spin selection rule. 


§ 2. PuRITY OF THE STATES BELONGING TO THE SAME CONFIGURATION 
AS THE GROUND STATE 


To calculate the coulomb mixing in these states we can use the same formulae 
established in I for the ground state. 

We consider, in particular, the lowest states J=2 in *Be and ?C. These 
states can be identified with the states "D of the lowest Wigner super-multiplet 
in the configurations p‘ and p* respectively. It has been shown in I that the 
ground state of these configurations (''S) cannot be mixed with any state of 
T=1 in the same configuration, the only possible mixing arising from mixed 
configurations. This is no longer true for the state ‘'D, which can be mixed 
by coulomb forces to a state *'D of the p-configuration belonging to the next 
excited supermultiplet. We expect therefore that the admixture of T=1 will be 
slightly larger in the state ''D than in the state ''S. 

In this connection we will mention the case of the first T=1 level in }°B 
at 1-74 mev (J =0, +). 

The knowledge of the purity of this state is important in the discussion 
of the ratio between the cross sections for the reactions °Be (d, p)!°B* and 
*Be (d, n)!°B* (Adair 1952). It seems reasonable to suppose that a state with 
such a low excitation energy belongs mainly to the lowest Wigner super- 
multiplet. In this case the isotopic-spin T=0 and the total angular momentum 
J=0 fix uniquely the orbital angular momentum L=0. It is easy to verify 
that in the p® configuration there is no other state with S=0, L=0 and T=0 
which could be mixed with this state. The mixing between T=1 and T=0 
will therefore mainly occur through interconfigurations mixing with a matrix 
element H*,»~0-12 Mev. Using this value for H°y) we can set an upper limit 
to %*(1): since no state below 5-58 Mev is known with J=0, + (T=0) we will 
put £, — £,>5-58 in (1). We get in this way «,2(1)<9 x 10-4. 


§ 3. CouLomB MIXING IN THE CONFIGURATION p”/ 


States of odd parity in even nuclei may be assigned to configurations like p”/ 
(n odd, Leven). In this section we want to establish a formula for the evaluation 
of the matrix element of H® between states with a different 7. 
. By specifying all the required quantum numbers, the matrix element le hpard 
is written 
Ap = (p"([eq | TS L UB} TSL, 
My, MgM,,| H°|p"((a.]T2S2L)l {B'\T’SL, MpMsM,) 


where [x,], [vg] denote the representations of the unitary group U(3) for the 
p-nucleons. 7,S,L,, TS,L, are the isotopic-spin, the spin, the orbital angular 
momentum for the p-nucleons in the initial and final state respectively. 
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{8}, {8} specify the representation of the symmetric group S,., for the 
n+1nucleons. 7, 7’, S, L are the resultant isotopic-spin, spin and orbital 
angular momentum of the x+1 nucleons. M,M,M,, are the components of 
T, S and L. The contributions to this matrix element come (i) from the 
interactions between pairs of p-particles, (ii) from the interactions between 
each p-particle and the / or /’-particle. 

We will examine these contributions separately. 


(i) Interactions between pairs of p-particles. 


Each of the wave functions in the matrix element (2) can be written in the form 


Ip'((ar|TiS,L,){B}TSL, MpM,M,) 


1 n+1 a 
; 2 bees zd 
/(n+1) 2 = 1) ‘alr City, mp My City ag Oa rite Ps 
x | p”[o%4]7,S,L,, Wirahd May) |lgn,mgn,) ~) Oe Ae Tere. (3) 


where P, is the parity of the permutation exchanging the /-particle with the 
ith p-particle, and c%, is the operator which chooses the wave function 
corresponding to the space symmetry {8} among all those with appropriate 
T, S, L. The C’s are the Wigner coefficients. 

By inserting expression (3) (and a similar expression for the second wave 
function) into eqn (2) it is easy to verify that the contributions from the 
interactions between particles can be cast in the form 
oy pe > a E Cate, ae val City, meee 


x ae TS, L,Mp,Ms, Mz, |H°|p"[%2|T2SyL4 Mp, Ms, Mz, ). +++ (4) 


The two 6 factors take into account the orthogonality of the single particle 
wave functions with different / and the orthogonality of the total wave functions 
for the n+1 particles when the representations {8} and {f’} of the symmetric 
group S,,,, are different. The two Wigner coefficients C arise from the coupling 
of the odd particle to the state of the m p-particles. 


(ii) Interactions between unlike particles. 
With an obvious extension of the methods developed by Racah (1943) one 
can easily show that the contribution of these terms to the matrix element (2) 


is given by 
pu) 4a 1S 1,’ )L"01 1 oy ly) Edel Sola 1” (a T'S’ L’)> 
Bee a ye 
L 


x U(T’STS, Ty)U(T’$TS, T21)U(S"3S3, SS) 
x U(S"ISS, eae Ae TPN GLAL LIA ET”) 


pr 
x Cite 1 Mp Ch is ie 


x (pli! L'", —1 Mg My |H° [plas Lh", —t Mg Mi) +++ (5) 


where U(abcd, ef ) = W(abcd, ef ){(2e + 1) a cel and W is the Racah function. 
The fractional parentage coefficients ¢. . ..) for the p-shell have been 
tabulated by Jahn and van Wieringen eat 
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§ 4. Isoropic SPIN PURITY OF THE STATE AT 5-11 Mev IN 1°B 


We will apply now the formulae established in the previous section to the 
state at 5-11 Mev in !°B. The angular distribution of the neutrons in the reaction 
*Be (d, n)B* (Ajzenberg 1952) fixes the parity and the angular momentum J =2 
for one of the two states at 5-11 and 5-17 in 1°B, without allowing one to 
distinguish between the two. By measuring the excitation function of the 
reaction ®Li(« y)!9B Jones and Wilkinson (1953 b) conclude that the state at 
5-11 should be given J =2, odd parity and isotopic-spin T=0. It is our purpose 
to investigate the isotopic-spin purity of this state assuming for T, J, and for 
the parity the values proposed by Wilkinson. The angular distribution in the 
reaction °Be (d, n)!°B* is consistent with the assumption that the proton is 
captured in an s-state (Ajzenberg 1952). To specify completely the state in 
the configuration p°s we have still to fix L, S, the symmetry symbol {8} and the 
same quantities for the configuration p>. We will fix these quantities by making 
some assumptions, namely: (i) the symmetry {8} corresponds to the lowest 
Wigner super-multiplet, ie. {8}={42}. (ii) The incoming s-particle does not 
modify the state of the five nucleons in the ground state of *Be, i.e. |a,|=[41], 
T,=4, S,=4, L,=1. (iii) The s-particle is captured in such a way that its spin 
is added to the intrinsic spin of °Be, i.e. S=1, whereas its isotopic-spin gives with 
the isotopic spin of °Be a state of resultant 7=0. ‘This amounts to assuming 
that the order of levels in the configuration p’s is the same as in the configuration p*, 
namely, that the first level with S=1, T=0 corresponds to the lowest energy. 

Having chosen (assumption (i)) the symmetry {f} it is easy to see that there 
are no states belonging to the same super-multiplet with the same S and a 
different 7. ‘Therefore in the matrix element (2) we will have {8}{f'}, so that 
the expression (3) vanishes, and the only contribution to the matrix element H%, 
will be given by (4). It remains to fix the quantities [x.]7,S,L. in the matrix 
element (2). We -will take [o.|=[e;], T3=2,; Sa=0p Lo=iee 4 -cmereas 
choice will tend to decrease the matrix element. Finally we will put /=/' =0. 
The justification for doing so is that the first state of negative parity and with 
the appropriate values of J and T above the state at 5-11 is a state at 7-48 which 
ee to be formed by s-capture of protons on °Be (Ajzenberg and Lauritsen 

After inserting in the expression (5) the values corresponding to our 


assumption, the matrix element of the coulomb interaction between the state 
r=0 and T=1 is 


Hoy = (p%(C41]$41)s{42}011 | H | p41] 41)s{411}111) 
=$(psl11|H°|ps111). 
The two-particles matrix element in eqn (6) is 
(psi11|H°|ps111)= F°=G! 


where” and G" are the radial integrals defined by Condon and Shortley (1951). 
The evaluation of this matrix element is not very sensitive to the choice of 
individual particle wave functions. For the sake of comparison with the 
calculations in I the same wave functions (gaussians) have been used, with 
the same parameters. The result is 


(ps111|H®|ps111)~0-33 mey, 
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which is slightly less than the interaction between two p-particles in an S state 
(~0-51 Mey). 

The matrix element of the coulomb interaction is therefore H%),~0-11 Mev. 
The amount of mixing of the state T'=1 is given by eqn (1), in which we will put 
E, =7-48 Mev in accordance with the previous discussion. We get in this way 
zg'(1)~2:0 x 1078, in good agreement with Wilkinscn’s (1953, unpublished) 
estimate (%9°(1)<3 x 10-%). This shows that the main assumption used in this 
calculation, i.e. that the state belongs to the first Wigner super-multiplet, is 
essentially correct. 


$5. THE ELEcTRIC DIPOLE TRANSITION BETWEEN THE 7:12 Mev STATE 
AND THE GROUND STATE IN 16O 


We will now investigate the isotopic spin purity of the state at 7-12 (J =1, —) 
in ®Q. We do not have any indication of the possible configuration to which 
this state belongs. For the sake of argument we assume the wave function to be 
of the type | p''((443]$31) d {4441001), which is consistent with the observed 
total angular momentum and the parity. A different choice (for example to 
assume an s-level) would not appreciably modify the results. Again, there is 
no state in the super-multiplet {444} with spin zero and isotopic spin 1, so that 
the mixing can only occur with a state belonging to another super-multiplet. 
Therefore (see §2) there is no contribution to the coulomb matrix element 
from the interaction between two p-nucleons. 

After inserting the appropriate values for the fractional parentage coefficients, 
and for the Racah functions, one gets H%),;~0-30 Mev. 

We do not exactly know where the state 7'=1 of this configuration is located, 
so we shall insert the energy of the first state of T=1 in °O which is around, 
12-8 Mev. We get in this way for the amount of mixing %)?(1)~3-6 x 10°°. 

This value for %)?(1) is greatly in excess of the lower limit (% (1) >4 x 10~°) 
set by Jones and Wilkinson (1953 a) in their discussion of the branching ratio 


bet the transiti 
Se 712 wey (les) > eround (J 0, 25) 
and 7:12 mev (J =1, —)— 6-14 mev (J =3, —). 
This shows that the coulomb forces alone may be sufficient to account for this 


electric dipole transition, which constitutes one of the most striking violations of 
the isotopic spin selection rule. 
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Abstract. The absorption spectrum produced when bismuth is heated in a 
furnace up to 1500°c has been analysed. It extends from 2450 A to 38004. 
Evidence is given to attribute it to the diatomic molecule BiO. ‘The bands are 
grouped into four systems and there is evidence of the existence of a fifth. 

The vibrational constants proposed for these systems are: 


XW 


Ve We XoWe (Va We ee 
40930 770 30220 487 
3555);38538 /09:3 6:2 2873935) * 24870) 6:5 
30500 a 0 695-9 4-9 


The ground state is considered to be the lower component of a case a 7II with 
probable w—w coupling and the doublet splitting is estimated to be between the 
limits 8000 and 13500cm™. The relation of the absorption spectrum to the 
emission spectrum is considered and an attempt is made to account for the energy 
levels in terms of electron configurations. 


§ 1. INTRODUCTION 
iby NG a study of the absorption spectra of the antimony halides, it was 


observed that when a little bismuth was introduced into the absorption 
: tube a strong band system was produced in the 2200-27004 region. 
Preliminary measurements of this suggested that the molecule responsible was 
either the oxide BiO or the nitride BiN, the former being the more probable. A 
survey of the relevant literature shows that our knowledge of the spectra of the 
oxide molecules of Group V is least satisfactory in the case of BiO. A number of 
papers report work on this molecule, but the net result has been to produce a state 
of confusion. All previous investigations have been concerned with the red- 
degraded bands in the visible which are produced in a carbon arc when fed with 
metallic bismuth or BiCls. First measured by Mecke and Guillery (1927), they 
were later analysed by Ghosh (1933) into four singlet systems. Hoge the 
work of Saper (1931) and Morgan (1936) showed that some of these beanie 
coincided with known bands of BiCl. This was confirmed by Ray (1942) who 
also pointed out that the spectrum did indeed contain a number of bands which 
could not be allocated to BiCl and were probably due to BiO. In the latest 
investigation into these residual bands Sen Gupta (1944) gives new measurements 
for 17 of them, and fits them into a single system having the wave-number equation : 
v (head) = 15194-5 + 500-0 (v’ + $) — 3-10 (v’ + 4)2— 702-1 (v” + 4) +5-20(v" + 4)2. 
The present paper describes new systems for this molecule and discusses the 
probable nature of the electronic energy levels involved. 
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§ 2. EXPERIMENTAL 


The absorption described here is that due to the vapour produced by placing 
metallic bismuth in an open-ended vitreosil tube of diameter 1cm. Temperatures 
up to 1500°c were used with a Johnson, Matthey T.53 furnace. The source was a 
high pressure xenon gas arc for the ultra-violet and a 500 w filament lamp for the 
visible region. A Hilger Intermediate quartz spectrograph was used for the 
initial survey work whilst the Hilger automatic-focusing E.492 provided the more 
detailed spectrograms. 

The experimental procedure was to set the furnace at some fixed temperature 
and then to charge the absorption cell with bismuth. A continuous spectrogram 
was then taken covering the whole plate of the Intermediate quartz by racking 
down the plateholder witha variable-speed motor. The xenon source is sufficiently 
intense over the whole region 2200-80004 to enable the plate to be exposed 
continuously over varying periods from 1 second upwards. By this means it is 
possible to detect absorption of any short-lived radicals which may be formed during 
the contact of the heated vapour with the oxygen and nitrogen of the air. This 
process was now repeated for a range of temperatures so that the optimum 
conditions for the production of any given part of the spectrum could be deter- 
mined, after which the work was transferred to the larger spectrograph. 

The ultra-violet bands already mentioned were found to appear first at about 
1100°c, in the shape of a narrow absorption region near 2600 A. _'This extends in 
both wavelength directions as the temperature is raised. ‘The actual working 
temperatures ranged from 1300 to 1450°c, the lower being necessary to bring out 
detail in the strongest bands and the higher to record the weakest bands. 
Exposures of the order of 15seconds were made on Kodak P.1500 plates. At 
higher temperatures, up to and slightly above 1500°c a second system in the region 
3200-37004 was observed and photographed on Ilford Rapid Process Panchro- 
matic plates. ‘lhe visible region was also investigated and much Bi, absorption 
was found. Occasionally a few violet-degraded bands were also observed. 

Wavelength measurements were made on a Hilger Comparator using iron arc 


standards. 


§ 3. ANALYSES 


3.1. The 26004 Bands 


A photograph of this strong system taken under low dispersion is shown in 
figure 1(a)(Plate). It consists of five groups of bands having an obvious sequence- 
type structure which appear reasonably sharp. However, on higher dispersion 
(3Amm?) each sequence reveals so much structure that the eventual sorting out 
into individual bands proved more troublesome than was at first expected. Up to 
six branches can be detected in the strong bands, three branches in each being 
usually stronger than the others. None have really sharp heads and some appear 
as fairly narrow absorption lines. Narrow transmission regions indicating origin 
gaps are also occasionally observed. These are of varying width and not suitable 
for very accurate setting in wavelength measurements. Whilst the sequences are 
degraded to short wavelengths most of the individual branches are headless, 
suggesting near equality of the vibrational frequencies. The branches in most 


46 N. K. Bridge and H. G. Howell 


bands are very short with maxima well separated from each other due to the high 
temperature of the absorbing vapour. There is no sign of rotational structure in 
any of these bands. . 
The vibrational analysis does not present much difficulty and with the exception 
of five, all the bands were originally represented in the quantum scheme of table 1 
as a single system, the measurements referring to the first strong branch of each 


Table 1. Vibrational Analysis of 2600A System of BiO 
BO5 0 1 zy 3 4 


0 38588 (10) 685 37903 (6) 674 37229 (1) 
2382 2393 2396 
40970 (2) 674 40296 (3) 671 39625 (1) 


7oD 758 758 
— 744 7S 


1 | 39343 (8) 682 38661(7) 674 37987 (4) 676 37315 (2) 
te S70 2389 
= — 41040 (2) 664 40376 (2) — ee 


746 oo) 746 749 


2 40089 (3) 689 39400 (6) 667 38733 (1) 669 38064 (3) 651 37413 (2) 


748 


1S) 


40148 (2) 


band. ‘Those which did not fit into this scheme are marked with a cross in 
figure 1(a). ‘They are very similar in general appearance to the main bands 
but as observation and measurement have been confined to low dispersion plates 
nothing can be said about the branch structure. ‘They have approximately the 
same vibrational differences and may well be the other component of a doublet 
system and are accordingly included in table 1 as such. The doublet separation 
is of the order of 2385cm™!. ‘The following quantum equation has been derived 
for the wave numbers of the bands of the main component: 


v= 385518 + 769-3 (v’ + 3) — 6:2 (v' + 4)? — 696-7 (v” +4) 4+5°7 (v" +4). 
Although the observations are only presented to the nearest wave number it is, 


of course, necessary to deal with the first decimal in order to represent the data 
mathematically. 


3.2. The 3500A System 


This is shown in figure 1(b) and has quite a different appearance from the 
other system. ‘The bands are all red-degraded, have well-defined heads and 
form progressions. ‘Table 2 shows the proposed Déslandres scheme, which is 


un 
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Table 2. Vibrational Analysis of 35004 System of BiO 


0 


28636 (2) 685 


473 


29109 (10) 683 
1482 
30591 (3) 685 
460 

467 


29569 (10) 680 
1489 

31058 (2) 683 

449 

447 


30018 (9) 
1487 
31505 (3) 


433 
440 


30451 (8) 
1494 
31945 (3) 


420 


30871 (6) 


409 


31280 (1) 


ZII5 1 (5) 
1479 
29430 (1) 


475 
476 


28426 (1) 
1480 
29906 (1) 


463 
469 


28889 (4) 
1486 
30375 (1) 


685 30186 (1) 


674 


670 


675 


666 


27277 (3) 
1483 
28760 (2) 


474 
480 


27751 (1) 
1489 
29240 (0) 


467 


28218 (1) 


668 26609 (2) 


660 25949 (1) 
1481 


669M 754.981) 


27430 (1) 


658 26891 (1) 


445 


28663 (1) 


28191 (1) 
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bounded by the two strongest progressions. At first the analysis was limited 

to the first member of the doublet pair in the table but, as in the previous case, 

it was later found that a number of unallocated bands revealed differences of the 

same order as those in the main system and they were then provisionally included 

as the second component of a doublet system having Avy, approximately 1480 cm". 
The main bands have been fitted to the equation . 


y =28739-5 + 487-0(v' + 4) — 6°5(v' +4)? — 695-0(v" + 1)44-0(0" + 3)?. 


The constants for the ground state differ slightly from those obtained from the 
other system. The mean values are ," = 695-9 and x,"w,” =49. 

This analysis still leaves a number of unallocated bands which are given in 
table 3. The first four form av" progression and probably represent a fragment 
of another weak system with an origin about 30500cm™. 


Table 3. Unallocated Bands of BiO (cm™?) 


29791 29131 28471 27812 
Bee Nee Soe oe 
660 660 659 
28309 27840 27022 


§ 4. DiscussIon 


4.1. Nature of the Absorbing Molecule 


As the method of production in this case does not indicate unambiguously 
the nature of the molecule responsible for the spectrum it is necessary to find 
other evidence for ascribing it to BiO and this is provided from considerations 
of the magnitude of w,”. The value found here is much too large for Bi, which 
might have some claim to be the absorbing molecule, but is perhaps of the right 
order for BiN. However, as Rochester (1936) first pointed out, the w, values 
of corresponding pairs of Group IV and V oxide molecules are very nearly equal. 
This leads to the expectation of w, for BiO to be nearly the same as that for PbO 
viz. 720 cm}, which agrees quite well with the value of 695 cm~! here determina 
Against BiN being responsible it should be noted that although emission spectra 
of the similar molecules PN, AsN and SbN are known, they are relatively simple 
involving one singlet transition in the ultra-violet, quite unlike the colawes 
structure found for the present molecule. Again a study of the w, values of all 
the nitride molecules indicates a value of at least 800 cm™! to be expected for BiN. 
Consequently, it is with some confidence that, apart from any knowledge of the 
emission spectrum, the absorbing molecule is stated to be BiO. It is now relevant 
to consider the emission bands, for the lower state of which Sen Gupta obtained 
a value for w, of 702cm™!. In view of the confused past history of the emission 
bands this w, value by itself would not be completely convincing evidence for 
BiO being the emitting molecule, but taken in conjunction with the present work 
it is clear that the emission data support the view that BiO is responsible and 


also that the absorption work broadly confirms the analysis of the emission 
spectrum. 
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4.2. Energy Levels of BiO 


It is established from rotational analyses that the ground state of the simplest 
molecules of this type NO and PO is 2I] and it is inferred from vibrational analyses 
that the molecules AsO and SbO also have such a ground state. The electronic 
separation of these states are given in table 4 which also includes that for similar 
II states of the iso-electronic fluorides. 


Table 4. Electronic Separations of 211 Ground States (cm~) 


NO PO ASOm@ SbO) a Bi© Cin Sif GeF Siml2 12012 
120 224 1026 2272 — 77 161 IIs 2317 8266 


BiO can be expected to have a similar ?I1 ground state based upon the probable 
electron configuration o?24z. Sen Gupta estimated the doublet separation 
of BiO to be 4000-4500 cm and hence was led to expect that the origin of the 
other component of his singlet emission system should be at either 5200A or 
90004. He could not detect any bands in the former region and consequently 
assumed them to be in the infra-red. An examination of table 4 shows that his 
figure is much too low and that a minimum value of 8000cm is to be expected. 
In the present discussion a value of 10000cm™ will be assumed and this has 
enabled the energy level diagram of figure 2 to be drawn. This inciudes the 


a We/We' 
cm'x105 " = ) 
2 : E 110) (2740 
40 = 4-5 108 5 Sf rio [orm 2] Sesh 
2 
y 071 ¢ 0-70 (aan? 
30 = 
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2> 0:7 ay, 0-71 
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As0 ~—$b0 Bid 
Figure 2. Energy levels of AsO, SbO and BiO. 


level marked C representing the upper state of the fragmentary v" progression 
previously mentioned. From the magnitude of the doublet separation of the 
ground states it is certain that the coupling is case a with an increasing tendency 
to w-w coupling from AsO to BiO in which only retains its significance. In 
spite of this the designations 7%, *II, etc. are retained (usually in brackets) as the 
relation of the state to a particular electron configuration is thereby made clearer. 

As there is no sign of the emission bands in absorption, the lower state of 
these cannot be the ground state }(?II) and, accordingly, is here taken to be the 
3211) component, which fixes the position of the emission upper state Y at about 
25000cm-!. Against this supposition is the fact that there is no sign of any 
absorption in this region, the nearest being to the A level at 28700cm 1. 
Consequently, the following alternative must be considered possible, viz. that 
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Y and A are identical, A then being the upper-state of the emission system. 
The difference in the quoted w, values for Y and A may not be significant when it 
is remembered that they are derived in each case from a small ene of bands. 
This interpretation now gives the ground state separation 3—4(7IT) as 13 500. 
The ratio of w,’/w,” is given in figure 2 as this is often very helpful in sorting 

out corresponding states in a group of similar molecules. lt will be observed 
that the levels fall into one of two classes: (i) w,’/w,.” <1; (i) w/o, >1. This 
suggests that the levels arise from two different electron configurations in 
which on excitation there is in class (i) a decrease and in class (ii) an increase in 
bonding. Now in the ground state o?747*, the 7* electron is in an anti-bonding 
orbital and so any excitation from the bonding (or even non-bonding) orbitals 
to this [I* orbital will give a reduction in bonding so that the complex of levels 
Y, A, B and C probably belong to one of the configurations 

o2nar*2, 20], 2T1,, 211 411, 

omtn®2, 2+, 2 2A, 4D, 


Now in table 2 the bands are represented as belonging to an electronic doublet, 
presumably of the ?II—*II type because of the simple rotational structure with 
no obvious Q branch, but in the case of w—w coupling there is no distinction 
between components of a multiplet and other levels arising from the same 
configurations (apart from their © values). ‘They are all separate levels and in 
the present case they can best be described as arising from the complex 

2 Bap F2 
| oraves [14 40), 
the figures in round brackets giving the probable number of states likely to be 
concerned, having the given Q value. As the transition to, or from, the ground 
state appears to be of the form AQ =0, i.e. }—4, the description of these levels 
can thus probably be defined more closely. The electronic separation given in 
table 2 is probably then a difference between two } states of the above complex. 

Essentially the same remarks apply to the separation shown in table 1 for the 
bands of the farther ultra-violet systems. Here the main bands have the apparent 
complexity of transition of the type 2&<-*II or 2A<-#II. As the upper state 
has a greater bonding than the ground state the electron configuration must be 
of the type o?to, (7X) or o*4z, 3, $(7I1) where the anti-bonding 7* electron 
has been replaced by a bonding or non-bonding one—more probably the latter 
as the increase in w,” is not very great. ‘This suggests the state to be of a Rydberg 
type similar to the upper state of the NO y-bands. T'able 5 gives the wavelengths 


of the strongest bands (intensity of 5 and over based upon visual estimates) 
together with the observed — calculated (O—C) values of the wave numbers. 


Table 5. Strongest Bands of BiO Absorption 


2600 A Bands 3500 A Bands 
(A) L O—C (cm-?) (A) I O—C (cm) 
2537 6 —4 3238-4 6 —4 
2541-0 8 —2 3283-0 8 —2 
2585°8 7 1 3330-4 9 0 
2590-7 10 0 3381-0 10 —1 
2637°5 6 0 3434-4 10 0 


3576°7 5 2 
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Abstract. The method of Wigner and Seitz for calculating the cohesive 
energy of metallic sodium is compared with a recent method of Léwdin, and 
reasons are given for preferring the former. A simple calculation shows that 
Léwdin’s use of the LCAO method in constructing his one-electron functions 
must give rise to an error in the energy greater than the correlation energy as 
estimated by Wigner, so that Léwdin’s results should not be used in assessing 
the accuracy of Wigner’s formula. 


(1934) implicitly assumed a total wave function consisting of a single 

determinant of Bloch-type molecular spin orbitals, the latter being 
approximations whose nature will be discussed more fully below, to the 
solutions of lowest energy of the Hartree-Fock equations for the valence 
electrons in the crystal. It is well known that such a wave function takes no 
account of correlations between the positions of electrons with antiparallel spins, 
so that, unless this effect is negligible, accurate agreement with experiment 
can only be expected when allowance is made for such correlations by including 
in the energy an additional term, generally known as the correlation energy. 
Wigner (1934) has estimated the correlation energy for a system of free electrons, 
and his result may be expressed in the form (Wigner 1938, cf. Seitz 1940, p. 343) 


=0-576(r+5-1). a (1) 


for the correlation energy in rydberg units per electron, where r,, in Bohr units, 
is the atomic radius, or the radius of a sphere whose volume is the total volume 
of the system divided by the number of electrons. Although this expression 
was obtained for free electrons it may be expected to apply with reasonable 
accuracy to the valence electrons in many metals and, in particular, to those in 
sodium, which are certainly very nearly free; and Wigner and Seitz, in fact, 
obtained a good value for the cohesive energy of sodium when this term was 
included. ‘The value of expression (1) is small compared with the total energy 
of the valence electrons, but it is nearly as large as the cohesive energy, so that, 
if Wigner’s estimate is correct, it is of considerable importance in calculations 
of the latter quantity. It is not our purpose at present to establish the accuracy 
of expression (1), which Wigner himself puts at only 20%, but it is certainly 
true that in all calculations of the cohesive energies of metals, by the Wigner— 
Seitz and closely related methods, agreement with experiment would be 


He calculating the cohesive energy of metallic sodium Wigner and Seitz 
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considerably worsened if the correlation energy were found to be much smaller 
than Wigner’s estimate. 

More recently, however, Léwdin (1951) has calculated the cohesive energy 
of metallic sodium by a method which differs in certain important respects 
from that of Wigner and Seitz and obtains very good agreement with experiment, 
at least for the cohesive energy and lattice parameter, without including a 
term of any kind to represent the correlation energy. The fact that Lowdin 
obtains a poor value for the compressibility, while Wigner and Seitz obtain 
a good one, is an indication that his method should be treated with reserve, 
and indeed the author himself states that the accuracy of his other results may 
be somewhat fortuitous. Slater (1953), however, takes the opposite view and 
quotes Lowdin’s results in support of his opinion that Wigner’s value for the 
correlation energy is much too large and that, in fact, the numerical accuracy 
of the calculation of Wigner and Seitz for sodium, using this correlation term, 
is probably fortuitous. It is the purpose of the present note to show that 
Loéwdin’s calculation is quantitatively not sufficiently reliable for any conclusions 
to be drawn from it regarding the magnitude of the correlation energy. 

The total wave function assumed by Léwdin also consists of a single 
determinant of Bloch-type molecular spin orbitals. The latter, however, 
unlike those employed by Wigner and Seitz, are formed by linear combination 
of atomic orbitals (LCAO), the atomic orbitals used by Lowdin being valence 
electron 3s functions situated at the lattice points, or orthogonal localized 
functions constructed from these. ‘The method is thus similar to that known 
in the theory of metals as the approximation of tight binding, with one important 
difference: the tight binding method, as its name implies, has only been 
considered in relation to electrons which are tightly bound, so that, with 
considerable simplification in the mathematics, it is justifiable to neglect overlap 
effects except between nearest neighbours, while in metallic sodium the valence 
electrons are far from being tightly bound and, in fact, Lowdin finds it necessary 
to consider overlap effects from no less than 136 first neighbours of a given 
atom. This would normally result in the mathematically inconvenient 
occurrence of a very large number of three-centre and four-centre integrals, 
and the importance of Léwdin’s work lies in the fact that by ingenious manipula- 
tion and the introduction of what he calls combined atomic orbitals he has been 
able to reduce all the integrals occurring to two-centre integrals. In this way 
the computational problem, although still formidable, is reduced to manageable 
proportions, and Léwdin has been able to complete the calculation for sodium. 
Without detracting from the magnitude of this accomplishment it must 
nevertheless be pointed out that the molecular orbitals employed by Lowdin 
are not solutions of the Hartree—Fock equations for the valence electrons in 
the crystal and, what is more relevant, they are undoubtedly worse approxima- 
tions to such solutions than are the functions used by Wigner and Seitz. 
Furthermore, an attempt will now be made to show, by comparison of the 
orbitals of lowest energy, that the difference in the energies given by the two 
methods due to the different one-electron functions alone is greater than Wigner’s 


estimate of the correlation energy. 
The Wigner-Seitz function of lowest energy, which we shall denote by wp, 


is obtained, within an atomic cell, by solving the equation 


FL ei OU Ral nd TRONS, (2) 


BA S. Raimes 


subject to the condition that the normal derivative of %) vanish on the surface 
of the atomic sphere, H being given by 


where V(r) is the potential function of the ion-core. Elementary considerations 
suggest, and more detailed investigation confirms, that # 1s, in spite of the 
simplified boundary conditions employed in its calculation, a very good 
approximation to the correct solution of lowest energy. Of course the use of 
the simple Hamiltonian H involves approximations in addition to that of the 
spherical symmetry of yo, but these hardly affect the present discussion. The 
fact that y% is approximately constant over the greater portion of the atomic 
sphere led Wigner and Seitz to use free-electron functions in calculating all 
energy terms except «) and the Fermi energy (cf. Bardeen 1938), and the 
reasonableness of this procedure is amply demonstrated by the work of 
von der Lage and Bethe (1947) and of Howarth and Jones (1952), which shows 
that the valence electrons in metallic sodium are almost completely free. 
Lowdin’s function of lowest energy, which we shall denote by %,‘”, is, 
apart from a normalizing constant, simply the sum of atomic 3s functions 
situated at all the lattice points: it has, of course, the periodicity of the lattice, 
but within a given atomic cell it is almost spherically symmetrical, and it is 
sufficient for our present purposes if we take it, like y%», to be exactly so. The 
function used in the calculation below, and shown in figure 1 (6), was taken 


2 3 2 3 


r (Bohr units) r (Bohr units) 
-0-04 -0-04 
-0:08 -0:08 
-0:12 (Q) =i (db) 


Figure 1. One-electron functions of lowest energy for metallic sodium : (a) according to 
Wigner and Seitz (1934); (6) according to Léwdin (1951). Both functions are 
normalized to unity in an atomic sphere of radius 3:96 Bohr units. 


from figure 6 of Loéwdin’s paper, except for that part between the origin and 
the position of the minimum—here measurement of Léwdin’s small graph was 
unsatisfactory and the function was therefore calculated, accurately enough, 
assuming that the total contribution from all atoms but the central one is 
constant in this region. 

The two functions jf) and 9!) display certain similarities: in particular 
they are both approximately constant over the greater portion of the atomic cell. 
Of more significance for this discussion, however, are their differences, which 
are very pronounced in the region lying inside the ion-core, whose radius is 
about 2 Bohr units. In this region the function of lowest energy is expected 
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to resemble the atomic 3s function, and the Wigner-Seitz function does so, 
while the Léwdin function does not, since it has no spherical nodes. This 
alone, quite apart from the arguments presented above, should lead one to 
prefer the Wigner—Seitz function and to regard the other with suspicion. 
Now, although at first sight the two methods appear to be quite different, they 
are in principle similar, and furthermore several approximations are common 
to them both—for instance, exchange and correlation interactions between 
valence and core electrons are assumed to be the same in the metal as in free 
atoms; the occupied region of k-space is assumed to be a sphere; and Lowdin 
assumes spherical symmetry for his combined atomic orbitals for the same 
reason that Wigner and Seitz assume it for y%, namely, the high symmetry of 
the body-centred cubic lattice. The principal difference between the two 
methods, then, lies in the type of molecular orbital employed, and since any 
error in the orbital of lowest energy will in both cases be reflected in those of 
higher energy a comparison of the energies of ys and #,‘") should give a good 
indication of how the calculated cohesive energies will differ in the two methods. 
The energy of y%, namely ¢, is found by solution of eqn (2) to be 
-—0-61 Ryd. For comparison purposes the energy of yo‘ was taken to be 


eo = | Ga Eteee de si eee (4) 


where the integration is over the atomic sphere of radius 3-96 Bohr units, 
zo? is normalized to unity in this sphere, and H is given by eqn (3). It should 
be noted that the potential function V(r) used in this calculation was the 
Prokofjew (1929) function, since this was used in calculating «y; Lowdin, of 
course, uses the ion-core field of Hartree and Hartree (1948), but since we only 
wish to find the difference between ¢, and «,‘", the choice of field is unimportant 
so long as the same one is used in calculating both quantities. In this way 
«ys was found to be —0-76 Ryd. 

Thus we see that the energy of the Léwdin function 49") is 0-15 Ryd lower 
than that of the Wigner—Seitz function %), which is undoubtedly the better 
approximation. Since the correlation energy given by Wigner’s formula (1) 
is only —0-06 Ryd it is not surprising that Lowdin, without including this 
term, obtains a lower total energy (i.e. a larger cohesive energy) than Wigner 
and Seitz; indeed it is rather surprising that Léwdin does not obtain a cohesive 
energy about twice as great as his present result. What has been established 
with some certainty is that the error to be expected from Loéwdin’s use of the 
LCAO method in constructing his molecular orbitals is greater than the 
correlation energy as estimated by Wigner, and therefore Lowdin’s results are 
of no help at all in judging the accuracy of Wigner’s formula. 

Certain conclusions of greater generality come out of the present discussion, 
and these may be worth emphasizing. There are two main disadvantages in 
applying the Bloch (or crystal orbital—LCAO) method, as Lowdin has done, 
to the valence electrons in metals. First, the large overlap creates computational 
| difficulties, which Léwdin has managed to overcome. Secondly, the large 
| overlap results in orbitals which are rather poor approximations to the true 
| Hartree-Fock functions. This latter disadvantage could in principle be 

resolved by considering, not one, but several atomic orbitals at each lattice point 
' and applying the variational method; the labour involved would certainly be 
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immense, however, and if a great many atomic orbitals had to be used, as seems 
likely, the calculation would probably prove impracticable. It should be noted 
that the importance of the second difficulty, in metals, is due to the large 
number of near neighbours of a given atom, which means that the small overlap 
from a single neighbouring atom is multiplied many times : this difficulty will 
be by no means so pronounced in small molecules—for instance, in a 
hypothetical Na, molecule the overlap could never remove the spherical nodes 
of the atomic 3s functions, as is the case in the metal. Of course, if the overlap 
were small, as for more tightly bound electrons, the molecular orbitals formed 
by LCAO, using only one kind of atomic orbital, would be much better 
approximations, so that the second difficulty would be reduced—the first 
difficulty would be correspondingly reduced, however, and the simple tight 
binding method might be expected to suffice. None the less, Lowdin’s method 
would probably be more reliable quantitatively, and more useful practically, 
if applied, say, to the d-shells of the transition metals. The problem of the 
correlation energy would remain, however, and indeed in an aggravated form, 
since even Wigner’s formula could not be used for electrons which are not at 
least approximately free. 


REFERENCES 


BARDEEN, J., 1938, 7. Chem. Phys., 6, 367. 

Hartree, D. R., and Hartree, W., 1948, Proc. Roy. Soc. A, 103, 299. 
HowarrtH, D. J., and Jones, H., 1952, Proc. Phys. Soc. A, 65, 355. 

VON DER Lacs, F. C., and BETHE, H. A., 1947, Phys. Rev., 71, 612. 

Lownin, P. O., 1951, 7. Chem. Phys., 19, 1579. 

PROKOFJEW, W., 1929, Z. Phys., 58, 255. 

SEITZ, F., 1940, Modern Theory of Solids (New York : McGraw-Hill). 
SLATER, J. C., 1953, Rev. Med. Phys., 25, 199. 

Wiener, E., 1934, Phys. Rev., 46, 1002; 1938, Trans. Faraday Soc., 34, 678. 
Wiener, E., and Seitz, F., 1934, Phys. Rev., 46, 509. 


a 


57 


The Auger Effect and Negative Meson Capture 


By A. H. bE BORDE* 
Department of Physics, University College, London 


MS. received 2nd September 1953 


Abstract. Previous work on the mesonic Auger effect is extended to meson 
capture in non-circular orbits, and to Auger emission of L shell electrons. 


_ Corrections to the theoretical results are discussed and calculations made of the 


probable Auger emission from heavy elements for capture in photographic 
emulsions. ‘The results are compared with observations and reasons suggested 
for a deviation. 


$1. INTRODUCTION 


T is now generally accepted that negative mesons stopped in matter tend 

to eject an atomic electron forming a system in which the meson is bound 

to the atom. Owing to the large mass of a meson compared with that of an 
electron such a system is likely to be formed in a highly excited state. The 
meson then cascades to its ground state either by radiative or radiationless 
transitions, direct interaction with the nucleus being improbable in the excited 
states. Experimental support for this picture has been provided both by 
observations of y-rays emitted in the radiative transitions (Chang 1949, 
Hincks 1951) and of slow electrons emitted in Auger transitions which are the 
most important of the radiationless processes (Cosyns et al. 1949, Fry 1951, 1953). 
It is of some interest to make calculations concerning the probable number of 
electrons emitted in such processes on the basis of a pure electromagnetic 
interaction as a confirmation of the general picture of the capture process. 

A previous simplified theory of the mesonic Auger effect has been presented 
(Burbidge and de Borde 1953). ‘This theory was unsatisfactory in several 
respects. In particular, (i) the theory was based on the assumption that the 
meson was initially captured into a state with azimuthal quantum number 
/=n—1, (ii) ejection of Auger electrons from L and higher electronic shells was 
neglected, (iii) no account was taken of a possible reduction in the Auger 
transition rates due to depletion of the number of electrons in the K shell. 

These objections to the theory are removed in the present paper. It will 
be shown that the theory can only be reconciled with experiment by either 
assuming that the initial atomic capture takes place predominantly into states 
of low angular momentum or by assuming that a high degree of ionization arises 
in transitions to the meson ground state. 


§ 2. CALCULATION OF TRANSITION RATES 


The first step required in a detailed theory of the mesonic Auger effect is the 
calculation of the Auger and radiative transition rates between meson states of low 


quantum numbers. ‘These calculations follow the same lines as described in the 
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earlier paper (Burbidge and de Borde 1953) and the same notation will be seas 
Since the calculations are somewhat lengthy, they will not be described in full. 

For transitions with emission of K shell electrons, the angular integrations 
may be simply performed as described therein. The radial integrals, however, 
are more complicated as, in general, a polynomial in 7, replaces the single term 
occurring for transitions between circular orbits. If, however, the terms /,, J, 
are ignored, the integral over 7, may be transformed into the same form as that 
occurring in the evaluation of the radial integral for the dipole matrix element for 
hydrogen. The evaluation of this integral has been fully discussed by Gordon 
(1929). 

A correction for the neglected terms may also be deduced with the same 
approximation as described previously, and using the methods of Gordon to 
evaluate the integral over 7. 

The evaluation of the transition rates for emission of L shell electrons is 
similar but rather more complicated as the ejection of both 2s and 2p electrons 
has to be considered. However, it is found that the contribution of this type of 
transition to the observable electron emission is much smaller than those with 
ejection of K shell electrons. The rates are thus required less accurately and the 
correcting terms have been neglected. 

It is found that to a first approximation the Auger transition rates involve the 
same selection rules as dipole radiation. The final formulae obtained are 


Z\? 
PeL= @ Gx, BUY) (his tart) (1 Ce) oe ee (1) 
1 
PEaZAREEO US wer => ie oe Se oa eee (2) 


where P,<;, pare respectivelythe transition rates for emission of K shell electrons, 
L shell electrons and dipole radiation in the transitions (7, /,)—>(m,/,+ 1). Here 
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x exp {y(7—2tan-1y)}, ee (7) 


F*, Cx can be deduced from F~, Cx by interchanging , and ng, writing /, + 1 for 


/, and, in the former case, multiplying by (2/,+3)/(2l,+1) to allow for the 


different degeneracy of the final states. 


*'The detailed calculation will be described in a thesis for the degree of Ph.D. to be 
submitted to the University of London. 
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§ 3. CHARACTERISTICS OF TRANSITION RATES 


Using the above formulae all possible transition rates have been calculated 
up to m,=8 for bromine and selected rates up to 7,=14, the remaining rates 
required being obtained by logarithmic interpolation. 

Figure 1 shows the variation of the total radiative and Auger transition rates 
(summed over 7.) for various values of m,, and for 1,=1andn,—1. The radiative 
rate falls off rapidly as m, increases, while the Auger rate increases, except for a 
slight fall at 2, =9, where emission of K shell electrons ceases to be energetically 
possible. The Auger rate becomes comparable with the radiative rate for n, =6 
when /,=n,—1, but when /,=1 this does not occur until n,=14. Thus Auger 
transitions are of much greater importance when J, is large. 

Figure 2 shows certain transition rates of the type (/,>/, — 1) from the states 
n,=8 asa function of m,. For Auger transitions the highest rate is that for which 
N,=n,—1, while for radiative transitions lower values of n, are much more 
probable. ‘These characteristics are shown generally for other values of 1. 
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Figure 1. ‘Total transition rates from a Figure 2. Some transitions with n,=8 
given level, n, (bromine). (bromine), 


The Auger rates are to a first approximation independent of Z, while the 
radiative rates vary directly as Z,4._ Thus Auger transitions will be of importance 
for lower values of n, for lighter elements. The ejected electrons will, however, 
be of lower energy. 


§ 4. CORRECTION FOR K SHELL DEFICIENCY 


Once an Auger transition has taken place ejecting an inner shell electron, that 
shell is deficient of one electron and the Auger rate is reduced. This effect is 
likely to be more significant for the electrons ejected from the K shell, since the 
rate is cut by half until the shell is refilled. 

Assuming that the K shell can be refilled from outer shells, a modified transition 
rate can be calculated as follows. Let P, be the unmodified K Auger transition 
rate, P, the total transition rate by other processes out of a given state and let Ps 
be the total rate at which the K shell is replenished from other shells. Suppose 
that, after time ¢, the respective probabilities of the meson remaining in its 
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initial state or, having passed out of that state, by K Auger or other transitions — 
respectively, are x9, YX X2. Then 


= (3) {2—exp(— Pst) }xo 


dx 
ae =f 9X0 


dx dx» dx, P. P. _ (- ) ex pap Xo: 
Integrating, 


Xo =exp —[(P, + P,)t + (P,/2P3){exp (— Pst) — 1}]. 
Hence 


xo(20)= Pa | Xo at 


Py tee 
a ph (1i Lt, py eee 
by repeated integration by parts. 
In the limit P,;—> o the modified probability is 


Xo( 00) = PsltP ad. Py) - Belek” = Bieter eee (9) 
Thus to calculate the number of Auger electrons P, may be replaced by a 
modified Auger transition rate P,' such that 


P, P, 
jee mph (1 So 


§5. Atomic CapTuRE Cross SECTION OF MESONS 


With the transition rates calculated it is now possible to make an estimate of 
the probable number of Auger electrons, providing suitable assumptions are made 
as to the orbit of capture of the meson. A complete solution of the problem would 
require the evaluation of the cross section for capture for a large number of states 
with different values of m and / and at several energies of the incident meson. 
However, it is reasonable to expect that the largest cross sections will occur at 
low energies of the incident meson and, if a K shell electron is ejected, maximum 
overlap of the wave functions for the meson and electron will be secured when the 
Bohr radii for the meson and electron are approximately equal, that is for 
n~\/u~15 for -mesons. 

A few calculations have been made of the capture cross section in atomic 
hydrogen for this value of , and for an energy of the incident meson of 6-45 ev. 
The results are given in table 1. 

The Born approximation breaks down completely and gives values in excess 
of the limit set by the conservation theorem in many cases. The distorted wave 
approximation has been tried for two states and gave values well below the con- 
servation limit. In view of the calculations of Massey and Mohr (1952), based on a 
schematic model, it seems probable that these latter results are reasonably accurate. 
However, large cancellations occur during the calculation and high accuracy is 
required in the numerical work. Thus the labour involved in calculations for a 
large number of states and energies seems prohibitive. 


Ee eee 
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In view of these results, and those of Burbidge (1951), who also explored the 
method of the perturbed stationary state, and again found the labour involved in 
obtaining suitable wave functions too great, it is unlikely that a complete solution 
of the capture problem will be attained in the near future. 


Table 1. Calculated cross section for capture of 6-45 ev y-meson into states of 
quantum number, 2=15 and various values of J, by various methods (in 
units of za,?/100) 


l (1) (2) (3) 
0 1 0-1 B¥) 
1 3 9 bi 
: 5 0:2 — 
5 7 22 — 
4 9 0-1 — 
5 tal 35 — 
6 13 4 — 
7 15 42 — 
8 17 27 — 
9 19 26 — 
10 al 87 
st 23 0-4 0-1 
12 25 120 
13 27 189 — 
14 29 61 17 


(1) Limiting cross section (conservation theorem); (2) cross section (Born approximation); 
(3) cross section (distorted wave method). 


The calculations carried out suggest that coupling between the incident meson 
wave and the states m= 15 is sufficiently strong for the cross section to rise to an 
appreciable fraction of the theoretical limit (2/+ 1)A?/47 (A is the wavelength for 
the incident meson). ‘The lower values arise from interference phenomena 
which might be expected to average out when other energies are considered. 
‘Thus the most plausible assumption in default of further information is to assume 
that the probability of capture in a state with given value of / is proportional to its 
degeneracy, 2/+ 1. 


§ 6. AUGER EMISSION PROBABILITIES 


The total Auger emission probability II, , for transitions from a state 
(n,, /,) to the ground state is given by 
fe Se cat gps tly, + PE), nar t PE +P ES 

a Dynal + Py t+ PR} 

II!,, 7, is calculated by replacing Px by Px’ everywhere. ‘This ignores the 
possibility of decay before reaching the ground state, and all transitions other than 
the dominant transitions, J,->/,+1. Similar formulae can be written down for 
emission in a given energy range. ‘The probabilities were calculated numerically 
for a number of energy ranges, for z-mesons in bromine (7, =35) the work being 
checked by calculating the total emission probability independently. 

An estimate of the rates for silver was then made as follows. In general the 
major contributions to the Auger probability occur from states with /, close to 
n,—1. A detailed calculation was therefore made for the case in which the meson 
is captured in the state =14,/=13 in silver. ‘The ratio of the number of Auger 
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electrons in each energy range compared with the corresponding number for 
bromine was then used as a correction factor to be applied to the bromine results 
for other orbits of capture. This procedure is not likely to be very accurate for 
low values of J, but since these in general give very much smaller values for the 
Auger emission, and since, in obtaining the average emission, weight 2/+ 1 will be 
given to the states of different /, the final error should be small. 

Table 2 illustrates the variation with the n value of the state of capture of the 
total Auger emission probability and the emission probability in the range 
15-70 kev for bromine. It is clear that a small increase in the value of the state 
of capture would not greatly affect the emission in the observable range, although 
the total emission might be expected to increase rapidly. Both values would fall 
off rapidly for values of m less than 9. Table 3 illustrates the variation in both 
these quantities with the / value of the state of capture. ‘The time of descent to 
the meson 1s state is also shown. 

The second and third columns of table 4 illustrate the variation of the Auger 
emission in a given energy range for a weighted mean, silver and bromine being 
given equal weight, the results being compared with the experimental results of 
Fry (1951). It should be observed that the total number of observed electrons 
will be very sensitive to the exact value of the lower cut-off energy. 


Table 2. Variation of total Auger emission per stopped u-meson and emission 
in energy range 15-70 kev from bromine for j.-meson captured into state 
with quantum number n (weighted mean of possible / values) 


n 14 1 10 
Total emission 5°3 3e7 2-4 
Emission in range 
15_70 kev 0-585 0-594 0-578 


Table 3. Variation in total Auger emission, emission in energy range 15-70 kev, 
and time of descent to ground state with quantum number / of state of 
capture for z-meson captured in quantum states 7 =15 in bromine 


l ig 10 7 4 1 
Total emission 8:1 5:8 3:9 2-4 1-1 
Emission in range 
15-70 kev 0-84 0-73 0-42 0:16 0-05 
Time of descent to 
10:2 8-0 6:3 4-4 2°3 


ground state (10-1? sec) 


It is clear from table 4 that while the predicted number of electrons per stopped 
}-meson is in reasonable agreement at high energies, for low energies agreement 
1S poor. It is possible that the procedure adopted in estimating the emission from 
silver may have over-estimated the emission in the 15-20 kev range since the 
correction factor applied to the bromine results for this energy range is large. 
However, if a correction factor for the range 15-70 kev is obtained as previously 
described and applied directly, a new value for the total emission in the range 
15-70 kev of 0-84 is obtained. This result indicates that high accuracy cannot be 
expected from the procedure adopted, but since both results are of the same order 
of magnitude it is clear that more refined procedure of estimating the silver 
emission would still result in disagreement. 


i] 
T 
? 
2 


The Auger Effect and Negative Meson Capture 63 


The assumption of hydrogen-like wave functions for the meson is likely to 
be quite accurate as for the significant rates, the functions are large only inside 
the K shell of heavy atoms, where screening will only make a proportionate 
change in the effective nuclear charge. The effect of the finite size of the nucleus 
will clearly be insignificant except for meson s states. Thus the distortion of 
the wave functions is unlikely to make an appreciable change in the transition 
rates except possibly for transitions involving states with high values of n—/—1, 
where the number of nodes is likely to make the rates rather sensitive to the 
precise form of the function. These states, however, give a very small 
contribution to the Auger emission probability. 


Table +. Number of emitted electrons in given energy ranges per stopped 


#-meson in silver, bromine. Experimental results of W. F. Fry compared 
with various theoretical estimates: 


(a) Assuming L shell can be refilled. Capture in states »=14 and 
weight (2/+ 1) given to state /. 

(6) Circular orbits only. L shell full. 

(c) Circular orbits only. One L shell electron only left at n,=8. 

(d) Circular orbits only. No L shell electrons left at n,=8. 


ey Experimental Theoretical 
ae CaN ME Cy me 
15-20 0-08 0-56 — — — 
20-30 0-13 0:29 0:36 0-18 0-15 
30-50 0:08 0-06 Oans OBIS 0-09 
50-70 0-05 0-09 0-16 0-09 0-05 
>70 — 0-05 0-05 0-02 0-01 


The possibility of de-excitation by processes in which energy is transferred 
to other atoms can be readily ruled out. Even if a cross section 7a)? is assumed 
for this process* and the atom is assumed to possess an energy of the order of 
10 ev, as a result of the capture process the number of collisions is approximately 
5x10" sect. Since the calculated time of descent to the ground state is less 
than 10- second it is clear that no significant reduction can take place through 
this process. 

Thus to reconcile the observed number of slow electrons with the theory 
it seems necessary to postulate a very high probability for capture of the meson 
into orbits of high angular momentum. ‘This appears to contradict the distorted 
wave calculations. However, one further possibility must be examined. 


§7. THe Errect oF A H1iGH DEGREE OF IONIZATION 


It has also been suggested that Auger emission of observable electrons might 
be reduced when the meson is captured in an orbit well out from the K shell. 
The atom might then become almost completely ionized in the earlier transitions 
and the later observable Auger transitions become impossible. 

This possibility is difficult to discuss in detail. Without knowledge of the 
variation of the capture cross section with and without detailed wave functions 
only approximate calculations may be made. However, some discussion can be 


*'This is almost certainly an over-estimate since the meson is supposed to be tightly 
bound within the K shell of an atom of high nuclear charge. 
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carried out on the following points: (a) energetic possibility of complete 
ionization, (b) probability of complete ionization of the M and L shells, 
(c) resulting probability of Auger emission. 

We restrict ourselves first to transitions between circular orbits, i.e. of the 
type (m4, m,—1)>(n,—1, m,—2). Considering (a), it has already becn shown 
that for transitions of this type emission of K shell electrons is only possible 
for n,<8. There will be 8 electrons in the L shell and 18 in the M shell. For 
at least one transition for n,>8 we must expect the radiative rates to be 
dominant (see table 6). Thus for an appreciable probability of complete 
ionization of the L and M shells, L transitions must be possible for 7, >17 and 
M transition for 7, <35. 

For calculating the amount of energy released in a transition we suppose 
that the energy of the state 7, is given by the hydrogen-like formula 

ip, = — 13-55 (42) (ev). 
My 
We suppose that 7.~=2Z-—F, the screening factor F being determined as 
Pad, i bdV 
aJV 


the volume V being taken as a sphere equal to the appropriate Bohr radius of 

the meson, and the summation over the electron wave functions ¢, of the atom 

being taken over all occupied states giving a significant contribution in the 

volume V (in practice over the K and L shells, hydrogen-like wave functions 

being assumed). 

Table 5. Estimated energy difference AE (kev) between meson states with 
quantum numbers m, and m,—1 and L and M ionization energies J,, 
and J,, for silver and bromine 


AE AE 
n,=16 (i= a Ih 93 NO: Tyr 
Silver 325 2-9 3:2 0:30 0:34 O37, 
Bromine 3g leg) (eS O17 0-19 0-16 


Table 6. Auger rates for ejection of one 2s or 2p electron and radiative rates 
for transition (”,, 2,—1)—>(m,—1, n,—2) in silver and bromine 


n 14 11 10 9 
Auger rate (sec~?) 


(2s electron) 39 x10" 1-6 x 10" 14 x PO 1-1X 10% 
Auger rate (sec) ; 

(2p electron) 2-7 x 10" 93 x1 088 5-210" 2:8 x 1028 
Radiative rate (sec~! ; 

(bromine) ) 65x10" 2:3 x 1018 3-7 x 10" 6-410! 
Radiative rate (sec?) 

(silver) 21x10" 7-4 x 1018 1-2x 10" 2-1 104 


Table 7. Probability of different states of ionization of L shell in silver when 
K Auger transitions become possible 
Number of electrons in L shell at ai 2 3 


Probability of 0 electrons in L shell at n,=8 0:30 0:04 
Probability of 1 electron in L shell at n,=8 0:58 0:44 
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Transition energies for certain transitions in silver and bromine calculated 
on this basis together with the estimated lowest L and M shell ionization 
energies are shown in table 5. These were taken as the LIII and MIV 
absorption edges for palladium (Z7=46) in the case of silver to allow for the 
extra screening of the meson. For bromine the ionization energies were taken 
as the LIII edge for selenium (Z=34) and the ionization potential for Se VII. 
It will be seen that, for bromine, M shell transitions can clearly take place for 
m,<35 while L shell transitions can take place for n, <17, and hence complete 
ionization to the K shell can easily take place by the time the y-meson has 
reached n,=8. ‘The situation for silver is more doubtful. M shell transitions 
are apparently not energetically possible until n,=33 and L transitions until 
a,=16. ‘Thus complete ionization to the K shell does not appear possible before 
n, =8, and hence the emission of Auger electrons would not be so greatly reduced. 

It should be remembered, however, that the energy estimates are very crude 
when the meson is outside the K shell. Since only small changes in the estimated 
energy values are required, better values might show that complete M and 
L shell ionization is possible before the meson reaches 7, =8 in silver. 

Considering point (6), it is only necessary to consider silver, since in this 
case the transition rates are least favourable for the occurrence of complete 
ionization. In table 4 a few selected transition rates are shown for radiative 
and L shell Auger rates on the assumption that only one electron remains in 
the L shell. The Auger rates are of course increased if more than one electron 
is in the shell. The ratio of Auger to radiative rate increases rapidly with 7. 
For n,=11, if two electrons only remain in the L shell the probability of Auger 
emission is greater than 70%, and for greater ,, with more electrons remaining 
in the L shell, the radiative rates will be negligible. ‘Thus if we suppose that 
the L shell is not refilled it will contain two or three electrons, according to 
whether L transitions are possible at 7, =17 or n,=16. These are most likely 
to be 2p electrons. Table 7 shows the probability that either 0 or 1 electrons 
will be left in the L shell in both these assumptions. It is clear that the probability 
of a high degree of ionization of the L shell is critically dependent on whether 
L Auger transitions are possible for n, greater than 16. 

With regard to the outer electrons, it seems probable that they should be 
regarded as belonging to the crystal as a whole rather than localized on a 
particular atom. If so the outer shell could never become exhausted and it is 
necessary to check that the transition rate from the upper band system is small 
enough for the lower shells to be depleted. 

An estimate of this rate can be obtained by regarding it as a process of radiative 
capture of electrons by a bare nucleus of charge +Ze. ‘The calculations of 
Bates, Buckingham, Massey and Unwin (1939) can then be used. ‘They found 
that, for sufficiently low energies, the cross section for this process behaves like 
(Qy/e) where QO, is a constant and « is the energy of the electron, falling off more 
rapidly at higher energies. Estimates based on these calculations should probably 
be regarded as upper limits, since the long tail of the coulomb potential will be 
considerably distorted by the presence of neighbouring ions, and it would be 
expected that, for low energies, this would result in a considerable reduction of 
the magnitude of the wave function close to the nucleus. 

Using the low-energy limit for the radiative capture cross section, assuming 
an electron density of 18 electrons per atom with a Fermi energy distribution, 
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upper limits of 3-8 x 1018 and 3-6 x 10" per second are derived for the transition 
rates to empty L and K shells in silver. A comparison with table 6 shows that, 
even if this limit is attained, the possibility of empty L and K shells cannot be 
excluded. 

Concerning (c), calculations have been carried out assuming that complete 
ionization of the L shell has taken place at m,=8 in bromine, and that 0 or 1 
electrons are left in the L shell of silver. The results, together with circular 
orbit calculations for a complete L shell, are shown in table 4. No results are 
shown for the energy range 15—20kev, as these would only arise for transitions 
with 7, greater than 8. The results show that a reduction in the Auger probability 
of the right order of magnitude is produced if the L shell becomes completely 
ionized. ea 

The experimental and theoretical results on Auger emission following the 
capture of -mesons in the heavy elements of a photographic emulsion can thus 
be reconciled if either (i) practically no mesons are captured in states of high 
angular momentum, (ii) mesons captured in such states have very high initial 
excitation, and strip the atom to its K shell in subsequent Auger processes. 


§ 8. AUGER EMISSION IN THE LIGHT ELEMENTS 


The above concepts lead to some difficulties when applied to the light elements 
of the emulsion. As shown previously, the only transitions contributing 
significantly to the Auger emission amongst the light elements are those for 
n,=3 in carbon, nitrogen and oxygen giving electrons of 14, 19 and 25 kev 
respectively. Fry (1953) observed 18 low energy electrons from 358 ~-meson 
tracks showing a decay electron and therefore attributed to capture in the light 
elements. ‘The energy of all low energy electrons was in the range 10-25 kev. 
This gives an Auger probability of 50%. Assuming the probability of capture 
in H:C:N:0O is as 56:22:5:17 and that the K shell is refilled immediately, 
consideration of circular orbit transitions only leads to an Auger probability of 
8-5°%. However, if it is supposed that the K shell cannot be refilled, the 
probability of emission of an observable electron is completely negligible. For 
the light elements it is probable that the molecular binding of the atoms is 
important both when considering the initial capture of the meson and its 
subsequent descent to the ground state. In particular, since the refilling of the 
K shell can only take place from valence electrons it is difficult to make any 
reliable estimate of the Auger emission. ‘The figure of 8-5°% is almost certainly 
an over-estimate, but is probably the best estimate that can be obtained theoretically 
without a considerable amount of labour. 

It should be noted that non-observation of electrons of higher energy is only 
consistent with theoretical predictions if either complete ionization occurs or 
if an electron of low ionization energy remains, when the meson reaches the 2s 
state. For since this state is metastable to radiative transitions, electrons of 
70-130 kev should be observed in carbon, nitrogen or oxygen from the 2s—ls 
Auger transition, as suggested by Wheeler (1949), unless the 2s—2p transition 
can take place. Wheeler showed that the radiative 2s—2p is very slow for the 
light elements, but Ioffe and Pomeranchuk (1952) pointed out that this transition 
could take place as an Auger transition with ejection of a valence electron, the 
rate for this process being considerably greater than that for the 2s—1s transition. 
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If ionization of the outer shells occurs without complete ionization of the K shell, 
electrons in this energy range should again be observed. 

Fry (1953) also secured a track with two slow electrons and a fast decay 
electron, and Cosyns observed a similar event. These events should be very 
rare (less than 1 in 200 cases of single emission should show a second track if 
we allow that the events do take place in the light elements) and, in addition, 
the second electron should have greater energy than 70 kev, in disagreement 
with Fry’s observations. It seems possible that these cases might be explained 
as arising from meson decays taking place during capture by the heavy elements, 
although it can be deduced by Wheeler’s law and the observed Auger emission 
probabilities that such events should not occur with a frequency of greater than 
1 in 800 cases of capture in the heavy elements. 
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Abstract. A many-lined spectrum in the region 2200 to 2600A has been 
obtained in hollow-cathode discharges in hydrogen in the presence of potassium 
fluoride. A rotational analysis has shown this to be a v’ =constant progression 
of a S-» transition, probably singlet. The emitter has not been identified. 


§ 1. INTRODUCTION 


PRELIMINARY note on the analysis of a many-lined spectrum appearing 
EN in hollow-cathode discharges in hydrogen in the presence of potassium 
\& fluoride has recently been given (Caunt and Barrow 1952). Further 
experiments carried out with a view to identifying the emitter have not been 
successful owing to the difficulty of reproducing the conditions of excitation. 
A full account of the experimental details and analysis is given in this paper. 


§ 2. EXPERIMENTAL 


The apparatus consisted of a vertical quartz tube at the bottom of which was 
a high-temperature steel hollow cathode. ‘The latter was supported from below 
on a steel rod and was open at the top so that solids could be introduced into the 
cathode and held there without danger of being ejected by the violence of the 
discharge. ‘The anode, made from nickel sheet, was placed about four centimetres 
above the cathode. Light from the cathode passed through the anode and out 
through a quartz window, and was reflected into the spectrograph by a right-angle 
quartz prism. 

The discharge was run from a 1200 volt d.c. generator with a 500 ohm series 
resistance at currents varying from 0-2 to 0-5 amp. ‘The hydrogen used was 
obtained from a cylinder and the pressure in the discharge tube maintained in 
the range 1 to 5mm Hg. he cathode was allowed to become red hot, and 
sometimes additional heating from an external furnace was found helpful. 

The most successful conditions for exciting the spectrum were as follows: 
A 50:50 mixture of KF and KHF,, both freshly dried by heating in nickel 
crucibles, was placed in the cathode. The discharge was begun at low hydrogen 
pressure ; the cathode glow became deep red as the temperature rose and much 
of the HF was driven off. An exposure was taken when the gas pressure had 
decreased and the cathode glow turned reddish grey. It was found that a true 
hollow-cathode discharge could be maintained for } hour provided the current 
was kept lower than about 0-4 amp. The final photographs under these conditions 
of excitation were taken on Ilford ‘ Process’ plates using a Hilger E 478 spectro- 
graph (quartz optics), focused for the region 2200 to 26004. The reciprocal 
dispersion per millimetre varies from 46:5 cm! at 26004 to 34 cm=! at 22004. 
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‘The iron arc spectrum was used as a standard. A reproduction of the spectrum 
is given in the plate. 

It should be possible to derive the mass of the heavy atom of this emitter 
from an analysis of the corresponding deuteride spectrum. We therefore decided 
to search for a reliable and strong source. 

No discharges were found to produce the spectrum if fluorides were absent. 
Attempts were made to produce a strong source by introduction of carbon 
(as K,CO;, CHy, grease, wax or soot), nitrogen (as NH, Ng), oxygen (as H,O) 
or silicon into the discharge in the presence of KF, but no success was achieved. 

A weak source was obtained in the absence of KF using a mixture of hydrogen 
and hydrogen fluoride, but this proved too weak to use in deuterium experiments. 
In fact as the work proceeded even the best sources were found, for reasons. 
unknown to us, to fail. No experiments with deuterium were made. 


§ 3. ANALYSIS 


After a number of false starts, three pairs of branches were picked out. 
These are degraded strongly to longer wavelengths, and no heads are apparent. 
Each pair was assumed to consist of a P and an R branch, for if one were a Q and 
the other, say, a P branch no lines which might form a sensible R branch could 
be found. The bands were analysed as a }X—'® transition (see Herzberg 1950), 
and from combination differences it became obvious that the bands form a 
v =constant progression, the upper-state level being presumably v’=0. It was 
assumed that the first band observed on the high-frequency side of the system 
was the 0,0 band. The J numbering of the rotational levels could be deduced 
without ambiguity. 

Accurate values of the rotational constants of the upper state were calculated 
from averages of the combination differences R(/J)—P(J)=A,F’(/) of the five 
bands observed. {A,F’(J)/(J +4)—12H),'(J+4)*} was then plotted against 
(J +4)?, the small H,’ term being chosen by trial and error to produce a straight 
line. From the slope and intercept of this line By’ and Dy’ were calculated. The 
upper-state term values were then deduced from the formula 

Fy (J) =By JJ +1) — Dy J7(J +1)? + Ay’ FJ + 1). 

Good support for the correctness of the analysis is derived from the fact 
that the calculated and observed A, F’(/) values differ with a standard deviation 
of only 0-2 cm~, which is of the same order as the error in line measurement. 

The lower-state rotational constants and the band origin were calculated 
from the accurately known upper-state term values by the formula 
RJ —1)+ PJ) =21, + 2(B’ — B") J? + 2(D! — D")I*( J? +1) +2 — HB") IS? + 3). 
Plots of R(J—1)+P(/) against J* gave curves which could be made linear by 
trial-and-error methods, first by trying suitable D’—D” values for low J values 
and then by bringing the high J-value lines to fit with an H’—H” term. The 
accuracy of this procedure can be judged from the R(/J) and P(J) (observed — 
calculated) columns in table 1, where the calculated line frequencies were derived 
from the band origins and term values. 

Values for B.”, a,” and y,” were obtained from successive differences of B,” 
values and w,”, x,"w," and y,”w,” were found similarly from the band-origin 
values. The Kratzer relation, w,?<4B,°/D,, afforded a rough estimate of the 
upper-state vibration frequency. ‘The results are presented in table 2. 
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Table 1. Wave Numbers of Rotation Lines 


0,0 Band. v=46399-,cm™ 


R(J) P(J) R(J) 
observed observed 

44462-6 44204-0 +0:3 
2277 43954-9 +0:3 
43982 -2 694°8 —0-1 
727-9 —— +0:5 
464-2 148-1 +0:2 
192-6 42862:-2 +0-4 
42914-1 570-1 —0°3 
629-5 DAY —0-4 
340-0 41968:1 —0:2 
045-9 660-8 —0-9 
41749 -4 351-1 —0°8 
451-4 040-2 —0:5 
153-1 40729 -2 +0-1 
40856°7 420-0 +1-8 
563-4 114-7 +46 


0,1 Band. v)=44350-2 cm7 


44009°8 43889 -2 Ort 
43903 -2 UOT7 = NEY 
784-1 633-1 S(O 
652-7 485-9 (Ne 
508°5 326-1 =U 
352°8 154-8 0-0 
184-9 42971°8 0:0 
006-2 7717-6 BQO 
42816°7 5733 —-(Neil 
618-1 S59ES +0-4 
409-7 136°5 Lig] 
193°3 41905°5 +0-1 
41969 -0 666-9 0-0 
738 :2 422-1 (Ni 
501°9 ibe: Er IG 
260-4 40916 -4 —0:2 
015-6 657-3 0-0 
40768 -2 396-4 cea 
>19%3 134-6 +04 
ZINES) 39873 -2 +1:7 
025-4 614-2 43:9 
39783 -6 359-8 al ZAKS 
548-7 112-4 eden 
322:1 38873 -6 ao"S 


0,2 Band. vy=42471-5 


424746 42451-0 +0-1 
456-4 416-2 —0:2 
425-7 369-2 0-0 
382-1 309-7 +0-2 
325-4 237-3 =e 


P(J) 


obs —calc 
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(Table 1 continued) 
0,2 Band. py j=—42471-5 
R(J) P(.J) R(WJ) PW) 
observed observed obs—cale 
42256-4 42152°5 —0-4 —0:3 
175-6 055-6 —0-1 —0:3 
082:8 41947-1 —0:1 —0-1 
41978 -3 826°8 —0-1 —0°3 
862°6 695-6 0-0 —0:3 
736:5 554-2 +01 +0:3 
600-0 402-2 +0:2 +0-3 
454-0 240-4 +0°6 +0:2 
298-2 069-9 +0-4 +0-4 
134°3 408913 +0°:3 +0-7 
40963 -2 704-7 +0:8 +0-7 
784°3 511-4 +0°5 +0-7 
599°5 312-0 +03 +0°5 
409-4 107-6 +0:1 +0-4 
215-4 39898 9 0-0 —O0-1 
018-2 687°5 +01 —0°5 
39819 °3 474-6 —0-7 —0-9 
619:7 261°5 —1:1 —0-6 
421-5 049-6 —0°5 —1:2 
226:3 38841 -6 —0°-3 +0-1 
036°6 638-6 +2:0 +2:2 
388553 444-3 +71 +7:1 
685°5 261°5 +16:1 +158 
0,3 Band. v9=40779-4 cm7 

40784°3 +0:-1 
769°8 40729 -2 +0-1 —0:3 
744-1 687-9 +01 +0-1 
707-4 635-0 +0:2 —0:1 
659-6 571-2 0-0 —0:3 
601-3 497-1 +0:1 —O-1 
532-1 412°3 —0-4 —0-4 
453°5 317-9 —0°3 —0:2 
365-0 213-9 —(0:2 0:0 
267°3 100-6 —0:1 +01 
161°1 399782 +0°3 +0:1 
046-0 848-2 0-0 +01 
39923 °3 710°5 —0:2 +0:2 
794-4 565°7 +0:3 —0:1 
658°8 415°5 +0:-2 +0°3 
518-0 259:7 +0-1 +0-2 
373-0 100-1 +03 +0°:5 
224-2 38936°9 —0:3 +0-1 
073°8 771:8 +0-1 0:0 
38922:2 606-0 —0:6 —0-4 


pA 
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Table 1 (continued) 


vo =40779-4 cm 


R(J) P(J) 
obs—calc 

+0-1 —0-1 
—0°5 —0-4 
+0°5 ool WA 
+33 +3:2 
+93 +94 
?+8:2 


—0-1 
—0:2 +0:2 
+0:2 +0-1 
+0-2 0-0 
—0°3 0-0 
—0-2 +0:-2 
OE “F041 
—0:2 —0-1 
ed +0-1 
—0:2 —0-4 
—0-1 —0:3 
0-0 —0-1 
0-0 —0:1 
+0-1 —0:1 
==()es} —0:2 
—0-1 —0:3 
—0-2 +0:1 
(2 +0-4 
0-0 +0:2 


0,3 Band. 
R(J) P(J) 
observed observed 
38771°-8 38441:5 
623-4 279-0 
479°8 121-7 
343-7 37971°-9 
218-6 833-6 
? 096-2 
0,4 Band. v)=39291-4 cm 
39299 :3 
297-9 39274:-2 
287-6 247°3 
267°6 211-2 
237°9 166-1 
200°1 112-4 
153:°7 049-6 
098-2 38978 -6 
035°3 899-9 
389646 813-1 
887-1 720-0 
803-1 620°5 
713-3 515-3 
618-4 405-0 
518-9 290:7 
416:9 173-3 
312-4 054-3 
207:0 37934°5 
102:3 814-8 
Table 2. 


Spectroscopic Constants 


Vo, =46399-, cmt 


Band Origins and Ground-State Constants 


SiS5 So 
WN OO 


4) 
46399-, 
44350-. 
42471:-; 
40779-, » 
39291 -; 


pe 
12-049, 
11-324, 
10-532, 
9-665. 
8-718; 


De yt ee 
1-71, <10-* =—1% «105? 
IESOR 105% —1:5 x10-? 
1ESGae< 105% —3:1;x 10>? 
1945 1058 —5:8,x10-’ 
BD SAMO? —8:, x10-’ 


B,” =12-3833—0-648, (v” + $) —0-0365 (v” +4)? 
Gy” =2203-4 (v"+4)—72'5s (v” + 4)?—2°5 (v0 +4) 


Upper-State Constants 
Be => 4 ‘01 6, ; 


Do’ =1-894 x 10-4; 


EN +4: 


2X10; w’~1170 cm-! 
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§ 4. Discussion 


Since no signs of a Q branch were detected and no A-doubling was found 
even at high J values, we assumed that the transition is S-Y. There is less 
certainty about the multiplicity of the system, although a splitting of about 1 cm 
would have been resolved. ‘The extent of the line splitting for multiplet S—¥ 
transitions would be very small if the spin-splitting constants of the upper and 
lower states were about the same. 

The B value of the lower state is so large that it seems unlikely that the 
emitter is a hydride of any other than a first-row element in the periodic table. 
Although it may be HF or HF*, the difficulty of excitation and the ultimate 
disappearance of the spectrum after several experiments seem to suggest that the 
emitter was present as an impurity. 

Since the reduced masses of hydrides do not vary greatly from carbon 
onwards, we can calculate approximate interatomic distances from the B values. 
With ., =0-943, the mean value of the reduced masses of CH and HF, we get . 
ry =1-22 and 7r)’=2-11A. Such a great disparity in distances for the two states 
means that the system must be relatively weak, which may account for some of 
the trouble experienced in trying to excite it. 

The upper state has a much smaller force constant than the lower, and the 
level v’ =0 cannot be far removed from a dissociation limit. The two electronic 
states appear to dissociate to give atomic products in different states of excitation 
with an energy difference of about 40000 cm™ (1) )— Dy” + F’'(30); see below 
for Dy”). ‘This seems to rule out NH and HF as possible emitters, unless very 
highly excited atomic states are involved. 

The positions of the last two or three lines of each band do not agree well with 
those calculated from the rotational constants, and terms in F’(J) of order 
(J +4)* and perhaps (J+4)° would be necessary to reproduce them. ‘The 
anomaly for each band sets in at about 10000cm above the level v” =0, indicating 
that there may be some sort of perturbation at this level. The vibration levels of 
the lower state converge rapidly to a dissociation limit at v’~9, from which we 
get D,’=10900 cm! =31-1 kcal. Whether the anomalous positions of the 
last rotation lines are due to this dissociation or to perturbation by another state 
is uncertain. 

The 46400 cm! band is assumed to be the 0, 0 transition, but it is possible 
that a band further out in the ultra-violet has been missed due to the insensitivity 
of the photographic plates below 22004. 

Further progress in the elucidation of this spectrum clearly awaits the 
discovery of a reproducible source. 
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Abstract. A quantum-mechanical method is described for calculating the effect 
on the optical absorption of metals and semiconductors of any of the factors 
responsible for electrical resistance. In this method the electrons which are 
scattered by imperfections in the crystal lattice are considered to absorb light by a 
photoelectric process. The calculation is carried out for the case where the con- 
duction electrons are scattered by dissolved impurities. A first order approximation 
_methodisused. The results obtained are compared with those of the semi-classical 
theory used in existing textbooks, in which the current set up by the light is 
assumed to be damped by the impurities. It is found that the two methods give 
very similar results for metals. For semiconductors, on the other hand, the 
approximate method used here gives considerably less absorption than the 
semi-classical method. The use of exact wave functions for the very slow 
electrons in semiconductors would give greatly increased absorption coefficients 
because the intensity of these wave functions is high near the scattering centres. 
It is suggested that in this way the high absorption of infra-red radiation in 
semiconductors can be explained. 


§1. INTRODUCTION 
r ‘HE theory of the absorption of light in metals has been treated in the past by a 


semi-classical method. This method makes use of the classical relationship 

between the absorption coefficient and the resistivity of a metal, quantum 
mechanics being used, if at all, only in calculating the resistivity. In the long 
wavelength region of the spectrum where the period of the light is large compared 
with the relaxation time of the electrons in the metal, the result obtained—the 
Hagen—Rubens relation—is in good agreement with experiment. © For light of 
shorter wavelengths, the agreement is not good. In this paper a quantum- 
mechanical method for calculating the absorption coefficient of a metal is described. 
The mechanism of absorption is assumed to be an internal photoelectric effect: a 
conduction electron absorbs a photon, and its energy is raised from one conduction 
level to a higher level in the same band. Such transitions, which are forbidden in 
a perfect crystal, have a finite probability in a crystal with lattice irregularities. The 
method could be applied to find the absorption due to thermal vibration or lattice 
defects. For mathematical simplicity the procedure is carried through here only 
for a metal containing a small proportion of dissolved foreign atoms of valence 
different from that of the solvent. 

Although the expression obtained for the absorption coefficient differs from 
that derived by the semi-classical method, the two results become identical for 
long wavelengths. Ina typical example the numerical results of the two methods 
are very similar for a wide range of conditions. It seems probable that this 
similarity of results would also be found if the calculation were carried out for 
lattice vibrations or other crystal imperfections. 
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The absorption coefficient of a semiconductor can be calculated by the same 
methods, but in this case there are many fewer conduction electrons and the 
distribution of their velocities is different from that of the metallic electrons. ‘The 
quantum-mechanical calculation is carried out here for a semiconductor con- 
taining charged impurity centres using wave functions obtained by the same 
first-order approximation as was used in the case of metals. The resultis in general 
much smaller than that obtained by the semi-classical method. 'The approxi- 
mations used in this calculation have, however, been found to be inadequate in the 
case of electrons of very low energy. Much higher absorption coefficients would 
be obtained for semiconductors if accurate wave functions were used in the 
calculations. The results are then of the same order of magnitude as those which 
have been found in recent‘experiments on infra-red absorption in germanium and 
silicon. 


§2. SEMI-CLASSICAL ABSORPTION COEFFICIENT 


In the semi-classical method, classical electromagnetic theory is used to find an 
expression for the absorption coefficient in terms of the optical constants of the 
metal. ‘These optical constants are then related to the resistivity which is the 
only quantity that is calculated by a quantum-mechanical method. In a perfect 
lattice in which the atoms are at rest, the resistivity and absorption coefficient are 
zero. Ina perturbed lattice, electrons are scattered by the irregularities and the 
resistivity is greater than zero. 

The absorption coefficient 7 is defined as the rate of absorption of energy per 
unit thickness of the material divided by the energy flux. In an absorbing 
medium with refractive index n and extinction coefficient k the time average of the 


energy flux S is _ sa 
= S= = Pexp(—2kw2/¢) 


where &? is the mean square of the electric vector of the light which is propagated 
in the z direction with angular frequency w, and cis the velocity of light ina vacuum. 


GS|-_. 2k 
Therefore n=- = CS Geib ry ah ee Mg (1) 
eB; c 
The classical optical constants satisfy the equation 
Ar Ne" 1 1\-1 
7a ate (0° + =) eee (2) 
m wt ‘Ty 


where N is the number of electrons per unit volume, e is the electronic charge, m 
the mass of an electron, and 7 is the relaxation time (Mott and Jones 1936). 7 is 
related to the resistivity for steady currents py by the formula 


eI dg Ci we es ME) Sta (3) 
Combining eqns (1), (2) and (3) we obtain 
Ar (Ne?\2 Nges\st 
OSA (=) Po G + po? mf) ) 5 iN perrparteeectarsars (4) 


If the metal contains a small proportion of dissolved foreign atoms which 
scatter the conduction electrons, the residual resistance in e.s.u. is given by: 


m UX 
ee ee een ae ieee, eee. el ke) Se W skereue Ny 
Po Ne? 100Q, ’ >) 


76 R. Wolfe 


where v is the velocity of the electrons at the top of the Fermi distribution, Q» is 
the volume per atom, x is the percentage of foreign atoms in the metal, and A is the 
effective area presented by each foreign atom. ‘The Born approximation of collision 
theory gives for A 


“Gt y) 
A= | (1 c0s6)| pr | Hae* Vitae 
0 


where U is the difference between the potentials in the dissolved and solvent atoms. 

Mott (1936) has calculated the resistivity of a monovalent metal containing 
dissolved atoms with Z+1 electrons outside closed shells. He used for U a 
screened coulomb potential with screening constant q: 


2 
2m siv0 dO spasm (6) 


Ue ZOE Ce ee tl ee (7) 
He obtained for the resistivity due to x per cent of foreign metal in solid solution: 
M2 Z,7e2 1 1 
Po = po {be (1 =F 5) — eet Siehe) oie Ge (8) 


where y=q?h2/4m2v2._ Substitution in eqn (4) gives the ‘semi-classical’ 
absorption coefficient : 


Seog 27 N-e° N2e4\-1 1 1 
SS Pee eae “aA Oa; 
Ne 100 ne m3v3 (0 + Po m2 ) {log (1 =F 5) ian, s} eT sean (9) 
§3. QuantuM-MecuHanicaL MrTHoD—THE INTERNAL PHOTOELECTRIC 
EFFECT 


If A? is the mean square value of the vector potential of the incident light on a 
plane within the metal perpendicular to the light beam, the energy incident on 
unit area of this plane in unit time is 


myiAlic | |) as (10) 


When some of this light is absorbed in the metal we assume that for each photon 
absorbed, an electron in an occupied energy level is raised to an empty level in the 
conduction band, the difference between the initial and final energies being hv, 
the energy of the photon. Let P be the probability, per unit volume per unit 
time, of allowed transitions between all pairs of states which satisfy this condition. 
Then the energy absorbed per unit area per unit time in a thickness dx is 


Bhd. 2 Oe ee (11) 


Energy absorbed per unit thickness 


The absorption coefficient 7 is defined as 
Incident energy 


which in this case gives i tI heel, elena (12) 


i nnv2A2/¢ : 
The problem of finding the absorption coefficient therefore reduces to the 
calculation of P. 

We assume that the energy difference between the top of the highest full band 
and the lowest empty levels in the conduction band is so large than no transitions 
will be possible between the bands for the optical frequencies considered. In 
a perfect lattice we assume that the electrons behave like free electrons, so that 
transitions from one conduction level to another are forbidden. We must there- 
fore consider the perturbations of the crystal lattice and calculate the probability 
of transitions between the corresponding perturbed wave functions. 
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§4. CALCULATION OF THE TRANSITION PROBABILITY 


We consider a monovalent metal at a temperature 0°k, so that there are no 
thermal oscillations. Some of the atoms of the otherwise perfect lattice are 
replaced by foreign atoms with Z+1 electrons outside closed shells. These 
foreign atoms are so far apart that their interaction may be neglected. We assume 
that the conduction electrons, one per atom, behave like free electrons perturbed 
by the added potential around each foreign atom. For this perturbing potential 
we take the screened coulomb form: 


Cele, gan. tee (13) 


In the absence of any impurity atoms the electron wave functions would 
satisfy the free electron wave equation: 


Naya tis OF > ean be eee B (14) 


where k? =2mE/h? and E is the energy of the electron. If the metal is in the 
form of a large sphere of radius R, the appropriate solutions of this equation are 


p= Dien an ter) B(cosd) et" —o er , (15) 


where J),,)2 is a Bessel function of the first kind, P,'”' is an associated Legendre 
polynomial, and D is a normalizing constant. / and m are integers and the 
condition that % shall vanish on the surface of the sphere determines the allowed 
value of k. The reason for choosing these unperturbed wave functions instead of 
plane waves will appear below. 

If there is one foreign atom at the centre of the sphere, the wave 


equation becomes 2m 
VAs! + Rab! = Fz CU a en ore EE te (16) 


The angular part of a solution ¢,’ of this equation is identical with that of »,, the 
corresponding solution of eqn (14), since U is a spherically symmetrical potential. 
The radial part of ,’ differs from that in eqn (15) only by small added terms, since 
U is small everywhere except near the origin, and for fixed /; and m, the wave 
functions 7, are non-degenerate. ‘The perturbation has little effect on the 
quantized energy of an electron since R is large. ‘The state characterized by 
quantum numbers (k,’ J; m;) has the energy E,=17k,?/2m, and k,' is very close to 
the corresponding k,. 

We now consider the probability of transitions between two perturbed states 
due to the incident light. Without loss of generality we may assume that the light 
is incident in the x direction and is polarized in the z direction. ‘The only non-zero 
component of the vector potential is then A., and A, is its root mean square value. 
(Although we have assumed that the sphere of metal is large compared with the 
interatomic distance, we also assume that it is small enough so that A, may be 
considered to be constant throughout the metal.) First order time-dependent 
perturbation theory (Heitler 1944) gives for the probability per unit time of a 
transition from a state y,, with quantum numbers (/, m,) and energy £, to a state’ 
wy with quantum numbers (/,m,) and energy near EF, : 

Dig=(2m/ Mn boldgalee 8 te nine (17) 
where n(E,) is the density of states of energy /, with quantum numbers (J, mg) and 
eh A, 
me 2 


c 


ie anee 
| bel Sab dr 


‘oh; 
Hels | ait A . grad of,’ dr 
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The region of integration is the sphere of radius R. In the derivation of eqn ( 18) 
it is assumed that the wave vector of the light is negligibly small compared with 
that of a conduction electron. 

Making use of a well-known theorem, we replace 


f , 0 , i! f 14 OU f 
|de"* Sh’ dr by ron = i dr. 


In the latter integral we may replace #,'* and ¢,’ by the corresponding unperturbed 
wave functions #,* and #, and the resulting error will be of the second order since 
dU/dz is small except at the origin. This procedure is valid because the wave 
functions , and y, which we have chosen are non-degenerate. ‘This would not 
have been the case if plane waves had been used instead of Bessel functions. 

The probability per unit time of transitions from all states with energy near E, 
to all states with energy near FE, is obtained by multiplying w,, in eqn (17) by the 
density of states with energy £, and quantum numbers (/, m,), and summing over 
all values of J,, J,, m, and my: 


Qa ehA, 2 1 
ae + (we) (Rn! eae e 
JOU) ea 
bere Q= » n(Ei)n(Es) | ta® hdr), (20) 


For any potential U the quantity QO may be considered to correspond to some 
* physical property of free electrons confined to a large sphere on the surface of 
which the wave functions vanish. ‘This property of the electrons would remain 
unchanged if they were confined to a large rectangular box with periodic boundary 
conditions at its surfaces. In a box of volume V the normalized free-electron 
wave functions are V-"? exp (zk, . r), where k, is the wave vector of the electron 

(E,=h?k?/2m). ‘The quantity which corresponds to Q in this case is 
ey ae lg 

o=|| |) er 


- Gi | 
| exp (—7k, . r) oF exp Gk, .r)dr 
< sin @, sin 0,d0,d@s@0,de.—  . 4 seneame (21) 


where (6,¢,) are the polar angles of k;._n’(E,) is now the density of states with 
energy E; per unit solid angle in k;-space. The summations over the quantum 
numbers in (20) are replaced by integrations over all directions of the wave vectors 
k,andk,. ‘The equality of Q and Q’ which is suggested by the physical argument 
above can be proved by a rigorous mathematical argument} if the integrations with 
respect to dr in each case are taken over all space. The errors thus introduced are 
negligible since dU/dz is very small far from the origin. 

We now evaluate Q’ using the potential defined in eqn (13). This evaluation is 
feasible only because we have replaced the Bessel functions in OQ by exponentials 
and the summations by integrations. First we perform the integration with 
respect to dr over all space: 


Sy ae ; ra) Vb, 2 — OP lap @ 
| | | exp {—7(k,—k,) . r} gh aa r? sin 6 dr dé db = —4miZe? cos © mR 
or) Os (22) 


‘| The proof of this theorem, due to Dr. J. S. Plaskett, will not be reproduced here. 
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where © is the angle between K and the g axis and K= k,—k,. Substituting in 
eqn (21) we obtain 

O! =F (h,, Re) | | (k, cos 0, —k, cos6,)? sin 6, sin 0, d0, d0, dd, dbs 
em Td J J [Ry +k? — 2k, ky {cos 8, cos 6, + sin 0, sin 6, cos (4, — $9) } + FP 


where f (ky, ky) =n'(E,)n'(E,) V-? (47Ze?)?. Integration with respect to ¢, and ¢, 
from 0 to 27 gives 


; : me kx — kay)? (C — 2k, Roxy) 
AT f k k ( 1 2 1yXV = 
Q ( b 2) | | [((C a 2k Roxy)? = 4k? R21 —x2)(1 —y2)] = (1 — y2) 32 dx dy oieteverer (24) 
where x is written for cos @,, y for cos 6, and C for (k,2+k,2+4?). The limits of 
integration with respect to x and y are 1 to —1. 

The x and y integrations are simplified if we integrate at this stage with respect 
to C and differentiate later: 


a k,x — ky)? 
, aC = el 2f ( if 2V 
2 Baa a) | [(C— 2k, Rwy) — 4h eR 121 
The x and y integrations can now be performed, giving 


+ 1 Re+ke—C C+2k,k, 
E v 3 hiks log Coe | A eR oT (26) 


| Q' dC = — 41? £ (hy, hy) 


Differentiating with respect to C: 


- | 4q° | (Ay + ho) + ¢ | 
A= Sg es Sn 
O ao. f (ky, Re) C2 4k 2k BR, log ep ee (27) 


In all possible transitions due to the absorption of light of frequency v, the 
initial energy of the electron £, must be less than or equal to the Fermi energy 
(occupied states) and the final energy must be greater than the Fermi energy 
(vacant states). The difference F, — EF, must be equal to the energy of an absorbed 
photon hy. The total transition probability W for a sample of metal containing 
one foreign atom is obtained by integrating W,, over all allowed values of the initial 
energy: 1 

W= 5 Wediie ae: 6 ONS eee (28) 
The limits of integration are /— hv and F where F is the Fermi energy (or 0 and F 
if hv>F). ‘The factor } is introduced because only those transitions in which the 
direction of the electron spin is preserved are allowed. 

If there are x per cent of non-interacting foreign atoms in the metal, the total 
transition probability per unit volume for light of frequency v is obtained by 
multiplying the value for one foreign atom by the number of foreign atoms per 


unit volume : java SSL N TE mel apatite (29) 
The density of states n’(E) per unit solid angle in k-space is given in this case as for a 
free electron gas (Seitz 1940) by 
n'(E)=V(2m)3? B2/A3=2mVRR/AP. ss. ses (30) 
In eqns (19), (27), (28), (29) and (30) we have all the information necessary for 


the determination of P. Combining these equations we find (since 
dE, =(h?/m) ky dky) 
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Nx (2mVA\2 7 (ehA,\? 1 4 ‘) ss 
= ——(—____} = z —5 4 Ze?)2?V—-74T wwe (31 
= Ta he 5 (se) aap go) Ae) aaa Gy 
where 2. Gh 
nh? 4¢° 1 (Rk, +z) aA 
— — | R2k, | —_—— 5s — po log Beas | ee 32 
1-5) bt] cama ~ ERG aye oO) 
This integration with respect to k, is simplified by the substitutions 
k, =t—p/t, ka =t pt, p=mh?/2h’. 
The result may be written in the form 
=— "Ve = a. ee pe eee 33 
where | hv {Y, as (33) 
1 GCG Av gh? G2 gh? hy gh? ) yr A (Fe ™ a) 
v=3(e +t Sp) 8 Get omar Gt ami) [7 2\heo © 
and G, = Fl? +(F— hv)? if hv< F 
= ee if hy>F 


G, = FU24 (P+ hv). 
Substitution of this value into eqn (31) gives 
1672 Nx (Ze®A,)2 
3° A005 .e*hty 


The quantum-mechanical absorption coefficient 79 is now obtained by substituting 
this value for P in eqn (12): 


P= 


{Vo Vos ee (34) 


167 Nx Ze® 
a = a 
70 ST t00 neh >y2 ie as dhe ewedede 


§5. COMPARISON OF QuANTUM-MECHANICAL AND SEMI-CLASSICAL RESULTS 


‘The number of electrons per unit volume N, and the velocity of an electron at 
the top of the Fermi distribution are both related to the Fermi energy F (Seitz 


1940) 5 h2 /3N\2)3 
= mn om =4mv’?. eed Notes (36) 


In eqn (9) the term py? N?e*/m? is small compared with w? for visible and ultra- 
violet light. Even for infra-red light this term may be neglected if « and Z are 
small and q is not too small. ‘To this approximation, and using eqn (36), eqn (9) 
may be replaced by: 


DLO EING one. 1 1 
Ne aes 100 nch3y2 {log (1 + 5) = reste Bea Dt (37) 

The factor in front of the bracket is identical with that in eqn (35). If we 
consider the limiting case of low frequency light so that hv < F and terms of order 
(hv/F)? may be neglected, the expression in braces in eqn (35) reduces to precisely 
the form of that in braces in eqn (37). Therefore if the screening constant is not 
too small, and the concentration of foreign atoms is not too great, the two methods 
give identical expressions for the absorption coefficient at low frequencies. If ¢ 
is infinite both coefficients become zero for all frequencies (i.e. no light is absorbed 
if the electrons are not scattered in the metal). However, if g=0, each foreign 
atom being surrounded by a coulomb potential, the semi-classical absorption 


coefhcient becomes infinitely large, but the quantum-mechanical value remains 
finite. 
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In table (a) the results obtained by the two methods are shown for a typical 
example. The solvent metal is copper (F=7-04 ev) and it contains 1° of some 
divalent metal such as zinc. The value of 1/g is assumed to be one atomic unit 
(0-529 x 10°-*cm), and mis taken to be unity. When A=1760 in this example, the 
condition hy = F is satisfied. In the quantum-mechanical method, the slope of 
the curve of nq plotted against A should have a discontinuity at this point. In this 
example the discontinuity is not noticeable. The agreement between the two 
results is excellent in the infra-red region, as expected. ‘Throughout the whole 
range of wavelengths extending into the ultra-violet the agreement remains 
surprisingly good. 

In table () the variation of the two absorption coefficients with g is shown for 
the same example, with X fixed at 7300A. The difference between the two 
results remains small until g becomes very close to zero. 


The semi-classical and quantum-mechanical absorption coefficients 
of copper containing 1% of zinc. 


(a) Variation with A for 1/qg=1a.u. (b) Variation with 1/¢forA=7300A 

@(A.U.) AA) no(l0-FA-) (10-844) I/q(a.v.) ng(10-84-)-ng(10-54~) 
0:04 11400 12959 12953 0 0 0 
0-08 5700 32:46 S27 @eil 0-010 0-005 
0:12 3790 14-43 14:16 0-2 0-144 0-084 
0-16 2850 8-12 7:83 0-4 273 1:76 
0-20 2280 alle 4-88 1-0 20°77 20°48 
0-24 1900 3-61 3°25 2:0 62-00 Seeds) 
0-2586 1760 ot] 22/0 4-0 118-34 116-46 
0-28 1625 2°65 2:38 10-0 201-61 181-00 
0-32 1425 2-03 1-91 100-0 415-04 214-90 
0-36 1265 1-60 iheby7/ 
0-40 1140 1-30 1-34, co 00 2187 


§6. OpTicaL ABSORPTION IN SEMICONDUCTORS 


In extending the method of §§ 3 and 4 to include semiconductors we make most 
of the same simplifying assumptions which were used above. We consider only 
absorption due to the presence of ionized impurity atoms with valence differing 
by Z from that of the solvent. ‘The current carriers are treated as free negative 
or positive electrons of mass m* which may be different from the actual electronic 
mass, and only transitions within the conduction band (for electrons) or within the 
valence band (for holes) are considered. ‘The screened coulomb potential around 
each impurity atom is (cf. eqn (13)) 

Dies/, C7 Cee cee ee ee Oe (38) 


where ¢ is the dielectric constant of the semiconductor. 

With a low density of free carriers it is no longer a good approximation. to 
assume that all energy levels up to the Fermi energy are occupied and all higher 
levels are vacant. We must consider the energy distribution of the free carriers 
which is given to a good approximation by the classical distribution function. 
The densities per unit solid angle in k-space of occupied states of energy E, and of 
unoccupied states of energy Ey are (cf. eqn (30)) 


n(E,) = (2m*)32 VE? h-* Bexp (— ERT) 
n(E,) =(2m*)32 VE»? h-2{1—Bexp(—B,/kT)} se (39) 
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where B= h®N,/2(27m*kT)3?. Ny is the number of free carriers at absolute 
temperature T. ‘The energy of the initial state may have any value from 0 to oo. 
Since B is small for semiconductors the term in B? may be neglected in the product 
n(By) mB) sae 

The procedure for calculating the absorption coefficient is identical with that 
used above. The change in the potential introduces a factor 1/e? in Q’ of eqns (23) 
to (27) and therefore in the absorption coefficient. Using the new density of 
states, we must replace J of eqn (32) by 


H2 © 4¢° 1 (Rk, +k,)? + A 
ea 2 wx zs, 5 
ifis= Oak | Rit Re [poe STS ae log (ae Smee Bexp(—£,/kT) dk, 


This integration is difficult to perform in the general case. However, since the 
density of free carriers is small, the screening of the coulomb potential around 
each impurity atom will be very weak. ‘The screening constant 1s of the order of 
the reciprocal of the average distance between neighbouring foreign atoms 
(Conwell and Weisskopf 1950). By completing the calculation with g=0 we 
shall obtain an upper bound for the absorption coefficient. 

With g=0, eqn (40) becomes 


5 2 r 00 2 
(eee —_ B|  Rylog nea exp (Ras dkp ee: (41) 
where S=2m* Rip. 
Expressing k, in terms of k,, as above: 
Ro =k? +4y; pe=m-* hy/2h? 
and integrating by parts we obtain 
[=- x Bs ‘ exp (— k,?/s) (Ry? + 4u)-1? dk, = — — Bs exp (*) ee (“#) 


where #4 is the modified Bessel function of order zero. Substituting in eqns (31) 
and (12) we obtain 


ENE OAs 1 1 hy hy 
10 3°"? 100 ne®’m*e (2am*kT)'2 (hv)s XP (cer) a (ser): ma (43) 
The function exp (hv/2RT) 4) (hv/2RT) decreases slowly as hv/2RT increases. 
Its value is less than unity when hy/2kT is greater than 1°36(Watson 1945). 
Therefore, under normal experimental conditions, 


ee By Nx h?Z%e 1 1 
la ~ 3°" 100 ne'm*e (Zam = RT he hy)? = eee 
The semi-classical absorption coefficient may be calculated by the same 
method which was used above for metals. Instead of the velocity of the electrons 
at the top of the Fermi distribution we must now use the average velocity of the 


electrons, given by amr C= SRT 2 ine (ule ba gee (45) 


and we must use the potential of eqn (38) instead of eqn (13). Neglecting the 
term in pp", we obtain in this case instead of eqn (9) 


Ry oe NX Gea al 1 1 
Sek a0 ne®m*3y3 oy? log | (1 ty 5) %) rs} ne so) 
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As above, this gives infinite absorption when g=0. For small non-zero values of 
q, the term log {(1 + 1/y) —1/(1 +,y)}is greater than unity even for low temperatures. 
Therefore 

OTe Ve ae eS 1 


7 TT 
7G, = (oe LOO net Riot dg tpt eae UE 9 ee Ce 
Comparing eqns (44) and (47) and making use of eqn (45) we find 
no” 2 \12 $m*v? 
ne’ <4 (=) “gh Aes le ea I eS Cr. (48) 


Therefore this quantum-mechanical method gives a smaller value for the absorption 
coefficient of a semiconductor than the semi-classical method. 


§7. DiscussIon 


‘Fhe use of free electron wave functions instead of the accurate wave functions 
in calculating the transition probabilities is not a good approximation when the 
energy of the electrons is very low (Ze?/hv large), as it is in semiconductors. In 
their calculation of the absorption coefficient of hydrogen negative ions in the 
Sun’s atmosphere, Chandrasekhar and Breen (1946) found that the use of Hartree 
wave functions instead of plane waves increased their result by a factor of ten. In 
our problem, which is similar, the difference would be much greater since we are 
interested in laboratory temperatures instead of solar temperatures. We can 
make a rough estimate of our errors for an unscreened coulomb potential. In this 
case, the exact wave functions are known. Near the scattering centre their 
amplitude is greater than that of plane waves by a factor [27a/(e?”” — 1)]"? where 
a=ZZ'e"/hv; Z’e is the charge of the free carriers (Z’ = + 1) and vis their velocity 
(Heitler 1944, p. 167). ‘Therefore, in an accurate calculation, the absorption 
coefficient would differ by a factor of the order of 


27a, 27%»/[exp (27a) — 1][exp (27%) — 1]. 


from that found in §6. ‘The magnitude of « is large for slow electrons or holes. 
If Z and Z’ have the same sign « is positive and this factor is very small. In the 
more important cases where Z and Z’ are of opposite sign (scattering of electrons 
by positive centres or of holes by negative centres) « is negative and the factor 
is large. In our case «, corresponds to thermal energies (if Z=1, «,~20 at 
300°K) and ~, corresponds to optical energies (if Z=1, «.~5 for infra-red radiation 
of wavelength 2). ‘The multiplying factor is therefore of the order of 4000. 

Experiments on germanium and silicon (Fan and Becker 1951, Gibson 1953) 
have shown that the infra-red absorption coefficients are proportional to the number 
of free carriers and increase with wavelength but that their magnitudes are greater 
by a factor of 1000 than those predicted by semi-classical theory. ‘The calculation 
in §6 increases the discrepancy between theory and experiment. However, a 
similar calculation using the accurate electron wave functions should give results of 
the same order of magnitude as the experimental values. 
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Abstract. ‘The wave functions and energy eigenvalues of a ferromagnetic 
crystal at low temperature are obtained assuming a model of two electrons localized 
on each atom. ‘The results are applied to the problem of inelastic scattering 
of neutrons following Moorhouse. ‘The effect of assuming two electrons per atom 
is quite unimportant. However, a more realistic estimate of the exchange 
integral leads to narrower peaks than predicted by Moorhouse and therefore 
tends to make the effect easier to observe. 


§ 1. INTRODUCTION 


HE inelastic magnetic scattering of slow neutrons (2:5 x 10-3 ev) by a 

ferromagnetic crystal was considered by Moorhouse (1951) using the 

Heisenberg—Bloch model with one electron per atom. However, since 
the saturation moment in iron approximates closely to two magnetons per atom 
it is of interest to generalize the treatment to the case of two electrons per atom. 
To apply this model consistently we must consider these two electrons as coupled 
with their spins parallel, and so we have essentially a problem involving unit 
spin per atom. 

It is well known that the Heisenberg—Bloch model is an idealization that, in 
some respects, is in conflict with the observed properties of ferromagnetics, but 
this paper, like Moorhouse’s, is concerned with studying neutron scattering 
from this model since comparison with experiment may then further clarify the 
validity or the limitations of the model. 


§ 2. THE FERROMAGNETIC CRYSTAL 


The intrinsic magnetization of a ferromagnet results from the exchange inter- 
action of the spin ‘carriers’. ‘The relevant part of the Hamiltonian, assuming 
that only coupling between nearest neighbours is effective and that the exchange 
integrals for such neighbours are the same, is (Van Vleck 1945) 

awe) ES Oe ENF ota (2.1) 
adjacent pairs 
where S, and S, are spin operators expressed in. units of h. 

For the case of spin } per atom Bloch (1940) has obtained an approximate 
solution of the three-dimensional problem and Bethe (1931) has shown how in 
principle the one-dimensional problem may be solved exactly, though the algebraic 
difficulties involved become great for more than two ‘wrong’ spins. Both these 
solutions involve the concept of spin waves. Near saturation most spins have 
S=1, and the wrong spins, those with S=—3, jump from atom to atom and 
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travel through the crystal-like waves. Bloch’s treatment breaks down at high 
temperatures because he has to assume that the spin waves are non-interacting. 
This is a good approximation only at low temperatures when there are only a 
few waves. Moller (1933) considered the case S>}, but since his method is 
very general and not very transparent we give here the solution for the S= 1 case: 

We suppose that the crystal, which is nearly saturated in the = direction, has 
N atoms, upon each of which is localized a spin of one. The atoms are at lattice 
points r,,f....%y. We consider only a cubic lattice with N, x N, x N3 
unit cells each with side a. Each atom has z nearest neighbours. ‘The individual 
spin matrices we shall call «, 8 and y, corresponding to z-components of 1, 0 and 


—1 respectively, i.e. Sta=a; S’*B=0; S*ty=—y. 
f 


Since we may easily see that the total s-component of spin, © $7, commutes 
i=1 


with H we can diagonalize this operator and the Hamiltonian simultaneously. 

We need therefore only consider the eigenvalues of this operator one at a time. 

Let y, be a stationary state eigenfunction corresponding to a total s component 
N 

of spin =N-t, ie. © S7,=(N—t)%, Our problem is to determine the y,’s 
i=1 


Ve 
and the corresponding energy eigenvalues EF, of each value of ¢. 


t=0. <p, the eigenfunction of the completely saturated state, is obviously 
a(1) «(2) «(3)....0(V). Then 

Abo ==—JINei, and (y= —JiN2 | eee (2:2) 
t=1. Inthiscase one of the atoms has S*=0. Suppose itisatr,. The corres- 


ponding wave function is ¢(r,,)=a(1)a(2)....B(m)....0(N). The stationary 
state eigenfunction will be a linear sum of such terms. 


Let p=Uicr pes), = ee (2:3) 
Now Ho(r,,) = —2J(4Nz—2)d(r,)—272d(r,’) ss es (2.4) 
where the sum goes over all atoms r,,’ which are nearest neighbours of r,,. 
‘Then Hs, = —2JX,¢(r,, [4Nz—2)c(r,,) + Xe(r,,’)], jon) 

(H— E,)s, =0; therefore 
{2J(4N2z—2)+ E,\c(r,)+2Jae(r, )=0. 7 (2.6) 

This is satisfied by c(r,) =exp@k.r,) . | = sees (2.4) 
and £,= —JN2z+2Jz2—2J exp(—ik.r,)Zexp(ik.r,’). ...... (2.8) 
k satisfies the conditions 

Ry= ae Ry = aM k, = at 
where 


y= 0,1,2.5..Ny= 13-0, =0; 1,2, .4..N, 41% my 0,1) 2). cn Ne le eee 
For the simple cubic structure 

exp (—7k.r,)% exp (7k. r,,’) =2{cos ak, + cos ak, + cos ak,}=6—ak? ... (2.10) 

for ak,, ak, and ak, small enough. 


. It is easily shown that for the body-centred and face-centred cubic structures 
this expression reduces to x—a?k?. So for all cases 


E,=—JNe+2Jake ~~ aun, (2311) 
and if, = Li, exp (tk. r,)a(T)a(Z)ir ee P(2) cme N iw ween (2.12) 
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t>2. So far our solution is exactly analogous to Bloch’s solution of the spin 4 
problem, but now we have the possibility of having two sorts of spin waves, 
‘B-waves’ with S*=0 and ‘y-waves’ with S*=—1. However, we expect the 
B-waves to be predominantly important for two reasons. 

Firstly, the density of states for B-waves is much higher than for y-waves. 
Although it is not evident from (2.11), which is valid only near the bottom of the 
range, it can be seen from (2.10) and (2.8) that H, can have values ranging 
between —JNz and —JNz+4Jz. In general E, will have a range of about 
4Jzt. In this range we must fit NV! /t!(N—1)! states if we have only B-waves or 
N!/(3t)!(N—3t)! states if we have only y-waves. The density of states in the 
first case is therefore greater, by a factor of the order of N#?, than in the 
second case provided t<N. Most of the wrong spins will therefore go into 
B-wave states. 

Secondly, we know we will have to ignore the scattering of B-waves by each 
other, and we know this is a good approximation at low temperatures. But a 
y-wave can only be created by the interaction of two B-waves and, therefore, to be 
consistent, if we treat the f-waves as non-interacting we must also ignore all 
y-waves. However, we could put in y-waves with coefficients which account for 
some interactions but not all. ‘This presumably would be a little closer to the 
truth, but since, as we have seen above, we expect the effect to be N~-#? of the main 
effect, this is not really very important. Now let us consider this case in more 
detail. 


poe Denne f(r; r-.)==a(l)a(2)...- 960)... Bm)... aN) Beane (2°13) 
NU ssOllyG(Z) «oo. WL) en CN) GM saa (2.14) 
and set 22 om CN. Np) Pl in) Ol) XC) esos (25) 


from which it follows that 
Af, =—2J x d(K), rn )(ZNZ — 2z)e(r,, Ee) a x c(t,” rn) 
non-adjacent pairs 
—2J x d(r), rn )U(ZN3 — 2z 5 1)c(r;, on) r Xe (r/, Ea) oe b(r;) oe d(r,,.)] 
adjacent pairs 
--2I Xix(r)l(4N2—22)b(r,)+ Ber ry )) ne es (2.16) 
f 
where Sc(r/', r,,/) means the sum over rj, the nearest neighbours of r,, and over 
r,,, the nearest neighbours of r,,, taken one at a time, and ’c(r/,r,,’) is a similar 
sum excluding the terms c(r,,r,) and c(r,,,¥,,) which arise when r, and r,, are 
nearest neighbours. 
Hence the coefficients satisfy the equations 


Nz E See 2.17 
( -22+ 55) ttn) +E clef’) =O Rees eal) 
if r,, is not a neighbour of r,, and 
(> —2z+1+ 53) C( Fy Win) FL C( yy Bn’) + Oty) +5 (hn) =O. ses (2.18) 
if r,and r,, are neighbours. Also 
N. E ; / 
(= —2z+ 3) Breet 0, eee (2.19) 
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These equations cannot be simultaneously solved exactly but we can easily 
find a solution of (2.17), so let us consider the error involved in Ey in ignoring 
(2.18) and (2.19), which are concerned with the interactions of B-waves and 
transitions to y-wave states. From (2.16) 


* 
E,= 4 a = —2J (4Nz—2z) — 2 {e(ry tm)} 7D C(tys Pn ) 
2 2 x, aI 


A 7 x | c(r,, ry) [pa | d(r;) e 
l,m<l 


ZT e¥ (ty Pn)LC(Fy Fm) — (Mis Fr) — (ms Pn) + B(t7) + (Fm) | 


adjacent pairs 


: 
| 
if | eRe PLZ c(t hy) — B(r/){e( i Fn) FE (07s Pm 


The third term is small, of the order of N~1, because the numerator contains 
approximately N terms while the denominator contains the sum of approximately 
N? positive terms. If we could choose the coefficients so that (2.18) and (2.19) 
were satisfied the third term would be zero, but we see the error involved is of the 
order of N-1(i.e. N-‘?), which is negligible whatever our choice of coefficients. For 
the case t =2, therefore, we are certainly justified in neglecting y-wave and f-wave 
interactions. 

We therefore select 

c(i, V,) =exp {a(k, .r,+k,.r,,)}+ exp {t(k,.r,+k,.",)} ...-:-(2.21) 
which is a solution of (2.17) giving 
E,= —JNz+4Jz—2J {expi(k,.1,+k,.r,,) + exp7(k,.rj+k,.r,,)}7 
x Liexp zk, -1; +k,.4r,, )+expaKy Fy +k, -¥,, hp -.2ee- (2.22) 
k, and k, obey (2.9). 
The expression for FE, reduces to 
Ea=—JINae+2Ja%(ky?+k?) —...... (2.23) 
for ak,”, ak,Y, etc. small enough, and , can be written 


$= LX exp {i(k,.r,+k,.r,,)}a(1)a(2).... B(l).... P(m)....a(N). 


i ai (2.24) 
t>2. For ¢ not too large the solution is evidently 
w= LU exp{i(ky.r,+k,.r,+ ....k,.r,)} 
Ko tpeers 
KO(1) &(2Z) snc. B(@) sam B(B)s oc BCE) s cee aN) eee eee 
where r,,r,....¥r,are all different. 
t 
E,= —JINz+2Ja? & k,?. eee Oe.) 
n=1 
For comparison the spin } formula for ¢ wrong spins is 
t 
E,=—JI Net a ee ee (229) 
n=1 


. After constructing the partition function the variation of the magnetization 
with temperature can be found. A calculation like that in Bloch’s paper gives 


M_. 1 (kT\3® 1 (? v/ydy 
=I x3 7) ml Bee (2.28) 


-— 
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where _\, is the number of magnetic electrons in a volume a’, i.e. N,, = 2, 4 or 8 for 
the simple, body-centred or face-centred cubic lattices respectively for S=1. In 
the spin 3 formula the factor (Rk7/2./)3? is replaced by (k7/.J)3? and, of course, N, 
becomes 1, 2 or 4 respectively. 


§ 3. VALUE OF THE ExCHANGE INTEGRAL 


We now wish to estimate J. For convenience define J =gkT, where Ty is the 
ferromagnetic Curie temperature, and now we wish to know g. The simplest 
way is to assume that the law (2.28) holds up to the Curie temperature and for 
T=T, set M=0. This is the method used by Moorhouse. Equation (2.28) 
gives g =():0476 for a body-centred cubic and spin 1; g =0-0300 for a face-centred 
cubic and spin 1. The values obtained by Moorhouse using } formula are 
g=0-151 and g=0-095 respectively. 

However, we do not expect (2.28) to hold up to high temperatures, and experi- 
ment shows that they do not, so we cannot regard these values as being very 
accurate. As we expect our model of the ferromagnet to be a better one than that 
used by Moorhouse it seems worth while to obtain a better estimate of g than can be 
given by this method. 

Weiss (1934) verified the 7? law and he found that it was obeyed accurately 
up to 150°xK for nickel and up to 300°xK for iron. The best method to estimate g 
therefore seems to be to compare the slopes of his graphs of M against T°? over 
these ranges with the slopes predicted by (2.28). This gives g=0-197 for iron 
(body-centred cubic) and spin 1; g=0-113 for nickel (face-centred cubic) and 
spin 1. The value g=0-197 is the one used in the calculations for iron in the 
next section. For comparison this method would give g =0-624 and g =0-358 for 
iron and nickel respectively in the spin $ case. 


§ 4. SCATTERING Cross SECTION 


Moorhouse’s calculation of the scattering from iron now follows through 
exactly except that his equation (2.6) becomes 


Te EH ited PA EES A Kil Ee i Se (4.1) 
so we redefine his « =4M.Ja?/h? =139 using the value g=0-197. _....... (4.2) 


The limits on 6, where 26 is the angular spread of a peak, now become 5° > >0 
and we obtain, using his notation, 
3-16 x 10-°Qap,/27 
a exp {0-406(ap,/27)O(288/T)} — 1 
where o, is the integrated cross section of the scattered peak centred on the direction 
n, p, is a reduced wave number and Q is a quantity defined in Moorhouse’s paper 
and is of order 1. The values of o, at 288° corresponding to different values of n 
are shown in the table which is given for just two values of the incident neutron 
wave number p. Using the known lattice constant of iron, we therefore see that 
for «=4, where p=2r«/a, the neutron energy is approximately 2:5 x 10 °ev. 
Energies much greater than this cannot be used since diffraction peaks would 
occur for x >1/4/2, and these would completely mask the small ‘spin wave 
scattered’ peaks. In the limit « =0 then the direction of the incoming neutrons is 
unimportant and we easily see that o, =3-6 x 10-* barns and the cross section per 
steradian =0-16 for all the n and for all incident directions. 


bats for N@=— 2.8... ne (4.3) 
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‘The peaks are now narrower than Moorhouse predicted, so it should be easier 
to distinguish experimentally between scattering from spin waves and phonons. 
If they could be observed we would have a direct method of testing the details of 
the spin-wave model. Examination of the calculation shows it should produce a 
maximum error of about 15°%, so that anything outside this limit must be due to 
deficiencies in our model of a ferromagnet. 

It is easily seen from (4.3) that o, increases almost linearly with 7, but it is 
undesirable to perform the experiment at temperatures much above room 
temperature because then the approximation of neglecting the interaction between 
spin waves is certainly not good. In addition, the behaviour of the electronic 
specific heats of the ferromagnetics shows that at high temperatures a band model 
is better than the Heitler-London model used here. But the band model could 
not give scattered peaks like those we have calculated. We would therefore 
expect (4.3) to hold up to about 300°, but for o, gradually to fall below the predicted 
values for temperatures greater than this. 

A similar calculation for the spin } case, using the value g =0-624, shows that 
o, is reduced by a factor of 0-63 compared with the spin 1 case. The peaks are 
slightly narrower (4° >@>0) and the cross sections per steradian remain the same. 
The effect of assuming two spins per atom is therefore quite unimportant, and the 
differences between these results and those of Moorhouse are due almost entirely 
to the different estimate of J. The similarity between the spin } and the spin 1 
results leads us to expect that they will be good also for the actual case of a mean 
spin of 1-1 atom. 

We expect to obtain the same kind of peaks from nickel because the values of g 
do not differ very much from those of iron. But since the T?? law only holds up to 
about 150°k for nickel, our model is probably not a very good one at room 
temperature. 
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LETTERS. TO THE EDITOR 


Scattering of High Energy Nucleons and Electrons by Carbon 


The nuclear model with a uniform density distribution has been found 
inadequate from the point of view of nuclear shell structure (Born and Yang 
1950, Yang 1951), the nuclear scattering of high energy nucleons (Gatha and 
Riddell 1952, Mathur and Gatha 1953) and electrons (Lyman, Hanson and 
Scott 1951).. The following two analytically simple nuclear models with non- 
uniform density distributions have been proposed : 


(1) p=p) exp {—(r—R,)?/a?} for r>R, (Born and Yang 1950), 
(2) p=pyexp{—(r—R,)/a} for r>R, (Jastrow and Roberts 1952), 


while p =p, for 7 < Ry for both. 

These density distributions have already been examined from the points of 
view of their correlation with nuclear shell structure by Yang as well as by Mathur 
and Gatha and for the scattering of high energy electrons by heavy nuclei by the 
latter. In the present investigation we have examined the validity of these 
nuclear models for the nuclear scattering of 345 Mev nucleons and 15-7 Mev 
electrons by carbon. We have found that Jastrow’s model gives a better fit with 
the experimental data than the Born—Yang model. Hence we are presenting 
our results for Jastrow’s model only. Since the wavelength of 345 Mev nucleons 
is much smaller than that of 15-7 Mev electrons, we have regarded the nuclear 
scattering of 345 Mev nucleons as a more reliable source of information on nuclear 
structure than the nuclear scattering of 15-7 Mev electrons. ‘Therefore we have 
determined the parameters Ry and a for Jastrow’s nuclear model from the former 
and have observed that they are not inconsistent with the latter. 

We have used the Born approximation after testing its validity for our problem. 
In this approximation the differential cross section is given by 


o(8) =[{1 — 62 sin? 4/2}, {(1 — B®) }]|£(0) [2 


The scattering amplitude for the neutron scattering has been derived from the 
complex potentials 


V = —[(E*— Mc*)n,exp{—(r—R,)/a}J/E for r>R, 
V = —[(F,— M?*c*)n ]/E f0F V7 Ny 
where m= {ky +7K/2}/k is the maximum complex refractive index with 
ky =(mpolk){Fyn(0) + fyy(0)} and K=(p9/2){omn+ up} 


as usually employed, while k,/k<1 and K/2k<1 and other symbols have their 
usual meanings. ‘This leads to 


f,(8) = {2 M(E? — M?c*)no}{ P sin (wR,) + QO cos (wRo)]/Eh2w8 


where P={1+ 3aw* + Ryaw?(1 + a®w?)'/(1 + aw)? 
QO = {2a3w? — wRo(1 + aw?) !/(1 + a2w?)? 
w =2k sin 6/2. 


Since the coulomb effects are negligible for carbon for the angular range under 
consideration we have used for the proton scattering £,(8) =£,(). 
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In the figure we have shown the experimental values of o(@) for the elastic 
scattering of 345 Mev protons (Richardson, Ball, Leith and Moyer 1952). We 
have calculated o(@) theoretically for various values of Ry and a and compared the 
same with the above experimental diffraction pattern, adjusting each time the 
value of || to give the best fit. As a result of this comparison we have found 
that a reasonable approximate fit is obtained if we take 0<R,<0-6 x 10-8 cm 
and a=1x10-%cm. Increasing the value of Ry beyond the above range gives 
rise to significant deviations even if we use the most optimum values of a. 
However, the agreement remains about the same if we restrict R, within the above 
range. ‘Therefore, for simplicity, we take Ry=0. With this value of R, 

£,(0) ={4M(E — M?2c*)a°no}/{Ei7(1 + a2w?)°}. 

Calculating o(@) on the basis of the above expression we find that the best agree- 
ment with the experimental observations is obtained by taking a=1 x 10-8 cm 
and |)|*=0-035. We have also found that about 15° change in a from this 
value gives rise to noticeable deviations. ‘The theoretical diffraction pattern for 
these parameters is shown in the figure. We have also calculated for these para- 
meters the total elastic cross section, which turns out to be 101 mbn, in close 
agreement with the value of 98 mbn given by Richardson and others. 
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For Jastrow’s model with R, =0 one obtains py = A/87a*, while for a uniform 
model one has p=3A/47R°, where A is the nuclear mass number while R is the 
radius of the uniform nucleus. Using these density expressions we have obtained 
|7)|2 for the uniform nucleus, taking R=1-28 x 10- x A"? cm after Gatha and 
Riddell. Using their value K=3x10'%cm™ we obtain k,=1-:2x10"%cm™. 
This value of k, lies between the values k, =0-9 x 10! cm™! and ky = 1-9 x 10% cm 
as calculated by us using the Jastrow and the Christian models respectively for 
the nucleon-nucleon scattering and the experimental data on the same at 345 Mev. 

Regarding the nuclear scattering of 15-7 Mev electrons by carbon we have shown 
in the figure the experimental results (Lyman, Hanson and Scott 195 1). However, 
it has been suggested (Acheson 1951) that at this energy no unambiguous infor- 
mation about the nuclear density distribution can be obtained from the nuclear 
scattering of electrons. This is being further confirmed (Elton 1953, Vachaspati 
1953, private communication) on a more quantitative basis. Jt appears that any 
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nuclear model with suitable parameters can give a good agreement with the 
experimental observations. Hence we have used these experimental observa- 
tions to check that the parameters we have selected for Jastrow’s model are not 
inconsistent from the point of view of electron scattering. We have in this case 


£,(0) = —[167mZe?pya?]/[Ah?w(1 + aa)? ]. 
The theoretical diffraction pattern calculated from the above is also shown in 


the figure. 

Thus we have found that suitable parameters can be assigned to Jastrow’s 
nuclear model so as to obtain an approximate agreement between the theoretical 
and the experimental angular distributions for the nuclear scattering by carbon 
of 345 Mev nucleons and 15-7 Mev electrons. We are now examining the validity 
of this nuclear model for other elements, the results of which will be published 


later. 


M.G. Science Institute, G. Z. SHAH. 
Navrangpura, Ahmedabad 9, India. Ni. 3J. PAYEE 
24th July 1953. K. M. GaTua. 
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Triplet Electronic States of Aluminium Monofluoride 


The band spectrum of AIF has formed the subject of several recent 
investigations in which have been studied both the emission spectrum excited 
in hollow-cathode discharges (Rowlinson and Barrow 1953 a, Naudé and Hugo 
1953) and the absorption spectrum in the Schumann region (Rowlinson and 
Barrow 1953 b). As a result of this work, values of the vibrational constants 
for a number of singlet states have been determined (Rowlinson and Barrow 
1953 a, b) and Naudé and Hugo have evaluated the rotational constants for the 
states C'U* and alll. So far the vibrational analysis of only one triplet system, 
probably b*2-—a*Il, has been given (Rowlinson and Barrow 1953 a). We have 
now succeeded in analysing the vibrational structure of two further triplet systems. 

‘The new systems (system (2) of Naudé and Hugo) were photographed in 
emission from hollow-cathode discharges as before: they lie in the regions 
2550 to 2650A and 2700 to 2912A respectively. They arise from transitions 
from what appear to be *X states to a common lower state a3I1,, which is also 
the lower state of the triplet system lying at 3450 to 37504. The B values of the 
upper and lower states are in each case approximately equal, resulting in large 
head-origin separations, and for the 2700-29124 system a detailed calculation 
of head-origin separations has been carried out showing that B’ — B’~0-04 cm-!, 
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The B values of the *& states are all higher than that of the 311 state, which 
therefore has a greater 7,, in agreement with its lower w, value. The constants 
obtained from the analyses are given below. 


Constants of the Triplet States of AIF 


State Teo We eee AGae 
d (8) a+ 38623-7 — — 939-7 
c (2) a+ 36017:3 — — 930 
b (?) a+ 27719-3 933-5 4-9 — 
a LNs) a 828-, 4-1 — 


A(a8IT) = +46, 


* The values of Ty are referred to v” =0 of a°II,. 


The intercombination system aII-x!X+ is still being sought and several 
systems, notably one overlapping the D'A-a!II system at about 57004, remain 
to be analysed. 


Physical Chemistry Laboratory, Pe 
Oxford University. Re 
10th November 1953. 


G. DopsworTH. 
F. Barrow. 


Naupe, S. M., and Huco, T. J., 1953, Phys. Rev., 90, 318. 
Row tinson, H. C., and Barrow, R. F., 1953 a, Proc. Phys. Soc. A, 66, 437 ; 1953 b, Ibid., 
66, 771. 


The E-X Band System of SiS in Emission and the Dissociation 
Energy of SiS 


The E-x band system of SiS, which consists of red-degraded bands in the 
region 2100 to 25004, was first discovered in absorption (Vago and Barrow 1946). 
Further spectrograms of this system in absorption were taken with longer 
path lengths by Thomas (1947) who extended the system and showed that the 
values of v’ given by Vago and Barrow should be increased by one. He derived 
the following constants : 

Ve 4192575 cm“, 
G,' =403°5,u' — 1-4) u’* — 0-032, u’3 — 1-1, x 10->u’®, 
where u=v+4. This expression is valid for v' < 18. 

We have recently discovered that this system is strongly excited in an 
electrodeless discharge run from a valve oscillator operating at about 50m 
through a stream of silicon tetrachloride vapour to which a small amount of 
carbon disulphide is added. The spectrum of this source has been photographed 
as far as 19954 with a Hilger small quartz spectrograph on Iford Q1 plates. 
About forty new bands have been assigned to the system. ‘The vibrational term 
values with respect to v’ =0 of x'X* are given in the table. 

Values of the vibrational intervals in the E state are now known as low as 
about 180 cm-!, as compared with AG’y,=401cm™. ‘Thus, even though the 
highest four levels observed vary rather irregularly, not more than a short 
extrapolation is necessary to reach what should be a reliable limit at about 
52000 cm-! above v”=0, which corresponds to 148-6 kcal. 
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The products of dissociation must be Si(*P)+ S(3P), but which sub-levels of 
the °P states are involved is uncertain. However, the excitation energy of 
Si(?P,) is only 0-64 kcal and that of S(?P,) 1-64 kcal, so that the uncertainty on 
this account is only +1-2kcal. It seems that the error in the extrapolation 1s 


Vibrational Term Values for the E State of SiS 


wv Vy 0 U Vy',0 
0 41750°3 16 47664°5 
il 42151-6 7 985-6 
2 548-9 18 48300°5 
3 943°5 19 605°3 
+ 43334-4 20 895-2 
5 720-1 
6 44105-1 21 49175°-5 
d 482-0 Up) 434-2 
8 857-6 23 680-5 
9 45227-1 24 912°8 
10 592-0 ZS 50102°8 
11 953-4 26 307-5 
12 46308°3 27 495-; 
13 658-7 28 670-5 
14 47002-2 
15 S379 


unlikely to exceed + 1-5 kcal; the final result may be given as Dy” = 147-, + 3-0 kcal 
(6:39 ev). This is not very different from the result (D,” =6-4, ev) obtained by 
Lagerqvist, Nilheden and Barrow (1952) from the less certain extrapolation from 
@ = 18. 
Physical Chemistry Laboratory, S. J. Q. RoBINson. 
Oxford University. R. F. Barrow. 
9th November 1953. 


LacerRQvist, A., NILHEDEN, G., and Barrow, R. F., 1952, Proc. Phys. Soc. A, 65, 419. 
THomas, D. M., 1947, Thesis, University of Oxford. 
Vaco, E. E., and Barrow, R. F., 1946, Proc. Phys. Soc., 58, 538. 
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REVIEWS OF BOOKS 


Exercises in Experimental Physics, edited by N. C. B. ALLEN and L. H. Martin. 
Pp. xii+237. (Melbourne: University Press, 1952). 30s. 


This work is a collection of experiments designed to supplement the second- 
year courses of physics in the University of Melbourne. The experiments 
described would be suitable in general for an ordinary B.Sc. course or for the less 
advanced parts of an honours course in Universities in England. 

The book is described as being essentially the sixth edition of Practical Physics, 
in which the laboratory exercises were assembled by Professor Laby and the text 
was prepared by members of the staff of the Physics Department of Melbourne 
University. 

The fact that the book has been written especially to conform to the needs of a 
particular group of students of necessity limits its usefulness as a textbook for 
other courses which may extend beyond its bounds. But the same remark 
would apply to any such work of reasonable size. 

A more serious limitation is that it is written for undergraduates at a particular 
stage in their studies. ‘This gives the appearance of omission and lack of balance. 
Thus, in a brief account of experiments on elasticity, nearly one half of the space 
is devoted to the interference method of measuring Poisson’s ratio. ‘The chapters 
on the measurements of inductances and capacitances are brief and incomplete 
and the necessity for shielding, the use of non-inductive resistances and pure 
harmonic oscillators could with advantage be more strongly emphasized. 

On the other hand there are many useful hints scattered throughout the book, 
such as those on the choice of a galvanometer. 

An important feature is the inclusion of a chapter on observations and 
statistical theory, with two experiments as illustrations. 

The properties of vacuum tubes, the construction of a power supply unit 
and the use of the Geiger counter are described and illustrated in a well chosen 
series of experiments, designed to explain the principles of these instruments 
without emphasis at the expense of other fundamental parts of this course. 


Hoel. BEING. 


Progress in Metal Physics, Volume 3, by B. Cuatmers (Ed.). Pp. vii +334. 
(London : Pergamon Press, 1952.) 48s. 


The regular appearance of these volumes, each containing up-to-date accounts 
of many aspects of metal physics, shows how successfully and rapidly the subject 
is now developing. ‘The volume with which this notice is concerned, number 
three of the series, contains articles on a wide variety of topics. ‘These may be 
roughly classified as, first, those dealing with the equilibrium properties of more 
or less perfect metallic crystals, i.e. electrical, structural and magnetic properties, 
and, secondly, those dealing with the properties of the secondary structure 
(crystal boundaries etc.) and crystallographic transformations. The articles in 
the first category are written against a background of a highly developed theory : 
the electron theory of metals based on wave mechanics. In the second category 
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the articles are largely descriptive and empirical, and where theory is introduced 
it is phenomenological rather than fundamental. ‘To any reader who attempts 
to study the whole book this difference between the two main branches of the 
subject quickly makes itself felt. Chapters 2, 3 and 5, which deal respectively 
with the properties of metals at low temperatures, recent advances in the electron 
theory of metals, and ferromagnetism, have a certain coherence which enables the 
reader to see relations between the observational data discussed and to view each 
subject as a whole. The articles dealing with what the editor refers to as the 
“dynamic effects”, on the other hand, call for a disciplined effort on the reader's 
part to assimilate the large number of individual observations, the relations 
between which are not always easy to see. In the absence of a firm theoretical 
background the selection of the definitive observations is difficult to make and 
the authors are compelled to record faithfully all the experimental data available, 
and this may result in an article such as, for example, that dealing with x-ray 
diffraction in strained metals, which reads almost like the minutes of some 
committee meeting. 

In a short notice of this kind it is not possible to deal with each of the eight 
articles individually, but special mention may be made of one or two. ‘The book 
opens with an excellent account of the crystallography of transformations by 
J. S. Bowles and C. S. Barrett. This article deals with martensite transform- 
ations and the atomic movements which take place in these phase changes. 
Although the account is clear and complete, the reader new to the subject will 
find that a considerable effort is called for to follow the details of the geometry of 
the different transformations which have been proposed to explain the obser- 
vational data. ‘The physical (as distinct from the purely crystallographic) nature 
of the process is also discussed, but it cannot be said that the theory, as presented 
in this article, is very satisfactory; many gaps, according to the authors, remain 
to be filled. 

T'wo other chapters which may be specially mentioned are Chapters 3 and 7. 
Chapter 3 deals with recent advances in the electron theory of metals and is 
written by N. F. Mott. As indicated by the title, this is not a critical account of 
established theory, but largely a description of newly developed ideas. It is, 
perhaps, too much to hope that all of these, or even the greater part of them, will 
survive without substantial modification in the future. Chapter 7, by J. E. Burke 
and D. ‘Turnbull, is concerned with recrystallization and grain growth. A clear 
account of experimental results, expressed in terms of the concepts of nucleation 
and growth, is followed by some pages of physical theory dealing with the kinetics 
of boundary migrations. ‘This admirable article of some 70 pages can be com- 
fortably read without prior knowledge of this particular subject. 

One minor criticism of the production of the whole book is that the proof 
reading does not appear to have been done with sufficient care. For example, 
in the article just referred to the letters ¢ and 7 are used rather indiscriminately 
although they are intended to have quite distinct meanings. More remarkable, 
perhaps, is the slip in the editor’s foreword where we find the word ‘ phrases ’ 
where ‘ phases’ is intended. ‘These, however, are small blemishes which do not 
seriously detract from the great value of this volume. Some idea of the extent of 
the information contained within its covers is indicated by the fact that there are 
altogether 770 references to published papers, all of which are dealt with in the 
text. H. JONES. 
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Data for X-Ray Analysis, Vols. I and II (Eindhoven: Philips’ Technical 
Library, 1953; London agent : Cleaver-Hume Press, London.) 


Vol. I. Charts for Solution of Bragg’s Equation (d versus 0 and 26), by W. ParRIsH | 
and B. W. Irwin. Pp. 99. 15s. 


Most workers using x-ray powder photography for identification purposes 
have made themselves charts for conversion from @ values to d values, but few 
can have done so in such a convenient or satisfactory form as has been reproduced 
in this volume. For some purposes d can be plotted directly against s (the film 
measurement), but if such a chart is required for a particular camera it may 
readily be constructed from these graphs, which, in addition, provide a model 
lay-out for their more specialized counterparts. 

The spacings are given in angstroms and the internationally agreed wave- 
lengths have been used in the calculations. The Bragg angle 6 can be read to 
0-01° directly and the d-values to 0-01 A in the @-range 3° to about 18°, and to 
0-001A at higher angles. A weighted average wavelength is used for low 
angles, supplemented by values for ~, and «, in the medium range and for the 
higher angles values are plotted for «, and « only. Charts are given for Mo, 
Cu, Co, Fe and Cr Kx wavelengths. In addition a useful table for converting 
minutes into decimals of a degree is included. 


Vol. II. Tables for Computing the Lattice Constant of Cubic Crystals, by 
W. ParrisH, M. G. EKSTEIN and B. W. IRwIN. Pp. 81. 15s. 


Tables of 4/NA/2 for the Ka,, Ke, and K8 wavelengths of Cu, Ni, Co, Fe 
and Cr are tabulated in a convenient and extremely readable form. ‘Tables of 
sin*@ and 4(cos’6/sin 6 +cos76/6), for extrapolation purposes, are included 
as is also a table of lattice constants of cubic substances and figures showing 
graphically the representative cubic powder patterns. A short description of the 
procedure for using the tables in computing the lattice constant is given in the 
introduction. J. W. JEFFERY. 


Le role de la régularité dans le calcul numérique, by P1ERRE VERNOTTE. Pp. xii +33 
(Paris: Publications Scientifiques et Techniques du Ministere de l’Air 
(Notes Techniques No. 45), 1952.) 350 fr. 


Les principes physiques de la formulation des lois expérimentales, conséquences pour 
la philosophie des sciences, calcul effectif de différents types de lois, by PIERRE 
VERNOTTE. Pp. v+256+xxxii. (Paris: Publications Scientifiques et 
Techniques du Ministére de l’Air (No. 271), 1952.) 1800 fr. 
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Figure 1. Absorption spectrum of BiO, 
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y-Radiation from the Reaction 7’Al(p, y)**Si 


Byoie G RUTHERGLEN SPS GRAN Ta klCacRLACK 
AND W. M. DEUCHARS 


Department of Natural Philosophy, The University, Glasgow 


MS. received 31st August 1953 


Abstract. ‘The spectra of y-radiation at the resonances for proton capture in 
"Al occurring at E,, =404, 503, 630, 652 and 677 kev have been studied with a 
sodium iodide scintillation spectrometer. ‘The angular distributions of the 
more prominent y-ray components have been determined at each resonance. 
Spin and parity assignments to levels in *°5i are made on the basis of these and 
other measurements. 


§1. INTRODUCTION 


been investigated by Tangen (1946), Brostrom, Huus and 'Tangen (1947), 

Rae, Rutherglen and Smith (1951), Rutherglen and Smith (1953) and 
Casson (1953). 

Tangen, and Brostrom et al. measured accurately the position and yield of 
a large number of y-ray resonances over a wide range of proton energies. 
Rae et al. used a magnetic pair spectrometer to study the spectrum of y-radiation 
from bombardment of a thick aluminium target with protons of energy 750 kev. 
They deduced a Q-value for the reaction and proposed a decay scheme in terms 
of known levels in ?°Si. Rutherglen and Smith determined the excitation curve 
for the reaction, together with that of the competing reaction *’Al(p, «)*4Mg, in 
the range of proton energies 400-750 kev and showed that while all resonances 
produced y-radiation, «-particle emission was forbidden at several of them. 
Casson examined the thick-target y-ray spectra from resonances below 450 kev 
by means of a sodium iodide scintillation spectrometer. 

The present paper describes measurements made with a sodium iodide 
scintillation spectrometer on the y-ray spectra and angular distributions from 
five resonances in the range of proton energies 400-700 kev. ‘The results 
enable spin and parity assignments to be made to a number of levels in **Si. 
With knowledge of the y-ray spectra from individual resonances it is possible 
to use the thick-target results of Rae et al. to deduce an amended Q-value for the 
reaction. This is in excellent agreement with the figure deduced from other 


Ip the region of proton energies below 800 kev the reaction ?’Al(p, y)?8Si has 


reactions. 


I. MEASUREMENTS OF y-RAY SPECTRA 
§2. EXPERIMENTAL PROCEDURE 
Targets were made from pure aluminium evaporated on to a brass backing 
and were bombarded with proton currents of up to 70 pa. The target thickness 
used was normally about 15 kev. 
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The y-radiation was detected by a sodium iodide crystal, about 1-3 in. cube, 
with an E.M.I. 5311 photomultiplier tube. The crystal was packed with dry 
magnesium oxide in an airtight aluminium container fitted with a quartz window ; 
optical contact between the crystal and the window was obtained by a thin film 
of silicone vacuum grease. Pulses from the photomultiplier, after amplification, 
were fed into a five-channel pulse analyser. 

Calibration of the pulse height in terms of y-ray energy was carried out 
using the 2:62 mev y-ray from ThC" and y-radiation from the reactions 
19F'(p, «)16O* (6:13 Mev), !B(p,y)12C (4:45 and 11-8 Mev) and “C(p,y)™*N 
(8-06 Mev). In the low energy region (<3 Mev) a single y-ray produces three 
separate peaks which can be resolved from each other. The peak of highest 
energy corresponds to total capture of the y-ray energy in the crystal, the second 
to Compton collisions in which the scattered quantum escapes from the crystal 
together with pair production in which one annihilation quantum escapes, and 
the third corresponds to pair production with escape of both annihilation quanta. 
There is little difficulty in determining y-ray energies in this region except when 
overlapping occurs of the peaks from two separate y-rays. As the quantum 
energy is raised the three peaks merge into one, and for this region a calibration 
curve was constructed showing y-ray energy plotted against pulse height at the 
peak, using the y-rays of known energy from the reactions mentioned above. 


§3. RESULTS 


Gamma-ray spectra from the resonances at proton energies of 404, 503 and 
630kev are shown in figures 1-3. Figures 1(a)-3(a) show the high energy 
region down to about 3-5Mev. Figures 1(b)-3(b) were taken with the amplifier 
gain increased by a factor of four and show the spectra in the energy range from 
0-8-3-5mev. ‘The high energy spectra at the 652 and 677kev resonances are 
similar to those at the 630kev resonance except that the 10-5 Mev gamma-ray is 
of slightly lower intensity and that the 652kev resonance shows a very weak 
ground-state transition. 

More detailed examination of the spectra illustrated, in the region 2-4 Mev, 
has shown the presence at the 630 kev resonance of two components, of energies 
2:8 and 3-5mev. ‘The energies and intensities are summarized in table 1. The 
energies of those y-rays which were well resolved are accurate to within 3%. 
The intensities were estimated from the areas under the curves, using the line 
shapes measured for the mono-energetic calibration gamma-rays, and are 
accurate to within about 20%. 

It will be seen that only the resonance at EL, =503 kev produces the 12 Mev 
ground-state y-radiation with significant intensity, and we estimate that its 
intensity is sufficient to account for all the radiation of energy 12-12+0-10 Mev 
observed in the experiment of Rae et al. Thus a centre-of-mass bombarding 


energy of 490 kev instead of 610 kev should be used in evaluating the Q-value. 


The amended figure is O = 11-63 + 0-10 Mev. 

This is in good agreement with that calculated from the nuclear masses given 
by Li (1952), Q=11:59+0-05mev, and that given by Feather (1953), 
Q=11-56+0-03 Mev. We shall adopt the value Q = 11-60 mev. 

The y-ray energies are consistent with the level scheme for 28Si, deduced 
from the reaction ?’Al(d, n)?8Si (Peck 1949). 
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Figure 1 (a). Pulse height spectrum 
of y-rays at LE, =404 kev. 
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Figure 2{a). Pulse height spectrum of 
y-rays at FE, =503 kev. 
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Figure 3 (a). Pulse height spectrum of 
y-rays at E,=630 kev. 


Figures 1-3. 
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Figure 1(4). Pulse height spectrum of 
low-energy y-rays at E, =404 kev. 
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Figure 2 (6). Low energy spectrum at 


E,,=503 kev. 
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Figure 3(6). Low energy spectrum at 


E,=630 kev. 
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Reson. 
energy 


0-404 


0-503 


0-630 


0-652 


0-677 


* This figure was adopted as the standard of comparison for each spectrum. 


Table 1 


(All energies in Mev) 


285 
excit. E, 
energy 


11-99 10-2 


12-09 IPI 


1-84 
1:18? 


12:21 10-4 


Wows 1252 
iso 


Sell 


Low energy region not measured 


12225 10-4 
UES 


Low energy region not measured 


Rel. 
int. 


O54: 


0-60 


0-3 
1-0* 


1-0* 
0:21 


0:10 


0-21 
He Oe 


0:07 
Ox 


0-74 


0-19 


Interpretation 


11:99 + 1:8 
‘11-99 + 4-6 
(11-99 + 5-2 

11-99 + 7-1 
{ 71 +18 


5:2 +18 
{ie +18 
18 +0 
? 


12-09 +0 

12-09 + 1-8 
‘12-09 + 4-6 
12-09 + 5-2 
‘12-09 + 7-1 
71,08 


5-2 +18 
Moa 
1:8 50 
? 


12:21 +1°8 
12-21 > 4-6 
12-21 = 5-2 


12°21 Sa 


5-218 
446018 
1:30 

? 


12:23 +0 
12-23 + 1-8 

‘12-23 + 4-6 

(12/23 52 


12°23 = 7A 
7A =>1:8 


12-25 +158 
‘12-25 +46 
12-25 + 5-2 


intensity figures for different spectra are not directly comparable. 
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LES ANGULAR: DISTRIBUTIONS 


$4. EXPERIMENTAL PROCEDURE 


The crystal and photomultiplier assembly used in the spectrum measurements 
was mounted on a movable arm pivoted on the line through the centre of the 
target and moving in a plane containing the direction of the incident beam. 
‘Targets, of about 15 kev thickness, were made from aluminium evaporated on 
to 0-005 in. or 0-01in. copper foil. y-ray absorption in the target backing 
could thus be neglected except in the approximate direction of the plane of the 
target, where a copper ‘stiffener’ round the edge produced a measurable 
absorption. ‘To avoid this effect in the region 100° to —20° to the direction of 
the proton beam, the range of angle over which measurements were normally 
taken, the plane of the target was set at an angle of about 110° to the proton beam. 
The beam was accurately centred on the target by two molybdenum defining 
slits 1 mm wide separated by a distance of about 15cm. 

Counts in the movable detector were recorded for a definite number of 
counts in a fixed monitor counter, which also consisted of a sodium iodide crystal 
and photomultiplier, and were thus independent of fluctuations in the proton 
beam current hitting the target. 

The accuracy desired in the angular distribution measurements was to 
about 1%. ‘To obtain an accuracy of this order the pulse analyser was set to 
cover the peak of the y-ray under observation and the total counts in four channels 
recorded. (The fifth ‘channel’ recorded all counts above the top of the fourth 
channel.) Since the peaks were roughly symmetrical and could be placed 
centrally over the four channels, small changes in gain or drifts of the analyser 
were by this means made less important. Other precautions taken were: 
(a) the voltage on the photomultiplier tube was checked regularly by measuring 
a small fraction of it with a vernier potentiometer, the voltage on the monitor 
photomultiplier being similarly checked; (b) the mains supply to each amplifier 
was kept constant by means of a Variac variable transformer on each mains 
input; (c) counts at the different angular positions were taken in a random order 
for short counting periods, the measured distribution being the sum of a number 
of short runs. In this way errors due to residual drifts in the amplifiers or the 
pulse analyser were avoided. 

A slight anisotropy of the apparatus was found and a correction determined 
by measuring the angular distribution of the y-radiation from bombardment of 
fluorine with protons of energy 340 kev. This radiation is known to be isotropic 
(Devons and Hine 1949). 

When the angular distribution of y-radiation other than the component of 
highest energy was being determined it was necessary to-subtract the contributions 
from higher-energy components. This required knowledge not only of the 
angular distributions of the more energetic y-rays, but also of the shape of the 
pulse height spectrum of single y-rays of the appropriate energy. ‘The latter 
information was obtained by measurements of the y-radiation from the reactions 


eB p, °C p and °F + p. 


§5. RESULTS 


Angular distributions obtained at the various resonances are shown in 
figures 4-8. In each case the curve was fitted to the experimental points by the 
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method of least squares, assuming it to be of the form W(#)=1+A cos? 6. There 
appears to be no evidence for terms of higher order in these distributions. The 
experimental points are corrected for slight instrumental anisotropies, the 
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= . 
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= 10 em 
08 - : 
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Figure 4. 7:3 Mev y-ray component Figure 5. 10-3 Mev y-ray component 
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Figure 7 (a). 10-4 Mev y-ray component Figure 7(6). 7-5 Mev y-ray component 
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Figure 6. 10-4 Mev y-ray component Figure 8. 10:4 Mev y-ray component 
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Figures 4-8. ?’Al(py)?8Si. Angular distributions. 


correctio ing 1 é 
n being in no case greater than 3°%. No correction has been made for — 


the finite solid angle of acceptance of the crystal detector since the correction was 
not greater than about 0:5%. 


lable 2 summarizes the results obtained, both as regards the emission of 


y-radiation of a given energy from a particular resonance and its angular > 


distribution, if measured. 'The angular distribution of the 1-8 Mev radiation at 
the 630 kev resonance was estimated by observations at 90° and 0° only. Also 


y-Radiation from the Reaction *" Al(p, y) *8Si 107 


included are the results of Rutherglen and Smith on the emission of «-particles 
from these resonances. 
§6. Discussion 


One general conclusion can be drawn immediately from table 2, namely 
that there is no evidence that protons having an orbital angular momentum 
greater than unity take part in the reaction at any of the five resonances. (‘The 
assumption of d-wave protons would not, in any case, help to explain the results. 


Table 2 
Resonance (kev) 404 503 630 652 677 
aX No Yes Yes No No 
V12 No Yes No Very little No 
Isotropic , 
Y10-4 Very little Yes Yes Yes Yes 
Isotropic 1—0-11cos?@ 1—0-48 cos? 0 Isotropic 
Vrs Yes Yes Yes Yes Yes 
1+0-31 cos? 6 1+0-10 cos?@ 1—0-12 cos? @ 
Y1-8 Yes ‘Yes ies Yes Yes 


1+0-13 cos? 6 


“Al has a nuclear spin J =5/2 in its ground-state, and we shall assume the 
shell-model prediction to be correct, that it is a state of even parity. With this 
assumption the possible states that can be formed by proton capture are as 
follows : s-wave, /=0, J=2(+),3(+); p-wave, /=1, J=1(—),2(—),3(—),4(—). 
Of these, the 2(+), 1(—) and 3(—) states could emit «-particles to the ground- 
state of *Mg, which has spin zero with even parity, while the others could not. 
From this we may proceed to an assignment of spins and parities to all five 
resonance levels: 

503 keV resonance. ‘This must produce a state J =2(+) since it emits «-particles 
and emits y-rays isotropically. 

677 keV resonance. It is reasonable to assign / =3(+) to this state since it emits 
y-rays isotropically, but does not emit «-particles. 

These two assignments are consistent with the fact that the 503 kev resonance 
produces y-radiation to the ground-state of 785i (E2, 2(+)—0(+)) while the 
677kev resonance does not (3(+)0(+) would be M3). ‘The other three 
resonances all have anisotropic y-ray distributions and cannot therefore be 
formed by s-wave proton capture. Of the four possible states which might be 
formed by capture of p-wave protons, the 1(—) state does not appear to 
correspond to an experimentally observed level since it should emit ground-state 
y-radiation (E1, 1(—)—0(+)). 

630 keV resonance. ‘This must lead to a 3(—) state in ?8Si since it emits «-particles 
to 4Mg. It is unlikely (as stated above) to be a 1(—) state since no ground-state 
y-radiation is emitted. 

652 keV resonance. Since this resonance does not emit «-particles it must have 
J=2(—) or 4(—). The fact that a detectable ground-state transition occurs 
limits the choice to J =2(—), since the M¢4 transition, 4(—)—0(+), would be 
very highly forbidden. 

404 keV resonance. ‘Uhis resonance must also have J =2(—) or 4(—) and since 
it has a y-ray spectrum very different from that of the 652kev resonance, in 
particular showing no observable ground-state transition and only a very weak 
transition to the first excited level at 1-8 Mev, we assign J =4(-—) to this resonance. 
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From the fact that the 404 kev resonance produces very little y-radiation to 
the 1-8 mev excited level in 28Si we may say that this level cannot have J greater 
than 2 with even parity or J greater than 1 with odd parity. J=1 seems unlikely, 
firstly from consideration of the B-decay of **Al, in which the transition to the 
ground-state of 28Si is highly forbidden compared with the less energetic transition 
to the 1-8 mev level, and secondly because a low-lying dipole level in an even—-even 
nucleus has not hitherto been observed. It is also thought unlikely on theoretical 
grounds (Touschek 1950). We are left with the assignment J =2(+) to this 
level, which is consistent with all the experimental data on y-ray intensities. 

We now consider in detail the y-ray angular distributions. The calculation 
of the theoretical distributions is a straightforward procedure, and we shall not 
discuss it in detail. One point, however, should be mentioned: in calculating 
the transformation coefficients for the formation of the states J=2(—) or J=3(—) 
by adding a proton (s=4 /=1) to "Al (5/2+) there are two possible ‘routes’, 
by the addition of /=1 to either ‘channel spin’ j =2, ($— 4), orj =3, (¢ +4). The 
two routes to a given lead to different angular distributions, so that the theoretical 
distributions for these two states are not absolutely determined, but can each lie 
within certain limits. It has been pointed out by Christy (1953) that this 
indeterminacy is a consequence of lack of knowledge of the wave function 
describing the compound state and could be removed by assuming, for example, 
either j-j or L—S coupling between the incoming proton and the target nucleus. 
If we define the channel-spin ratio 

_ number of states formed by j =3 

~ number of states formed by j =2 
then the values of F required to fit the experimental data (J being known from 
other evidence) may give further information about the compound state. In the 
formation of the states J=2(+), J=3(+) and J=4(—) (also J=1(—) if it 
were observed) there is no uncertainty, only one ‘route’ being possible. | 
630keV resonance (J =3(—)). This has a strong y-ray component to the 
1-8 mev level. ‘The theoretical distribution for a transition 3(—)—+2(+) is 

W(@)~5 F(17 + 9 cos? 8) + 4(28 — 9 cos? 8), 
giving the limiting distribution functions: 
F=0, W(6)~1—0:32 cos? 6; F= 00, W(0)~1+0-53 cos? 6. 

The experimental distribution is W,,,(@)~1 — (0-112 + 0-01) cos? 6, which can be 
uittedsby f= 3/7. 

Using this value of F, the calculated distribution for the 1-8 Mev transition 
(2( +) 0(+)) which belongs to the same cascade, is W(0)~1+ 0:18 cos? 6. This 
is in satisfactory agreement with the experimental distribution 

Wexp(9)~1 + (0-13 + 0-05) cos? 0. 

This resonance also produces y-radiation to the levels at 4-6 and 5-2Mev, 
which has an angular distribution W,,,,(0)~1+ (0-10 + 0-05) cos? 6. This result 
may be explained by assigning J =3 to one level of the doublet and J =2 or J =4 
to the other. The theoretical distributions, for dipole transitions and F =3/7, are 

3(—)>3(+) W(@)~1+0-15 cos? 6 
3(—)—>2(+) W(@)~1-—0-11 cos? 6 


3(—)>4(+) W()~1—0-05 cos? 8. 
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Combination in suitable proportions of the first of these with either of the others 
will readily explain the experimental result. 
652 keV resonance (J =2(—)). The y-radiation leading to the 1-8 mev level 
is markedly anisotropic: W,,,(0)~1—(0-485 + 0-01) cos? 6. The theoretical 
distributions for the transition 2(—)>2(+), dipole are 
F=0, W(6@)~1-—0-44 cos? 6; F= co, W(0)~1+4 0-16 cos? 0. 

The distribution for F =0 thus gives fair agreement with the experimental result, 
although the fit is not as good as might be expected. The difference, which is 
outside the experimental error, may be due to a small admixture of M2 radiation 
with the predominant E1 type. 

There appears to be radiation to both the 4-6 and 5-2 Mev levels from this 
resonance. ‘The angular distribution of this radiation is 


Wexp(9)~1 — (0-12 + 0-05 cos? 4). 

The theoretical angular distributions for F=0 are 

2(—)—+3(+), dipole, W(#)~1+ 0-16 cos? 6, 

2(—)—2(+), dipole, W(@)~1 — 0-44 cos? 6, 

2(—)—4(+), quadrupole, W(@)~1—0-20 cos? @. 
A suitable mixture of the first of these with either of the others may easily be 
made to fit the experimental result. 
404 keV resonance (J =4(—)). The angular distribution of the radiation to the 


46 and 5-2mev levels is W,,,(0)~1+(0-31+40-01) cos? @. The calculated 
distributions are: 


4(—)—+3(+), dipole, W(6)~1 — 0-26 cos? 6, 
4(—)+2(+), quadrupole, W(6#)~1+0-49 cos? 6, 
4(—)—4(+), dipole, W(@)~1+4+ 0-48 cos? @. 


Once more a suitable mixture will explain the experimental result. 


$7. Decay SCHEME 


The proposed decay scheme with spin and parity assignments is shown in 
figure 9. It provides a good explanation of all the experimentally observed 
y-ray intensities and angular distributions, but further evidence from y-y 
correlation experiments is necessary before it can be regarded as definitely 


Figure 9. Decay scheme (energies in Mev) 
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established. Such experiments might also serve to remove the uncertainties in 
spin and parity assignment to the 4-6 and 5-2ev levels. By consideration of 
the theoretical y-ray transition probabilities it is possible to derive spin and 
parity assignments for both these levels, but in view of the uncertainty of the 
theory it is felt that this is of very doubtful value, and the correlation method 


seems the more promising. 
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Abstract. Itis pointed out that the extension of some results obtained for a special 
form of potential by Bargmann leads to an especially simple expression for the 
asymptotic phase of the scattered S waves. The expansion of k cot 7 in terms of 
energy contains two terms only, the third coefficient P and all later coefficients 
being identically zero. ‘The procedure for fitting experimental results is easier 
since the unmodified effective range theory is now exact for the Bargmann 
potentials. Graphs are drawn to illustrate the types of potential chosen by this 
method and to compare them with the conventional forms. Other Bargmann 
potentials for which P is not zero are discussed more briefly and fitted to the low- 
energy data, and some conclusions are drawn about the implications of the 
coefficient P. 


$1. INTRODUCTION 


conveniently carried out by considering the expansion in terms of energy 
Rcotny= — lja+47,k?-Th+.... We. (it) 

Blatt and Jackson (1949, denoted hereafter by BJ) showed that for the interpre- 
tation of low-energy data (below 10 Mev) only S wave scattering is of importance 
and that only two parameters are necessary to fit the experimental results, namely 
a the ‘scattering length at zero energy’ and 7, the effective range. For the 
experimental data available at that time it was therefore impossible to distinguish 
between the four types of potential well which are usually assumed, since in the 
expression for each of them are two adjustable parameters which can be found from 
the experimental values of a and 7, once the form of well has been chosen. 

Blatt and Jackson discussed further the effect of the third term in (1.1) and 
concluded that for all reasonable well shapes the coefficient P = Tr) * is so small as 
to make this term negligible at low energies. P does, however, give the first 
indication of the shape of the well as the BJ plot of P against «ry (« =1/a) shows ; P 
is positive for the Yukawa and exponential wells, and negative for the gaussian and 
square wells. 

As experimental data become accurate enough to allow a determination of P 
it will be of some interest to examine further the implications of this coefficient. 
In particular a set of potentials will be treated here which makes P exactly zero; 
this is in any case small and as yet of unknown sign. A number of results obtained 
in BJ as approximations and later modified by the inclusion of P will become exact 
for potentials of this type, and it will therefore be easier to refer low-energy 
experimental results to them than to one of the four conventional types. 


[ is well known that the analysis of neutron—proton scattering data may be 
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§ 2. THE EcKaRT AND BARGMANN POTENTIALS 


The potentials to be considered here were first discussed by Eckart (1930) and 
later generalized and applied to scattering problems by Jost (1947) and Bargmann 
(1949, b). We shall use the notation of the latter two authors and assume some 
familiarity with their papers. 

Bargmann was interested in what he called phase equivalent potentials, and for 
this purpose used the function f(k), related to the phase by 


ee (Rk) Ris on |, ce Vee (2.1) 
We need to carry his work one step further and to use the expression for coty 
implicit in (2.1), namely 
cotn=A/(R)LSR SS ps ee (2.2) 


Since we have in mind a possible application to n—p scattering we shall consider 
only the two Bargmann potentials V3 (7) and V,(r), viz. 
= 2Aplo\(p +0)reern 
{1 ae (p/c) e (etoile socom ( 
—pof4pa +(p—«)? cosh(p+o)r+(p+o)? cosh[(p—o)r—26]} 
fo cosh (pr — 0) + p cosh (or + 8)? 


V3(r)= 


V,(r)= vate) 
where 6 is a parameter taking any value — 00 <@< wo andp>o>0. 

We shall see that some of these are attractive over all the range and some have 
repulsive* portions, but they always are attractive for larger. V(r) and V,(r) of 
Bargmann have been excluded as physically unreasonable, since they represent 
repulsive potentials at large values of r. 

When 6= — w, V,(r) reduces to V3(r), which is a special case of the Eckart 
potential. Parameters B=p/o and A=p+o can be conveniently used when 
discussing V(r). 

For both (2.3) and (2.4) f(k) is independent of 6: 


2k +1(p—o) 


f(k)= Zhi (pike) sankey ee ae (2.5) 
hence using (2.2) 
k cot =(o8 ~p2)/4p + Alp 
= —(B— 1/48 + (B+1) BB. | last ae 


The potentials have one bound state with energy E= —}(p—«)?. 


§ 3. FITTING OF POTENTIALS TO THE SCATTERING DaTA 


Attempts to define an intrinsic range for these potentials, following the methods. 
of BJ for the conventional shapes, will be unsatisfactory because a change in range 
or depth will in the present case also modify the shape. It is unnecessary to do so, 
however, since we may evaluate the parameters p and o or A and 8 directly by 
comparing (1.1) and (2.6). Equating coefficients and solving for the parameters 
we obtain 


p=2/ry5, o=(2/7r.)(1—2a7,)2?. 
A=(2/ro){1+(1—2ar9)"?}, B=(1—2Zar))-¥2, 1... (3.2) 


* The term‘ repulsive ’ is used here to denote a region where the gradient of V is negative, 
and should not be taken to mean necessarily that V is positive. 
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Now in practice 79 for triplet scattering is determined by using the value of a 
obtained from scattering cross section measurements together with the experi- 
mental binding energy of the deuteron. This procedure is especially simple for 
the case where only two terms are present in the expansion of k cot 7. 

‘The expression of the form (1.1) may be extended to bound states by replacing 
k by —ty, where y 11s the ‘ radius of the deuteron’, related to the binding energy E 
by E=h*y?/2m. Wearrive at the form 


POET, ye ge (3.3) 


This relation for 7 is exact if the n—p interaction is assumed to be of the form (2.3) 
or (2.4). We may therefore write p and o directly in terms of y and a thus: 


y (2a/y— ly 
ee ey Ti are mob ao (3.4) 
with similar forms for f and X. 

In obtaining the numerical values of the parameters we have used two sets of 
data to show what effect changes in the current best experimental values will have 
on the potentials chosen. BJ gave the values for the radius of the deuteron and 
triplet scattering length as 


en aoe lL Omt cmd) = 4-25-20 13) lO) Cin eee (A) 


leading to 79, = 1-56 + 0-13 x 10-4 cm for the effective range. 
More recent values quoted by Salpeter (1951) and by Feshbach and Schwinger 
(1951), which are a combination of results of various observers, are 


Gey 9005 G1 0e Cm je top 1-72 U-045e1 02cm) eee. (B) 


Taking the unit of length at 10-!¥ cm we find the following values, using (3.4) with 
data (A) and (3.1) with data (B) 


(By p= 25. -o=0:82> B= 1-56, N= 2710) (see fig. 5). 
[Bio =1-16,70=0-69: 8 =1:67, \=1-35 (see fig. 4). 


§ 4. BEHAVIOUR OF THE POTENTIALS AS THE PARAMETERS ARE VARIED 


We will now look at the forms of potentials which are obtained by our present 

fitting procedure. 
4.1. Eckart Potentials 

Figures 1 to 3 illustrate the behaviour of the Eckart potentials for various B 

and A. ‘They have a turning point where 
RAP elec | IE Aan (4.1) 

so if 8 <1 there is no turning point for positive r, if 8 = 1 there isa minimum atr=0, 
and if B>1 there is a minimum at the value of r given by (4.1). ‘The value of V 
at the minimum is — A?/2. 

In fig. 1, 8 is constant and equal to 1, in fig. 2, A is constant and equal to 2, and 
in fig. 3 the depth of all potentials at the origin is constant and equal to 4. 

The potentials may be attractive over the whole range, or repulsive out to a 
distance r,, then attractive. The potentials given by fitting V(r) to the experi- 
mental data of the last section have this latter property, since the parameter 


ope 
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4.2. The More General Potential 


In fig. 4 potentials of the form V,(7) having different values of @ are compared, 
with the other parameters fixed at p= 1-16, o=0-69. 

All the potentials have the same depth at the origin. It will be noticed that for 
6 negative there is a repulsive portion of the potential near the origin but it is always 
attractive out further; the asymptotic form is given in Bargmann’s second paper. 
For 6 positive the potential is attractive for small 7, but for a value of @ about 0-9 a 


Fig. 1. Eckart potentials with Fig.2. Eckart potentials with Fig.3. Eckart potentials with 
B=1 and various X. A=2 and various P. depth at origin constant 
and equal to 4. 


Fig. 4. Potentials of the form V(r) with parameters chosen to fit the values of a; and ro, 
given by Feshbach and Schwinger (1951). 


repulsive portion of the potential appears. ‘lhe maximum depth of this portion 
decreases as 6 increases further, and its position moves outwards. ‘Thus only those 
potentials with @ lying between 0 and 0-9 are attractive over the whole range; but 
of course the whole family of phase equivalent potentials of fig. 4 give an equally 
good fit to the low energy n—p scattering data. 

In fig. 5 we compare three curves of the form (2.4), chosen to fit the BJ experi- 
mental data (A), with the four standard well shapes computed from the same data 
using the method outlined in BJ for the shape independent approximation. The 
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curves with other values of 6 will be similar to those in fig. 4; the most obvious effect 
of a change in p and o will be to change the depth of the wells without altering very 
much the relation between the curves. 

The depth at the origin of the potentials we have considered is about the same 
as that of the corresponding gaussian potential, but they have a much longer tail 
which is finally exponential in form. 


im 
2 


0 | 


Fig. 5. Potentials of the form V4(r) compared with the conventional well shapes, all 
potentials being chosen to fit the values of a, and ro, quoted by Blatt and Jackson (1949). 


§5. FURTHER TERMS IN THE EXPANSION OF k cot 


It is clear that for the conventional types of potential well containing only two 
parameters the third term in the expansion of k cot 7 in powers of energy cannot be 
fixed independently once these parameters have been chosen. It would be desir- 
able therefore to have available potentials defined by three parameters, which 
will allow of a direct fitting of three terms. 

The effect of a small non-zero third term in the expansion on the results of the 
previous sections will be investigated here, using the form of potential which 
Bargmann (1949b) called the ‘quadratic type’, without the restriction which 
previously made all terms after the second in that expansion zero. We will 
sketch briefly the method used and indicate the forms of the potentials obtained 
before attempting to draw any conclusions as to the significance of the coeflicient ie 

The most general potential considered by Bargmann arises from the assumption 
of a special form for f(k), namely 

4k? + 21Ray + by 

{indi 2h 2ikae + Das 

where 4, 59, 2c) 8.5 are constants which Bargmann has expressed in terms of the 
four parameters defining the corresponding potential. An expression for k cot 7 
can be obtained from (5.1) using (2.2) and writing the result as a series in ascending 
powers of k?. It is easily verified that the earlier form (2.6) arises as a special 
case when the parameters are restricted in such a way as to give the potential (2.4). 

The next step seemed to be to test the effect of putting the fourth term zero (the 
succeeding terms also become zero since the same factor occurs in all of them). 
This condition is too stringent; the potentials obtained by fitting the first two 
terms as given by experimental results, and various assumed values of P are found 
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to be unsuitable for the present application since they are all repulsive at large 
distances and very different from V3(r) and V,(r). ‘This case will not be discussed 
further. 

If, however, the first three terms are fitted without making any assumptions 
about later terms, physically reasonable potentials are obtained. It is a matter 
of straightforward but tedious algebra to equate coefficients and solve for the 
parameters defining the potentials, in terms of «,7)and P. ‘There is still one variable 
parameter, so that there may be a family of potentials satisfying a given set of 
conditions. It was found most convenient in the calculation first to fix this 
arbitrary parameter, and also « and 7, at the experimental values, and to express 
each of the other parameters in terms of P. 

The corresponding potentials will vary continuously from those displayed in 
fig. 4 as Pis increased from zero. They can only be obtained, however, for small 
positive values of P, i.e. negative values of the third coefficient, there being no 
real sets of parameters when P is negative. The variation from the potentials 
having P zero is small. For example, if we choose the arbitrary parameter so as to 
give a turning point at the origin, there are two potentials having T= Pr,? = +0°5, 
and these have depths of 1-75 and 1-89 units at the origin, compared with 1-60 
units for the Bargmann potentials with P=0. The forms for large 7 are also very 
little different; they are both exponential with a rate of decrease in one case 
slightly greater, and in the other slightly less than that for the potential of fig. 4 
having 6=0. 

$6. CONCLUSIONS 

Any conclusions which we may draw can of course only strictly apply to the 
Bargmann potentials, but they do suggest results of more general interest. The 
fact that it is impossible to find similar potentials for negative P supports the 
conclusion in BJ that the sign of P is determined by the nature of the tail of the 
potential and that the long (exponential) tail in the present case is responsible for 
restricting P to a positive or zero value. 

On the other hand we have seen that positive values of P of the same order as 
that found by BJ for the Yukawa well lead to potentials which are not very different 
from those having P=0; the depth at the origin is increased very little and is 
certainly still finite, and the form for large r is exponential. This shows that 
although an accurate value for the magnitude of P would allow us to distinguish 
between the exponential and Yukawa wells it would give no definite information 
about the actual form either at the origin or at infinity. 
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Abstract. The angular correlation functions have been calculated for linear 
combinations of interactions (excluding combinations of scalar and vector 
interactions or of tensor and axial vector interactions) in the first and second 
forbidden approximations with neglect of the coulomb field corrections. 


$1. INTRODUCTION 


second forbidden transitions, with neglect of the coulomb field correction, 

using those linear combinations of the five interactions which are not 
excluded by the experimental results on allowed energy spectra. These results 
allow us to omit consideration of any combination of scalar and vector or tensor 
and axial vector. Since this work was completed the results of Greuling and 
Meeks (1951) have been published on the coulomb effect on the angular correlation 
functions. ‘They have shown that the Z dependent terms can dominate the 
results even for d~40. It is necessary, therefore, to point out that this must 
be borne in mind when applying the results of the present work. 

However, it is found that for first forbidden tensor and axial vector transitions 
with AJ =2 the correlation function is independent of Z, and one may infer a 
similar result for higher degrees of forbiddenness, for this particular type of 
transition, since the same type of combinations of electron wave functions will 
occur in every case, the only difference being in the permitted values of 
k=+(j+4) (see Greuling and Meeks, eqn. (36)). Thus measurement of 
angular correlation functions would afford further opportunities of distinguishing 
between the tensor and axial vector interactions in the rather numerous class 


of AJ =n +1 transitions. 


T= angular correlation functions have been calculated for the first and 


§2. GENERAL FORMULAE 


The notation used is that of Konopinski and Uhlenbeck (1941) and Hamilton 
(1947), and the method used is very similar to that used by the former authors 
in the calculation of the energy spectrum. 


In the units used h=c=m=1. 
The probability of decay with a given angle @ between the electron and 


neutrino directions and a given electron energy E is given by 
Ge ; 
P(E, 0) sin 0 dd dE = Zp bk W,,(0) sin 6 d0 dE 


PROG. PHYs: SOC. LXVII, 2—A 9 
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where 7 is the degree of forbiddenness and p=(E?—1)'?, q=£,—E, r=p'+¢ 


and EF, is the maximum decay energy. 


For n=1: 
W,=A,+ B, cos 0+ C, cos? 0 


where A, =7?M,+9(M3+ M,/E) +(p?/E)(Mat+9M;)+ M/E + Mg 
B,=pq(2M, + M,/E)+p(Mz+ M/E + M/E) + (p/E)r? My 
C,=(p°q/E)(2M,— M,) 
with M,=(Cy?+ C4”) {is - | Bij P+ foarP+gl{o-rP}+4(Cst+ cy) I frP 
My=(Cx2= Cr] f oor P— 4] f ear P a5 21 By P}+4(Cy?— Cs) | feP 
My=3(Cy?— CoCa)(é f r* [ ate.c.)—4(Cx?- CyCa)(  ear* fatec.) 
+4(Cy2— CyCp)é | o-r* | (ys +.c.) 
M,=1}(Cy?+ Coal r* | a+c.c.)—4(Cp?+ CyCa)(| or r* [a+c.c.) 
+4(Cy2 + CpCp)(t | Cor I ys +c.c.) 
M,=$CyCy{@i[ r* fate.c.)—({ oar* [ a+c.c.)} 
+4C,Cpli | o-r* [ ys +c.c.) 
M,=2C4Cp|{ ys 2+2CyCr| | oP 
M,=(C8— Cr) = [Bs P—4]] oar P +s lfoerk) 
g= (Cy? + Cy’) Lie fxs |? 
My =4(Cx?— Cy?) | | «P+ (C.2- Ce’) | 75 P 


Hopi. 2: 
W,=A,+B, cos 0+ C, cos? 6+ D, cos? 6 


where A,=7?{7?M, + (p?/E)(qM, + M,)+9(M;+ M,/E) + M}+(p?q/E) Mg 
By =1r{ pr? M/E + pq(4M, + M,/E)+p(M,+ M,/E)} 
+ 2p°q(qM,/E + M/E) + 2pq{q( M,/E+ Ms) + M,} 
Cy = 2p*¢iq(2M, + M,/E)+ M,+ M,/E- M,/2E} + (p?q°/E)(4.M, — Mg) 
+ (p4q/E)(4M, — Ms) 
D, =(2p°q?/E)(2M, — Ms) 
with M,=(Cy?+C,? ) i086 > els ae res a T,; 7} + 36(Cy? + Cy?) | R,; |? 
i] 
M,=(Cy?—C 4? eae | Sijx +2 | 7; iPS +3 (Cy? C3") = [Rij |? 
a 
M,=(C,?— Crab Sin [PP — i509 lee WP } 
M,= — (Cy? + CyCA)(BA,* Tee 
ij 
— 35 (Cy? + CsCy)GZA,j*Ty +-c.c.) 
VY 
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My = —% (Cy? — CyCy)(2 A,;* T,; +.¢.c.) 
—5(Cy- CoC Aj;* Ry +¢.c.) 
Mg =(Cy*+Cr°)Ge=] Ay P +4] | oar +H Cs? + Ce) f yor P 
+(CyCo] EV EZ IAG P +4] f oar P}+(2CaCr/3B)| | yor P 
M,=(Cx*— Cv) [Ay P +E] { ear P}+3(C2— C9) | [ror P 
—x rene Aij*Ryj+¢.c.) + pee T+ ¢.c.)} 
Mg=(Cr?—Cy?){$ | foarP- 324, 2} 
M,=-+ Cy Cy {IZA * Ry + apie aA Tt cc.) }- 
In the particular me ia referred to ane with AJ = +3 with no parity 
change, one finds 
W,(0) x(7 + p cos 6/E)|p+q|* ¥ pg sin? 6|p +4 [?/E 


where the upper and lower signs refer respectively to the tensor and axial vector 


interactions. 
In every case, on integrating over #, one recovers the usual energy spectra 


given by Greuling and Meeks, and also the cross terms given by Pursey (1951) 
in the approximation Z~0. 


§3. REDUCTION OF THE FORMULAE 


In order to make these results more readily visualizable they have been 
classified according to the different selection rules which the various matrix 
elements satisfy. The different matrix elements have then been eliminated 
using relations between them based, for the most part, on the Mayer shell model, 
a restriction on the generality of the results in particular for the lighter nuclei. 

The relations used have been derived by Pursey (1951), (1)-(3), Greuling 
(1942), (4) and (5), Fowler (1952), (6)-(8), Ahrens and Feenberg (1952), (9), 
and Ahrens, Feenberg and Primakoff (1952), (10). 

(1) (flalé) = =ex(f[r|2) 
(2) (f[Palé) =«(flel2) 
(3) (f[Boar|z)=—(floar|z) =ze(f|r|2) 
(4) =[B,P  =8ICIrlOe 
VU 


(5) x Sisn FP = 5 [Ry P 
ijk 7] 


(6) (fl4gl) =o) Rul) 

(7) (f[BAy|*) =F Ai 12) 

(8) (FIBTis|2) =F Ral) = — 1 Ty l4) 
(9) (fle-r|é) =—3¢s(flys |?) 


(10) (f1Byslé) = cq (Flys. 
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Here k= B(e.1+1) 
e=hk—k, 
x =(E,—E;)—(M,— M,)+ Za/R—154-48(N—Z)(1— SAee) 
+ 55¢A-¥9(1-07 — 3-64-79) 
y =(E,— E;)—(M, — M,) + Za/R—304-49(N — Z)(1— A) 
+ 55¢A-19(1-07 —3-64-*/9) 
A=14(4,-E,—2-5)A1?/Z+ (— 1)7716/A, A even 


+ 0 : A odd 
R=1-4~x 10-8418 cm. 


§=2R/3AaZ 
=e— (1? —1?)/(R_e + Ri) 
M=nucleon mass. 


The quantity 5, occurring in A, may be estimated from the data given by 
Feenberg (1947). 


The following formulae were found: 
n=: : 
(i) AJ =0 (00) with parity change. 


2 2p? 2 
4,= #(78- +) Ce + 4s G +) —2s (1+ 5) +ihe,? 
1 1 P 1 Pye 
Deed 
+ 36582 CP - sni(¢- E ) Sse mila ;) Eoa@ 
1 1 
Bae ou (24 — 5) Cy? + {" (20+ 5) — 2s (14 4) +3 Ce 


sel pelea q int 
* 3600r Bol =! 3 4) Ou eB Ta phe o 


Ch == 0. 
(ii) AJ = +1 with parity change (not 1=0). 


Ay = 3 AggC gy? + AyyCy? + agp Cy? + ayy Cu? + AgpCgCpt+ ayy CyCy + dypCyCy) 
where 


agg =7? 
p? 

ayy =r? —2x (a+ 5) + 3x? 
Dp 

Any = — 22x (a+ =) + 3e%x2 
? 


ayy = — 2ex(q — 3x) oe 
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p 
By = 3 (bssCy? + byyCy? + by Cy? + by 4 C4? + bgp CgCy + bya CyCg + bypCyCy) 


where 
2 


i 
bss = 29q— 5, 
eee q : 
Ais q+ Re 1+ 5 air 


1 
byy = — 2x (1 + 4) text 


bgp =by,= —2ex (1 = ) 


by = aie ei 


E 


D 2 
C= FA -C8t Ct HEF ANC Ca} 


(i) AJ =2 without parity change (not 20). 


rz 
A, = 30 (aggCg? + ayyCy? + dp Cy? + ayy Cy” + agpCsCy + ayaCyCy + dypCyCz) 


agg =7° 

Gy Taney (1+) + (524 ot) 

Ayy = —yte (+5 +35 (50-2) 
shales) «Ge-8) 

aya= 6° (»- Pt) aft a(g"+ a) 

digy = —2yt («- 5): sitet (0- r) 
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= 5 (AggC gy? + byyCy? + bpp Cy? + Opn € x? + bsp Cy + by Cyc + bypCyCr) 


v2 
bsg =" (40- *) 
re 
byy =72 (40+ 5) 
eee ye 
=F {2+ 248) + MEET = *( 109-5 
2 7 
Shree ~yte| (P+ 2g) + HF are A sa = yet? ae 4) 
4 2 tt 2 
+ je (e+ ee uta 3 +95 (Tas Pe “SP 
2 
Eb 


3 
442 = : 
OR = 52 (a es “SFY ) +; > (79 = a “Pe 


3 
bap — 2yt {(" at 2q°) Se 


C 242 2 
by, = —Ye (2+ 29% ae el 


g(r? + 2p?) 
ES 


| 1 
bya = — 2y{(7? + 2g2\(t + be) — Sqty} =. 


C= L Te (GsCs* + CyyCy? + cpp Cy? + C4 3C x? + €gpCgCy + Cy aCyCg + cypCyCy) 


ale 7 
A BeNe z 7 (39 4E 


2p%q2 2 | 
Pim TE {OF 5 (24 3) (Gt—cah. | 


It will be seen from these formulae that the results will, in general, depend 
rather sensitively on the sign of ¢, that is to say, on whether AJ<or>0. This 
is a consequence of relations (1), (2), (6) and (8) in particular, and is therefore 
connected with the extreme one-particle model of the nucleus. 


i 
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§4. EVALUATION FOR a T'yPICAL CASE 


Finally, these formulae were evaluated for a typical case in which the relevant 
parameters have been chosen to make the coulomb effect small. The values 
chosen for the various quantities are the following: 


A=27, W,=7me?, Z=10=3Z.% 
where Z.,i,= 1-6 W,3 and |q/p|=2. This last quantity has been chosen with a 
view to satisfying certain experimental requirements discussed, for example, by 


Sherwin (1951). 


The results are approximately as follows: 


n=1, 


(i) AJ =0 with parity change. 

When it is assumed that Cy ~C, ~ Cp the terms proportional to Cp and 
Cy? play no role because of the occurrence of the factors 1/M and 1/M? in the 
expression (8). The results are therefore the same as those given by Hamilton 
for this particular case, i.e. 

W,01+ cos 6; W,x1—4cosé. 

With an approximately equal mixture of the interactions concerned one finds 

(ii) (a2) AJ = +1 with parity change («= + 1) 

Wy+ Wir Wyo 1 —2cosé 
Wz+W, <1+icosé 
Wy + Wy «<1—4tcosé 
Ws+W,«1—4cos?0 
(6) AJ = —1 with parity change (e = — 1) 
Wy, +W, «<1+4cos0 
Ws + Wy x«1+4cos0 
Wy+W, «<1+%cosd 
Ws +W,x1-—4cos?0. 


| m=2. t=e—(l;?—1?)/(kp+k,) has been taken to be ~1. 


(a) AJ = +2 without parity change («= +2) 
Wy+W,~W, «1+ 400s 6— 4 cos? 
Ws +Wy»~Wyx<1+}c0s8 
W,+Wy,x1+4cosd 
Ws + Wx 1+ cos 0— cos? 0—4 cos? 6. 
(6) AJ = —2 without parity change («= —2) 
Wy+Wi~W,x1+ cos 6 
Ws +Wy,x1+4}cosé 
Wy +Wyx<1+%cosé 
Ws + W, x 1+ cos 6 —cos*6— } cos* 6. 
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It should be added that these results do not depend at all sensitively on the 
values of the parameters A, Z, W, and |q/p| subject only to the restrictions 


Z S Z crit* 
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Absorption Cross Sections for 134 MeV Protons 
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Abstract. ‘The absorption cross sections for 134mev protons of carbon, 
aluminium, copper, cadmium and lead have been measured by a transmission 
method. The results are consistent with the predictions of the usual optical 
theory for high energy nuclear cross sections. 


$1. INTRODUCTION 


HE interaction of high energy nucleons with nuclei is often described in 

optical terms (Bethe 1940, Fernbach, Serber and Taylor 1949). The gross 

properties of nuclear matter, as seen by the incoming nucleon waves, are 
represented by a refractive index. ‘This index has to be complex, because some 
nucleons are absorbed while others are scattered elastically. 

It is usually assumed that the nuclei are spheres with a moderately well defined 
surface and a constant density, and therefore index, throughout the interior. 
There are then only three parameters entering into the situation, the nuclear 
radius R and the real and imaginary parts of the refractive index. It is convenient 
to specify the real part in terms of k,, defined so that the nucleon wave number 
changes from k outside to k+k, inside the nucleus. The imaginary part is 
specified by K, the reciprocal of the mean free path of the nucleon inside the 
nucleus. 

The actual values of R can be found in many ways, although not all the results 
are concordant. The value of K for protons can be estimated from the results of 
free two-body scattering experiments (Goldberger 1948), provided that many- 
body forces acting on the incoming proton can be neglected. ‘To calculate K 
for neutrons it is necessary to assume that the n-n and p-p interactions are equal, 
but this is probably justified to the order of accuracy required. On the other hand, 
the value of k, is difficult to forecast, because it involves combinations of the free 
two-body scattering amplitudes (Jastrow 1951) which are not directly observable 
(Mandl and Skyrme 1953). 

The absorption cross section o,, which includes partial cross sections for all 
kinds of inelastic scattering, is a simple function of R and K. The elastic, or 
‘diffraction’, cross section a, is a function of R, K and k,, and it depends rather 
sensitively on k, R (Lawson 1953). The total cross section o, is the sum of these 
two cross sections and is, therefore, also a sensitive function of the ‘ unpredictable’ 
parameter ky. 

So far the most accurate experimental data available for comparison with the 
theory have been the neutron total cross sections of several elements at various 
neutron energies, sometimes well defined (Taylor and Wood 1953), but the 
theoretical analyses of these results have not been very convincing, just because k, 
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is arbitrarily adjustable. Some neutron absorption cross sections have been 
measured (DeJuren and Knable 1950, DeJuren 1950), but the results given 
are admittedly only lower limits and the neutron energies were not very well 
defined. 

The purpose of the present paper is to describe some measurements of proton 
absorption cross sections at 134 Mev, and to compare the results with the theory. 
A counter technique was used, so that a fully representative range of elements could 
be examined. In this respect the experiment improves upon an earlier photo- 
graphic plate investigation of the same problem (Lees, Morrison, Muirhead and 
Rosser 1953). 


§2. APPARATUS 


The experimental apparatus is shown in figure 1. A beam of 147+ 1 Mev 
protons from the 110in. Harwell cyclotron emerged into the air through a thin 
copper window A. The central part of the beam passed through two collimating 
holes (diameter 1 and 14cm respectively) in the copper—tungsten alloy blocks 
B, C, and these protons were detected by gas counters D, E connected in double 
coincidence (resolving time $ usec). Both counters had 46 mg cm * copper windows 
at front and back, and were filled with A-CO, mixture. The liquid scintillation 
counter F was made by hollowing out an aluminium block, sealing to it a glass 
window with thermo-setting Araldite, and filling the 5in. diameter cavity with a 


88 8o— a 


G 


SABVVay 


= oosssg 


cm 
0 10 
Figure 1. Experimental apparatus. A, end of proton beam tube; B,C, collimating holes; 


D, E, gas counters; F, liquid scintillation counter; G, attenuator; H, copper 
absorber. 


solution of p-terphenyl in benzene (2glitre-1). It was viewed by an E.M.I. 
photomultiplier. ‘The aluminium wall in front of the scintillating liquid was 
0:86 gcm™? thick. ‘The double coincidence pulses DE were delayed by 3? usec and 
then gated by 13 sec anti-coincidence pulses from F. 

Attenuators G made of carbon, aluminium, copper, cadmium, or lead could 
be placed between E and F. The thickness of each attenuator was such that the 
protons passing through it were slowed down from 147 Mev to 121 Mev, and the 
effective energy is therefore given as 134mMev. Since the cross sections vary 
slowly with energy, the values found must certainly be those appropriate to an 
energy within 4 Mev of this figure. When an attenuator was in position a proton 
which had registered a double coincidence DE could make a nuclear collision in the 
attenuator and so give rise to an anti-coincidence DE, —F. This happened if the 
event was an elastic scattering collision through an angle greater than 6, or an 
absorptive collision in which no charged secondary was emitted at an angle less 
than @ with energy sufficient to reach the scintillator. 

The cross section for making a collision causing an anti-coincidence will be 
called the loss cross section o,; it is clearly a function of 6 or, more conveniently, 
of the solid angle Q subtended by the scintillator at the attenuator. 
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Measurements were made with each attenuator at various distances from the 
scintillator, so that o; was found for several values of Q ranging from 0-096 to 
2-08 steradians (10° <@<48°). The number of charged secondaries collected, 
and hence o;, depended also on the thickness of material in front of the scintillator 
counter. Sometimes a 5-81 gem? copper absorber H was put immediately in 
front of the counter to stop short range secondaries. 

The intensity of the primary proton beam was also varied, and a small correction 
for accidental anti-coincidences was found to be necessary. 


§3. PRINCIPLE OF THE EXPERIMENT 


To find o, from the measured data, the part of o, due to absorptive collisions 
has to be recognized and then extrapolated to the Q =0 axis, so as to eliminate 
altogether the effect of charged secondaries. The process is made possible by the 
fact that at the energy of this experiment the angular spread of the diffraction 
pattern (~A/27R) is much smaller than that of the secondaries from absorptive 
collisions. The r.m.s. width of the diffraction pattern of copper, for example, is 
about 8°, whereas the r.m.s. angle of emission of secondaries is 30° or more 
(Hadley and York 1950, Miller, Sewell and Wright 1951, Snowden 1952, Hofmann 
and Strauch 1953). 


Cross Section 
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Figure 2. Typical behaviour of the three contributions to the loss cross section. 


Figure 2 shows the expected behaviour of the various components. When 
{) =0, the contribution o, , of absorptive collisions to o, is of course equal to o,, the 
total absorption cross section. As Q increases, o,, , drops slowly because charged 
secondaries are collected in increasing numbers, determined in part by the 
absorber in front of the scintillation counter. Again, when 2 =0, the diffraction 
contribution a, 4 is equal to 4, the total diffraction cross section. It falls much 
more rapidly than o, ,, as already mentioned. Finally, there is a small angle 
contribution o, , caused by coulomb scattering, especially in the heavy elements. 
The full lines show o,=0,,,+0,4+%,, With and without the absorber H; it is 
these lines that are actually determined by experiment. 

When working back to o, from measured values of o, as a function of Q, 
the necessary extrapolation is closely guided by the following considerations: 

(i) The diffraction contribution o,, should have an appropriate angular 
spread. For the present purpose it is quite accurate enough (Bratenahl, Fernbach, 
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Hildebrand, Leith and Moyer 1950) to assume that the differential diffraction 
scattering cross section is proportional to [J,(2kr sin 40)/(kr sin 40)? where 277? is 
the neutron total cross section at 134 Mev of the element concerned. 

(ii) From the definition of o,,, it is clear that — doy, ,/dQ at any angle is nearly 
equal to the differential cross section at that angle for the emission of charged 
secondaries with range sufficient to reach the scintillator. ‘The correspondence 
is not quite exact for two reasons; in some events a secondary was lost by nuclear 
absorption, and in others two charged particles from the same collision reached 
thescintillator. But — do, ,/dQ certainly has to change quite slowly as Q increases, 
and its value at Q =0 must be comparable with the differential cross section for the 
production of neutron secondaries at about the same energy (Randle, Cassels, 
Pickavance and Taylor 1953). The results of Snowden (1952), and others, show 
that it should fall to about half its initial value at 6 =25° (absorber H out) or 15° 
(absorber Hin). In practice these conditions severely restrict the maximum value 
of o, allowed by the experimental data. 

(iii) A useful lower limit to o, is set by the value of o, for large Q, with the 
absorber in. 


$4. EvaLUATION OF Loss Cross SECTIONS 


Ideally the fraction of the double coincidences accompanied by an anti- 
coincidence should have been 1 — exp (—o;) wher an attenuator of surface density 
n atoms cm was in position, and zero otherwise _A typical value of no, was about 
5%. In fact, however, there was a background of anti-coincidences with the 
attenuator out; these were caused by losses in the aluminium wall of the scintil- 
lation counter (~0-45°%%) and slit scattering at BC (~0-95%). Moreover the slit 
scattering also produced some (~0-65 %) abnormally low energy protons which had 
sufficient range to reach the scintillator only if no attenuator was present. This 
pernicious type of background was shown up by re-measuring the attenuation of a 
sample with some scattering material placed at A to increase the amount of slit 
scattering. A correction could then be calculated by making the reasonable 
assumption that the number of low energy protons produced was proportional to 
the number lost altogether. 

When the absorber was placed in front of the scintillation counter, an additional 
correction had to be made for losses there. Most of these were the result of nuclear 
collisions in the copper, but some were caused by the slit scattering effect already 
discussed. ‘The correction for the nuclear collisions was so chosen that the 
differences in loss cross sections, measured with and without absorber, tended to 
zero at {2=(). In the light of the results of the whole experiment, the correction 
turns out to be quite consistent with the loss cross section to be expected for copper 
at approximately 100 Mev and Q = 27. 

The corrections for low energy slit scattered protons were of the order of 15%, 
and it seemed reasonable to give the loss cross sections a standard error of 6% on 
that account. The statistical errors of counting were relatively small. 

A further substantial allowance for error was made when extrapolating o,, , to 
the {=Qaxis. ‘This was more important for the smallest nuclei, whose diffraction — 
patterns had the largest angular spread. It was considered that the extrapolation | 
was unreasonable when — do, ,/dQ, without absorber, fell to half its value at 6 = 15°. 
The change ino, brought about by such an extrapolation was regarded as a standard 
error, which was compounded with the other errors in the usual way. 
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§5. RESULTS 


The results of the measurements are displayed in figures 3(a)-(e), which 
should be compared with figure 2 and the discussion of §3. The extrapolations 
shown lead to the values of o, given in the table, where all cross sections are given 
in millibarns (Imb(or mbn)=10-2? cm). The table also contains the results of 
Lees et al. for the light and heavy constituents of photographic emulsion; the 
two sets of results seem to be in tolerable agreement. 
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z Statistical errors ! 


t Statistical errors 


x 


With Absorber 


E ipoo+ ; 
s Without Absorber o 
400 (eo) 
Ee 
0 1 2 ve ie 2 
/N (steradians) 2 (steradians) 
Figure 3(c). Copper. Figure 3(d). Cadmium. 


4000 i 


t Statistical errors 


g, (mbn) 


2000 


Q (steradians) 


Figure 3(e). Lead. 


Figures 3 (a)-(e). Experimental loss cross sections for carbon, aluminium, copper, cadmium 
and lead. 
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Evers Absorption 
nergy : 
A Reference cross section 
Element (ev) ab 

Carbon 12 134+ 4 This paper 220+ 24 
Aluminium 27 134+4 pS re 3735 ow 
Copper 63-6 134+ 4 fs ay 7522 OS 
Cadmium 112-4 134+ 4 ey, Ff 1286+ 103 
Lead 207-2 ' 134+4 es <a 1782 + 143 
Photographic emulsion 

Laight (C, N, O) 12, 14, 16 130 Lees et al. 160+ 70 

Heavy (Br, Ag) 79-9, 107-9 130 a rs 1280+ 160 


$6. DIscUSSION 


According to the optical calculations reviewed in $1, the absorption cross 
section should be given by the equation (Bethe 1940, Fernbach et al. 1949). 


W 1—(1+2KR)e2k® 
o=aR(1— 7) 1- er — | thy (1) 


where FE is the energy of the bombarding protons and W=Ze?/R is the coulomb 
barrier height. Skyrme (private communication) has suggested the inclusion 
of the factor 1— W/E to correct approximately for the small effect of coulomb 
repulsion (~10% for lead); classically, a proton of impact parameter 
R(1 — W/E)? passes at a distance R from a nucleus of charge Z. It should be 
remarked that the same formula (1) could be obtained by a purely classical argu- 
ment, since the wavelength of the protons (and hence h) does not enter explicitly 
into it. This is in contrast to the corresponding expression for og, which is not 
required, however, in the present paper. 

The theoretical value of K, as deduced from free two-body scattering data, 
is given by 3 


Aa FR 


(A= Z)agetp Zee eee (2) 
where o,,, and o,,, are the total cross sections for free n, p and p, p scattering 
respectively, and «,,, %,, are factors which allow for the effect of the exclusion 
principle on the motion of nucleons inside the nucleus. 

Goldberger (1948) has described how these exclusion principle factors may 
be evaluated, albeit by a very crude classical argument. If the free two-body 
scattering is isotropic, as p—p scattering actually is at this energy (Birge, Kruse and 
Ramsey 1951, Cassels, Stafford and Pickavance 1952), then 


7 Fy 
erga) (3) 
where F’, is the Fermi energy of the protons in the nucleus, (12/2 M)(97Z/4R3)2!, 
and B is the binding energy of the incoming proton. 

The estimation of «,,, was complicated by the fact that n-p scattering is aniso- 
tropic, with maxima at 0° and 180°, just where the effect of the exclusion principle 
is most serious. After inspection of the experimental angular distribution at 
about this energy (Randle, Taylor and Wood 1952) it seemed reasonable to put 


ts: 7 (_0°64F, mi 0:96F, 4 
eS E+E +B EPP TB ee) 
with F’, the Fermi energy of the neutrons in the nucleus (h?/2 M)|[97(A — Z)/4R?]2. 


a 


Absorption Cross Sections for 134 MeV Protons 131 


The two terms in the brackets refer to scattering near 0° and 180° respectively, 
and the numerical factors are intended to take into account the increase, as 
compared with o,,,,/47, of the n, p differential cross section in the regions of interest. 
The internal n-p collisions take place with relative momenta corresponding toa 
considerable range of energy around E+ F » + B, and the average o,,, over this range 
was taken to be 50mbn (Taylor, Pickavance, Cassels and Randle 1951, Taylor and 
Wood 1953). The value of o,,, was put at 27 x 4-9 =31 mbn (Cassels et al. 1952). 
If it is less than this (Chamberlain, Segré and Wiegand 1951), K,, would not be 
very seriously affected because then, p term in (2) is the more important one. 
Figure 4 shows the nuclear radius as a function of A¥ according to an analysis by 
Feshbach and Weisskopf (1949) of 14 and 25 Mev neutron total cross sections 
(Amaldi, Bocciarelli, Cacciapuoti and Trabacchi 1946, Sherr 1945). The 
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straight line, R=(0-57+1-30 A") x 10°-13cm, was fitted by the method of least 
squares, and the broken lines indicate the standard deviation of the individual 
points. These lines are included in later figures to act as a standard of comparison. 

Some recent measurements (Nereson and Darden 1953) of fast neutron total 
cross sections up to 12 Mev seem to need a theoretieal interpretation qualitatively 
different from that generally accepted in 1949. It is reasonable to hope that, when 
these results are fully understood, the deduced nuclear radii will not be very much 
changed. 

Figure 5 shows the nuclear radii suggested by studies of 13 mirror nuclei 
(Wilson 1952, Table III, column 5) and 22 «-active nuclei (Blatt and Weisskopf 
1952). Theagreement with the data of figure 4 is good, apart from a few exceptions 
among the «-active nuclei, which are thought to be caused by difficulties of inter- 
pretation rather than real anomalies in radius. 

Figure 6 shows the nuclear radii implied by the present inelastic cross section 
results, if it is assumed that K is in fact equal to the Ky, givenin eqn (2). It will be 
seen that these radii are perfectly consistent with those shown in figures 4 and 5. 
It follows that the optical theory as usually developed has given results in excellent 
agreement with observation. 

In order to investigate the sensitivity of this test, the nuclear radii were twice 
recalculated, with the assumptions that K=1-4 K,, and K=0-7 K,, respectively. 
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The results are shown in figures 7 and 8, where the fit might be described as just 
le: 

ae recent experiments on mesic atoms (Rainwater and Fitch 1953) suggest 
that the effective radii of nuclei are about 15% smaller than those given in figures 
4-6. If this should be confirmed, then it would be necessary to increase K very 
considerably, and even then a perfect fit for lead could not be obtained within the 
framework of the present theory, because the inelastic cross section (1) cannot be 
greater than 7R?(1— W/E). 


Figure 6. Nuclear radii deduced from the inelastic cross sections given in the table, on 
the assumption that K=K;,,. The lines are taken from figure 4. 


K=07Key 


~ o 
{ane if 


a 


R +10" (cm) 
> w 
eal 

Bae 


3 eS aT 
As W ; A” 
Figure 7. Figure 8. 
Figures 7 and 8. Nuclear radii deduced on the assumptions that K =1:4 Ky, and K=0-7 Kin 
respectively. 


An increase in K would of course correspond to a decrease of the mean free 
path of high energy protons inside nuclei. This might be the result of many-body 
interactions, which have not been taken into account in (1). With the usual 
nuclear radii the present results suggest that many-body interactions are unim- 
portant, but the point will have to be looked at again when the mesic atom results 
have been collated with the rest of the data concerning nuclear radii. 

The discussion given here has been based on the assumption that the density 
inside a nucleus is more or less uniform. Obviously some surface shading must 
occur, and it is indeed assumed in the optical calculations so that the reflection of 
incoming nucleons at the surface can be neglected. Some recent electron scattering 
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experiments (Hofstadter et al. 1953) suggest an exponential distribution of the 
nuclear protons with radius to explain the absence of secondary diffraction 
maxima. At first sight this seems to conflict with the proton scattering work of 
Richardson, Ball, Leith and Moyer (1952), but at any rate there is more than a 
possibility that the density of nuclei is quite non-uniform. The effective radius 
(i.e. that radius which is calculated on the assumption of uniform density) will then 
depend on the process by which it is determined. It is probable that the effective 
radii for fast neutron cross sections, for «-decay, and for the present inelastic 
cross sections will remain quite closely equal. An example concerning the 
coulomb energy of mirror nuclei has already been worked out by Wilson (1952). 
However, this whole question also needs examination, in the light of the electron 
scattering results. 


ACKNOWLEDGMENTS 


The authors wish to thank Mr. P. H. Bowen for much assistance in taking the 
measurements, and Mr. A. O. Edmunds and the cyclotron crew for their willing 
co-operation. ‘They have enjoyed valuable discussions of the results with 
Drs. F. Mandl and T. H. R. Skyrme, and with the Director, Atomic Energy 


Research Establishment. 
This paper is published by permission of the Director, A.E.R.E. 


REFERENCES 


AMALDI, E., BocciaARELLi, D., CacciapuoTi, B. N., and Trasaccui, G,. C., 1946, Nuovo 
Crm 31203" 

BETHE, H. A., 1940, Phys. Rev., 57, 1125. 

Birce, R. W., Kruse, U. E., and Ramsry, N. F., 1951, Phys. Rev., 83, 274. 

Buatt, J. M., and WetssKopr, V. F., 1952, Theoretical Nuclear Physics (New York : Wiley). 

BRATENAHL, A., FERNBACH, S., HILDEBRAND, R. H., LEITH, C. E., and Moyer, B. J., 1950, 
Phys. Rev., 77, 597. 

CasseEts, J. M., StarForD, G. H., and Pickavance, T. G., 1952, Proc. Roy. Soc. A, 214, 262. 

CHAMBERLAIN, O., SEGRE, E., and WIEGAND, C., 1951, Phys. Rev., 83, 923. 

DeJurEN, J., 1950, Phys. Rev., 80, 27. 

DeJuren, J., and Knaste, N., 1950, Phys. Rev., 77, 606. 

FERNBACH, S., SERBER, R., and Taytor, T. B., 1949, Phys. Rev., 75, 1352. 

FesHspacH, H., and WeissKopr, V. F., 1949, Phys. Rev., 76, 1550. 

GOLDBERGER, M. L., 1948, Phys. Rev., 74, 1269. 

Hap tey, J., and York, H., 1950, Phys. Rev., 80, 345. 

Hormann, J. A., and Straucu, K., 1953, Phys. Rev., 90, 449. 

Horstapter, R., Fecuter, H. R., and McIntyre J. A., 1953, Phys. Rev., 91, 422. 

JastTrow, R., 1951, Phys. Rev., 82, 261. 

Lawson, J. D., 1953, Phil. Mag., 44, 102. 

Less, C. F., Morrison, G. C., MurrueaD, H., and Rosser, W. G. V., 1953, Phil. Mag., 44, 304. 

Manb1L, F., and Skyrme, T. H. R., 1953, Phil. Mag., 44, 1028. 

Miter, R. D., SEWELL, D. C., and WricutT, R. W., 1951, Phys. Rev., 81, 374. 

NERESON, N., and DarpEN, S., 1953, Phys. Rev., 89, 775. 

RAINWATER and Fitcu, 1953, Press release reviewed in Nature, Lond., 171, 1097. 

RANDLE, T.C., CassELs, J. M., PickavaNce, T. G.,and Tayior, A. E., 1953, Phil. Mag., 44,425. 

RanbDLE, T. C., Taytor, A. E., and Woop, E., 1952, Proc. Roy. Soc. A, 213, 392. 

RICHARDSON, R. E., Baty, W. P., Leitu, C. E., and Moyer, B. J., 1952, Phys. Rev., 86, 29. 

Suerr, R., 1945, Phys. Rev., 68, 240. 

SNowpen, M., 1952, Phil. Mag., 43, 285. 

Taytor, A. E., PicKAvANCE, T. G., CASsELS, J. M., and RANDLE, T. C., 1951, Phil. Mag., 
42, 328. 

Taytor, A. E., and Woop, E., 1953, Phil. Mag., 44, 95. 

Witson, R. R., 1952, Phys. Rev., 88, 350. 


PROCS PHYS. SOG: LXVII, 2——-A sae) 


134 


Emission of Electron—Positron Pairs from Light Nuclei 
I: Monopole Transition in ‘°O* 
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Abstract. An apparatus is described for measuring the angular correlation of 
electron—positron pairs from light nuclei. The apparatus has been used to study 
the pairs emitted in the mono-pole transition from the first excited state of '°O. 
Measurements are also described of the excitation function for this state of °O in 
the reaction !°F(p, «)#8O, and of the absolute probability (half-life) of the mono- 
pole transition. 


§ 1. INTRODUCTION 


HE study of electron pair creation in high-energy electromagnetic transitions 

in light nuclei is a direct, and in principle generally applicable, method of 

studying the properties of such transitions. The probability of pair emission 
is, however, very small compared with that of y-radiation for typical transition 
energies (up to 20 Mev), which makes the measurements technically difficult. 
Previous work (e.g. Thomas and Lauritsen 1952) has been concerned mainly 
with measuring the relative probabilities for y and pair-emission, * pair-coefhicient’, 
either averaged over all positron—electron energies, or differentially by spectro- 
metric analysis of the positron continuum. ‘These methods require careful 
absolute measurements since the pair coefficient changes only by some 10 to 20 per 
cent for different successive multipole orders. Moreover when, on account of the 
method of excitation, the intensity of radiation from the emitting nucleus is not 
isotropic, the ordinarily calculated pair coefficient is insufficient if the pair emission 
is only measured in a particular direction. 

In the present work, which is concerned with transitions immediately following 
nuclear reactions, we have concentrated our attention on the angular correlation 
of electrons and positrons, since this characteristic does not involve absolute 
intensity measurements, and, in some respects, provides better discrimination 
than these latter, between different multipole transitions. The theory of this 
correlation has been given by Rose (1949) in a general form involving approxi- 
mations which should be well satisfied for the particular processes we have 
measured. The calculations have been extended to include cases where the 
radiation is not emitted isotropically (Goldring 1953). For the transition energies 
and nuclei with which we shall be concerned, the theory indicates that by far the 
major part of the electromagnetic field which is effective in producing pairs is 
outside the nucleus, where the usual multipole representation of the field is a good 
approximation, and that there is only a small contribution to the process from the 

* This work was begun at the Cavendish Laboratory, Cambridge, and completed at 
Imperial College, London. 
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internal field. Neglecting this latter, a transition from a definite initial quantum- 
mechanical state (including magnetite quantum number) to a similar final one is 
characterized by a definite relative probability of y-radiation to pair emission and 
specific angular correlation of electrons and positrons, the undefined quantity 
being the absolute probability, or lifetime, for the process. | § 

In one particular case, a transition between two states both J =0 and even 
parity, there is no electromagnetic field external to the nucleus, and the internal 
field is of a very simple form—purely radial. Also for this special ‘mono-pole’ 
transition many detailed refinements of the theory have been evaluated (Dalitz 
1951), and the absence of competing y-radiation for the transition, together with 
the consequent high intensity of pairs, makes this a very favourable case for which 
to make accurate comparison with the theory. However, it should be pointed out 
that agreement with theory in this case provides no justification for at least one 
approximation made in the general case—neglect of the contribution from the 
internal field. ‘There may be other approximations which have differing validity 
for the spherically symmetrical and general multipole field. 


§ 2. EXCITATION OF PaIR-EMITTING STATE OF 1&O 

The well-known first excited state of *O (J =0, even, at 6-06 Mev, see Ajzenberg 
and Lauritsen 1952) goes to the ground state by pair emission. ‘This transition, 
which can be readily excited in the reaction °F (p, «)!®O*, was chosen for a detailed 
study of the angular correlation of the pairs. ‘The absolute probability of this 
process was also measured. With proton energies in the range 0-5—1-:5 Mev 
the above reaction is accompanied to some degree by the reactions F(p, «)!®O*, 
where 1°O* represents one of the y-emitting levels of *O in the energy range 
6-7 Mey. ‘The variation of cross section with proton energy is quite different for 
the two processes, but since the maximum cross section for production of #O* 
is many times greater than that for !®O%, it is necessary to find the optimum proton 
energy, where the disturbance produced by the y-radiation from ®O* isa minimum. 
It is necessary to know the magnitude and nature of this disturbance if accurate 
measurements are attempted. Detailed measurements were therefore made 
of the cross section for the two processes. 

A simple arrangement of target and counters was used as shown in figure I. 
The target (CaF) was deposited by vacuum-evaporation on a thin foil of 
aluminium (0-15 mg cm’). ‘The target foil was then mounted in an aluminium 
cylinder, with wall thickness, in the centre portion of 0-1mm. ‘This was thin 
enough to allow most of the electrons and positrons to pass through and be 
detected in the Geiger counters a, b. These were of very light construction, to 
reduce their response to y-radiation, and with wall thickness of 0-1 mm at the 
sensitive region. The counters were arranged to detect coincidence counts, and 
a third similar counter c was used in anti-coincidence, to avoid registering as 
pairs, single electrons which have scattered in the walls of one of the counters a, b, 
and detected in both. The intensity of y-radiation was monitored simultaneously 
with these measurements of the pairs, and since the accurate values of the proton 
energies for resonances emitting y-rays have been published by several 
investigators, an accurate energy scale could be established in this way. The 
proton beam was magnetically analysed and was mono-energetic to about +1 ei 

To determine the absolute cross section for the process 'F(p, «)!O* i 
was necessary to estimate the thickness of the targets used. ‘These were ie 

10-2 
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3 kev stopping power (for 873 kev protons), and the most reliable estimates of 
thickness were obtained by comparing the yield of y-radiation from them at the 
873 kev y-resonance with the yield from thick CaF, targets. In addition, the 
effective solid angles and efficiencies of the Geiger counters were also required. 
To within the accuracy that was significant these factors could be determined 
by comparison of the actual coincident counting rate (a+b) with the single 
electron counting rate (a or b), together with a measurement of the variation of 
the coincidence rate with 0, the angle between the radii from the target to the 
centres of the two counters. (This latter measurement gave a preliminary result 
for the angular correlation of electron and positron, but a much more accurate 
measurement is described below.) The calibration of these counters was, 
of course, made at a proton energy where the ratio of cross sections for pair 
production and y-radiation was most favourable (about 840 kev), and effects in 
the electron counters were due almost entirely to pairs. 


Scm 


ae 


.o——<— 


Figure 1. Apparatus for measuring the excitation function for pair production. 


The results of these measurements for protons of 600-1300 kev are shown 
in figure 2. Proton beams of about 1 a were used and measured with a calibrated 
current integrator (accuracy to within about 2%). The simultaneous measure- 
ments of the y-radiation yield, after allowance has been made for the radiation 
emitted from the supporting aluminium foil, is shown in the same diagram. 

The results are in general agreement with previous measurements (Streib 
et al. 1941, Phillips and Heydenburg 1951), although they reveal more detail: 
in particular, the peak at about 780 kev was observed with all sufficiently thin 
targets. ‘The variation of the cross section for pair-production shows clearly 
superimposed on an excitation function which we interpret as that for 
MF (p, «)'®O*, peaks associated with the y-emitting states *O+, due to internal- 
conversion electrons in these transitions. There is also a small contribution 
(~10%) at these energies due to externally produced pairs in the walls of the 
target chamber. One cannot, from these measurements alone, exclude the 
possibility that the peaks in the pair cross section at the energies of the 


y-resonances contain some contribution from excitation of the pair-emitting 
state '°O*. Comparison of the relative cross sections, and remembering that 
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the internal pair coefficients are of the order 10-8, shows, however, that the 
relative probability, for these resonances, of producing %O+ and 1O* must be 
at least 2000: 1. 


PAIR YIELD 


Cross Section (cm? «10°~’) 


Arbitrary Units 


b —— MS Ss a 
600 700 800 900 1000 00 1200 
Proton Energy (kev) _ 


Figure 2. Excitation function for pair production. 


Our interest here is primarily with the choice of a suitable proton energy for 
studying the O*—1%O transition, with as little interference as possible from 
y-radiation and associated pairs. A proton energy of 840 kev was chosen for 
most of these measurements. 


§ 3. ANGULAR CORRELATION OF ELECTRONS AND POSITRONS 


To eliminate, as far as possible, the scattering of the pair particles in material 
in the neighbourhood of the emitting source (the target of CaF) the whole of the 
source and detecting apparatus, including the beam defining slits, target support 
and Geiger counters, was arranged inside a large evacuated chamber. 'T’o reduce 
still further any disturbing effects, the electrons were detected by a pair of simple 
counter telescopes, each composed of two cylindrical thin-walled counters. The 
general arrangement is shown in figure 3. 

The vacuum envelope consisted of a heavy steel plate A, 20in. diameter and 
lin. thick, to which a removable spun-aluminium dome ({in. thick) was sealed 
with a neoprene gasket. ‘The proton beam entered through the centre of the base 
plate and was defined, by the slits S, to within + 1-5 mm of the central axis, and 
normally fills this aperture uniformly. ‘The target support 'T’ was an aluminium 
foil of thickness 0-2 mg cm? mounted on two parallel nichrome wires 0-002 in. 
diameter and 2in. apart. These wires were attached at one end to a drum D 
which could be rotated from outside the vacuum vessel, and at the other end were 
held taut by aspring. In this way the part of the target material being bombarded 
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could be readily changed, either because the target spot had deteriorated under 
prolonged bombardment or to measure some background effect ; and the position 
of the target was accurately located despite the flimsy nature of its support. The 
proton beam struck the target foil at 45°. 

One pair of the electron detecting counters, c, C, was mounted on an arm that 
could be rotated from outside about an axis coincident with the proton bombarding 
beam, and the other pair was mounted in a fixed position. All four counters were 
mounted on light Perspex guides, enabling them to be accurately aligned, and 
permitting their radial positions to be varied. A fifth counter, G, shielded with 
1cm thickness of lead and mounted some distance away from the target, was used 
to monitor the intensity of y-radiation during the observations. The vacuum cham- 
ber was fitted with a small movable furnace E, which could be used to evaporate 
material on to the target foil in situ, and withdrawn after use. It was not used 
for evaporation in the present experiments, and the furnace was replaced by a small 
rectangular brass strip, mounted on a light wire frame, which could be brought 
into a position between the target spot and the movable counter telescope. This 
arrangement was used to measure certain ‘background’ corrections described 
below. 


Figure 3. Apparatus for measuring the angular correlation. 


The target current was monitored by a Faraday cup F (with an arrangement of 
guard rings for eliminating the effects of secondary electron emission) connected 
to ‘earth’ through a 2megohm resistance, the voltage across which was amplified 
and continuously observed on an oscilloscope. 

Each electron-detecting telescope consisted of an inner and an outer counter 
with diameters 2:1 cm and 3-1 cm and effective lengths 5 cm and 7-5 cm respectively. 
The counter walls were of aluminium 0-3 mm thick, thinned down to 0:1 mm and 
0-15 mm respectively over the sensitive region, and internally electroplated with 
copper to a thickness of 0:005mm. The actual length of the counters was more 
than twice the effective length so as to keep the more solid material at the ends, 
where electrons could be produced or scattered, as far as possible from the sensitive 
volume. 

Since the angular correlation function expected is not completely independent 
of the partition of energy between electron and positron, it was necessary to know 
the relative efficiency of the counter telescopes for electrons of different energy, 
particularly for those of low energy. Measurements of these characteristics 
were made with a magnetic lens B-spectrometer and a radioactive source of 
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electrons. The electrons emerged from the spectrometer in an annular cone and 
traversed the counters at a mean angle equal to that occurring in the actual experi- 
ments. Strictly speaking, the efficiency of the counter telescopes should be 
considered as a function of position and angle of traversal of the counters as well as 
energy, but it is quite sufficient for the present purpose to consider an average over 
these variables. The variation of efficiency was measured by comparing both the 
number 7, of counts in the front counter, and the number n, of coincident counts 
between the two counters with the number , recorded in a thin (7 mgcm-?) 
window end-window counter. ‘The minimum electron energy for detection by 
the end-window counter is much less than for the cylindrical counters, either in 
coincidence or singly, and it was assumed that its efficiency was constant in the 
energy region of interest. Hence the quantity 7,/n, x n,/m) gives us the required 
efficiency asafunction ofenergy. Figure 4 shows the experimental measurements. 
These results require some correction to allow for the additional material between 
the 6-spectrometer proper and the counters, namely the exit window of the spectro- 
meter and 10cm path in air, a total of 15 mg/cm. To make this correction an 
additional foil of similar superficial density was placed between the exit window and 
the counters and the modified ratios n,'/n) as function of energy were obtained. 
By extrapolation the relative efficiency of the arrangement used in the angular 
correlation experiments was obtained. 


0 500 1000 1500 2000 
f-energy (kev) 


Figure 4. Variation of efficiency with energy of the electron telescopes. 


Two different arrangements of counters were used for the correlation 
measurements. In the first (‘close position’) the inner counter was 7 cm and 
the outer 10-5 cm from the target spot, and in the second the distances were 
10cm and 15cm respectively, so that for both arrangements each counter 
subtended approximately the same solid angle at the target spot. Coincidences 
in each pair of counters (resolving time 1 sec) and coincidences between the 
two telescopes were recorded. Random coincidences were estimated by two 
methods: (a) by introducing a fixed delay time into one channel of a coincidence 
pair, so as to destroy any real coincidence counts, and measuring the residual 
coincidence rate; (b) from the observed variation in the intensity of the beam, 
and the single counting rates in the members of a coincident pair, and the 
knowledge of the resolving times, the random rate could be estimated. With 
the actual, small, fluctuations in beam current that occurred during most of the 
measurements, the second method proved most reliable. Random coincidences 
only accounted for a small fraction of the total number recorded, and in all cases 
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the error introduced by the uncertainty in making this correction was much less 
than the statistical fluctuation in the number of counted pairs. 

To measure the angular correlation, the number of counts in the fixed and 
moving telescopes (/', M) and the number of coincidences T between them 


Normalized Coincidence Rate 


‘Close’ 
Uncorrected 


Corrected o 


+0 -08 -06 -0:-4 -02 0 02 0-4 0-6 08 10 
Cos 0 


Figure 5. Electron—positron angular correlation. 


were measured as a function of 6. This angle was changed frequently and in 
large steps so as to avoid any systematic errors, such as might arise from small 
movements of the target spot and slight changes in counting efficiency. These 
are, in addition, to some extent compensated for in the normalized quantity 
T/3(F + M) which was taken to be the experimental angular correlation function. 
The experimental results for the two counter arrangements are shown in figure 5. 
Before comparing these experimental results with theoretical predictions the 
following corrections and possible sources of error must be considered. 


(i) Scattering in target foil and support. 


The plane of the target foil was 45° to the plane of rotation of counters, an 
orientation which represented a compromise between minimum material 
traversed by the electrons, and a small angle between the normal to the foil and 
the proton beam. With the fixed counter telescope in a suitable position the 
average thickness of the aluminium target foil traversed was 1:5 xthe foil 
thickness, and the mean angle of scattering, averaged over all electrons of energies 
which the counters could detect, was estimated to be less than 1°. Since this 
scattering was symmetrical (+50) its effect on the angular correlation function 
was quite negligible with the experimental accuracy achieved. Pair production in 
the target foil and supports by y-radiation present was of quite negligible intensity. 
(ii) Geometry. 

The counters were aligned parallel to the beam axis to within $%, the distance 
of the counters from the centre of the target spot was set to 0-02 cm, and the 
angle # between the radii to the two telescopes could be read to $° or better. 
The effective centre of the target spot was estimated to move at most 0-05 cm 
from the mean position. Systematic errors due to these factors were considered 
negligible. Random errors are revealed in the individual observations. 
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(iti) Cosmic radiation. 

Discharges of all four counters, due to cosmic radiation and other background 
radiation not arising from the target bombardment, were measured for several 
hours. ‘To reduce the contribution from this source to a minimum the apparatus 
was arranged so that when all four counters were collinear they were in a 
horizontal plane. 


(tv) Background from target support. 


The effects produced when the aluminium foil, without evaporated CaF,, 
was bombarded were found to be less than 1/2000 of the pairs from the target itself. 


(v) ‘Stray’ electrons. 


Spurious coincidences between the two telescopes could be produced 

(a) if one member of a pair passes through one telescope and either this electron 
or its partner, after scattering in the counter walls or neighbouring material, 
passes through the other telescope, (b) an electron or pair created in the 
surroundings by the background y-radiation passed through both telescopes. 
Both these effects are absolutely greatest near 6=7, when all four counters are 
collinear, and here also the true effect is smallest. To obtain reliable data 
near 6=7 it was necessary to establish the magnitude of these stray effects with 
an accuracy comparable with that of the measured total effect. This was done 
by interposing a small brass plate 1cm x 2-5cm and 2 mm thick between the 
target spot and the movable telescope, placed in the 9=7 position. Viewed from 
the target spot, this plate completely obscured the movable counter telescope 
(in fact it reduced the counting rate in this telescope by a factor of 25), whereas 
viewed from most other, distant, points which might act as sources or scattering 
points for electrons it only obscured about one quarter of this telescope. 
Coincidence counts between the two telescopes with this ‘shadow’ plate in 
position are due, then, chiefly to electrons passing through the fixed telescope, 
together with a few true pairs. Other effects could be estimated, and appeared to 
contribute less than 10°% of this source of stray coincidences. Measurements of 
the variation of the number of stray coincidences with and without the ‘shadow’ 
plate, near 0=7, and for both the ‘close in’ and ‘far out’ counter positions, 
confirmed this interpretation of the origin of the major part of these stray effects 
and allowed the proper corrections to be made. 
(vi) There is a very small contribution to the observed pairs from internally 
converted y-rays from the reaction F(p, «)!®O+t, although the proton energy 
chosen was well removed from the y-resonance. From the monitored intensity 
of y-radiation and from estimates of the number and angular correlation of the 
pairs associated with these y-transitions a correction of adequate accuracy could be 
applied. 

The result of correcting the observations for cosmic-ray background, ‘stray’ 
electrons, background from the aluminium foil, and pairs associated with 
y-transitions ((iii), (iv), (v) and (vi)) are shown in figure 5. Results for both 
geometrical arrangements are consistent with a correlation function of the form 
A(1+«,,,cos@). The values of «,,, are : 


Xexp, r= 0-980 + 0-009 (“far out’) 
0-948 +0:012 (‘close in’). 


Xexp, © — 
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Comparison with Theory 

Assuming both excited state *O* and ground state 16Q have even parity, and 
the interaction with the electron—positron field is electromagnetic, the correlation 
function for the zero-pole transition is (Oppenheimer 1941, Dalitz 1951), in first 
order : 
e(MY? 

On 

where p,, W.. are the momenta and energies (rest mass of electron mp and velocity 
of light ¢ both unity) of electron and positron. ¢M) is the nuclear matrix element, 
independent of 0, W.,., W, (=W,, + W_) is the energy of the nuclear transition. 

The measured correlation function is given by 


P(0)dW, dQ = pi p_(W, W_-1+p,p_cos0)dW,, dQ 


| 42,.d0_dW.n(W,)n(W)P 0); W,+W_=W, 
where 7 (W..) represents the (relative) efficiency of each counter telescope as a 
function of energy, and the integrations are over the whole range of energies and 
solid angles, and 6 corresponding to the actual sizes of the counters used. The 
result of calculating these integrals by approximate and numerical methods is that 
the correlation function to be expected with the given counters and geometry is of 
the form P’(#)=A{1+(0-9937—8)cos6}. 8 depends on the geometry alone 
(6=0 for infinitesimally small counters), and the theoretically predicted results 


hee, Py’(0) oc +(0:974 + 0-002) cos@ (‘far out’) 
Po/() 0c 1 + (0-955 +0-003) cos (‘close in’). 


The errors in the ‘theoretical’ results are mainly due to uncertainties in the exact 
dimensions of the sensitive areas of the telescopes. 

Comparing these results with the experimental ones, we see that both measure- 
ments are separately consistent with theoretical prediction, and the mean difference 
between theory and experiment in the value of «, — 0-002 + 0-008, is not significantly 
different from zero. Earlier measurements of this correlation function (Devons 
and Lindsey 1949, Phillips and Heydenburg 1951) had indicated the possibility 
of some discrepancy between theory and experiment, which must, in the light of 
the present experiments, be attributed to the inadequacy of the experimental 
arrangements used. 

The theoretical expression for P(@) quoted above is derived from the Dirac 
equation for electrons and positrons. Refinements in the theory, including radi- 
ation corrections occurring in current quantum-electrodynamics, have been calcu- 
lated and examined in detail by Dalitz (1951). He finds that the corrections to 
P(@) are very small, of the order 0-002 P(@) at most angles, although an order of 
magnitude larger, very near 6=( and near @=7. ‘The increase at 6 ~0 is due to 
interaction between electron and positron, and that at @~7 is associated with 
creation of an electron—positron pair together with a photon of comparable energy. 
Unfortunately, the region near @ =0 is inaccessible with the present technique and 
the measurements near 6 = 7 are subject to such considerable experimental correc- 
tion that a test of these small deviations from the Dirac theory was not attempted. 
The modified theoretical correlation function P’(cos @) is no longer strictly of the 
form 1 +« cos 6, but if the best fit using a function of this type were taken (neglecting 
the regions 6~0, =), « would only differ from the value in the simple theory by the 
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order 0-001, and the departure from the simple form would not be detectable with 
the present experimental accuracy. An increase in accuracy of the order 10 or 
more, which appears feasible, should enable one at least to discriminate between 
the simple and refined theories, both of which are consistent with the present 
experimental results. 


§ 4. ABSOLUTE ‘TRANSITION PROBABILITY FOR Parr Emission t 


An upper limit to the absolute probability of pair emission can be obtained by 
measuring the lifetime of the pair-emitting state and, in so far as other competing 
processes | are not likely to be of comparable probability, this limit will approxi- 
mate to the actual value. Theoretically, the absolute probability is a measure of the 
matrix element (M), and therefore depends on the details of the nuclear states 
involved.- An order of magnitude estimate of (M) on the basis of nuclear 
dimensions indicates a value of the order 10~!sec for the half-life of the pair- 
emitting state. ‘The experimental method adopted was capable of measuring a 
half-life of this order or greater, and consisted essentially of measuring the mean 
distance travelled by the recoiling 1*O* nucleus, produced in the process 
19F(p, ~)!®O*, before emitting the electron pair. 


Figure 6. Apparatus for measuring the lifetime for pair emission. 


The essential features of the experimental arrangements, which are shown 
diagrammatically in figure 6, are the defining apertures Aa and Bb, which are 
accurately coplanar and with parallel edges (in the plane perpendicular to the 
paper) 5 cm long, and the movable target face 'T also parallel to the plane Aa Bb; 
the target was an evaporated layer of CaF, on to the face T, which was the end 
of the invar bar I. The movement of I could be accurately controlled by a 
micrometer arrangement (operated from outside the vacuum envelope V of the 
apparatus) so that the plane of 'T could be brought into coincidence with the 
aperture plane or withdrawn by a distance of up to several millimetres. The 
position of the target plane, relative to the aperture plane, could be determined 


+ A preliminary account of this work has been published (Devons, Hereward and 
Lindsey 1949). a 

t Double quantum emission is theoretically the most likely competitor. Preliminary 
measurements (R. Latham and others, unpublished) indicate that probability of this 
process is at most 10% of that of pair emission. 
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to about 0-005 mm. The materials and construction of the apertures and target 
mounting was such that this accuracy was not destroyed by the temperature 
changes occurring during proton bombardment. The proton beam was defined 
by the slits S, S’ so as to have a cross section of 1-5mm 6mm on striking 
centrally the target support T, the cross section of which was 3mm x 10mm. 

Electrons passing through the apertures A, B at small angles to the plane AB 
were detected by the counter pairs cC. Apart from scattered electrons and other 
stray effects, such electrons could only come from 16O nuclei which were to the 
cight of the plane AB when the pair was emitted. A fifth thin-walled counter 
(not shown) was placed in a position to the right of the target so as to receive a 
large flux of electrons. It acted as a monitor of the number of pairs emitted 
from the target and the change in its solid angle for electron detection, due to 
small movements in the target, was quite negligible. On the other hand, the 
number of 1®O* nuclei which can send electrons into the detecting counters 
clearly depends on the distance of the target face T' behind the plane AB, since as 
this depth increases a larger fraction of the *O* nuclei recoiling to the right 
will have emitted pairs before reaching this plane AB, and also the solid angle 
subtended by the counting apertures increases with increasing distance beyond 
the plane at which pair-emission occurs. The actual rate of this decrease with Z 
(distance of 'T from AB) is dependent on the mean lifetime 7 of the 1®O* state, 
and hence, by observing the rate of change of the number of electrons detected. 
in cC, as a function of Z, we could obtain a value for r. 
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Figure 7. ‘Typical results obtained in the lifetime measurement. 


The targets used were about 2 kev thick for the proton energy, 840 kev, used. 
The proton beam current was of the order 1ua. The counting rate in cC, 
normalized by the counting rate in the monitor counter, was measured as a 
function of Z in some ten independent sets of observations. In all cases the | 
counting decreased with increasing Z from zero to about }mm and then 
remained constant at about !:alf the maximum rate. This ‘background’ rate was. 
attributed to secondary electrons produced by the substantial background of | 
y-radiation inevitably present, and, indeed, the change in this background when 
the proton energy, and thus the y-intensity, was changed confirmed this. 

In figure 7 results are given for a typical set of observations in which the | 
‘background’, obtained by measurements at several large values of Z, has been | 
subtracted. 
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To verify that the observed effects were in fact due to recoiling 1O nuclei 
a thin layer of aluminium, about 0-4mg cm-2, was evaporated over a normal 
CaF, target. No recoil nuclei would be expected to penetrate such a film, but 
as far as the proton beam is concerned the effect would be simply to shift the 
energy scale by some 80 kev. Increasing the proton energy by this amount 
should result in the reaction proceeding as before, except now no pairs from 60* 
should reach the counters cC. With this arrangement it was, indeed, found that 
the background remained much as before, but the initial decrease in counting 
rate for Z between 0 and 0-25 mm did not occur. 

In order to translate the experimental results into an actual lifetime for *O* 
a straightforward, but somewhat lengthy, calculation was made of the expected 
variation in counting rate in the counter pairs as a function of Z. In this 
calculation it was assumed that the compound nucleus 2°Ne dissociates into 
6O* +«-particle in an isotropic manner (in centre-of-mass frame). It was also 
found that as a result of the small average distance (~0-05 mm) traversed by the 
O* nucleus before emitting a pair, as compared with the dimensions of 
T, aA, AB, the solid angle subtended by the apertures A, B at the puir-emitting 
*6Q* nucleus could be taken as proportional to distance of the nucleus to the 
right of the plane AB. ‘The variation in velocity V of the 1*O* nucleus with the 
angle to the proton beam, due to the momentum of the proton, was taken into 
account, and the mean loss of energy of the !*O nuclei in traversing part of the 
CaF, target was estimated, as a function of direction of motion, using the data 
of Blackett and Lees (1932). 

We can express the expected counting rate as 

MZ, 1, E)=o(E)e { exp { = Vis . p(0, E) sin 04S dr dé 

where 1/u=7, S is the depth of the layer in the target film at which the (p, «) 
reaction occurs, EF is the proton bombarding energy, @ the angle between the 
16Q) recoil and the proton beam, the solid angle subtended by the counting 
aperture at the ®O* nucleus (7, #), and V the velocity of this nucleus. o(£)p(0, E) 
is the differential cross section for the (p, «) reaction. With the approximation of 
Qa (rcos§—Z), E=840 kev, the relationship between N and Z (apart from 
constant factors) was computed for several values of the parameter pu/V, Vy being 
the velocity in the centre-of-mass system of the !*O* nucleus, recoiling along the 
Z axis (to the right) before any slowing down in the target film has occurred. 
The calculations for six values of «/V, from 30 to 100 cm are shown in figure 7 
(broken lines). For each set of experimental observations the best fitting 
theoretical curve was estimated, by inspection, and the results obtained are: 


Experiment 1 Z 3 4 5 6 i} 8 wh 1A) 
Target number 1 2 3 
Vg (co *) Sea we gett) 60 50 40 50 £60 60 60 


The weighted mean is 55+5 cm“, corresponding to a mean path of the '°O* 
nucleus before de-excitation of 0-18 mm and a half-life of 5-0 + 0-5 x 10" second. 
The error is estimated from the consistency of the results in the above table. 
There is an additional uncertainty due to the assumption of isotropy in the 
reaction 1°F(p, «)!®O*. For example, a distribution (in centre-of-mass frame) 
of the type 1+« cos? 6 would reduce the value of the half-life by 3% for «=0-5 
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and 7% for «=1. A comparison with the angular distribution of the competing 
reaction !°F(p, «)!6O at this energy indicates a relatively small anisotropy, and the 
error in the half-life due to this factor is probably less than 5%. 

For the comparison of this result with theoretical estimates it is quite 
sufficient to use the ‘ first order’ theory. Expressions for the absolute rate of 
pair emission in monopole transitions have been given by Oppenheimer and 
Schwinger (1939) and Dalitz (1951). The two expressions are slightly different 
numerically, the difference being apparently due to some approximations used 
by the first authors. 

* From Dalitz’s results the absolute rate, , (natural units) ist : 
Bet jye $Wo- D4 Wo+ 1)" 
=e GSerEe 
x [92{6 + 5(.S + S-1) — 2(S + S)?}2(S) — (1 — S?)(S? +5.S—2)K(S)] 


where S=(W,—2)/(W,+2) and K, E are the first and second elliptic integrals. 
With W, =11:8 mc? and c.g.s. units . becomes 


P (My? 


h? 
The nuclear matrix element ¢{ /) is given by 


[lo®S rth dr 


where , 4, are the initial and final nuclear wave functions and the summation 
x, 1s over all protons whose positions are r,. If we write the matrix elements 
as p*, where p is a characteristic length, then comparison of the theoretical and 
experimental results gives a value of p of 1:95 x 10° cm, which is of the order 
of 7, for a single proton. 

The value of this half-life is of interest in connection with the difficulty in 
explaining the existence of a low-level of *©O with J =0 and even parity (see, for 
example, the discussion by Inglis (1953)). The state must be symmetrical with 
respect to neutrons and protons (7=0), but the low-lying states obviously 
predicted by the shell model due to excitation of a neutron and proton from P 
to D orbits also predicts a large value of the spin. The above expression for 
the matrix element gives, of course, a value zero for the excitation of two particles 
of an independent particle model, and hence for the actual transition one might 
expect a much smaller value of (M) than that corresponding to single particle 
excitation. ‘The possibility of half-neutron and half-proton excitation from 
'P to ?P orbits could also result in a 7 =0 state of the correct spin and parity, 
but the energy of such a state has not been estimated. It should, perhaps, be 
borne in mind that we are dealing here with an almost unique example, and 
comparison with other calculations based on the shell model may be misleading. 
This level of '°O 1s possibly the only case of a first excited state of a symmetrical 
(T=0) nucleus with both neutron and proton closed shells and for which the 
coulomb effects are negligible. 

In view of the uncertainties in interpreting this level in terms of the shell 
model it is of interest to look at the «-particle model (cf. Inglis 1953). Following 
the procedure of Wheeler (1937) we assume a tetrahedral model and quasi-elastic 


+ There is a misprint in equation (4.5) in Dalitz’s paper. The term (S?+5S—2) is 
misprinted (S?+5,S—3). 


5 pl pl 
485 (™ eta x M)? =0-97 10 M)2 sec". 
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forces between pairs of «-particles, i.e. a potential V= V(ro) + $R(r —19)?, where 
7’) represents the mean position of the «-particles. ‘The mode of vibration of 
interest to us is isotropic dilation and contraction, and the energy of first excited 
state of this mode will be #(k/M)1, where M is the proton mass. _ If we identify 
this mode with the level at 60 Mev we obtain a value for k immediately. The 
matrix element for the transition to the ground state can be evaluated simply 
by using the corresponding harmonic-oscillator wave functions. The numerical 
estimate with r7>=4x10-%cm is 3-8 x 10-*cm!* for (M)2, corresponding to a 
value of «« of 3-7 x 10" sect as compared with the experimental 1-4 x 10! sect, 
The large theoretical value arises primarily from the fact that all eight protons 
take part in the oscillation. 

The matrix element is proportional to 7,2(h?/ Me,), where «, is the level energy 
(6mev). It is clear that adjustment of 7) cannot account for the hig divergence 
between experimental and predicted values; k does not enter explicitly since it 
is giveninterms ofe,. It appears then that the «-particle model cannot adequately 
describe this first state of 1O. 
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Abstract. The Heisenberg theory of ferromagnetism is extended to include 
exchange interactions between atoms other than nearest neighbours. ‘The 
calculation is carried through as far as the third approximation and a general 
expression for the susceptibility above the Curie point is obtained. A particular 
law of variation of exchange interaction with distance is investigated and it is shown 
that the results obtained reproduce the general features of the susceptibility 
versus temperature curves of real ferromagnetic materials. 


§1. INTRODUCTION 
N a former paper (Tredgold 1953, to be referred to as I) a method was given for 
] extending the Heisenberg (1928) theory of ferromagnetism to higher approxi- 

mations than the second. In particular an expression for the magnetization 
as a function of temperature was obtained in terms of the moments of the spin 
dependent energy (the kth moment being defined as the mean Ath power of the 
energy). It was shown how to obtain a high temperature expansion for the inverse 
of the susceptibility above the Curie temperature without the necessity of inverting 
aseries. ‘The calculation was carried through explicity as far as the third approxi- 
mation for the case of a face-centred cubic lattice having one unpaired electron per 
lattice site and involving exchange interactions only between nearest neighbours. 
The variation of susceptibility with temperature so obtained was found to be in 
poor agreement with the behaviour of real ferromagnetic materials and as far as 
could be judged the expressions obtained showed little likelihood of converging 
on the results of the molecular field theory which are known to give reasonably 
good agreement with experimental results. 

It was evident from the form of the expressions obtained that a model involving 
exchange interactions extending somewhat further than to nearest neighbours 
would lead to material improvement in the results. It therefore seemed desirable 
to ascertain whether a law of interaction could be found which would extend 
sufficiently far to lead to a satisfactory variation of susceptibility with temperature 
and which at the same time would be consistent with a Heitler-London type of 
model. 


It is obviously possible to postulate any arbitrary localized wave functions and 


adjust their extension by means of some parameter in such a way that agreement _ 


with the behaviour of real materials is obtained in the susceptibility-temperature 
curve. ‘This, however, would not be a valid approach because it is necessary to use 


orthogonal wave functions if the spin operation treatment of ferromagnetism is to | 
be employed. ‘The errors in neglecting the non-orthogonality integrals even in | 


the conventional Heisenberg treatment can be quite great, as has been pointed out | 


by Slater (1953). 


The longest range interaction consistent with orthogonality which can be > 
obtained in the Heisenberg type of model is arrived at by the employment of | 
Wannier (1937) functions. An exact evaluation of the variation of exchange | 
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interaction with distance using these functions would be extremely difficult and 
would have little significance unless one possessed a precise knowledge of the band 
structure of the material under consideration. It is possible, however, to obtain a 
rough idea of the law of interaction by evaluating the overlap integrals for the square 
of the ‘free electron’ Wannier functions. ‘The expressions so obtained should 
at least set an upper limit to the ‘range’ of interactions possible for a model of the 
type discussed. Further consideration of this point is delayed until §4 (see also 
the Appendix). ) 
§2. THE STATISTICAL TREATMENT 
The spin dependent internal energy may be written 


Lee 2 Ie >i (ise 11;)S).S;te ak te ane wen Stoo (1) 
tis 


where J’ is a constant, n,, n, define the 7th and jth lattice sites, g(n;—1n,) is propor- 
tional to the exchange interaction between orbitals centred about the 7th and jth 
lattice sites and s,= 46, where o; is the Pauli spin operator representing the spin of 
the electron located on the 7th lattice site. 

The first three moments of this energy may be expressed in terms of the mean 
values of various products of the spin operators (expressed as functions of the 
relative magnetization) which were evaluated in I and in terms of the following 
four sums: 

a =>'8 (n,—n,;), b= oR (n,—Nn,), c= Dike (n;—n,) 
d d é fost (2) 


d=) s(n.—n,)g(nj—M2)8(ne—M,), | 
o. 


the primes denoting that terms involving n,=n,, etc. are to be omitted. 

Making use of the moments so obtained and eqn (14) of I and proceeding as in 
I, one finally obtains the following expression for the inverse of the susceptibility 
per atom above the Curie temperature: 


Sap eel sO) oil ema a 
oe ETA AGENT URESA OS TSEY SY fal ie a ime aches 


where t=k7/J'a and f is the Bohr magneton. It is of interest to note that the 
somewhat involved expressions occurring in the derivation of (3) can be checked 
by putting a=b=c=12 and d=48 and comparing them with the analogous 
expressions employed in obtaining eqn (19) of I. 


§3. A ParTICULAR MODEL 
For initial simplicity the treatment given here is confined to the simple cubic 
lattice. The law of interaction chosen in the light of the discussion given above 
has the following form (see Appendix) : 


] ‘) 
g(n,— M5) (11 — 151)"( Mig — 1 j9)*(Mig — Mj)” 
Ny Se N 54 No fe N j2 1,3 ef N53 


3 Lee age 
g(n;—n,)= 3 (jg — 1 p)*( Mig — 153) 
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where the suffixes 1, 2 and 3 refer to the three-coordinate axis. On evaluating 
the sums a, b, c and d defined by (2) for this particular law of interaction it is 


found that 


6657* wen 
= ences (5) 
474768718 < 1660422718 
9458 ~ 9458 
Using (3) and (5) it is found that 
1 Saat 05 001398  0-0006383 ] 6 
|i a te Waal ee (6) 


This function is shown in the figure together with the experimental points obtained 
for nickel by Sucksmith and Pearce (1938). The susceptibility-temperature curve 
calculated to the same degree of approximation for a face-centred cubic lattice 
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The inverse of susceptibility plotted against reduced temperature for: 1, the Heisenberg 
first approximation; 2, the modified Heisenberg theory taken to the third 
approximation for the simple cubic lattice; 3, the experimental values for nickel 
after Sucksmith and Pearce (1938); 4, the simple Heisenberg theory for the 
face-centred cubic lattice taken to the third approximation. 


in which only nearest neighbour interactions are taken into account is also shown. 
For ease in comparison the temperature scales are adjusted to make the Curie 
temperatures obtained from the different treatments coincident. 

The values of the Curie temperature obtained by equating the right-hand 
side of (6) to zero and solving for ¢ are as follows: first approximation tg=0-5, 
second approximation t,=0-4711, third approximation t,=0-4669. Since it is 
impossible to obtain the general term of the series for 1/y by the methods 
employed here it is not possible to prove convergence, nevertheless the values 
of ¢, obtained from the first three approximations indicate that it is reasonable 


to take eqn (6) as being a good approximation to the correct expression for the 
susceptibility for the model considered. 


§ 4. Discussion 
That the variation of 1/y with temperature obtained from the model discussed 
‘does not fit the experimental points for nickel is hardly surprising, as the law of 
interaction assumed has the longest ‘range’ which would be consistent with a 
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Heitler-London—Heisenberg type of model and therefore represents a limiting 
case. 

As will be seen from the figure the experimental points for nickel lie between 
the theoretical curve obtained from the present treatment and the theoretical 
curve obtained in I for a model involving only nearest neighbour exchange 
interactions. It should therefore be possible to reproduce the experimental 
curve for nickel fairly accurately by choosing a law of interaction between these 
two limiting cases. This suggestion is moreover supported by the fact that 
“nearest neighbour’ model over-estimates the difference between the ferro- 
magnetic and paramagnetic Curie points, whereas the model discussed in this 
paper tends to under-estimate this quantity. It is thus felt that the Heisenberg 
type of treatment, suitably modified to take into account exchange interaction 
between atoms other than nearest neighbours, is capable of giving quite a good 
description of the high temperature behaviour of ferromagnetic materials. That 
the low temperature behaviour may be treated adequately by this method is, of 
course, well known (Bloch 1930). 

As has been pointed out by Slater (1953) a model based on one-electron 
wave functions will never be entirely satisfactory, as it will not take account of 
the important influence of the correlation effect. However, the immense compli- 
cations involved in applying the configurational interaction technique as any 
equivalent method to even simple problem indicate that even if this method 
could be applied to the problem of ferromagnetism it would be very difficult to 
formulate any clear qualitative picture which would assist in the interpretation 
of experimental results. 

One is thus left with the problem of whether the modified Heisenberg model 
as proposed here or the collective electron model (see, for example, Stoner 1948, 
Wohlfarth 1953) gives the best approximate description of real ferromagnetic 
materials. ‘To find the answer to this question it seems necessary to find the 
conditions necessary to establish ferromagnetism in a metal and then, within 
the limits of these conditions, to find which model leads to the lowest free energy 
at some finite temperature. An attempt to solve this problem for a simple model 
for a metal is now being made and it is hoped to publish the results at a future 
date. 
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APPENDIX 
The general expression for a Wannier function located about the 7th lattice 
site is: 


a(r—n,) = ya ‘exp(—ik.n,b(k,r) wees. (A 1) 


where N is the number cf atoms in the crystal and d(k, r) is the Bloch function 


characterized by the wave vector k. . 
For nearly free electrons Bloch functions in a cubic lattice one obtains: 


sin r(x —n;,) sin 7(y —7;,) Sin 7(z — Nz) 


a(r — n,) a 13(x« =, (y co Ni (ZB —s jz) 
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It may easily be shown that this expression decreases more slowly for increasing 
x, yand s than do Wannier functions derived from any other type of Bloch function. 
To find the largest range type of interaction consistent with the Heisenberg type 
of model it is thus required to evaluate the exchange integral between the functions 
a(r—n,) and a(r—n,) as defined by eqn (A2). It may be seen that the exchange 
charge density will have a number of strong maxima separated by nodes. Since 
the contributions to the exchange integral arising from the two electrons being 
in the region of the same maxima will be considerably larger than contributions 
arising from the electrons being located in the regions of different maxima it is 
possible to obtain a reasonable approximation to the variation of exchange 
with n,—n, by writing 


. 


J const | a(r—n,a(r—n;)dr, — ...... (A3) 
and from (A2) and (A3) eqn (4) is obtained. 
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A Cloud Chamber Study of Internal Pairs from '*C* 


By G.. HARRIES tf 
Clarendon Laboratory, Oxford 


Communicated by E. P. George; MS. received 4th August 1953, and in amended form 
6th November 1953 


Abstract. ‘The nature and multipolarity of the 4-45 Mev y-ray from carbon-12* 
are obtained from the angular distribution of the positrons and electrons of 
internal conversion pairs photographed in a cloud chamber. The transition is 
found to be of electric quadrupole origin. Accordingly, a spin of 2+ is ascribed 
to the first excited level in *C and a decay scheme is proposed for 12C* at the 
lower energies. 

A transformation formula is given which relates the spatial angular distri- 
bution of cloud-track pairs to the distribution of pair-angles projected on to a 
plane of reference. 


§1 INTRODUCTION 


HE nature and multipolarity of gamma transitions can be found from the 
distribution of angles in internal conversion pairs; this possibility has 
been discussed by Horton (1948) and Rose (1949). If the energy of a 
y-transition exceeds 2 mc? the emission of internal pairs is a mode of decay of 
an excited nucleus which competes with the y-emission and electron conversion ; 
the pair formation coefficient is largest when the electron conversion is smallest. 

The total pair formation coefficients are sensitive to change of multipole 
order, and many transitions have been studied in this way (see Burhop 1952). 
However, for high energy transitions the ratio of total pair coefficients for 
successive multipoles of the same nature approaches unity because for small 
wavelengths pair formation takes place in the outer zone of the radiation field 
of the nucleus and the dependence on multipolarity consequently disappears. 

The angular distribution of pairs is also sensitive to change of multipole, and 
in the energy range, say, above 5 mc? the angular distribution is a more sensitive 
indication of the multipolarity. 

Rose (1949) has also suggested an abbreviated form of the angular distribution 
investigation. As the pairs are predominantly emitted with small angles it 
should be possible to establish the multipole order of the transition by measuring 
the ratio of the positron-electron coincidence rates at pair-angles of 0° and, say, 
90°. (At 180° the coincidence rate is extremely small.) However, the sensitive 
surfaces of electron counters are too large to allow the subtended solid angle to 
be narrow and well defined; and a source far removed from the counters improves 
the geometry at the expense of counting rate. 

Using a cloud chamber it has been found possible to examine the spectrum 
of internal conversion pair-angles in the range 0° to 120°. The shape of the 
spectrum agrees with the theoretical distribution given by Rose (1949) and 
differs, according to theory, from the distribution of total internal conversion 
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pairs found by Devons and Lindsay (1949). In general, unlike internal pairs, 
there is a greater tendency for the components of total internal conversion pairs 
to be formed with equal energies. 


§2. CaRBOoN-12* 
2.1. Angular Distribution of Internal Pairs 


A Po-Be source was used in the investigation of the internal pairs formed 
from the 4-45 Mev level in 2C. On to a strip of platinum 0-01 inch thick 300 me 
of polonium was electrolytically deposited over 1cm square. ‘This was prepared 
in nitrogen to prevent oxidation, and consequent thickening, of the polonium. 
A beryllium strip (25 mg cm-?) covered the polonium, and the source was accom- 
modated in an evacuated source holder with a mica window 5mgcm ®? thick. 
The radiation from the source was admitted to the cloud chamber through a 
mica window (5mgcm-?) in the chamber wall. The arrangement was such 
that the source was in the field of view of both cameras of a stereo pair. This 
facilitated the identification of associated pair particles. The chamber, in a 
field of 550 gauss, contained air at a pressure of 50-60.cm and was expanded at 
1 minute intervals. 

The cloud chamber photographs record the high x-ray activity from polonium. 
The short dense tracks of photoelectrons diffuse rapidly and the smear of the 
ionization of tracks admitted to the chamber an appreciable time before the 
expansion produced a high level of ion background. The effect in air is shown 
in figures 1 and 2 (Plate). In an investigation of the y-rays from polonium 
Grace et al. (1951) report, in addition to the 0-8 Mev y-ray, 16 kev radiation which 
may be attributed to L-radiation of lead and also 75 kev K-radiation of lead. 
The short tracks photographed are presumably due to the L-radiation. It was 
not possible to reduce the number of undesirable photoelectron tracks without 
introducing an absorber of high Z which would have produced a high yield of 
unwanted external pairs. The possibility of recording external pairs formed 
by the interaction of the y-ray with the platinum support of the source may be 
neglected since these would need to be scattered through about 180° and, as 
in the case of internal pairs, they are formed with a strong predominance in the 
direction of the gamma-ray. 

1520 pairs of stereo photographs were taken and 72 pairs of total energy 
aa bara Us Mev were accepted for measurement. A typical photograph of an 
internal positron—electron pair is reproduced in the photograph, figure 1. The 
theoretical curves for the distribution of pair-angles projected on to a plane 
are considered in § 3 and the projected distributions for the conversion of the 
4-45 mev line for electric dipole and electric quadrupole transitions are given 


in figure 3. ‘The theoretical curves have been normalized to give ordinate 
values of 


Q(x) / rf O(x)dx 


where Q(x) is the pair formation probability. Numbers of pairs are plotted 
at intervals of 15° and the experimental points fitted to the curves are consistent | 
with a transition of electric quadrupole origin. | 

The angular distributions for magnetic dipole and electric quadrupole | 
transitions lie very closely together, and a very high experimental resolution 1s | 
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required to be able to distinguish between these two modes of emission with 
any certainty. But magnetic dipole radiation is improbable. Seed and French 
(1952) ascribe a value of 2~ to the compound nucleus 1*O* from the angular 
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Figure 3. Projected angular distribution of internal pairs. 


correlation between the «-particles and the subsequent y-rays at the 898 kev 
resonance in the reaction ’N(p, «y)#C. This result agrees with an « emission 
with /=1 to a 2+ first excited level in ?C. 

Lewis (1952) has shown that the angular correlation of the successive y-rays 
in the reaction “B (p; yj, y2)'®C is also consistent with a spin 2+ for the 4-45 Mev 
excited state of #C, and the result has been confirmed in a similar experiment 
by Hubbard, Nelson and Jacobs (1952). 


2.2. The 7 MeV Level 


During the investigation of the pairs from the 4:45 Mev level seven pairs 
with a total energy of 7-0+0-6Mev were found, a brief account of which has 
appeared earlier (Harries and Davies 1952). A description of the pairs is given 
in table 1 and a photograph of a typical pair in figure 2. In the absence of 
evidence for a y-ray of this energy it is suggested that the level has zero spin 
and even parity and that the pairs observed result from total internal conversion. 
In the special case of a transition J=0 to J=0 the conversion is confined to the 
intranuclear field, and y-radiation is completely forbidden. 


Table 1 
1 2 3 4 5 6 7 
W, positron energy (Mev) 2:8 2:6 $305) 3°5 3-0 3°8 ils) 
W_ electron energy (Mev) 4:25 4-5 35 35 4-0 3-0 4-1 
E, total energy (Mev) 7-05 Hl 7-0 7-0 7:0 6:8 6-0 
xX projected pair-angle (deg.) 10 35 10 5 8 24 4 


The possibility of these pairs being combinations of internal pairs which 
have undergone considerable multiple scattering or that they are random 
associations of a ‘positron with a Compton electron has been examined. ‘The 
probability of these processes is too low to account for the number of high energy 
pairs photographed, and these processes would produce a greater deviation in 


total pair energies. 
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2.3. Level Scheme in ?C* 
The experimental results indicate that the spin and parities of the levels are: 


1zC* 0 4-45 Mev 7 Mev 
If 0) 2 0 
Parity aie = ate 


Although the high-energy level decays to the ground state by pair emission 
only, the scheme suggests that decay should also be possible by the emission of 
a 2-55Mev y-ray in cascade with the 4-45Mmev y-ray, both transitions being 
considered electric quadrupole. 

However; assuming that the population of the 4-45 Mev level is eight times 
that of the 7 Mev state (Guier et al. 1952), and that the ratio of 4-45 Mev pairs to 
7 MeV pairs is 10, then the intensity ratio of 2:5 Mev y-rays to 4-45 Mev y-rays is 0-1. 
It is possible that this weak line has escaped detection. These results have been 
incorporated in the 12C level scheme by Ajzenberg and Lauritsen (1952). 


§3. THEORETICAL 


The angles between positron—electron pairs in a cloud chamber are usually 
measured by the reprojection of stereoscopic photographs. However, for 
comparison with a theoretical distribution the photographs may be more 
conveniently analysed if the distribution of angles projected on to a plane is 
adopted; then the theoretical distribution of the angles in space needs to be 
suitably transformed. From I(@), the theoretical probability of finding pair 
components at an angle © in space, we determine Q(x), the probability of pair 
formation in the illuminated region of the cloud chamber, where x is the projection 
of © on to the plane of the photographic image. 


Figure 4. 


3.1. Projection of Internal Pairs 
The form of the spatial angular distribution is determined by the nature 
and multipolarity of the transition. ‘The probability of the emission of an electron 
(figure 4) with direction between (6_, ¢_) and (6_+d0_, p_+dd_) and a positron 
between (6,, 64) and (6,+4d0,, ¢,+d¢,) is given by 


P(0,, $4, 0, ¢-)sin@sin0,d0,d$,d83d0 as. (1) 
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where © is the angle between the pair and 8 the dihedral formed by the planes 
(P., a) and (P;, P_). Rose (1949) has evaluated the expression y(@), the 
probability per unit solid angle when the energies W., are fixed : 


om 27 Pf 
4@)=| db, { ip.) Ya POR ep yar ool (2) 
For isotropic emission P(@,, ¢,, 6_, 6_) depends only on ©, therefore 
PURO Osos) =a(@O)Sre a (3) 


If x be the angle between the projected directions of p, and p_ on to the z=0 
plane, i.e. y=¢,—¢_, then the probability of creation of a pair with the projected 
angle within y and y+dy is 


P(x)dy = (dx/8n") | dO, | d0_| s Zo) sind cin ae ee (4) 


since the integration is performed over all angles with y fixed. 


cos@=sin@,sin@_cosy+cos6,cos@_  —....... (5) 
F(x) dy =(1/47) dx i 40, d6_. f(sin 6, sin 6_ cos x +cos @, cos 6_) sin 6, sin 6 
0 0 
we see (6) 


But the geometry of the cloud chamber does not permit 6, and 6_ to range from 
0 to z. Only tracks with projected lengths greater than an arbitrary minimum 
L can be measured with sufficient accuracy. With the source in the central 
plane of the illuminated region of depth 2a, 0, and 6_ are confined to regions 
defined by $7+A where A=a/L<1. If 6, =407—£€+ and A is small, 


F(x) =(1/7)A?y(©){1 — (A?/3)(1 + cos @y'(O)/p(@)}. ss (7) 
The probability over all partition energies of the electrons is 
k-1 
Dy Baye eae (8) 


where & is the quantum energy in units of mc? and W,, is the positron energy. 
The correction term (A?/3){1+cos @y'(@)/7(@)} in (7) is small for large L 
and shallow light beams. In the experimental arrangement used above 
L=5cm and a=1cm, and for k=9 mc? the correction term for electric quadru- 
pole is not greater than 10%. Onlya small proportion of tracks (~A?/2) has to 
be rejected by this method, 
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Three Dimensional Theory of Electron—Photon Showers 


By B. A. CHARTRES anp H. MESSEL 
School of Physics, University of Sydney, Sydney, Australia 


MS. received 26th May 1953 


Abstract. 'The method developed by Messel and Green of solving the diffusion 
equation of the general mixed cascade for the moments of the distribution 
functions is applied to an electron—photon cascade initiated by a single electron 
or photon when provision is made for loss of electron energy by ionization. 
Exact solutions for the Mellin transform of the 2mth angular and 2mth radial 
moments are given. It is shown that the 2mth radial moment increases 
asymptotically as m4” and that the radial distribution function is of the form 
exp (—ar¥*) for all but the core of the shower. Numerical results are given for 
the lower moments and compared with previous results. 


§ 1. INTRODUCTION 


ARIOUS attempts have been made to calculate the radial distribution 

\ function or the lower moments of the function for the electron—photon 

cascade. A criticism of the various methods employed can be found in 

the paper by Green and Messel (1952). It is sufficient to point out here that the 

approximation common to all previous investigations is to use the second 

moment only of the coulomb scattering cross section. ‘This has made it 

impossible to estimate the higher moments of the radial distribution with any 
precision at all. 

In the paper mentioned above a technique is given for obtaining exact values 
of all moments of the radial and angular distribution functions for media in which 
the number density of the constituent atoms may vary in an arbitrary manner. 
This is done by expanding the distribution function in a series of derivatives of 
the Dirac delta function, the coefficients of which are the required moments. 
Ionization loss was not filpyed for, although provision was made for its inclusion 
at a later date. 

Messel and Green (1953, to be referred to as MG) have since developed a 
simpler and more powerful technique for obtaining the various moments. It 
involves taking a fourfold Fourier transform of the distribution function and 
then expanding it as a power series in the transformed variables, the coefficients 
giving the required moments. This technique has been used to solve the 
difficult problem of the radial spread of a mixed cascade, in which the soft 
component is continuously generated by the decay of mesons arising from the 
nucleon cascade. In this paper we apply this technique to the problem of an 
electron—photon cascade initiated by a single electron or photon, when energy 
loss due to ionization by electrons is accounted for. Provision is made for 
ionization loss by use of the Bhabha-Chakrabarty expansion (Bhabha and 
Chakrabarty 1943, 1948). Expressions are given for the functions required to 
calculate all the angular and radial moments using the first term only of this 


. 
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expansion. ‘The necessary functions for the second and further terms can be 
written down from our recursion formula (27), but they are too lengthy to be 
worth including in this paper. 

We have given numerical values for the second radial moment for a uniform 
medium and the second angular moment, both in approximation A, for a cascade 
initiated by an electron. ‘They are given in graphical form in figures 1 and 2. 
The higher moments and the ionization correction terms will be calculated on 
an electronic computer in the near future. 
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energy greater than E Mev in a 
shower initiated by an electron of 
energy E, where @ is measured in 
radians. ‘These curves are valid 
for all media. ‘The broken curve 
gives the values of E*{ 6?) at the 
shower maximum for different 
values of Ey)/E. The arrows 
indicate the value obtained for the 
shower maximum by Roberg and 
Nordheim. 


mation A for electrons of energy 
greater than E Mev in a shower 
initiated by an electron of energy 
E), where r is measured in cascade 
units. ‘These curves are valid for 
all media of constant density. The 
broken curve gives the values of 
Ev/r? at the shower maximum for 
different values of E,/E. The 
arrows indicate the value obtained 
for the shower maximum by 
Roberg and Nordheim. 


§ 2. THE TRANSFORMED DIFFUSION EQUATION 


is given by Green and Messel (1952): 


The fundamental equation for the angular-radial distribution function f@ 


1 0 0 
—_|-=— _— (i) (4) ; (i) 
7(2) f 55 +t =| (E, t, v, 2) + [a +08, 1 f(E, t, vr, 2) 


re] (i) ae 5 E ' / 0 h i f ge 
Pop oiat |, [ot (Ge) feb) +09 (1 Fe) (96 %.1] Fe 


EH 


+ | @, |e’ —t|)fO(E,t, r, 2) 


dt’ 
Qn 


te ies (ly 
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The vector t is of length tan 0, where 6 is the angle between the direction of 
motion of the shower particle and that of the primary initiating particle. We 
shall assume that ¢ can be taken as equal to 6. This is equivalent to assuming 
that the lateral spread of the shower has no effect on its longitudinal development, 
an assumption that has been implicitly made in all previous work on the 
longitudinal development of a shower. 

We now apply the fourfold Fourier transform 


2(E, 1, k, 2) = (20)? | dt | dr exp {i[1.t—k.r]} f(E,t, r, 2) .-...- (2) 


to the diffusion equation (1) and obtain (see MG) 


a dg 
g () 0) 
- a3 - Sk 5 | 9B) + 0f9(E) = BEB, 


+ ie [ we9 (= 7 gE") + w (1- a OEY, i de 


+ > w P(r 2-4 E- (8, ky 2), g ee (3) 


Now our original distribution function f(E, t, r, z) is actually a function 
only of E, t, r, z (or g) and the angle between t and r. Consequently the trans- 
formed function g is a function of EF, J, k, g and the angle between land k. Let 
J, and J, be the components of | parallel and perpendicular respectively to k. 
Then gE, 1, k, z)=gE, h, 1, k, q) and k .0/01=k 0/0l,, We can now expand 
the transformed distribution function in a series of powers of the transformed 
variables. Let 


gO => paz AB Gh ee ee (4) 


Substituting the expansion (4) into the diffusion equation (3) and equating 
powers of /, and k gives the following differential recursion equation 


a Al 
aq ou B »Q)— ate b= (E )+ ae (FE) = eo Bee, U(E)6 a1 


va Ge PE ‘ : E Are dE’ 
+[ [w on P(e) +0 (1-5) 9638, |S 
+ Der(A 0, LD treshol) 


in which >” signifies summation from, = 1 to a/2 if ais even, or (a—1)/2 if ais odd. 
The integral over E’ is now eliminated in the usual way (acess 1950) by taking 
the Mellin transform 


i RT LN 
mito = | (=) gO(E, q)dB ere: 
which gives us 
0 a i pea F ; Hy 3= il 
5g ail 4 q)— BOK (0) + DO(o)h&(0) = a Tw them ~1(2) 


eae 


Br, Pel = UB + DQ! Welw) — 4g?) ey Sh, (2 = 278, 1 


| 
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The connection between the coefficients h(°,(v, g) and the moments of the 
original distribution function can now be established (see MG). We have defined 


¥ oo E\v-1 r 
hv, L, lp, by @) = | dE (=) (2ny2 | dt | dr exp i[l.t—k. r]fE, t, r, 2). 
E 0 
SSN PAVE yt 2 (8) 
Therefore h(1, =0, 1,=0)= > h(v, g)k? 
b=0 
ioe) E v1 - 
= | dE (=) (2m)-2 | dt | dr exp [—ik . r] fo(E, t, r, 2) 
E 0 
a) co EN\e1 ; 
= 5 (arrestee [ae (a) FE) eee (9) 
n=0 E 0 


where f,3,, is the 2nth radial moment of the distribution function. We therefore 
have 
. V9 +1400 E\? ‘ 
ASAE, 2) =(—4)Mn8RniBy |” (FE) le, gydo «a+ (10) 


with an exactly analogous expression for the 2mth angular moment /,\”,(£, q), 
obtained by putting /,=0, k=0 in (8). 


.§3. IonizaTION Loss 


Equations (7) and (10) are all that is needed to solve for the various moments 
if we are willing to neglect the effect of the ionization term B. In order to allow 
for the effect of ionization we first expand the coefficients h{",,(v, q) in a power 
series in f/E, and then transform this series to the Bhabha—Chakrabarty 
expansion. ‘The full details of this method can be found in a paper by Messel 
(1951). Expand 


AE, D= D hese, 6% (- i) Cee (11) 
n=0 0 


Inserting this expansion into (7) and equating the powers of B/E, gives 


(5S Nie ; : : 
= Mena, (Ps Q) — BO(O)R nya (2) DO(w)eensa, 2) 


og 
1S ae ; 
= 7) Hea, pe) tO I)hi?_ 1a, eo 1)8;4 
+>’ w,(r!)-*( —4.E 52) hina or, (U—27)8, 3. we eee (12) 


Equation (10) now expands to 


: : [o'e) Vy +1 00 E 7) poet m : 
foEs a) =(— 4a" rdB a)? > |” (FB) (Ge) Wl ane a) do 


m=0 
or 


‘ : © (umtin /f \v-1 /— 6\m ; dv 
FE d= (—4 ren yreiy? > [BBY (FEY He les ) 5 
Vy—io 0 


m=0 


where Foon LE; q) = f foven(s q) dE. 
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This series is then transformed into the following rapidly convergent series : 


FQ, = (—4"O)? D FewSlan(BsQ) vee (14a) 
and 

FLO (E, g) =(—4)"(a!)? ps Fonjon, (Ey Q) serve (146) 

where es vot+m—1 

; 1 seotio (fh \ v1 
Fine,( Ey 1) = rl. ne (3) Eeswonl 
d 
eal = “ ar CA) ere EE (15a) 
Poles =F (I pes hale DUEACe, QPln— wT 

Ee lh AEE SOY ah TR (158) 


Pave, o(@ 7) =0 

“io, gx FO hafaleug) 9 aS (15¢) 

oh% O= PotD has 4)” 
We SECA that for most energy ranges and depths of physical interest the 
first term F()\) , or at most the first and third terms, F()+ F, will be sufficient, 
and so we include in this paper only those solutions necessary to calculate the 
various moments from the first term only, although solutions for the higher 
terms can be written down quite simply from our recursion formula (27). 


§ 4. SOLUTION OF THE EQUATION 


We must solve the differential recursion equation (12) for the coefficients 
h,,S? ,(2, 7), which can then be inserted in eqns (14) and (15) to give the various 
radial and angular moments. Now 

hg? (v, Q)= GPG (v) exp[—gao(r)] esses (16) 
is the solution of (12) with the right-hand side omitted, and has the boundary value 
A (v, q=0) =5,,. (For definitions of G%"(v) and a,(v) see Green and Messel 


I;t 


1952.) Writing Q,,\)) ,(v, q) for the right-hand side of (12), the general solution is 


HS 2, N=MF CD, Dhol vs 9=0) + | HG, g— DOB, Hat. ......(17) 
0 
In the case of a single incident particle of type « and energy Ey we have 
hu, (ig =0)=0; ndacln ee aan ees (17 a) 


j,a~n,0 
We then obtain the following solutions for the oe numbers and second 
moments with ionization loss: 


. hose, o(2, q) = G% exp l= qao(v)] sete (18) 
has o(® 9) =(v— 1)G%?(2)G%P(w — 1) exp [— qap,(v)] 
“a 
x dq exp[q{a(v)—a,(v—1)}] (19) 


wW 


— G%(v~) G%(v — 2) exp [— gag (v)] 
4B? 1 2 nN 


hos, o(% 9) = — 


rg 
x | ; dq exp [q{a_(v)—a(v—2)}] sss (20) 
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h Soe, @)= ~ (© 3) gots G"()G%"0-2)G%.0—3) exp [—4a(0)] 
q q 
x ih dq exp [9{a,(v) — a,(v—2)}] if dq exp [q{a,(v — 2) — a,,(v—3)}] 


G,°(0)G%P(@— 1)E%,9(0— 3) exp [- gaa(2)] 


= Coat 


+E. . 
x I. dq exp [q{a(v) — a,(v—1)}] I dq exp [q{a,(v— 1) —a,(v—3)}] 
Ae ree (21) 
holes ) = — apts OHMIC MC—2) exp [—gay(o)] |" A [AE 


: ‘s Wiper teal as (= 2)" Wey ats Mie Same ely meee (22) 


ha Sales 9) = — (2-3) gyre C40) CUP(@—2)G%.(0— 3) exp [~ 944 (0)] 


4 dq (% dq 
x = ae) [ GLP [q{@o,(v) — a,(v—2)}] 


x [ dq exp [q{a»,(v—2) — a, (v—3)}] 


= (© 1) Fes O%4(@)G%P(— 1%" 3) exp [~ 9400) 


2E 
q d qd 

‘ oT 5), da ex? (alaa(e)—an(o— 1) ’ 

1 dg ad 
+f ze dq exp [9{4o(v) — a,(v— 1)}] I va) 

P r¢ dq [% dq 
+ | dy exp [4140,(2) — a,(v— 1)}] Jog (2) sherri 
? | 49 exp [g{ao(o—1)—ay(v—3)j nes (23) 


The curves in figures 1 and 2 were calculated by us from eqns (18), (20), (22) 
and (136) with m=0, and so apply only to the high-energy region, where 
ionization loss can be neglected. ‘The complex integration was carried out by 
the method of steepest descepts. 


§ 5. "THE GENERAL 2nth MOMENTS 


The solution of (12) can be obtained rather more elegantly by throwing it 
into a matrix form. ‘This also enables us to write down expressions for the 
general angular and radial moments, which would be too cumbersome to handle 
in the superfix notation. We shall use the following matrices : 


D® v) — Bx) hos n)a, b 
B(v) = ee ) D® | Fane, of 4 = Lh cc 
10 1 0 
ol OS 2) 
AS E ‘ ss la “ " 


(1,1) (2, 1) 
S,(v) = Ex Ge | . 
Ge 6 G 6 
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Then a,(v) and a,(v) are the eigenvalues of B(v) and 
G,(v) = [B(v) — a3_(v)E]{a(v)—a@3_o(v)} 7. we eee (24) 


We shall also use the following matrix operators: 
i 1 
J(v) = exp {- B(w)q} i: dq exp {B(v)q};_ K(v) =J(z) 7 ; 


The solutions we shall obtain in matrix form can be converted back to the 
G$) form by application of Sylvester’s theorem (Frazer et al. 1938), which 


reduces in this instance to 


f{B(v)}=G,(v)f{a(v)} = nena (25 a) 
G, (v)G,,(v) = ees 2)" See ee (25 b) 
Converted to matrix form, eqn er now becomes 
0 +1 
i H(n)a, o(% Q) + B(z) Haya, o(0) = We H¢,)a+1, --1(2) 
ah (v i. 1)R Ho. l)a, (v re 1) a ya a r (71) eal aay 4E”)- "R A a=er, (v a 2r). 


The solution of this equation is 
Hina, o(% 9) =(@+ 1) K(e) Heayas1, oa(%) + (2 — 1)S(@)R A150, (2 — 1) 
a0 Pas w,(r Yet = 4E,?) "3 (v)R A ar o(v a 2r) + exp = B(v)q| H.,,)a, (2, q= 0) ° 


By an iteration process it is possible to obtain from this equation expressions for 
all angular and radial moments and for all the terms in the Bhabha—Chakrabarty 
expansion. We here give the expressions needed to calculate all moments using 


the first term only of the expansion. 


Hoo, o(2, 9) =exp [— B(v)q]S teteee (28) 
Hao, o(@% 9) =(2— 1)S(w~)RHo,(e—-1,9) sees (29) 
2\—n Way —2at 
Ho2n,0(2 9) =(— 4£p”) Da ” | ate J(v)RI, ~ i Ho, 0(@ 4) 

ee sy nt (30) 

Hiren =(— 482)" & > {Tt [A] Tl pRI;**I(0— 1) 

: p(n) m=0 V=1 

x J(v)RE >? as [apr Ho, o(%; q) Pane (31) 


G-NI-Cj_y 


b-=0 


2n 2n 
Hoo, 2n(2, 9) =(— 4,7)” us [ ] II (j—2C;) 
J j=1 


[3 [A [Spoon J} 


x Kot) lon. o(@-¢)i th sa 1 ee ee ee (32) 
n+1 i(7- Si Cj _ 1 . i 2n+1 
Hal )=(— 461)" te i (j-2c,) 1 
j= bj =( m= au i j=m+2 
m+1 
x(7-2C;-1) I] | > II E a = H(e)R1 | | Ke) | K-1(v)(v — 1) 
j=1 P(d;) {=1 aya 


x J(v)RL Hin | > i Fe i.  HCe)RI | | Ke) | K-1(v) 


j=m4+2LP (bj) 


x H 0,0, o(®, Q) 0 ee (33) 
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k 
where > means sum over all different partitions of 2, > a@=n, aol, |,,4\is 
p(n) f=1 
the operator defined by 1, ‘fw=fKv—a)l,"; [37] means the integral part 


. . . . . J - 
of $j, i.e. either $j or (7—1)/2; C,= > B; in (32) Cr.44=03 in (33) Copsa=- 
& 


§ 6. AsympToTIc VALUES OF THE MOMENTS AND THE RECONSTRUCTION OF THE 
DISTRIBUTION FUNCTIONS 


As Messel and Green (1952) and Green and Messel (1953) have shown, it is 
possible to reconstruct the angular and radial distribution functions, if given the 
numerical values of the first few moments and the asymptotic behaviour of the 
2nth moment. From eqns (30) and (32) we can easily show that the 2vth angular 
moment increases asymptotically as (m!)? or n?” and the 2th radial moment as 
(n!)?(2n)! or n*”. If we define QO (E, t, q)tdt to be the angular distribution 
function and R(E, 7, q)rdr the radial function so that 


QO(E#, t, g)=(27)-! | arf(E, t, vr, 
q 


ROE, 7, q) =(2ny | atf(E, t, r, 9) 

then we have 

OO(E, t, q)=w%E, gq; t) exp [— (EF, q) - t] 

RYE, 1, 2) = YE, 93 7) exp [— 10 %CE, 9) 71] 
where w(E, q; t) and rE, q; r) are polynomials in ¢? and 7? respectively, in 
which the coefficient of t?* (or 72°) depends on the values of all the moments up 
to the 2sth. If the numerical values of all moments up to the 2vth are available 
the procedure is to find all the coefficients up to the (n—1)th and then calculate 
w, (or r4) to give the 2nth moment correctly. As we have only calculated, 
so far, the second moments it is impossible to make any estimate of the number 
of moments required to give a fair approximation to the actual distribution 
functions. 

If, however, in addition to the above information, we know the true behaviour 
of the distribution functions near the origin (small or ¢) then the functions may be 
approximated to great accuracy by use of only one or two moments and the 
asymptotic value of the higher moments. 


§ 7. DISCUSSION 

We have given in this paper a simple method for obtaining all the angular 
and radial moments exactly and the distribution functions themselves to any 
required degree of accuracy for all depths of penetration for an electron—photon 
shower in which energy losses due to ionization are taken into account im any 
medium. Our technique is mathematically simpler than those used by others 
(for instance Eyges and Fernbach 1951, Roberg and Nordheim 1949) to obtain 
much less information, usually the so-called track length distribution, which 
is the lateral distribution integrated over the entire length of the shower. 

In figure 1 we have plotted the mean square angular spread <6?) for an 
electron producing electrons [(6?) = Fs,9/Fo,o] multiplied by the square of the 
energy E in Mev, against log,)(E)/E) for various values of the depth, measured 


PROC. PHYS. SOC. LXVII, 2——A IZ 


166 B. A. Chartres and H. Messel 


in cascade units. It will be remembered that the angular spread is independent 
of the number density distribution of the medium concerned, hence the results 
are valid for all media. We have also plotted on the same figure the curve for 
the angular spread at the shower maximum. It will be noted that this curve 
is not independent of primary energy as assumed by previous authors: for 
instance we have also included the point given by Roberg and Nordheim (1949) ; 
this value is only approximately valid for log,,(Z)/Z) >6. ‘The behaviour of the 
curves for various depths is that which would be expected from straightforward 
qualitative reasoning; the mean square spread increasing with increasing depth 
and decreasing E,/E. It may easily be shown that each curve cuts the £?<6?) 
axis at the point w,g, and hence the curves do not pass through a maximum. 

In figure 2 we have plotted the curves for the root mean square radial spread 
multiplied by the energy EZ, for electrons producing electrons in a medium of 
constant density, against log,)(Z)/Z) for various values of the depth variable. 
E4/r? is measured in Mev cascade units and is defined by 24/7? = E( Fy 9/ Fo, o)"?- 
Here again the value of £/7? increases with increasing depth and decreasing 
value of E,/E. For E- E, the curves approach the value 12-1g'°. The behaviour 
of the curves for media of constant density is very different from that found for 
the case of variable density (see Green and Messel 1952). We have also plotted 
the curve for E4/r? at the shower maximum and given the point found by Roberg 
and Nordheim. It appears, assuming that our work is correct, that even in this 
limited case these authors were in considerable error. 
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Studies in Intermediate Coupling—II: Radiative Transitions in Light 
Nuclei 
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Abstract. Formulae are presented for the matrix elements of the various types 
of radiative transitions of low multipolarity that are frequently met in light 
nuclei. ‘These formulae are derived on the basis on the nuclear shell-model. 
First of all, extreme L—S coupling and extreme j-j coupling are considered with 
a view to seeing if either can give an adequate account of the experimental data. 
It is found, in fact, that neither extreme mode of coupling can do this, but that 
an intermediate coupling probably could. As an example, the radiative 
transitions in #3N are studied in detail in intermediate coupling and are found 
to give considerable support to this contention. 


§ 1. INTRODUCTION 


EISSKOPF (1951) has given expressions for the matrix elements of 

radiative transitions in nuclei. ‘These expressions assume that only 

one particular nucleon in a nucleus is responsible for a transition, and 
the presence of the other particles is ignored. This drastic assumption has the 
consequence that all the matrix elements of transitions of a given multipole 
character are predicted to be constant for all nuclei, except for some slight 
dependence upon the size of the nucleus. Wilkinson (1953 a) has examined the 
experimental data on E1 and M1 transitions in light elements and has tabulated 
values of (27 +1)|M/|?, where J is the spin of the emitting state and ||? is the 
ratio of the experimental to the single-particle radiative width. ‘The variation 
in the values for E1 transitions is by about a factor of six and, for M1 transitions, 
about a hundred. Kinsey (1953) has reached similar conclusions from a study 
of medium nuclei. 

Even accepting that the El transitions are in reasonable accord with the 
single-particle model, the M1 transitions clearly are not. Furthermore there 
are suspected E1 transitions in light elements whose matrix elements would 
increase the spread of values in the Wilkinson tabulation considerably. 

From the theoretical point of view, some cases of severe disagreement of the 
single-particle model with experiment are to be expected. ‘The nuclear 
shell-model in its correct form does not allow one, in general, to isolate a 
particular particle in a nucleus for the purpose of explaining certain effects. 
The wave functions of states containing ‘equivalent’ particles (particles in the 
same shell) must be correctly constructed according to the Pauli principle, and 
no one particle can be given any special significance. ‘These considerations 
apply, a fortiori, to other nuclear models which assume a more strongly coupled 
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motion of the nucleons. Such a point of view has already been adopted by 
Flowers (1952) and Umezawa (1952) in their analysis of the magnetic moments 
of nuclei. They show that the discrepancies between the observed values and 
those predicted by the single-particle (Schmidt) model can often be reduced by 
taking account of all nucleons present. 

The single-particle model may serve as a convenient standard for comparing 
experimental data but, because of its oversimplified nature, it cannot be used 
as a true test of the shell-model. On the other hand, a shell-model taking all 
nucleons into account (the ‘individual particle model’) can provide such a test, 
and also make possible conclusions about the mode of coupling (L—S, j-j or 
intermediate) existing in nuclei. Only in special circumstances, such as those 
of a single hole or single particle outside a closed shell, can the single particle 
model be expected to give a true picture of a nucleus. 

The present paper describes how the single-particle predictions for radiative 
transitions must be corrected according to the ideas of the individual particle 
model. In the following section we present formulae for the matrix elements 
of El, M1 and E2 transitions in L—S and in jj coupling. These are the only 
types of transition that one is likely to find frequently in light nuclei. The next 
section contains an analysis of experimentally observed transitions in the light 
of the formulae. Finally the situation of intermediate coupling is examined in 
the specific cases of the El and M1 transitions in #N. 


§ 2. Matrix ELEMENTS FOR RADIATIVE TRANSITIONS IN THE 
INDIVIDUAL PaRTICLE MODEL 


We can express the radiative width for a transition of multipolarity k as 
follows (Weisskopf 1951) 


8n(k+1) /E 
R[(2k +1)! 1 & 
where/J/, J’ are the spins of the initial and final states, M, M’ are the corresponding 
magnetic quantum numbers, H,\" is the electromagnetic interaction operator 
of multipolarity k inducing change g in the magnetic quantum numbers between 
the initial and final states. ‘The summation is over g, M(=M’+q) being fixed 
(the value of I’, does not depend on M). FE is the energy change in the transition 
and h, c have their usual meaning. 

Simple relations exist between the various matrix elements of tensor 
operators such as H,\”: 


: () J I (k) |? 
See = EMO § (yr || HOT...) 
qM’M OMM 

In this equation, the denominators are Wigner coefficients and ¢J || H™||J’) is 
a ‘reduced matrix element’ into which a normalizing factor (2J +1)! that 
occurs in the usual definition (Racah 1943) is incorporated for convenience. 
The reduced matrix elements do not depend upon magnetic quantum numbers, 
and the summation over q in (1) can be reduced simply to |¢J||H™||J’) |?. 
We shall now evaluate the reduced matrix elements for various types of transition 
assuming a shell model. 

In general we shall be dealing with states involving equivalent particles 
znd so, as already mentioned, we cannot resort to a single-particle model. In 


2h41 
T,= ) UM HO| MP. ane (1) 
q 
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order to evaluate the matrix elements in such cases we use the theory of 
fractional parentage of nuclear states, introduced by Racah (1943) and developed 
for L—S coupling by Jahn and van Wieringen (1951), and for j-j coupling by 
Flowers and Edmonds (1952). We shall not give details of the algebra 
encountered in finding expressions for the matrix elements because this is of 
the usual type used in the manipulation of Wigner and Racah coefficients. 

The operator H,\” is a ‘single-particle operator’ in the sense that it is a sum 
of terms, ,H,,;\ each of which operates on one nucleon, 7, only. (An immediate 
consequence of this is the general selection rule that all radiative transitions are 
strictly forbidden between two states differing in configuration by more than 
one particle.) By far the most common type of transition that is met in practice 
in light elements can be written in L—S coupling as 


eS ei cS) Le) (3a) 


i.e. a nucleon in the 1, orbit goes into the /, orbit in the presence of n—1 
equivalent nucleons in the / orbit. As special cases, any two of J, 4, 1, may be 
equal, or even all three. 7, S, L denote the total isotopic spin, ordinary spin 
and orbital angular momentum of the emitting state, and « denotes any other 
quantum numbers needed to specify the state. ‘The dash denotes corresponding 
quantities for the final state. 

Corresponding to (3a) in j-j coupling we have: 


rT GEST PCOS Ot eaten (35) 


and the same remarks apply except that now, of course, we speak about different 
j-orbits /, jo, J, instead of /-orbits. 

We can divide all the operators with which we shall be dealing into ‘space’ 
and ‘spin’ operators. The first type only operates on the space variables and so, 
for instance, cannot alter the total ordinary spin S in L—S coupling. The 
second type cannot alter the total orbital angular momentum L and so, in 
L-S coupling, each of the two types has special selection rules. ‘This means 
that certain transitions that are allowed in j7-j coupling will be forbidden in 
L-S coupling. On the other hand there are other transitions, allowed in L—S 
coupling, that are forbidden in j-7 coupling due to the previously mentioned 
selection rule forbidding transitions between two states differing in configuration 
by more than one particle (a situation more likely to arise in j-j coupling because 
two particles in the same orbit—-equivalent in L—S coupling—may have different 
j-values and so be inequivalent in j-j coupling). It is clear that matrix elements 
in general will be very sensitive to the predominant mode of coupling in nuclei. 

Using the theory of fractional parentage, we can express the matrix elements 
as a sum over all parent states p=(«,7\,S,,L,) of "4. For space operators in 
L-S coupling, the reduced matrix elements in (2) are: 


(J(LS) || H(space) |]-J'(L'S’)) 
= S55 —)*n[D, U(RLLL,, bL')URL'TS, LI’) (a |e) (ep |e’ (2820 — Tp) 
bial (space) ||ii) 92-8 v- (4) 

ix) is written for the full fractional parentage coefficients 


(IU, T SL lo |}d"-Mo(aTSL)) 


pe DP 
the values of which are discussed in the next section. The <4 || H(space) ||/,) 


where (a, 


170 A. M. Lane and L. A. Radicati 


are reduced matrix elements, as defined in eqn (2), for the spatial motion of a 
single particle 7. The quantities U are related to Racah functions by 
U(abed, ef) = {(2e + 1)(2f + 1)}"?W(abcd, ef). 

The radiative effects of spatial motion that we are considering can only arise 
from charged particles (protons), and so the spatial operator contains a factor 
11.) for each nucleon, ¢, having eigenvalues + } for neutrons, —+ for protons. 
This gives rise to the factor we have written (8.7 —7,) in eqn (4), 7, beme 
defined as: 


Hb 2 2 el Gh wots ge “ty 27, —-T—T’ a/3 ab LP NOL SG 
TF y= = Culp mM Culp mir m,=(—) . D UA3TT,, aT Comp 5 
t 
The reduced matrix elements of spin operators in L—S coupling can be 


written : 
(J(LS) || H(spin) [|J"(L'S’)) 
=87,( —)Pr7 7 tS Sn[d, U(RS' SL, SI’) U(RSSS,, 6S") Co [ord (ap [Fa 
x {(282r —F y)<s LH, (spin) |]s) + (2800 +7 »)<s || Hn (spin) || 5}. (3) 
where the <s || H,(spin) ||s) are reduced matrix elements for the spin s(=4), 
of a single particle 7 (¢=p for proton, =n for neutron). 
In j-¥ coupling the space and spin operators give respectively : 
CI(j" Jo) |] HO (space) |[1"(7"" 1) 

=(— PPO ond, UR IT pJoF VU (RL Fo8; lod) %p Lie) 

Cay Jor’ A800 — Fy) Clo |HOMspace) Ib) eee (6) 
CFF" Jo) |] A(spin) |]7"G" A)? 

a d7,1,( rh, PH nd, URS Sp Jot’) U(Rsj14, SJo) (%p | }ox > {Xp [ }ox’ > 

es {(G8pr ak J) <s I| AY (spin) I|s> ate (30p7 “5 T*,) <s II AY, (spin) II s)}]- (7) 
In all formulae throughout the present work, the phase conventions of Racah 
(1943) are used. We shall now specify the single-particle operators H\) and 
evaluate the single-particle reduced matrix elements in the case of E1, E2 and M1 
transitions. 

For E1 and E2 transitions, the total operator consists of a spin and a space 
part. ‘The contribution of the former is very much less than the latter (unless 
the latter is forbidden for some reason) and will be ignored (Gell-Mann and 
Telegdi 1953). Since an E1 transition (k=1) leads to a change in parity and a 
change in orbital momentum of one unit, )=/,+1. An E2 transition (k=2) 


does not change parity, so /,=/, or 1,+2. The single particle (space) operator 
for these electric transitions is: 


HW (space) = er" Y G(0s6)) = (8) 
where Yj, is a normalized spherical harmonic, (7,0,¢) are radial coordinates 


and e is the unit of electric charge. 
For E1 radiation this means that (using eqn (2)): 


3 <¢1,0|r cos 6] 2,0) 
H® a 0 uh 
{1p I| (space) || L,) e Jz Cl ces fe Pamenea (9) 
and for E2 radiation: 


5 (10 |(3 cos? 6—1)r2|1,0) 
(Ip || H(space) || ,) =e io mee, 
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Both expressions depend upon the radial wave functions and so there is some 
uncertainty in their numerical evaluation depending upon the potential well we 
choose. 

For M1 transitions there is no change in parity and no particle can change 
its orbit, so 4)=1,. The operators for M1 transitions are: 


3\"2 eh Gay Wale ef 
HiN(space)= (=) sayg lai HWpin)=(F) Segoe (1 


where g; is the gyromagnetic ratio (i= p for a proton, n for a neutron) in nuclear 
magnetons e/i/2 Mc, and s,, is the spin component operator with eigenvalues + }. 
One can now show that, for M1 transitions (space) : 


ena /-3 Ni 
(ls |I%(space) 6) =~ felo+ DP x70 (Fe) eee (12) 
and for M1 transitions (spin): 
: Vo eh (ONE 
<s || H®spin) ||s) = — 2 & IME Ties a, 8 otroned (13) 


Unlike the corresponding expressions for the El and E2 transitions, these 
quantities do not depend upon the radial wave functions and so there is no 
uncertainty in their numerical values from this source. 

Finally, having expressed the matrix elements for general transitions in 
terms of these for single particles, we draw attention to the several sum-rules 
that can be formulated for the squares of matrix elements of transitions between 
two configurations involving several particles. ‘They are too numerous and of 
insufficient practical consequence to give here. They are easily derived from 
the orthonormality properties of the Racah and fractional parentage coefficients 
and are closely related to the sum rules of atomic spectroscopy (Condon and 
Shortley 1951). It suffices to mention that the sums can be considered as upper 
limits to the matrix elements of particular transitions. 


§ 3. COMPARISON WITH EXPERIMENTAL Data IN LicuT NUCLEI 


Before we can compare the predictions from our formulae with experiment 
we must discuss the values to be used for the fractional parentage coefficients 
<a, |}%) in eqns (4)-(7) and the values to be used for the radial integrals in 
(9) and (10). 

For states consisting of m equivalent particles only, the fractional parentage 
coefficients in extreme L—S or extreme j-j coupling do not depend on the 
detailed nature of the nuclear forces and can be given explicit numerical values 
(for L—S coupling see Jahn and van Wieringen (1951); forj-j coupling see Flowers 
and Edmonds (1952)). For states consisting of »—1 equivalent particles and 
one odd particle, however, the coefficients will generally depend upon the 
nuclear forces and, in particular, upon the ratio of the interaction matrix elements 
between particles in different orbits to those between particles in the same orbit. 
If this ratio is small then, to each state of the mixed configuration /""', we can 
assign a unique parent state p of J"! and then, according to the normalization 
implied by the factor n in eqns (4)-(7), the fractional parentage coefficient for 
this parent is m4, and all other coefficients are zero. ‘There is a certain amount 
of evidence that this approximation is a good one in light nuclei. ‘This is perhaps 
surprising in view of the fact that it is long-range forces that tend to make 
inter-orbit interactions weak, whereas nuclear forces are short-range ones and 
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so there is no strong theoretical justification for assuming that particles in 
different orbits interact much less strongly than those in the same orbit. There 
are cases, however, where the low-lying states of the parent nucleus belonging 
to /”"1 are widely spaced and the inter-orbit interaction may not be strong enough 
to mix these states. One of the best examples of this is the #C nucleus in its 
ground state which is the parent state of the first excited states in #C and #N. 
The latter states have the configuration 1p*2s! and unpublished calculations by 
one of us (Lane) show that all the features of these states (reduced width, coulomb 
shift, etc.) are consistent with the assumption that the #C ‘core’ is in its ground 
state and almost undisturbed by the presence of the 2 particle, which ‘sees’ 
it as a simple potential well. This would seem to be due to the fact that the 
first excited state that could be an alternative parent state is at a high excitation 
of 7-68 Mev. (It is interesting that there appears to be another state of 1p*2s? 
in 8C at 7-75 Mev, and this may have this 7-68 Mev state in 1#C as its parent.) 
We shall thus tentatively make the approximation that each state of /”-1/, has a 
unique parent state of /”-1, with a corresponding value of the fractional parentage 
coefficient of m4”. The corresponding approximation for the j-j configurations 
Ps/2"P12 has been discussed by Inglis (1953). 

The values of the radial integrals in (9) and (10) can only be estimated after 
assuming some kind of potential well for the single particle wave functions. 
In order to make such an estimate we first consider the first excited state of #°N. 
As explained above, one can fit all the observed data on this state by assuming 
that the odd 2s-proton moves in a square well with a certain depth and radius. 
Using this well to estimate the single-particle radial integrals, we find for the 
most commonly met cases of E1 and E2 transitions: 


2s, 0 s@\1 50) r 
Oe =— | Po(1)Tp1)(7) dr = 1-80 x 10-8 cm | 
0 
{1d,0|7 cos 0| 1p, 0) par 
ee = g | tra(7)rb4,(7) dr =2-0 x 10-38 Age 
Cp.) east 01) 19,0) _ 


C211 
000 


Ones 
oi 3 | oi p(r)r? dr = — 1:15 x 10-25 cm? | 


‘These numerical values may be sensitive to the choice of well, especially the 
first case in which the value depends on a difference of positive and negative 
contributions to the radial integral. In order to check the dependence on well 
shape, the matrix elements were recalculated using a harmonic oscillator well. 
It was found that all values agreed with those of (14) to within 15°. For other 
nuclei near A=13 one expects that the values for the integrals are not very 
different from (14)—perhaps the error may be as large as a factor of 30%. 

In tables 1, 2 and 3 are given lists of the observed E1, M1 and E2 transitions in 
nuclei of the 1p shell (A =5 to 16). The first seven columns give the emitting and 
final states with their believed spins, parities and isotopic spins. The next column 
gives the observed radiation width, and the following one gives a dimensionless 
quantity containing the square of the reduced matrix element extracted from the 
observed radiation width. For E1 and E2 transitions this quantity is ; 
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ie. the ratio of the squares of the observed to the theoretical single-particle 
reduced matrix elements. The (exact) equations used in deriving values of these 


quantities are : 


Dev) APA : for E1 transitions 
l 
0-25 x E3(Mev) x Sap eos ea) S105]. = - <i oog Son (15) 
C000 
A= | 
ap 3 cos® O=1)| 10) , for E2 transitions 
8-08 x 10-6 x E5(Mev) x M00 |G coe NE? 05 (16) 
l Coos 
where we insert the values given in (14). For M1 transitions, we list 
| Op 
(eh/2 Mc)(3/47)}!? 
which can be extracted from the observed widths by : 
A ney) (17) 
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The final columns contain the suspected characters of the states involved in the 
transitions in L—S and j-j coupling, and the predicted values for the above dimen- 
sionless quantities in the two cases. Many of the characters stated are tentative, 
in which case we often give two or more alternatives. . In these columns and 
throughout the tables, an asterisk means that there is no definite evidence for, or 
there is some dispute about, the assignment. We have attempted to give only 
transitions between levels whose spins have not been assigned from data on 
radiative transitions, but from independent evidence. The previously mentioned 
compilation of Wilkinson(1953 a) has been widely used with certain exclusions (the 
transitions in “B, for example, about the character of which there is some doubt 
in the light of recent parity assignments from deuteron stripping (Parkinson 1953)) 
and with certain additions (transitions in *C—from spin assignments suggested 
by A. P. French (1953, private communication)). 

One of the striking features of the last columns containing the predictions of 
L-S and j-j coupling is the large variation of the various values given. Apart from 
the zero values for forbidden transitions, the ‘allowed’ transitions exhibit values 
of the squares of the reduced matrix elements from some larger than the single- 
particle ones to others much less (sometimes by a factor of a hundred or more). 
Theoretically, within the scope of the sum-rules, such large variations are to be 
expected. If groups of particles in a shell move in phase then the matrix elements 
will be large. On the other hand considerable reductions can be caused by the 
fractional parentage coefficients or the Racah coefficients being small (or, in physical 
terms, by the need in some transitions for a severe recoupling of the spins of the 
nucleons and the orbital momenta). 

When we compare the observed matrix element in the tables with the predicted 
ones we find very little basis for believing that one extreme mode of coupling or the 
other predominates in the nuclei concerned. On the other hand there is a 
correlation between the observed values and the pairs of predicted values, which 
indicates that an intermediate coupling model may be more successful. One 
cannot say more than this without examining specific cases in the light of intermedi- 
ate coupling. It is important to realize that the predictions from the two extremes 
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do not impose limits on the values from intermediate coupling (cf. figure 2 in the next 
section). 

In all but one case, the E2 transitions that are listed have not been observed 
experimentally. Although the experimental widths are not known, we include 
these in order to have some idea of the magnitudes expected for the reduced 
matrix elements of E2 transitions and especially to see if the transitions can, in 
some cases, be much stronger than single-particle ones. It can be seen from table 
3 that the shell-model can, in fact, predict such strong transitions, and so it is not 
necessary to use a surface oscillation model (Bohr and Mottelson 1953) to obtain 
this result. 

Finally we add some remarks about selection rules. If a transition is forbidden 
in both coupling extremes, then it will be very weak in intermediate coupling in 
general. If, on the other hand, the transition is only forbidden in one extreme 
coupling, it is quite unjustified to assume that the intermediate coupling matrix 
elements will necessarily be small (cf. figure 1 in the next section). Thus, if 
intermediate coupling is the true situation in nuclei, the selection rules peculiar to 
L-—S or j-j coupling are of little use. On the other hand the selection rule 
forbidding transitions between states differing in orbital configuration by more 
than one nucleon is still a ‘strict’ one. It is strict in so far as each state has a pure 
configuration. ‘This is an idealized situation and, in practice, there will be weak 
transitions between such pairs of states due to configuration mixing in the states. 
This fact could be useful in estimating ‘the purity’ of nuclear configurations. We 
do not know any definite examples of these transitions in light nuclei, but we 
might expect to find them in *Be, *C,1®O where (Inglis 1953) there are believed to 
be low levels, mainly of spins 0+,2+, arising from configurations other than p‘, 
p®, p’®. It may be significant that 'Titterton (1953) finds transitions from the 
17-63 (1 +) level in *Be that are much weaker than the well-known M1 transitions to 
the 2:9 (2+) and ground (0 +) states. 

Instances of the special isotopic spin selection rules on E1 transitions have been 
discussed by Wilkinson (1953b). ‘The only transitions in table 1 that are sup- 
pressed by this rule are those from the 5:11 (2—) state in 1B. This selection 
rule is not implied by eqns (4) and (6), which are not valid for transitions that 
the rule forbids. The shell-model, upon which (4) and (6) are based, obscures the 
centre-of-mass motion of the nucleus which is responsible for the selection rule. 
Taking account of this motion means that, for E1 transitions, the term 677 in 
(4) and (6) should be omitted. 


§ 4. "THE RADIATIVE TRANSITIONS IN N IN INTERMEDIATE COUPLING 


As an instance of an intermediate coupling calculation we consider the El and 

M1 transitions in 3N from the first (++) and second (3—) excited states respec- 
tively to the ground state (}—). The case of the M1 transition has already been 
discussed in a previous paper (Lane 1953, to be referred to as I), and in figure 1 we 
merely present the result, viz. the variation in the predicted value of A as the mode 
of coupling in the nucleus changes from L—S to j-j coupling. The abscissa is a 
modified intermediate coupling parameter y=a/(a+5K), which is more suitable 
for plotting than a/K itself (a/K being the ratio of the spin-orbit parameter to the 
exchange integral which is zero in L—S coupling, infinite inj—j coupling). Just as 

_ we have derived formulae for matrix elements in L—S and j-j coupling, so we can 
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do this in intermediate coupling. As always with intermediate coupling problems, 
however, the expressions are distinctly more cumbersome than their correspondents 
in LS andj-j coupling. We shall merely present here the intermediate coupling 
formula for the space part of the matrix element of the transition 1"~'%)>1" (Ah) 
of multipolarity &. This includes the most common type of E1 transition in 
light nuclei. ‘The formula is: 


Als 2J,+1)(2J’ + 1)(2l) + 1)) 12 
=(-yr Tn {Ce ee h|| ||) G80r —F >») 


eae INNL'S’ )(aT,S.L, |}! T'S’ 
xe plea Sp) ILS’ X28, L}o'T'S'L’) 


NL . , 
« (2 SY U0 Shay SUL I'S", LIU eI yigf YOCIT Ul kf) 


where it has been assumed that the /, nucleon is spin-orbit coupled (j value: jo) 
before being coupled to the ‘core’ nucleus (spin J,,), which is assumed to be 
undisturbed by the addition. 

(J, |[LySp), (J||L’S’) are the transformation coefficients for the parent (core) 
state J,, of /”-1 and for the final state J’ of /” in terms of the complete sets of L—S 
wave functions (see I). fis a dummy summation suffix taking the values /+ 4. 
We have assumed, in the light of the discussion in a previous section, that there is a 
unique parent stateJ,, of /”~1 in the state (/”"1/)), and so we have only one fractional 
parentage coefficient in our expression and no summation over parent states /,.. 


0-407- 
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Figure 1. The theoretical variation in A Figure 2. The theoretical variation in A 
for the M1 transition in }°N in inter- for the E1 transition in N in inter- 
mediate coupling. (Note. The curve mediate coupling. (Note. Ordinate 
given in figure 5 of paper I is incorrect values should be divided by 4.) 


and has been rectified here.) 


Making use of (18) we can construct figure 2 showing the variation in A for the | 
E1 transition in 13N as the mode of coupling is changed from one extreme to the | 
other. In figures 1 and 2 the horizontal lines represent the observed transition | 
strengths, assuming the radial integral in the latter case to be 1:80 x 10-8 cm. One | 
can see that both observed transitions can be explained in intermediate coupling | 


with y=0:50 or a/K=5. As has been shown in I, these values can also explain | 


| 
| 
| 
| 
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three other independent experimental data and so one has very strong evidence 
that the correct mode of coupling in the nuclear shell model is intermediate—at 
least for nuclei in the region of A =13. 

We should mention that it may be fortuitous that the observed value of the E1 
transition picks out a value of y so close to the others. This is because of the 
indefiniteness in the value of the single-particle radial integral. As mentioned, 
15° seems a reasonable estimate of this uncertainty in the case of 3N. Such an 
uncertainty does not limit the essential conclusions that we have drawn, but it does 
bring attention to the fact that E1 and E2 transitions are not so reliable in examining 
the shell-model as M1 transitions. A second reason why M1 transitions are 
preferable in this type of work is that, since they usually take place between states 
of the same equivalent particles /” we do not have to make assumptions about the 
magnitudes of the fractional parentage coefficients which are uniquely determined 
and tabulated for such states in L—S and j-j coupling. 


§ 5. CONCLUSIONS 


It has been customary in the past to restrict discussion of the shell-model to its 
prediction about the ‘ static’ features of nuclear levels such as the spins and magnetic 
moments. One of the main purposes of the present and previous (I) papers is to 
point out that the shell-model also makes predictions about what may be called the 
‘dynamical’ features of nuclei—the reduced widths and radiative transition 
probabilities. ‘The only practical difficulty that one meets is in assigning the 
characters of the energy levels in L—S or j-j coupling, the trouble being that the 
levels are often at a high excitation where levels are beginning to crowd together. 
With this reservation, one can say that comparison of the observed values of 
‘dynamical’ nuclear constants with theory can give just as crucial a test of the shell- 
model and its mode of coupling as the ‘static’ constants. 

A second purpose of the present paper is to demonstrate the shortcomings of 
the single-particle model in explaining radiative transitions. In the original 
paper presenting this model, Weisskopf (1951) remarked that this model can only 
be expected to provide very crude estimates of the radiation matrix elements. 
We have shown that the model can not only over-estimate matrix elements by a 
factor ten or more, but can also under-estimate them in certain cases. ‘These 
variations are especially marked for transitions involving equivalent particles near 
the middle of a shell. In general, one should be suspicious of assignments to the 
character of a transition from its radiation width alone without any independent 
evidence on the spins of the states involved. 

Finally, in investigating the observed radiation widths in light elements, we 
have shown that there is a strong suggestion for an intermediate coupling model of 
the (light) nucleus with a/K of the order of 5. Only one specific nucleus has been 
examined in detail in intermediate coupling and there is clearly much scope for 
further work in this field. 
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Isotope Shifts in the Atomic Spectrum of Calcium 


By ANNE PERY 
Clarendon Laboratory, Oxford 


Communicated by H. G. Kuhn; MS. received 13th October 1953 


Abstract. ‘The isotope shift in several spectral lines of “Ca and #8Ca has been 
measured. A triplet of the arc spectrum shows a specific mass effect a little 
larger than the normal mass effect and in the opposite direction. In the resonance 
line and a doublet of the spark spectrum the specific mass shift is very small and 
in the same direction as the normal shift. Comparison with analogous 
transitions in magnesium indicates that the specific mass effect shows a similar 
behaviour in both elements. 


$1. INTRODUCTION 
HE isotope shift in spectral lines of the lighter elements is caused mainly 
| by the difference in mass of their nuclei. In hydrogen-like atoms the 
term difference AT between isotopes of masses M, and M, is, according 
to both Bohr’s theory and wave mechanics, 
AM 


AT=m Po ees So ae (1) 
where m is the mass of the electron. 

In all other spectra the wave mechanical calculation of the mass effect is very 
difficult. Hughes and Eckart (1930) showed that if spin-orbit coupling is 
neglected the effect can be expressed as the sum of the normal (hydrogen-like) 
mass shift given by (1) and a ‘specific’ shift, and they calculated the latter for 
atoms with two and three electrons. ‘The theory was extended to many-electron 
atoms by Bartlett and Gibbons (1933) and by Vinti (1939), using Hartree wave 
functions to evaluate the integrals in the calculation of specific shifts. 
Discrepancies between theory and experiment can always be attributed to 
inaccuracies in the wave functions used, and at present it is these inaccuracies 
which limit the useful application of the theory. ‘The incomplete knowledge 
of the specific mass effect has proved to be a serious handicap in the study of 
the so-called ‘ volume effect’, which is connected with nuclear charge distribution ; 
Brix and Kopfermann (1951) and Foster (1951) have recently summarized the 
problem. 

The isotope shift in calcium should be almost entirely a mass effect, for one 
would expect the volume effect to contribute very little to the isotope shift in 
such a light element. This paper describes measurements of the shift between 
40Ca and 48Ca in the resonance line and a triplet of the arc spectrum and in a 
doublet of the spark spectrum. ‘This work was primarily undertaken to help 
in an investigation of the hyperfine structure of “Ca, and it is for this reason 
that the measurements were made on these particular lines and not extended 


further. 
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§2. EXPERIMENTAL METHOD 

Calcium has isotopes of mass numbers 40, 42, 43, 44 and 48. Since *°Ca 
forms 97% of natural calcium, no structure can be resolved without the use of 
enriched isotopes. For the purposes of this experiment the Atomic Energy 
Research Establishment at Harwell kindly provided about 3mg of heavily 
enriched 48Ca (whose natural abundance is about 0-18%). Even if this had 
been mixed with ordinary calcium, the large Doppler width of the spectral lines 
would have prevented the measuring of any shift in some cases. Hence the 
experiment was designed to compare the line from each isotope separately with 
a reference line from another element. 

The calcium spectrum was excited in a hollow-cathode discharge tube, 
which was a slightly modified form of that described by Kuhn and Woodgate 
(1951). The principal change was that the cathode piece was made of beryllium 
instead of aluminium. The calcium, in the form of a chloride solution, was 
spread around the inside of the cavity with considerable care, for the efficiency 
of this ‘smearing’ process appeared to have a large effect on the intensity of the 
spectral lines; in fact only about ?mg of the rare isotope was needed for the 
whole experiment. Currents of up to 30ma were used, with neon or krypton 
as the carrier gas, and the discharge was cooled in liquid oxygen. In these 
conditions the Doppler width was about 0-021 cm“? in the red lines and 0-034 cm 
in the violet. 

The high resolution instrument employed was a Fabry—Perot interferometer, 
in conjunction with a one-metre Littrow spectrograph. Most of the measure- 
ments were made with a 3cm spacer, although a smaller spacer was also used 
as a check. 

Intensity measurements showed that the sample of **Ca contained about 
25% of #°Ca, and the two isotopes were resolved in the arc resonance line 44227 
and in the spark doublet 43968, 3933. In a strongly exposed photograph the 
shift could be measured directly, though not very accurately, and this was the 
method used for the resonance line. For the other lines greater accuracy was 
achieved by photographing the fringes from each isotope separately and com- 
paring the ring diameters with those of a nearby line from another element. 
It is, of course, essential that the etalon remain steady for this comparison, so 
the reference line was photographed both before and after the calcium line, 
and any plate in which this comparison showed a shift of more than 1/40 order 
was rejected. Moreover, as the exposures for the two isotopes could not be 
taken on the same day, one must allow for the variations of the effective spacing 
of the etalon with differences in pressure and temperature. Such variations 
cause a relative shift of the calcium and reference lines which is proportional 
to their difference in wavelength. ‘The appropriate corrections are easily made 
and were in fact very small. Finally, the reference fringes must be formed by 
the same part of the etalon as are the calcium fringes; errors due to bad adjust- 
ment of the etalon and imperfections in its plates are thus avoided. This 
requirement was automatically met for the arc triplet, 46103, 6122 and 6162, 
which was excited with krypton as carrier gas: here it was possible to use for | 
reference the krypton line 16056 directly from the hollow-cathode discharge. 
The spark doublet, 43933 and 3968, was compared with a mercury line at 3906 A, 
for which purpose a small mercury discharge tube was set up in the position of 
an image of the hollow cathode. The illumination conditions could then be | 
satisfied with suitable aperture stops. 
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§3. RESULTS 


‘Table 1 shows the isotope shifts found in each of the six lines measured. 
The value for the line 4227 A may be in error by 0-002 cm-, but the other values, 
for each of which about 15 fringes of each isotope were measured, should be 
correct to 0-001cm™, which is three times the standard deviation. In two 
plates the shift in 13933 was also measured directly, and the result lay well 


Table 1. Position of Ca Component with respect to 4°Ca Component (in cm~) 


Line Reason Measured Normal mass Differenc Est. Resid. (spec. 
(A) shift shift (calc) © vol. shift mass) shift 
Cart 

227 4s**S,—4st4p*P, -+0-050, +0-0537- —0-002, —0-005 +0-002 
Cal 

6103 4s4p °P)»>—4s5s °S, —0-004, +0:0372 —0-041, +0-003 —0-044 

6122 4s4p °P,—4s5s°S, —0-002, +0:0372 —0-039, +0-003 —0-043 

6162 4s4p *?P,—4s5s°S, —0-003,; +0-0372 —0-040, +-0-003 —0-043 

Ca II 

3933 48 *5ija—4p "Pag «= 1-0-0594 «= + 0-0577' Ss ++- 0-001; —0-008 +0-009 

BI0SEE4S *Sija—4) Py, = 0:0600, 4-0-0577 --0-002; —0-008 +0-010 


within the limit of error of the more accurate indirect measurement. Of course 
no such check could be made on the very small shift in the triplet lines; here 
a small correction was applied for the influence of the completely unresolved 
component of 4°Ca on the position of that of “Ca. The measured value can 
be taken as the centre of gravity of the two components, whose intensity ratio 
is known. 

The normal mass shift calculated for each line is also given in table 1. The 
residual shift cannot be ascribed entirely to the specific mass etfect, because the 
volume-dependent shift is probably not quite negligible. A rough estimate of 
the latter has been made, but as the isotope shift constant can be predicted only 
by extrapolating the results for heavy elements the estimated shift may well 
be in error by a factor of two. However, the ratios of the shifts in different 
lines should be quite accurate. 

When the best possible allowance has been made for the volume effect, the 
residual shift, given in the last column of table 1, must be attributed to the 
specific mass effect. Its accuracy is obviously limited by the uncertainties in 
the calculation of the volume shift. For the resonance line 44227 one can 
only say that the specific shift must be small (less than, say, 0-‘Olcm™). The 
spark doublet, too, has a fairly small specific shift, of about 0-Olcm™; this 
is definitely in the same direction as the normal shift and is approximately equal 
for both members. On the other hand, the specific shift in the triplet is slightly 
larger than the normal shift and in the opposite direction; for all three com- 
ponents it lies between 0-04 and 0:05cm™!. In both multiplets the shift is the 
same, within the limit of error, for all components, which is in accordance with 


theory. 
§4, DiIscUSSION OF RESULTS 
No attempt has been made to calculate the specific shift in calctum. The 


calculation would be difficult and the result of little value, because the approxi- 
13-2 
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mations in the methods hitherto employed are such that accurate results cannot 
be expected. In the few atoms, all simpler than calcium, for which theoretical 
and experimental results have been compared the agreement has usually been 
poor. At present, measurements of the specific shift in calcium are useful 
less as a test of theory than as a basis for predicting the order of magnitude of 
the specific effect in other spectra. With this in view these shifts have been 
compared with those in similar transitions of a few other elements. 
Of the two elements preceding calcium in the second column of the periodic 
table, beryllium has only one isotope, but magnesium should furnish a useful 
analogy. The electron configuration of the ground state of magnesium is 
1s?2s?2p%3s?2; in calcium the 3p and 4s shells are also filled. ‘The measured 
shifts and the normal mass shifts, together with the specific mass shifts derived 
from these, are compared for the three transitions in table 2. Since the values 


Table 2. Isotope Shifts for AM=2 (in cm“) 


ig Pg oP ge Oa *S1j2—"Psy2, v2 
AVopg Avy Avg Aves Avy Avg Avobs Avy Avg 
0-012 7e5-- 0-01 3450-000 —0-0009 +0-0093 —0-011 +0°0149 +0-0144 +0-00) 
+0:-053 -+0-0611 —0-008 05013 Onna OLOS Sie O07 +0:1021 +0:0624 --0-04! 


+0-:0076 +0-0087 0-00 


obtained for calcium refer to a mass difference of eight units, they have here 
been divided by four to bring them into line with results quoted for AM=2. 
The shift quoted for the magnesium resonance line is that found by Fisher 
(1942); for the other two transitions (3s 3p?P—3s4s?S and 3s?S —3p?P) the 
values are given by Crawford, Kelly, Schawlow and Gray (1949). ‘The spark 
doublet is also compared with the iso-electronic transition in potassium studied 
by Jackson and Kuhn (1938). ‘Their value for the specific shift has been roughly 
corrected for the volume effect just as was done for calcium. 

There is a certain rough similarity in the specific shifts shown by the three 
elements. ‘The resemblance is more marked when one takes into account that 
all the shifts are larger in magnesium because of its smaller mass, so that the 
fairest basis for comparison is probably the ratio of the specific to the normal 
shift. ‘This quantity agrees very roughly for calcium and magnesium in the 
first two transitions, but in the third one it is considerably larger for magnesium 
than for calcium and potassium. 

A comparison with zinc is less justifiable; zinc differs from calcium by the 
filling of the 3d electron shell, and it seems that d electrons may make rather a 
large contribution to the specific shift. Crawford, Gray, Kelly and Schawlow 
(1950) found a shift for AM =2 of +0-016 cm in the resonance line, the normal 
shift being +0-01lcm™1. If the volume effect is estimated on the same 
assumptions as for calcium the specific shift turns out to be about +0-010cm-, 
which does not bear much resemblance to the analogous shifts in calcium and 
magnesium. 

These comparisons indicate that the specific mass effect has the same general 
tendencies in similar spectra, but only if the similarity is close. In none of the 
transitions considered here is the specific mass shift appreciably larger than the 
normal shift. 
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RESEARCH NOTES 
A Note on the Ultra-Violet Band Spectra of CCl and SiCl 


By R. F. BARROW, G. DRUMMOND anp 8S. WALKER 
Physical Chemistry Laboratory, Oxford University 


MS. received 9th November 1953 


§1. THE SPECTRUM OF CCl 


ISCHARGES at low current density of the kind designed by Schiiler 
1) (1950) are capable of giving very clean spectra, and it was with the hope 
of extending the analysis of the well-known CCl band system at 2800A 
(Venkateswarlu 1950) that we examined a Schitiler discharge in carbon 
tetrachloride vapour. Although no new information about the 2800A system 
was obtained, weak, red-degraded bands in the region 2360 to 2440A were - 
discovered in emission from a discharge running at about 30 ma. Measurements 
of the new bands are given below. 


Table 1. Red-Degraded Bands in Low Current Discharge through 
Carbon 'Tetrachloride 


A (A) v (em) Intensity 
2367°8 42220 10 
2383-9 41935 9 
2400-6 41644 5 

(2434-0) (41070) 0? 


The source emitted simultaneously the CCl system at 2800A and bands of the 
2X "IT system of HCl*: the intensity of the new bands was not more than 
about 10% of that of the main CCl system. The appearance of the new bands 
suggests that they constitute a 0,0 sequence; unfortunately attempts to locate 
other sequences largely failed, apart from the rather doubtful observation of 
a candidate for the 0,1 band at 2434A. No multiplet structure was detected, 
so that the most likely interpretation of the bands—if they arise from a diatomic 
molecule—is that they represent a 7X—*D transition in CCl or a singlet-singlet 
transition in CCI*. 

Discharges at low current density through a number of other chlorine 
containing molecules such as CHCl,, CCl,CHO, C,H;CCl, C,H,CHCk, 
C,H,;CH,Cl were also examined. ‘These all gave emission from HCI+, and for 
the first three molecules there was also emission of the 28004 system of CCl, 
but the new bands were absent. ‘The bands are also absent in discharges at 
higher current density through CCl). 

The absorption spectra of the products of pyrolysis of carbon tetrachloride 
and of chloroform at temperatures up to about 2000°c in a carbon-tube furnace 
have also been photographed. No absorption attributable to CCl was observed, 
in agreement with the results of Wieland and Heise (1952). 
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$2. THE SPECTRUM oF SiCl 


Three band systems of SiCl are known with certainty (Jevons 1936). No 
special . difficulties arise about the vibrational analyses of the systems 
c(?A or *I1)-x*> and p(?2)-x* II, but the analysis of bands at the short wavelength 
end of the system B(?)-x*II is not yet established. Garg (1950) has attempted 
to resolve this problem by postulating the existence of a further system, a—x?II, 
of SiCl, but his solution is unattractive, for his suggested vibrational scheme 
has w’ >", and yet the strongest bands in the scheme are assigned quantum 
numbers 3, 4 and 2, 3. 

We hoped that observations of the spectrum of SiCl in absorption would 
help to settle this question. We found that the B-x system of SiCl is readily 
observed in absorption from the pyrolysis of silicon tetrachloride vapour in a 
carbon-tube furnace at about 1600°c with a path length of about 15 cm (see also 
Wieland and Heise 1952, Wieland 1952). The same system was photographed 
in thermal emission at about 1700°c. In both cases the intensity distribution 
of the bands in the system is quite normal, and the impression is that there is 
only one system in the region 2640 to 30204, although the low wavelength limit 
of this region is far below that for the limit of bands certainly attributable to 
the B-x system in emission (28504). 

The interpretation of the bands which appear in emission in discharges 
through silicon tetrachloride vapour at moderately low pressures (1 mm) in the 
region 2700-28504 is still doubtful. 

It is difficult to be certain of the presence or absence of these bands in the 
absorption spectrum, although there are a number of wavelength coincidences ; 
however, plates taken of the electrodeless discharge through silicon tetrachloride 
vapour by Dr. E. B. Andrews show clearly that the intensity of the strong bands 
measured by Jevons in this region does not vary from exposure to exposure in 
proportion to the intensity of the main bands of the B-x system. ‘The simplest 
conclusion is that these emission bands arise from a different emitter, perhaps 
SiCl*, but it seems unlikely that this question will be settled without high 
dispersion spectrograms with isotopically pure chlorine. 
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Excitation Conditions for the Infra-Red Auroral Bands of 
Ionized Nitrogen 


By D. T. STEWART, P. W. F. GRIBBON ann K. G. EMELEUS 


Physics Department, Queen’s University of Belfast 


MS. received 3rd November 1953 


Meinel (1950) in the spectrum of an aurora. Shortly after, they were 

found by Dalby and Douglas (1951) and Herman (1951) in the spectra 
of discharges through helium containing a trace of nitrogen, and in this 
laboratory (Sayers 1952) in the spectrum of some discharges through almost 
pure nitrogen. Douglas (1953) has recently obtained grating spectra of a 
number of the bands. In this Note we consider briefly the mechanism of 
production of the bands from a number of sources, particularly some employing 
pure nitrogen. It will be assumed that the main process responsible for 
forming N,* ions in the excited state in our experiments has been collision of 
electrons with neutral N, molecules in the x1X,+ ground state, i.e. that the 
excitation of the bands may be represented by 


N,(x1E,+) + e> Ngt(a?IT) + 2e ] 
N,*+(a2I1) > N,+(x22,+) + Av 


The first condition for producing the bands is that the exciting electrons 
shall have at least the energy required by (1), about 17 ev. This rules out use 
of an uncondensed positive column discharge, where most of the electrons have 
energy less than 10 ev. The negative glow of an ordinary cold cathode glow 
discharge is, however, a possible source, since although the majority of the 
plasma electrons again have energy less than 10 ev, faster electrons are present 
with energies which may approach that corresponding to free fall through the 
potential difference across the cathode dark space. Investigation of the light 
from a negative glow in nitrogen at a pressure of about 0-2 mm Hg, with a cathode 
fall of 400 v (Sayers 1952) has shown the presence of the (2, 0) and (3, 1) bands 
near 7850A and 81004, which are the most intense in Meinel’s auroral spectrum. 
This source has, nevertheless, the disadvantage that it emits strongly the First 
Positive bands B*II-a*,,+ of N,. Although the most intense First Positive bands 
in this region are between 75004 and 77504 and clear of the Meinel bands, a 
number of other First Positive bands, at longer and shorter wavelengths, partly 
overlap them. 

The First Positive bands have been suppressed by Dalby and Douglas, and by 
Herman, by diluting the nitrogen with helium. We have also found. that the 
First Positive bands can be greatly reduced in relative intensity in pure nitrogen 
by designing sources based on the probable forms of the cross-section curves 
for electron excitation of the a?II state of N,*, and the BII state of N,, from the 
ground state of N,. From the electronic structures of the molecular states 
involved the former should have a broad maximum at energy of order of 100 ev, 
and the latter a sharp peak at energy between 12 and 30 ev. In the negative glow 
both the Meinel bands and First Positive bands are excited because of the wide 
range of electron energies. In sources for exciting the Meinel bands predominantly 
most of the electrons should have energy greater than about 50 ev. 


ck near infra-red a®II-x?d,+ bands of N,* were first recognized by 
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One such source is a hollow cathode discharge through nitrogen at low 
pressure (~0-01 mm Hg), with a cathode fall of potential of 1000 v or more. 
A narrow blue pencil of light emerges axially from the cathode under these 
conditions ; it is presumably produced in a similar way to the pencils which come 
out of ‘sandwich-cathodes’ (Goldstein 1914). This form of discharge has not 
been completedly analysed, but the pencils are unlikely to be ordinary plasmas 
and probably contain cathode rays with energy up to a large fraction of that 
corresponding to the potential difference between anode and_ cathode. 
Examination of the spectrum of a pencil showed the presence of the strongest 
Meinel bands, with the First Positive bands relatively weak. 

The most controllable source of the Meinel bands has however proved to 
be not a self-maintained discharge, but an equipotential collision box with a 
thermionic source of electrons outside the collision chamber. When used with 
nitrogen (preferably streaming, to minimize accumulation of products of 
electron impact) at a pressure of less than 10-2 mm Hg, so that the electron 
free path is at least comparable with the linear dimensions of the box, an 
approximately monoenergetic beam can be fired through it. Formation of a 
plasma can be avoided by keeping the beam current well below 1 ma. With 
electron energy above about 20 ev, the spectrum of the beam includes the Meinel 
bands, and they appear with comparative freedom from First Positive bands 
above about 50 v. This arrangement was used in a crude form by Sayers (1952) ; 
in the present work the electrode system has been improved, and the trace of 
oxygen present in Sayers’ tube has been eliminated. All the bands recorded by 
Meinel (1951) have now been obtained, with about the same relative intensities 
as in Meinel’s auroral spectrum. 

These experiments can unfortunately give little direct information about 
conditions in the aurora. ‘The spectra taken using the collision box with different 
electron energies show that the relative intensities of the Meinel bands and First 
Positive bands in the aurora are what would result from excitation of both by 
collisions of electrons of between 30-35 ev energy with N, molecules in the 
ground state, but a given intensity ratio for two different spectra can be produced 
by a wide range of excitation conditions. 

One other observation with the collision box may be mentioned. It has been 
found previously (Thompson and Williams 1934) that the visible bands and 
some infra-red bands of the First Positive system are emitted for a considerable 
distance outside the electron beam. We have confirmed this behaviour of the 
First Positive bands, but find that both the negative bands and Meinel bands are 
much more closely confined to the beam. This observation does not in itself show 
that the Meinel bands arise from N,*, as the Second Positive bands of N, do 
not spread. 
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The Continuous Absorption of Light in Calcium Vapour 


By P. J. JUTSUM 
Physics Department, University of Reading 


Communicated by R. W. Ditchburn; MS. received 9th October 1953 


HE absorption cross section for calcium vapour has been measured over 

a wavelength range from the vicinity of the series-limit (2026 A) to 1950 A. 

The technique employed was substantially the same as that described 1 in 
connection with similar experiments on sodium vapour (Ditchburn, Jutsum 
and Marr 1953). 

An iron tube of low carbon content was used to contain the absorbing 
column. Initial experiments using a nickel absorption tube showed that the 
calcium vapour was removed by some reaction, apparently by the formation 
of a nickel calcium solution at the temperatures required to produce a sufficiently 
high vapour pressure. The absorption spectrum, although observable on first 
heating, rapidly disappeared. The use of an:iron tube overcame this difficulty 
satisfactorily, and no diminution in absorption was observed over periods of 
the order of an hour, while the reservoir temperatures were maintained constant. 

Only one centrally placed calcium reservoir was used, instead of two widely 
spaced ones, as in earlier experiments. Although the use of two reservoirs is 
more satisfactory, in that the length of the absorption tube requires a smaller 
correction in order to find the effective length, the very good agreement that 
has been obtained between the two arrangements in the experiments on sodium 
justifies the calculations that are necessary in the simpler case. This 
simplification was desirable in that the construction of a furnace having the 
necessary temperature distribution at the high temperatures required (about 
1150 A) presented far less difficulty than would otherwise have been the case. 

The accuracy of measurement in experiments of this type depends directly 
upon the accuracy with which the vapour pressure of the substance under 
investigation is known. ‘The vapour pressure equations used in the present 
work were: logy, )=8-84—9259/T over the liquid and log,) p=9:48 —9947/T 
over the solid; p is in mm Hg, T in degrees absolute. The melting point of 
calcium is about 1100A, and the experiments extended over a range which 
includes this temperature. ‘These equations were obtained by considering 
published data (Ditchburn and Gilmour 1941), together with unpublished work 
carried out by P. E. Douglas and independently by D. H. Tomlin in this laboratory. 
An accuracy to + 10% is attributed to values calculated from them. The errors 
arising from other sources, ie. temperature and photometric measurements, 
are considered not to exceed + 10%: 

Molecular absorption in the region investigated appears to be negligible, 
in that the absorption observed is proportional to the concentration of vapour 
(figure 1). Also, the absorption measured between the series lines is negligible. 
The absorption cross section measured was 0-45 x 10-8 cm? at the series-limit, 
a the variation with wavelength over the range investigated is shown in 

euler: 
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Bates and Massey (1941) have calculated a value of 2:5 x 10” cm? for the 
absorption cross section of calcium, and predict the variation with wavelength 
to be as A°. The fall off in absorption measured is very much more rapid than 
this. A power law is not appropriate to express the variation but the rate 
of change of absorption with wavelength (at 2026 A) is proportional to A”. The 
shape of the curve obtained is not subject to any errors in vapour pressure 
measurement or temperature measurement. The f-value for the continuum, 
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as far as measurements have been made, is lower than that predicted by a 
factor of several hundred and is of the order of 5x10°4. However, there 
may well be a minimum of absorption at wavelengths below the range of 
measurement as is the case for sodium and potassium. Professor D. R. Bates 
has informed the writer that a new calculation, which is in progress, is likely 
to yield a lower theoretical value than that obtained by Bates and Massey (1941). 
The rapid fall near the series-limit is likely to be associated with a low absolute 
value. 
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Red-Shifts in the Spectra of Celestial Bodies* 


Stars of high surface temperature, that is B-stars ({~20 000°) and O-stars 
(T~30000°K), show a very marked red-shift of their spectral lines. ‘This is 
especially noticeable in the case of the stars embedded in the Orion Nebula, since 
in that case it is possible to deduct from the observed red-shifts the red-shift 
due to the recession of the system as a whole. If one considers these stars, it 
is found that, relative to the Orion Nebula itself, the B-stars show a systematic 
red-shift corresponding to a recession velocity of 11-4 km sec"? and a similar 
discussion of O-stars gives a red-shift corresponding to 17-6 km sect. + 

In earlier discussions it was suggested that this red-shift might be due to 
the relativistic gravitational effect. From the known masses and radii of B-stars 
it follows, however, that the gravitational effect would only lead to red-shifts of 
the order of 1:2 km sec~4, which are by a factor 10 smaller than the observed red- ~ 
shifts. 

While the observed red-shifts in the case of B- and O-stars are by far larger 
than the relativistic red shifts, in the case of the sun the situation is just the 
opposite. In this case most detailed and accurate data are available, but while 
the theory of relativity predicts a red-shift AA/A=2 x 10~®, the red-shift in the 
centre of the solar disc is only 8 x 10’, although the relativistic value is reached, 
and even surpassed, at the limb. A careful analysis of the red-shift in the solar 
spectrum shows that it follows the law AA/A=a+6 sec 6, where @ is the angle 
between the line of sight and the solar radius to the point where the line of sight 
cuts the solar surface. 

It is tempting to try to account for all these red-shifts by one process and we 
suggest the following formula: 

AN NEA Poy A=2 1052? ems ides ay ae (1) 
In eqn (1) AA/A is the relative red-shift, T the temperature of the radiation field 
through which the light has passed and / the length of its path through the 
radiation field. ‘The constant A is chosen in such a way that AA/A=3 x 10-> 
for T= 20000°x, /= 10" cm, which are the values for a B-star. Formula (1) implies 
that the red-shift is due to a loss of energy in the intense radiation field, perhaps 
due to photon—photon interactions. 

It turns out that eqn (1) can well account for most of the observed red-shifts. 
For the sun we get AX/A=2-7 x 10-7 sec 0, while the observed value of 6 is 
3-0 x10. The constant term a may be due to a gravitational effect, which in 
that case would be about five times smaller than the theoretically predicted 
constant red-shift. { 

In the case of A-stars eqn (1) predicts a red-shift of about 0-6 km sec-1, while 
the observed red-shifts lie between 0-1 and 0-9 kmsec. In the case of 

* A more detailed account of the subject matter of the present note can be found 
elsewhere (Freundlich 1954 a, b). 

t I would like to express my thanks to T. B. Slebarski for critically discussing the 
available data. 

{ It is of interest to note that the red-shift in Sirtus B, which can only be due to a 
gravitational effect, is also about five times smaller than the theoretical value. 
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supergiant M-stars T is very small, but their enormous atmospheres—about a 
thousand times more extensive than the solar atmosphere—lead to expected red- 
shifts of about 5kmsect. It is found that lines formed at the top of the 
atmosphere are, indeed, displaced by about 5 km sec“! to the violet with respect 
to lines formed at the bottom of the atmosphere. In the case of Wolf—Rayet 
stars (T=40000°K) eqn (1) leads to red-shifts of the order of 100 km sec, which 
also have been observed (Wilson 1949). 

Finally, it seems tempting to apply formula (1) to the case of the cosmological 
red-shift or Hubble effect. In that case AA/A is about 0°0008 for every million 
parsec (=3 x 10"4cm). Using eqn (1) this leads to an intergalactic temperature 
of about 1-5°K, which does not seem to be an unreasonable value. 


The Observatory, FE. FINLAY- FREUNDLICH. 
University of St. Andrews. 
7th December 1953. 
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WILson, O., 1949, Astrophys. F., 109, 76. 


On the Interpretation of Freundlich’s Red-Shift Formula 


Freundlich (1954) has suggested that his red-shift formula Av/y= —AT‘l 
(A =2 x 10-*® cm! deg-+) may be interpreted as an effect of photon—photon 
collisions. I have investigated whether this is possible. ‘The first step is to 
write the equation in a dimensionless form, 


where u=aT* (a=7-66 x 10- erg cm? deg *) is the radiation density according 
to Stefan’s law. If one takes for J, and uw) the atomic constants 


Pay h ' 
i eines (Aj =Compton wavelength) | 


aoe a aaa (2) 
Losarapan apa (one electron per cube /,*) | 
I 
one has Lto= a = S45Gl0were crt 8 et, (3) 
0 
l 
and obtains be 04 ie se ee ersten SY ere (4) 


a value so near to unity that the assumptions (2) seem to be justified. 
A simple analysis of (1) then leads to the result that it can be written in the form 
KN A= Aviv = CNA Ay, Neel en esas (5) 
where is the number of photons per unit volume and \ the wavelength 
corresponding to the mean frequency of the radiation field defined by u=nho. 
Hence the red-shift can be explained as a sequence of N photon—photon 
collisions with an effective cross section /,”, each of which produces a small change 
in wavelength or frequency 
OA GAR Neo Criivys oe alt hid (6) 
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If Freundlich’s explanation of the Hubble effect is accepted, these frequency 
(energy) changes should not be accompanied by deflections (changes of 
momentum). 

An effect like this is of course not in agreement with current theory. It has, 
however, an attractive consequence. A simple application of the conservation 
laws of energy and momentum shows that a collision of this kind is only possible 
if a pair of particles with opposite momenta is created. The energy of one of these 
is hv' = —4hdv, where dy is given by (6). If the secondary particles are photons 
their frequency is of the order of radar waves (for the sun v2 x 10° sec *, 
N~15 cm). Thus the red-shift is linked to radio-astronomy. A simple estimate 
of the efficiency leads to the result that it is very high; one has to assume that 
only a small part of the secondary particles are photons or are observed as 
photons. Thus it seems possible that the strong radar emission of sun spots and 
flares and of other celestial objects may be explained by this new effect. 

The secondary radiation for two colliding primary x-ray beams of A~10A 
would be visible (A’~ 60004). But it seems to be hardly possible to observe this 
effect because of the smallness of the cross section. 

This theory would indicate the appearance of an absolute length in the field 
equations for the vacuum, and as the laws of general relativity do not contain 
such a length they ought to be modified. Therefore the predictions of relativity 
about the red-shift cannot be used as an argument against Freundlich’s formula 
and its interpretation indicated here. 

A more detailed account will soon appear in Gottinger Nachrichten. 


Department of Mathematical Physics, Max Born. 
University of Edinburgh. 
7th December 1953. 


FINLAY-FREUNDLICH, E., 1954, Proc. Phys. Soc. A, 67, 192. 


The Thermal Conductivity of Monovalent Metals 


According to the Bloch theory, the thermal conductivity of a pure metal 
at low temperatures (7’<@) should be inversely proportional to the square of 
the absolute temperature. ‘To obtain the multiplicative constant in that relation- 
ship, an integral equation must be solved. This has been done by Sondheimer 
(1950), but it can be shown that the solution is of such a form that it cannot be 
well represented by a polynomial of a small number of terms, which is 
Sondheimer’s trial function. Thus doubt is thrown on his result, but since he 
used a variational method, leading to a stationary expression for the conductivity, 
his final result may be accurate, even though his trial function cannot adequately 
represent the true solution. 

In order to clarify this point, the author has solved the integral equation 
numerically, using two different methods which led to the same result. In one 
the integral equation was replaced by a finite set of linear algebraic equations; 
the other was an iterative procedure. The result of these numerical calculations 
was renormalized by the variational method, and used in a stationary expression 
for the thermal conductivity. The renormalization correction was only 0-4%, 
and the conductivity is judged to be accurate to at least the same limit. The 
result exceeds Sondheimer’s value by 11%. 


Se Te eT ee 
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Since the expression for the conductivity contains parameters which are 
difficult to calculate, it is usual, for purposes of comparing the theory with the 
results of experiments, to eliminate some of them by intercomparing two 
conductivities. ‘The result of the present calculation can thus be expressed as 

«( T) =x(00)(8/T)?(64-0 N28), T<O0 =i. (1) 
where « is the thermal conductivity, 6 the Debye temperature and N the actual 
number of electrons per atom in the conduction band, the Fermi surface being 
assumed spherical. 

There are well known discrepancies between eqn (1) and the thermal conduc- 
tivity observed at low temperatures (Hulm 1950, 1952, Andrews, Webber and 
Spohr 1951, Berman and MacDonald 1951, 1952, White 1953) which are hardly 
reduced by the results of the present calculation. Using as 0-value the Debye 
temperature derived from the specific heat and putting N=1, they range from 
5 to 6 for the monovalent metals sodium, copper, silver and gold. In all these 
cases «(T) as found experimentally is too high compared with «( 00). 

It is not clear, however, whether the discrepancy in (1) is due to an error in 
the theory of «(7T) or x(0o). It has been generally assumed that the theory is 
wrong in respect of the low-temperature thermal conductivity. However, 
there are considerable uncertainties in the theory of the electrical and thermal 
conductivity at high temperatures, because of the occurrence of Umklapp- 
processes at high temperatures, and because of the dispersion of the lattice 
waves. Both these effects are disregarded in the Bloch theory, and their inclusion 
would increase the high temperature resistance, thus reducing and possibly 
eliminating the discrepancy in (1). 

However, the uncertainty of the theory at high temperatures can be avoided 
by intercomparing the thermal and electrical resistivity at low temperatures. 
Using the Bloch—Griineisen expression for the temperature dependence of the 
electrical resistivity, and making use of the Wiedemann—Franz law at high 
temperatures, one obtains from (1) 

WD bt 0 nas R(T) 
fh 497-6 Ni Bs 
where W is the thermal and R the electrical resistivity, and 
L=(2K/e)?/3 =2-45 x 10-8 watt-ohm deg. 
Equation (2) should hold irrespective of any deviations of the phonon spectrum 
from the Debye theory and of Umklapp-processes. 

The Bloch theory assumes that the conduction electrons interact only with 
longitudinal phonons, so that the appropriate @-value in (2) is 0,, the Debye 
temperature of the longitudinal lattice waves, introduced by Blackman (1951). 
Comparing (2) with the observed ratio of the electrical to the thermal resistance, 
there is a discrepancy of a factor of 5 for sodium, and of from 10 to 14 for the 
noble metals, the observed ratio being too high. This is a clear indication that 
the quasi-free electron model is inadequate. 

The discrepancy is reduced if it is assumed that conduction electrons interact 
with transverse as well as with longitudinal waves, so that the appropriate 
§-value in (2) is the Debye temperature as deduced from the low-temperature 
specific heat. ‘The discrepancy for sodium is then 1-7, and ranges from 4-2 to 
5-4 for the noble metals. There is support for this assumption from the lattice 
component of the thermal conductivity at low temperatures, the magnitude of 


Tien a. Be (2) 
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which is very sensitive to the nature of the electron-phonon interaction (Klemens 
1954). 

The remaining discrepancy in (2) may be explained by assuming that the 
Fermi surface is non-spherical. This will not alter the effective relaxation time 
for the case of thermal conduction because each electron—phonon interaction 
changes the energy of the electron, but does not significantly change its direction. 
The electrical resistance, on the other hand, is due to processes taking electrons 
in momentum space from a point on the Fermi surface to one on the opposite 
side. At low temperatures this will be a diffusion process, the electron moving 
on the surface in many small steps. Hence the effective relaxation time is sensitive 
to the shape of the Fermi surface. This effect will be particularly marked if the 
Fermi surface touches the zone boundary. Electrons can then diffuse to the 
nearest point of contact and reappear on the opposite side of the zone. On the 
average the distance to be covered is about halved, so that there will be an 
additional contribution to the resistance of about four times that due to normal 
diffusion. 

It thus appears that the discrepancies in the relative magnitudes of the 
electrical and thermal resistances at low temperatures may be explained in the 
case of the noble metals in terms of the Fermi surface touching the zone boundary. 
This may also explain the anomalous sign of their thermoelectric power, and 
agrees with conclusions derived from the effect of strain on the thermoelectric 
power (Smit 1952, Mortlock 1953). ‘The Fermi surface of sodium, on the other 
_ hand, does not seem to touch the zone boundary. 


Division of Physics, P. G. KLEMENS. 
Commonwealth Scientific and 
Industrial Research Organization, 
Sydney, Australia. 
23rd November 1953. 
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A Note on the Absorption of Light by Indium Vapour 


The atomic absorption cross sections in the region of the photo-ionization 
threshold have been experimentally determined for the alkali metals (Ditchburn, 
Jutsum and Marr 1953), for calctum (Jutsum 1954), for magnesium (Ditchburn 
and Marr 1953) and for thallium (Marr 1954). ‘The author has recently attempted 
to obtain similar measurements for indium, but owing to temperature limitations 
of the apparatus it was not possible to observe the series limit absorption. 
However, with a path length of 150 cm and a pressure of 0-003 mm of indium 
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vapour, absorption was observed due to the auto-ionization line at 1758 A and an 
atomic cross section of about 10-1! cm? was calculated for this region. 

Garton (1950) used a short carbon absorption tube in a King-type furnace 
and observed this line with a furnace temperature of 950°c, while a temperature 
of 1400°c was required to observe the series limit. Because of uncertainties in 
the effective length of his absorbing column he was unable to measure any 
atomic cross section. Since an accurate determination of the cross section at the 
series limit seems unlikely in the near future, the following estimation of the 
order of magnitude to be expected appears justified. 

The atomic cross section at 1758 A may be used to calculate the effective path 
length in Garton’s experiment, and after allowing for the differences in furnace 
temperature, etc. a value of 8 cm was obtained. Garton’s results may now be 
used to estimate the atomic cross section at the series limit and it appears probable 
that it has a value between 10-4 and 10-! cm?. 

This result may be compared with that of thallium (4-5 x 10-18 cm?) which 
has the same electron configuration in the outer shell, while calcium and 
magnesium also have atomic cross sections of about 10-1 cm?. 


The Physics Research Laboratories, G. V. Marr. 
Reading University. 
13th November 1953. 
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CORRIGENDUM 


y-Radiation from the Reaction *"Al(p, y)*°Si by J. G. RUTHERGLEN, P. J. GRANT, 
F. C. Frack and W. M. Deucuars (Proc. Phys. Soc. A, 1954, 67, 101). 


Figures 6 and 7(a) should be interchanged. 
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REVIEWS OF BOOKS 


Grundversuche der Physik in historischer Darstellung, by CaRL Ramsauer. Vol. 1. 
Von den Fallgesetzen bis zu den electrischen Wellen. Pp. viii+190. (Berlin, 
Gottingen, Heidelberg : Springer-Verlag, 1953.) DM. 19.80. 


In the introduction to his excellent book Professor Ramsauer draws attention 
to one of those well-known facts that have a way of escaping attention, namely 
that the standard histories of physics by Poggendorff, by Heller and by Gerland 
contain no illustrations—and the illustrations in Rosenberger’s history are so few 
that he might have added that work. Gerland and Traumiiller’s Geschichte der 
physikalischen Experimentierkunst is a valuable work which is copiously illustrated 
but stresses the apparatus rather than the advances made with its aid, and is 
little concerned with work after 1800. Professor Ramsauer, who is known to 
physicists for his fundamental investigations in electronics, including the effect 
known by his name, has set himself the task of describing certain well-chosen 
fundamental experiments in physics and the way in which they were carried out, 
writing throughout as an experimenter. ‘This means, of course, that he has 
always gone to the original accounts and has read them with a full realization of 
the conditions of the times in question. ‘The result is a book that will be of the 
greatest interest to all physicists with historical leanings. Probably any experi- 
mental physicist who picks up the book and starts reading will find that he has 
historical leanings. 

The experiments range from those of Galileo on the law of fall te Hertz’s 
investigations of electric waves, although one or two are included that fall outside 
the dates so determined. For instance, in discussing the history of the law of 
gravitation, the author takes together Tycho Brahe—somewhat before Galileo— 
Kepler and Newton. He admits that Newton’s work in this field is scarcely 
experimental, but effectively defends its inclusion. ‘Typical of his attitude is that 
Professor Ramsauer points out the fundamental importance of the accuracy which 
Tycho obtained with the instruments on which he lavished so much care. 
These instruments had open, not telescopic, sights, but Kepler estimated that 
Tycho’s error in angle did not exceed two minutes of arc: such was _ his 
confidence in this precision that a discrepancy of eight minutes between Tycho’s 
observation and a calculation of the orbit of Mars which he, Kepler, had carried 
out on an early scheme of his was sufficient to lead him to abandon this scheme 
and turn to work that culminated in the discovery of the elliptic orbit. Professor 
Ramsauer is, perhaps, a little over-kind to Kepler’s notions on the mechanics 
of the heavens— Kepler’s ‘ magnetic ’ force had no resemblance to a gravitational 
force, for he said quite plainly non est attractoria sed promotoria—but he rightly 
stresses his immense services. 

Exceeding the limiting date at the other end is the account of Lebedew’s 
experiments on the pressure of light, no doubt included as clinching Maxwell’s 
theory of light and because the experimental elegance strongly appealed to the 
author. ‘To give some notion of the scope of the book, the other experiments on 
light which are to be found here are those of Rémer (perhaps hardly experi- 
mental), Fizeau and Foucault on the velocity of light, Newton’s work on the 
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decomposition of white light, Fresnel on interference, Malus on polarization and 
the chief optical work of Fraunhofer, Kirchhoff and Bunsen. The account of 
the experimental proofs of the kinetic theory of gases, dealing with the work of 
Robert Brown (‘ Brownian-movement Brown’), O. E. Meyer and Maxwell, is 
completed by a short description of the experiments which Stern carried out in 
1920. 

The careful discussion of the early experiments on the gas laws, going up to 
Regnault, disposes of Mariotte’s claim to be included with Boyle. We are glad 
to see Andrews’ fundamental experiments on the critical point included in the 
work on gases. ‘The experiments on electricity and magnetism comprise, 
besides those that would at once occur to the reader, Rowland’s work on 
the magnetic effect of a moving charge, a difficult and fundamental achievement. 
The book concludes with an account of Feddersen’s investigations of the oscill- 
atery discharge, a fascinating piece of work, and Hertz’s discovery of electric 
waves, of which the author says that since Faraday’s discovery of electromagnetic 
induction there has been no experimental discovery of such genius. 

This book is written with a lifetime’s knowledge of experimental physics 
and with an unabated enthusiasm for ingenuity of experimental method. It 
should meet with a warm welcome, not least wherever physics is taught. We 
look forward to a second volume which is announced, to cover the period from 
R6ntgen rays to wave mechanics. E. N. DA C. ANDRADE. 


Ferroelectricity, by E. 'T. JAYNES. (Investigations in Physics No. 1.) Pp. viii +136. 
(Princeton: University Press; Oxford: University Press, 1953.) $2.00. 


This book, which is an expansion of a doctoral thesis, is concerned mainly 
with the theory of ferroelectricity. It opens with a short account of the 
properties of Rochelle salt, and this is followed by a discussion of the dielectric 
theories of Lorentz, Onsager and others and of the conditions under which 
spontaneous polarization can take place. Mueller’s interaction theory is then 
described. Except for a short note on KH,PO, the rest of the book is devoted 
to BaTiO, and allied compounds. After an account of the main properties 
of BaTiO, there is a description of the theories of Mason and Matthias, 
Devonshire, and Slater followed by a more detailed account of the author’s 
electronic theory. In the last two chapters the author discusses his original 
work on internal fields in crystals and the conditions for saturation polarization. 

The material of the book falls into two classes: general accounts of ferro- 
electric theory and accounts of the author’s original work. Although the latter 
is of considerable interest a full account of it in a work of this nature tends to 
make the book as a whole rather unbalanced. Nevertheless, it can be recom- 
mended as a useful and readable introduction to the subject. One error should 
be mentioned since it has often been repeated, namely the statement that 
Onsager’s dielectric theory does not lead to spontaneous polarization; Pirenne 
showed in 1949 (Helv. Phys. Acta, 22, 479) that, contrary to Onsager’s statement, 


it does, but his paper seems to have been overlooked by later writers. 
A. F. DEVONSHIRE. 
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Figure 1. 4-5 Mev internal pair from #%C*. Magnification x 2. 


Figure 2. 7 Mev positron-electron pair from *C*. Magnification x 
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Reisz Potential and the Elimination of Divergences from 
Quantum Electrodynamics: II 


By L. S. KOTHARI* 
Clarendon Laboratory, Oxford 


MS. received 6th November 1953 


Abstract. ‘The solution of Dirac equation in interaction representation and the 
Feynman function S, are generalized in the B-plane, B being a parameter 
characteristic of the Reisz potential. It is then shown that by using the 
generalized function e/,°(«) instead of S», divergence arising from the lowest 
order photon self-energy graph can be eliminated, though the result obtained 
is not gauge invariant and contains the Wentzel term. 


$1. INTRODUCTION 


N quantum electrodynamics, as Dyson (1949) has shown, there are only three 
| types of primitive divergent graphs: those of (i) electron self-energy, 
(11) irreducible vertex parts and (11) the photon self-energy. Apart from 
these one has also to deal with infra-red divergence and the divergence arising 
from the point nature of charge. These two divergences are, however, easily 
avoided and a number of methods are known for removing them. ‘To remove 
the divergences arising from the primitive divergent graphs Dyson has 
developed a subtraction procedure, while Feynman (1949) uses a cut-off 
technique. In an earlier paper (Kothari 1954, to be referred to as I) we have 
shown that in quantum electrodynamics the divergences arising from the 
point nature of charge, the electron self-energy and the vertex part of a Feynman 
graph can as well be eliminated by working with modified Reisz potential instead 
of the usual electromagnetic potential. In the present paper we propose to 
discuss the divergence from the lowest order photon self-energy graph. 

The solution of the Dirac equation in Schrodinger representation has been 
generalized in the f-plane, f being an arbitrary parameter, real or complex, 
by Reisz (1939) and Gustafson (1946). Reisz considers the case m=0, m being 
the mass of the electron. The case m0 has been treated by Gustafson. Their 
generalization, however, is not suited for the present purpose. In order to 
link the method of analytic continuation with the technique of Feynman and 
Dyson it is necessary to obtain the generalization of the solution of the Dirac 
equation in interaction representation and of the Feynman function, S», in 
the B-plane. After obtaining the generalization in the next section, we proceed 
to consider the photon self-energy in § 3. 


§2. GENERALIZATION OF Sp IN B-PLANE 
Even in the presence of electromagnetic field the Dirac equation in 
interaction representation is T 


Gy aia Oie al fea (1) 
where V=Vu im ; Wer = OO ee bem ere (2) 


y, are the Dirac matrices and +(x) is the wave function of the electron. 
* Present address: Tata Institute for Fundamental Research, Apollo Pier Road, 


Bombay 1. 
+ Notation in this paper is the same as used in I. 
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We define a function 0%*(x) as 
"(x)= (— BV sm) Dl le) aa, Hag ee (3) 
ZG AT (x2 — m?)®-?2( iV —m) sin [kx] d*k, ...... (4) ; 
D’ being the region defined by x2>m?; ky>0. F m (x), which was introduced 


in an earlier paper (Kothari 1952), is a penerliz sion in the f-plane of the 
D-function referring to a particle of mass m, and satisfies the equation 


(l41?)2,, 60) =k 29,0 lel, Al a ee (5) 
From (4) it follows that 
of (xe) = HB) lp? | (x2— m2) 0-22 y(—7V —m)Dy(x) dy. 22+ (6) 
x>m 
Further, on operating with ({V—m) from the left, equation (3) becomes, 
IMB) Ey — mPa) = (C+ m2) DM 0) = hh (0). 

When analytically continued to B=0, the right-hand side reduces to zero and 

HE (7%. an) Sia) Os ee Veely erect eee (7) 


where S(x) = cont c%*(x) is the usual propagation function for an electron of 
0 


= 
mass m and satisfies the Dirac equation. The generalized wave function ~°(x) 
for the electron can be written in terms of the Green’s function (3). When 
analytically continued to B=0, °(x) would represent the solution of the Dirac 
equation in interaction representation. We now assume the following anti- 
commutation relation for the wave functions 


CLE Co) EG) to Gee ST ee (8) 
and define the vacuum for the present field by the relation 
p(x) tysOioe, welt. oot ie oneeee (9) 


where s*"(x) represents the positive frequency part of (w) and Wy is the 
vacuum state vector. From (9) and (8) it follows that 
(PUM (+), $a) Yo= = (ee 2PM 8), seas (10) 
where ¢(x, x’)= +1 according as xp> 4%) or xy<x,), and 
FAI(B)1y? ¢ : (k+m) e~ te 
ave jee (42 — m2) 0-22 ¢ ix | ae ee (11) 
By putting x?—m?=?? we can rewrite (11) as 


A(B)h? q (k +m) e~ tlé2] 
qa cee 


oF (00 )= 


Sat (# )= ak. 


As in I, here also it is necessary to change the ‘weight factor’ in the above 
relation from J)’t’~! to ga(t) = 4(1)'t?-' +.1,""t""—) in order to evaluate an otherwise 
logarithmically divergent integral. 


Thus we finally have 
ey eet 
Chat (x) = (an fr 


oP af (x) is the generalization in the £-plane of the usual Feynman function ert 


(k +m) e~ te! 


gp(t) dt | FN par er oh 


t 


a ee (12) 
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§3. SELF ENERGY OF PHOTON 
We now consider the self-energy of a photon. Instead of using the usual 
Sp function, we write out the matrix element for the lowest order photon 
self-energy graph using the generalized function o%,"(x). Apart from a 
numerical factor, the matrix element for a photon of momentum p (p? not 
necessarily zero) is 
»_ _ @H(B)H(B’) (° 5” yepare 
le == See |, Salt)Sp(t') dt dt 
_ Sply.(p+k+m)y(k+m)] 
| pai) AE SPA a (13) 
Evaluating the spur and integrating by parts with respect to ¢ and ft’ once, 
we obtain 
t 2 re) 
i ae (B iy J, go (t)t2g,(t’)t'? dt dt’ 
BB 
oes [AP lou» + 2h ik, — Rg, Lk. (14) 
{eed p -2[ kp] mt thi Rta mt Fee 
Now consider the integral 
I= (Tek, oRiles) ake 
eae m — £2325 22 — mn? — 232 * 
It is convergent over k and can be evaluated by introducing a Feynman variable. 
We get 


jes int | A Po tem a et ee (16) 


where A =m? — p*x(1—x)+?f?x+72'2(1—x). Hence 


Tift = — ee | | goleveegn(e’)e® de dr 


x { eee ele pe ten pe ide ee (17) 
To carry out the integration over ¢ and t’ we write 
ee te 1 ae ae ee ne er, (18) 
where 
J, =- oe | | &a(t)t?gg(t’)t? dt dt’ 
x [“G *) Gan? 7 er 0) ae (19) 


The integral is convergent over one of the variables ¢ or ¢’ for B or f’=0. 
Therefore we put, say, 8’ =0 and integrate over ¢’. After this, continuation to 
8=0 can be carried out without any difficulty. We finally obtain 


lots 
jg = al {m? gris nl = x)( pg a 2p,P») }log ies) C5 aan, (20) 
Now consider J,*” 
tH BYH(B \e.,{ = (7 i , (La(1 — x) 
oe ae [, | _ SlO)PEp(U2) de dt lkeeartaee dice sess! (21) 
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Continuing the right-hand side to, say, B’ =0, we get 


12° H(B)g uv ( , (1=x)hy* 
ine =— oe : &a(te? dt 0 xdx log we —px(1 = x) Pee Fed os (22) 
To integrate (22) over t, let us consider 
ee (1—x)ly? 
ey a ie a 
roy |, + dt log 
cs 2 (1—x)l,? 
= | a Sy eee 2 
i; i +] dt log (23) 


where K is any large number. ‘The first integral in (23) is convergent over ¢ | 
for B=0 and we can therefore put 8 =0 before integrating it. It yields 


= [xK? log (1—x)—(A +«K?) log (4+ «K?)l,?+ A log Al?+xK?]. ..... (24) 
‘The second integral reduces to 
— 4K? log (1-2) — Af | 2 di low (Aa xt ee eee (25) 
K 
Putting lh=h? | eo alee (Aaa) (26) 
K 


we find that this integral converges for sufficiently large negative values of f. 
We therefore differentiate both sides with respect to A and obtain, on a little 


modification, 
ol, 1 1 1 
ae p41 Lae oe Ae 
dA =e {¢ inti iz Cre =x) 


In evaluating the right-hand side for B=0 we note that the contribution of the 
term 1 /B would vanish when the conjugate term is added to get the value of the 
integral in (22) and B10. 
This gives 
Cla i 1 
ek ee wel “K2\] 2 
- log x Tne log (4+ xK?)), 


A yh 
or [n= 5 log x— 5 7, (A + «K*) log (4+ xK?)l,?—(4+xK?)]. 


Combining these results 


TES, Oe Rie 
OO = Fer | (nt p'(1—2)}| 1 +log = | dx Riavraiie otis (27) 
From equations (18), (20) and (27) it follows that 
ee te? . . Mea 
Jul P)SJu? = — 55 (Su? — Pv) | x(1— x) ee Baie | 
| 
bere haan th 
i vay (ni 73 ?*). ask cee (28) 


‘The second term in (28) makes the result non gauge invariant. For free photons 
p?=0, and this term reduces to 


1e2 


ZS”, OS 5 (29) 


a result which was obtained earlier by Wentzel (1948) using Schwinger’s method. 
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Feynman, by suitably modifying his cut-off factors, avoids any such term and 
gets only the first term of (28). In the present case the extra term arises on 
account of the fact that the electron, in going round the closed loop, changes 
its mass at each photon vertex. However, apart from this physically unimportant 
term, (28) gives the correct finite value for the matrix element. In order to obtain 
a completely gauge invariant result it seems that one may have to modify the 
formalism a little. 
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Abstract. In metals at high temperatures the time 7 spent by an electron 
between two consecutive scatterings is smaller than the duration of the 
collision ¢,, if one defines t, as that time after which one can be sure that the 
interaction with the scattering centre (or lattice wave) is less than RT. Hence 
the customary theory of conductivity is not justified a prior: because it considers 
the scatterings to be independent. Yet its results are confirmed by experiment. 
In this paper the correction terms for scattering by two centres are calculated. 
They are shown to be negligible for a Fermi gas. 


$1. INTRODUCTION 


perturbation theory (Bloch 1928). Its validity for this problem has been 

questioned (Kretschmann 1934, Peierls 1934 a,b,c). Therefore in this 
paper it is intended to clarify the question by calculating the next higher order 
perturbation theory. 

First it is useful to give a brief outline of the usual theory. In an applied 
external electric field F the electrons in the metal are accelerated. Their 
velocity does not increase indefinitely, however, because they collide with 
lattice impurities or thermal lattice waves. Mathematically this is expressed 
in the Boltzmann equation. It says that in the steady state (0f/0t),,,, the change 
of the number of particles in a volume element of k-space under the influence 
of the collisions is cancelled by (@f/ét),, the corresponding change under the 


influence of the field F'; or 
of of ; 
ae 4 (2). =O. 6 eee (1) 


Hence in the steady state the number of particles in a volume element of 
k-space does not change. This paper is concerned with the first term of (1). 
Usually it is calculated with second order time dependent perturbation theory. 
Kretschmann (1934) remarked that this assumes transitions between well-defined 
levels. Hence, roughly speaking, the ‘unsharpness’ of the levels due to their 
finite lifetime 7 should be less than the distances between them. The latter, 
at high temperatures (T'>6@), are of the order k@ because most phonons have an 
energy of this order. Here @ is the Debye temperature and 7 is the average time 
between collisions. Hence h/t <k@ or 


rDaR (2) 


This condition is not satisfied by actual metals (if 7 is taken to be the relaxation 
time, which is the case at high temperatures). Kretschmann thought he could 


I: the customary theory of electrical conductivity in metals use is made of 
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prove condition (2) by a critical review of Bloch’s calculation, but his proof 


contains a mistake which was pointed out by Peierls (1934 a, b, c). 


In a classical theory of the collision process a similar condition would be 
required if the collisions are described as separate scatterings by single scattering 
centres. In that case the time between subsequent scatterings 7 should be long 
compared with the duration of the collision ¢,, i.e. the time during which the 
electron is under the influence of the scattering centre. If this were not true 
the electron would be scattered by complexes of two (or more) scattering centres 
and not by single ones. ‘Thus in the quantum mechanical scattering theory //k0 
plays the role of f,. 

Peierls (1934 a, b,c) showed that the condition (2) is too stringent by 
considering time dependent perturbation theory more carefully. As is well 
known, the change of the probability of finding an electron in a state k is 


1—cos (E,—Ey,—hw)t,/h ‘ 
w,(t+t,)—w,(t) = 2 B ay ftos(t)—wy(8)} tetas (3) 
Z k jit ke 


where the B,, are proportional to the square of the matrix elements of the 
perturbing energy (lattice vibrations or imperfections). The last factor of (3) is 
replaced by 6(£,,—£,,—hw), i.e. when integrating over FE, the other factors are 
supposed to be constant. For B,,, this is usually approximately true, but w, 
changes appreciably over an interval of the order of RT. Thus the last factor 
should be different from zero in a region less than RT. This requires t, = h/4kT. 
Thus the new condition becomes 


EO Mle wr eis) oe. WEL AR (4) 


Although (4) is a less severe restriction than (2) it is not satisfied in some metals 
(e.g. in Cu) at high temperatures. Yet the customary theory of conductivity 
has been quite successful in describing, for example, the temperature dependence 
of the resistance of metals (Sondheimer 1950, Rhodes 1950). Hence it seems 
that not only (2) but even (4) is too stringent a condition. 

Landau (Peierls 1934 b) has proved that (4) may be replaced by 


grt Her ceabuhegsico Les fale ae: (5) 


(where Ey, is the Fermi energy), but the details of his proof have never been 
published. Condition (5) is satisfied in all metals. It may be visualized as 
follows. If one wants to describe the scattering as a series of independent 
collisions with one impurity (or lattice wave) at a time, the distance between 
the impurities should be large compared with the de Broglie wavelength. ‘This 
gives vr>h/mv or h/2r<mv*. Only electrons near the Fermi surface 
contribute to the conductivity. Hence }mv?=F,, which leads again to 7 >h/2Ey. 

In the following we want to study in detail what happens during a collision. 
Therefore perturbation theory will be pushed one step further, i.e. to fourth 
order in the perturbing potential. It will be shown that this introduces no new 
effects provided kT'< Ey, which is all right for all ordinary metals. 


§2. FourTH ORDER PERTURBATION ‘THEORY FOR SCATTERING BY POTENTIAL 
We tts DistripuTED aT RANDOM (or lattice waves with random phases) 


The unperturbed wave functions of an electron in a crystal lattice are 
ab(x, k, t) =u(x, k) exp (ik . x) exp (—7Et/h) where u(x, k) has the periodicity of 
the lattice (Seitz 1940). The wave function ‘’ of the particle in a perturbing 
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potential V that starts acting on it at t=0 will be expanded in the unperturbed 
wave functions 

W(x, 1) = [Wk x)a(k, t) exp (—iEyt/h) dp sees (6) 
If this is inserted in the Schrédinger equation one gets 

a(k, t)= —(i/h) | (k| V|k’)a(k’, 1) exp {—#(E' — E)t/h} ak. 

If V is small a good solution will be found by iteration: 

a(k, t) =a(k, t)+ a%k, 2) + a%k, t)+ ... 
where a(k) describes the situation at t=0 when JV starts to disturb the system, 
while the further terms follow from 


a™(k, t) = —(2/h) | (k| V|k’)a-2(k’, t) exp {—1(E— E’)t/h} dk’. 
Thus one gets 


aiD(k, t) = — (s/h) { (k | V[k’)a(k’) exp {iE Bt} dk! Ga 
a(k, t)= | (k| kj) ee ES ai we (75) 


and so on till 
a®(k, t) =| | V |k’)( )(k’ | V |k’)( )(k’’ | V\k’’) ya(k’’’) 
§ la exp {-—7(E-E’”)t/h} -1 exp {-—1(E-E”)t/h}—-1 
(E — Bh" /(f’ — B/E" — E’ #)) op — B"/(b’-— EB’) Ee" — E”) 
exp {—(E—E’)t/h}—1_ 
* (E=EVE"-E\E"—E) 

The matrix aa* if averaged over phases is nothing but the density matrix 
(Dirac 1947, Tolman 1938) and the formulae (7) can equally well be derived 
from the equation of motion of this dynamical variable. In our case the density 
matrix is exceptionally simple, however, for we want to show later that once it 
is diagonal it remains diagonal. Hence it may be assumed diagonal and can 
simply be interpreted as giving the numbers of particles in each state. 

The general expressions (7) can be simplified in the special case under 
consideration. We are interested either in a random distribution of scattering 
centres (impurities in the crystal) or in deformation waves without phase relations 
(thermal vibration of the crystal). In the first case the potential v(r—r,,) of 
the nth scattering centre is expanded in a Fourier integral: 


o(r—r,)= | dk ok) exp{—ik.(r—r,)}, cases. (8 a) 


Then one gets for N centres 


V(r) = | ak V(k) exp (—kr) = Dx (r—r,, => al dk v(k) exp {—7zk(r—r,,)}. 


mn tdi ads Stee (7c) 


Thus (k| V|k’) = | dr u(k, r) exp (tk. r)V(r) exp (—7k’. r)u*(k’, r) 


Di | dk” de u(k, r)u*(k’, r)o(k”) 
. x exp {—7(k’ —k+k’).r} exp (¢k’’.r,) 
| de u(ke, ryur(k’, eyo(k—K’) exp {(kK—K’).r,} 2. (9) 


} For brevity we have left out the density factor ‘i glyL,/(27)* in all integrals over k- 
throughout. 


I 


I 
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owing to the 5-function character of fexp{—i(k’’—k+k’).r} dk”. If the 
scattering centres are distributed at random 


paexpuk—k iret None a ew Hl fe... (10) 
but by a suitable choice of the zero point of the potential v(0)=0 and hence 
Ck [DAC he Ope cee tere! > (11a) 


A product of matrix elements becomes 


(k| V|k)(k’ | Vk’) = | | drdr’u(k, r)u*(k’, r)u(k’, r’)u*(k’’, r’)o(k — k’)o(k’ — k’”) 


x > exp f(k—k’)r, +2(k’ —k") or’ gt eee (12) 
In the double sum only the terms for which n =m give a contribution; its value is 
2 
(k|V[k’)(k’ |V|k’) = { | ar u(k, r)u*(k’, of | o(k—k’) [PNG yg. - eee (114) 
Similarly 


(k[V | k’\(k [Vk (ki | [k'’”) 
= | de u(k)u*(k’) | de u(k’ju*(k’’) 
x | dru(k’’)u*(k’)o(k =k’ Jo(k’ = K(k <B)NB eee (11) 
(KEV [R\(k | [kK [kk 7k) 


- | ENA IGS | dr u(k’)u*(k”’) | dr u(k’’)u*(k’’’) 


x | dr u(k’’)u*(k)o(k —k’')o(k! — k’”)o( kk!” — k’”")o(k’”” — k) N8xiv, 


+N? Hl dr u(k)u*(k’) | dr u(kur(k") | | o(k —k’) [2 | o(k—k) PO eOkiv, 
> {ar u(k)u*(k’) | dr afk uX(k’) | o(k —k’) |? Jock’ — Kk) [2 Oye eOkiv, ke 
‘ dr u(k)u*(k’) | dr u(k’)u*(k’’) | dr u(k)u*(k’””) | de u(k’”)u*(k) 


x | v(k— k’) i? | o(k’ — k’’) [? Ok —k’, k= k’” OK kK’, and CT ee aur CTEM J (1 1 d) 


The terms proportional to N arise when the scattering centres are taken 
separately (n=m, n=m=o, n=m=o=s in the sum occurring in the products 
of 2, 3, 4 matrix elements respectively). Hence they describe successive 
approximations of the scattering by a single centre. We assume that the 
scattering potentials are so weak that the first approximation is sufficient to treat 
the scattering by a single centre.| ‘The physically interesting term is the one 
proportional to N? in the last line. It describes the interference in the scattering 
by two centres, and this is the stumbling block on which the ordinary conductivity 
theory might break down. It is this interference effect that will be shown to be 


negligible if RT < Ey. 


+A stronger potential can be treated by replacing it by an effective weak potential 
which gives the same scattered wave. 
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If the scattering is caused by the lattice vibrations of a perfect crystal the 
perturbing potential is 


W= >i > Ax: EXP (1%, ;) exp (4k .x — 10,2) 


a=—n2 kj 
where j=1, 2, 3 labels the two transverse and longitudinal waves, A_,;=A*,;, 
w, =2n x frequency, w_,= —W,} %,; is the phase (a,;= —%_4;). The phases of 


the lattice waves are arbitrary, so one must average over them. ‘Thus 


(k[W]k))= | de i(k, r) WUA(k’, r) 


=> | Ay, 5 Xp (tay, u(k, r)u*(k’, r) exp {—7(k’’—k+k’).r} 
ai x exp (—1,t) dr 
= xs Aye, 5 EXP (204 _1¢7,4) | dr u(k, r)u*(k’, r) exp(—7za,_,t). (13) 
This leads pct e similar to (11) 
(k | W]k’)=0=(k|W|k’)(k’ | WK (kK | WIR") oe. (14.4, c) 
(k|W|k’)(k’ | W|k”’) = > bape; ng | dr u(k, r)u*(k’, np Ones (148) 
a 


N has now a different physical meaning; it gives the number of waves of a 
definite wave number but phases distributed at random. 


(kW IRR TW K(k |W K(k" | Wk”) 


: : , 
mae > | kk’ | Ane, 5? | wu'* | uu'’’* 
j 


+ D> | Aste sl? | Arete, al? | | aw | WU Pe Se tev 
j . 


OK”, k Oxiv, k 


r 


2b > | Av, Al | Ae sP | uu'* | wu" | uaa a yv* 
j 


X OK kik” i” Oe kek «| oto hein. te, (14d) 


| uu! * = | dr u(r, k)u*(r, k’). 


§3. COMPARISON BETWEEN Exact FourRTH ORDER TERMS AND SIMILAR TERMS 
IN THE CUSTOMARY ‘THEORY 


The second order Bloch calculation describes only single collisions. If it is 
extended over longer times it will give rise to terms containing fourth powers of 
the perturbing potential. In the following they will be called ‘Bloch terms’. 
They represent consecutive single collisions with no interference between them. 

Part of our fourth order terms come from these consecutive single collisions, 
i.e. they can be found by extending the second order Bloch treatment. This part 
describes nothing new so it must be separated from the rest. The Bloch—Dirac 
method assumes that at t=0 the phases of the amplitudes a(k, ¢) in (6) are 
distributed at random, i. there are no relations between the phases of 
different a(k, 0)’s. Equations (7) show that in course of time phase relations 
are developed, but it is assumed that they are destroyed again after each collision. 
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Thus the life of a particle is cut up into intervals each of which contains one 
collision and knows nothing of the phase relations during the previous intervals. 
Using this picture one can calculate what happens during two collisions after the 
particle had been in a well defined state ky at t=0. Now we want to compare 
this with the situation that results if the phase relations are not destroyed after 
the first collision. The Bloch method assumes a time proportional transition 
probability c(ko, k) =c(k, ky) from a state ky (or k) to a state k (or ky). The 
resulting change in the distribution function g(k) is 


Salk) = | kk’ )e(ke 1 — (kdl — | o( kek’) g (kL —g(ke)] dk’ 
R | c(k, k’)o(k’) dk’ — g(k) | Avie wee oe (15) 
If at t=0, g(k) =d(k—k,) iteration gives 


a(k) = — | ¢(Ky, k’)dk’ +1 | | ¢(ky, k’)2dk’ 


— e(k, Is) | ak’ k,) dk’ — | c(k, K’) dk’ | ener ae (16) 
ak) =c(k, ky) +2 | | c(k, k’)c(k’, ky) dk’ 
~ e(k, ky) { | e(k’, ky) dk’ + | c(k, K) dk’ | eT (17) 


If one knows how a distribution g(k) =6(k—k,) changes in course of time, 
the change of a general distribution g(k) can be calculated simply by adding 
the changes for every k separately. ‘This is justified because there are no 
phase relations between states of different k. We shall assume a distribution 
6(k—k,) at t=0 in the following. 

Before we embark on the calculation of the fourth order elements of the 
matrix g we want to prove that it is sufficient to consider its diagonal elements. 
It can namely be shown easily that—in our special case—a density matrix that 
is diagonal will always remain diagonal. In fact (d/dt)g(k,,k,,t)=0 because it 
contains a factor (k,|V |k’)(k’ |V[k”)...(k™|V]k,)=0 if k, Ak, according 


to (11). 
The diagonal elements are (cf. (7)) 

IG) i aaa Re iS era ae es ae Dy all eae (18a) 
£D(k) =aMaG* + aDQO* 4 AMAD* + aDAM* =0=GO(kK) ae (18d) 
Gk) = a%a®* + G@a* + GMAD* 4 gQVGD* 4 Gqi* 

SRG pe Bae ye er (18c) 

_ A sin (E—E)t/h kK’ 
t | ak’ |(k |] k) PE a(t) —a(k)} 


and thus if g(k) =6(k— kp) 
Deas 1) Sin (Ep — B')t/h 
£(ky) = — 5 | dk’ |(k| SO) hears sae aes 


(EZ E‘)tlh 
gk) = =i COLALON a 4 ae EE rae Ae ae CEE ON (20) 
kA~ky y= 
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Comparison with (16) and (17) shows that 
sin (E—E’)t/h 
E-E’ 
which has a limit (2/h)|(k|V|k’) [?5(2—£’) as t> o. 
2(k) =2R{aa*} + 2R{aa*} + 2R{aVa®*} + ZR {a@a* } + 2R{a®aq* } 
=2Rfaa*} + 2Rla®aO*} + 2Rfa@a®*} 


nope 
o(k, k’)= 5 [(k’ | Vk) P 


if kAk, —— (g%k)=3(k— ky). 

( E—Ey=u E-E' =v E,—-E' =v-u=w 
In the following we pe gy See 
shall write for brevity ZB = . s 


ty < EB’ —E" =x-—v=y-w=z. 


It follows from (11) that (the products of 4 matrix elements are real, see (11)): 
® 2 / , y ut ar 
g%k) = = | ak’ ak’ (kV [k’)(k’ [| k’)(k’ | V | keo)(Ko | Vk) 
k+k, 


inut/h (1 1 in wt/h in yt/h invt/h sin xt/h 
aa « jae sin yt/ sin vt/ ia = 


u 


OX wy UvZ UXZ UuWZs Uys 


2 / / at ur 
+5 | dk! dk (e| 7 | 'V(K | [oC ko | 1K) (k” | [he 
sinut/h—sinxt/h sinwt/h sin yt/h — sin at/h 
‘ uvy - vwy uwy voy |- 


According to (11d) the products of 4 matrix elements are non-zero only if 
k’=ky, k’’ =k or k—k’ =k, —k” in the first integral and k” =k’ ork—k’ =k” —ky 
in the second integral. In the first case k’ =kp, the first integral becomes 


2 ; v7 yt 
5 | ak | |V [ ky) P [Kol 71K") P 
: sin ut/h (1 bs (t/h) cosut/h sin yt/h — sin xt/h 
u ye uy  uxy Ss yee 


1 4) 
The factor in brackets is finite everywhere, including at y=0 and x=0. By 
using the well known formulae for sin and cos of sums or differences of two 
variables, it may be written in the form 


a ut/h cos yt/h—1  cosut/h sin xt/h — sin yt/h reste ut/h sin yt/h—yt/h 


u v ue x ury u yr 


e sin wills 1—cos at. eh ot (24) 
u x 
In the limit too integration gives 
Siniwite ait smal cos ut/h 2a 
{- u Fer oe wee wh du=— = A. dome (25) 
This leads to 
4a*t 2 tt Vt 2 ‘r 

— Fe |(k | ko) P8(E— By) | dle” | (Ky | 7 |e") 25(Zy—E"), ees (26) 


ie. the second Bloch term in (17). (The last two terms of (24) give no 
contribution because they are odd.) 
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Similarly, in the second case of the first integral (22) k’” =k it becomes 


2 ; : ‘ sin ut/h (1 1 
5] aK 11 Th) PLL He) PY RM (EZ) 


uw 


" (t/h) cos ut/h __ sin seh e sin a one (27) 
uv uv uvw 
or 
aa y sin ut/h [cos vt/h—=1 cos wt/h—1 
7] A 11 a) P [Ck |e) pe (RE cool) 
2 sin one &. cos ut/h (sin wt/h o SEUSS ON a Dons (28) 
uy u uw ue 
which is again finite everywhere. In the limit too this gives 
47t Peale giro ; 
Se I(k| V | ko) PSE By ) | dle [(k| Vk’) P3(B— 2") ee (29) 


which is the third Bloch term in (17). 
By the same procedure one gets for the first case of the second integral (22) 
k”’ — k’ 


ar 
5 | dk (de 71H) [Ck 1) 4 


sinut/h sinvt/h sinwt/h sin wt/h 
UVW UUW UVW uw 


or 
2 , : , sin vi/h 1—cos wt/h sin ut/h 1—cos wt/h 
5 {ak kV Ik) Pid | 1k) PR ee eee 


2 


Ww u Ww 


? cos vt/h sin pun ~ sin alsa 1+ cos aa sree G31) 
Uv w Ww u 
which gives in the limit t—> 0 
4 2 i y / ee / f 
zi | ak [(k|V|k’) |? |(k’ | V | kp) (2 5(2— 2" )8(2-£,), ...... (32) 


i.e. the first term of (17). 


§4. DiscussION OF THE NEW INTERFERENCE 'l'ERMS 


The whole of (17) has now been accounted for but there are still two terms 
left, namely 


2 ; ) sin ut/h 
[dk [OI IRIE [co 7H) RE (= 


h 
sin yt/h sin vt/h sf sin xt/h 
une UR Uys 


1 ) sin wt/h 
—} + 


wy uUvs 


} (ekg K+ K”) are (33) 


sinut/h sinxt/h — sin wt/h 
uvy uvy vwy 


Arata Cala CALAL St 


sin yi/h sin 2t/h) ., ; , 
ee pe et Ot Ka Ka Kae) ae oe 
ney vwy i Ps 0) (34) 
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They describe interference effects that are not covered by the Bloch—Dirac 
method. If the wave of an incoming particle is scattered by two scattering centres 
or two lattice waves a and b the outgoing scattered wave is composed of the waves 
that result from successive scatterings b and a or a and 6 (i.e. the three terms (26), 
(29) and (32)) and additional interference terms (33) and (34). 

The function f(p) =(sin pt/h)/p is such that 


en [eee =o fopenneeed a0 


t> ov a 


and a similar property holds for 

sin pt/h pr sin pt/h 

Pp +6 , t>o-0 P is b 

if p +b has no zero in the integration interval. Hence, owing to the denominators 
u, v and w and the oscillatory numerators, the integral of (33) is in general small 
outside an area where E’~ E,, E= E' and E’=E”. This area is ring-shaped 
in k space (see figure 1). In (33) k and ky, are kept fixed, because of the last 
factor k’—k’’=k—k,. As E’ = E, the end point of k’ lies on and near a closed 
surface round the end point of ky and similarly for k’’ and k. Thus for long ¢ 
the area of integration is confined to the ring-shaped intersection of the two 
surfaces. 


dp =0 


<a 


Figure 1. Ring-shaped path of integration Figure 2. Ring-shaped path of integration 
used in formula (31). used in formula (32). 


The integrands of the Bloch terms were appreciable on a whole closed surface 
(on a sphere if the electrons are free or quasi-free, ie. H~k?). Hence (33) is 
small compared with the Bloch terms unless k=k, and k’=k’’, so that the two 
surfaces coincide. In the limit EL’, EZ’, E> E, the energy factor becomes the same as 
for the (29) Bloch term (proportional to ¢?), but at the same time | (ky || k) |?—> 0, 
and thus this term is negligible compared with the corresponding Bloch term. 

In the same way in (34) the integration over k’ is over two rings at most 
(E" = ky, E’=E), and the only case in which this term can become important 
is for —k=k,, k’’=—k’ (see figure 2). In the latter case it extends over a 
closed surface because E_,=E, quite generally. If k= —k,, u=0, x y, V=B, 
z—>0, xv. Consequently the energy factor reduces to (t/h)(1—cos vt/h)/v? 
and (34) becomes 


Ln 
255 | dk’ |(—Ky|V[k’) P (ko | 7 [k’) P8(Ey— BE’) k=—ky. 2... (35) 


This is exactly the same as the Bloch term for — ko. 
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We shall now derive the condition for this term to be small. If at t=0 the 
distribution function had a peak 6(k—k,) at k=k, the situation after a time dt 
and up to the second order in dt would be as shown in figure 3: part of the 
peak is smoothly spread out over the states of about the same energy (because 
of the factor 5(E—£,)), but there is a hump round —k,. The 8-function has 
a breadth “/t. In first approximation the stationary distribution function is 
the Fermi distribution which depends only on E. Therefore all the N states 
in the energy interval Ey, Ey,+/t contain the same number of electrons. Any 
state k in this interval receives ‘Bloch particles’ from N states and ‘non-Bloch 
particles’ from one of them (viz. —k). Consequently the contribution of the 
non-Bloch term is small if N>1. Now N can be easily estimated for free 
electrons. Then dE =dk,?/2m~h/t and in k space the states of equal energy 
are lying on circles. N is the ratio of the volume of the shell with radius k, 
(ky?/2m = E,=Fermi energy) and thickness dk, to the volume of the little 
sphere with radius dk, round —k, (figure 4). The ratio of these volumes is 


* Occupation 
Number 


Z. *Ex, 


39 y ke 


k—~ 


Figure 3. The occupation number in Figure4. Spheres of equal energy of 
k-space as a function of the wave quasi-free electrons in k-space. 
number k a short time after it has 
started as a §-function at k=k,. 


477°k,? dky/2m (dky)? =3E,/(h/t)=N>1 or h/t<Ey, and this is satisfied in all 
cases of practical interest. It is clear that this proof is valid only for free 
electrons or for electrons with an apparent mass that does not differ in order 
of magnitude from the electron mass. 

The same argument for a Boltzmann gas would lead to h/t <kT, 1.e. the same 
condition as for the validity of the approximation to second order in W. ‘Thus 
the validity of the Bloch treatment in cases where r>h/4kT depends on the 
Fermi statistics of the electron gas. At low temperatures the change in the 
energy of the electron cannot be neglected. ‘Then one gets, according to (13), 


a(k, t) = — j | dk, eS Ay ke} exp (20k _,, ;) 
a, j 


x | Uyu,,*a(k, t) exp {—1(E, -— E+hw_,,)t/h}. 


Hence all formulae remain the same provided E£,—E, 1s replaced by 
E,—E,+hw,_,, everywhere. If a particle was originally in a state k, 
the states into which it can make a transition are no longer on a sphere of 
equal energy but on two closed surfaces (because a transition of the whole system 
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electrons + lattice vibrations should satisfy the laws of conservation of energy 
and momentum). However, the changes in energy are of the orderkT<E= Ey, 
so that the two closed surfaces are quite near the sphere of radius (2mE,)"? and 
the whole argument can be repeated. This case is only of academic interest 
though, for as we saw in the beginning there is no reason to doubt the validity 
of Bloch’s method for low temperatures. 

If both impurities and lattice waves are present it is well known that 
deviations from Matthiessen’s rule may occur. This rule states that residual 
resistance and temperature dependent resistance are additive. The cause of 
the deviation is that the same electrons undergo two kinds of collisions—elastic 
ones by the impurities and inelastic ones by the thermal waves. Thus the Bloch 
integral equation becomes more complicated. It is clear, however, that at high 
temperatures where—as we saw before—the scattering by the lattice vibrations 
may be considered as elastic, Matthiessen’s rule will hold. By solving the 
Bloch equation for combined impurity and lattice wave scattering at low 
temperature Wilson (1937) could prove that in this case the rule was valid as 
well, the corrections being of the order 10-*._ Hence the only deviations occur 
in the intermediate region T=6. These deviations from Matthiessen’s rule 
are thus a result of the nature of the Bloch integral equation and have nothing 
to do with our problem. It might be conceivable, however, that the fourth order 
terms considered here would introduce new interference effects between the 
two types of scattering and thus lead to a new type of deviations from Matthiessen’s 
rule. The result of a tedious calculation, along the same lines as above, but now 
for a case where two kinds of scattering are present, is that these new effects are 
negligible for a Fermi gas. 
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Abstract. ‘The magnitude of the change in the nuclear magnetic resonance 
frequencies in metals, with respect to the resonance frequencies of the same nuclei 
in chemical compounds, depends upon the nature of the electronic states at the 
surface of the Fermi distribution. In this paper it is shown that the observed 
“Knight-shifts’ are in good agreement with the results of cellular-type calcu- 
lations of the electronic states in metallic lithium and sodium. 


frequencies are slightly displaced in metals, relative to the resonance 

frequencies of the same nuclei in chemical compounds, provides a means of 
obtaining information regarding the nature of the electronic states in metals at the 
top of the Fermidistribution. A recent calculation by Schiff (1954) has shown that 
in lithium the state of lowest energy at a centre of a face of the Brillouin zone has a 
p-like character, in contrast to the case of sodium where the same state is s-like 
(Howarth and Jones 1952). It is the purpose of this paper to show that nuclear 
magnetic resonance data on lithium and sodium are in good agreement with this 
interesting result. 

The frequency shift, according to Townes, Herring and Knight (1950), arises 
in the following way : The constant magnetic field H acting on the nucleus is 
increased by the spin paramagnetism of the metal to a much greater extent than 
might at first be supposed. If the wave functions of the electrons at the top of the 
Fermi distribution are s-like in character the magnetic moment per unit volume, in 
the immediate neighbourhood of the nucleus, is much larger than the susceptibility 
times the external field, because the spin density near the nucleus is much greater 
than its average value over the atomic polyhedron. 

A straightforward application of Dirac’s relativistic theory shows that the 
magnetic field at the nucleus due to one electron in an s-state and given spin state is 
equal to 87f |4(0)|?/3 to a high degree of approximation, where f is the Bohr 
magneton of the electron and y the ordinary Schrédinger wave function. 

Let dS be an element of the surface of the Fermi distribution in k-space, then 
dS/|grad, E | is the contribution to the density of states function N(E) arising from 
dS, if the wave vector k is so defined that Ak is the momentum of the electron. 
Hence the number of electrons with unbalanced spins parallel to H and lying in dS 
is 28H dS/|grad,E|. If we divide this number by the total number of nuclei per 
unit volume Q-1, where { is the atomic volume, we obtain the probability that at 
any nucleus we have an electron with unbalanced spin parallel to the field, Thus 
the additional magnetic field AH at any nucleus, due to the aligned spins, is given by 


16m gn zy [ LYu(0) PaS _ 10m 5 Deere 
AH =" BHO | a Ry 7 7 PHONE lta) + (1) 
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|. HE interesting discovery by Knight (1949) that nuclear magnetic resonance 
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where N(E,) is the number of states per unit energy range per unit volume for a 
given spin state at the Fermi surface, and the average quantity <|#,,(0) |?) 1s to be 
regarded as defined by (1). . 

In the original theory of Townes et al., and of Kohn and Bloembergen (1951), 
the spin paramagnetic susceptibility was introduced in place of N(£). Unfortun- 
ately, reliable experimental values of this susceptibility are not available in the 
case of lithium, where widely different values are given by different observers. 
Equation (1) is equivalent to using Pauli’s formula for the spin paramagnetism in 
Townes’ expression. Sampson and Seitz (1940) have tried to improve the theory 
of the paramagnetism of lithium by including terms arising from the exchange and 
correlation between electrons, but it now seems possible that exchange effects should 
not be included without some modification, just as they must not be included in the 
calculation of the electronic specific heats (cf. Wohlfarth 1950, Bohm and Pines 
1953). Equation (1) is, therefore, probably the best form for AH. 

It is useful to combine equation (1) with Fermi’s formula for the hyperfine 


splitting of s-states, viz. 
_ 8a (20+1)\ PP u(n) : 
as Gy (=F) 1337 he sO) Pao), ee ee (2) 


where «(n) is the magnetic moment of the nucleus expressed in nuclear magnetons, 
Tis the nuclear spin quantum number, and y, the atomic wave function. 

First, however, we use (2) to calculate | (0) |?, and to compare the result with 
Hartree type calculations of the wave function. ‘Table 1 gives the necessary data. 


Table 1 
Ay (cm™) I fn) | ¥a(0) |? (cm™) 
Li 00268 3/2 325586 1356x408 
Na 00596 3/2 221744 5105408 


Numerical integration of the wave equation, using self-consistent fields for the ions, 
gives for |#,(0) |? the values 0-96 x 10?4cm-3 for Li and 3-56 x 1024cm-3 for Na. 
These values are, therefore, 30 to 40% less than those given by (2). The most 
likely reason for this discrepancy is that |¢,(0) |? is exceptionally sensitive to small 
inaccuracies of the central field. This can be seen as follows : Let ¢, and ¢, be 
two unnormalized solutions of the Schrédinger equation, for somewhat different 
central fields, with the same starting values atv =0. The ratio of the normalized 
| (0) |? for these two fields will then clearly be | 4.2dr/{¢,2dr. In the neighbour- 
hood of the maximum of the wave functions, and for greater values of r, small 
differences in the central field can produce appreciable differences between ¢, and 
., and it is just these regions which contribute most to the normalizing integrals. 
It may be noticed that if ¢, and ¢, are each normalized the resulting wave functions 
will be very similar everywhere except in the neighbourhood of r =0, so that for 


most purposes small inaccuracies in the central field are not serious. For this | 


reason it is advisable to combine formulae (1) and (2) and to calculate the ratio 
(1 n(9) |? >/| (0) |?, which we will denote by R for convenience, and which would 


not, presumably, suffer from excessive sensitivity to the central field in calculations _ 


of the Hartree type. 


The most uncertain quantity in the calculation of R from (1) and (2) is the | 
density of states function N(E£). If the energy surfaces within the first Brillouin | 
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zone may be regarded as spherical, then whatever the effective mass of the electrons 
we can write, for monovalent metals, 
NE YRS AOL SS ONNCe Bottega leslie, (3) 

No difficulty arises in the case of sodium, where calculations show that E, is 
almost exactly the value given by the free electron approximation. In the case of 
lithium, however, where the conduction electrons behave very differently from free 
electrons, the value of Eis not so certain. Schiff finds FE, =2-69 ev, but Bardeen’s 
calculation (1938) based on a central field prepared by Seitz gives E, =3-52ev. 
We shall assume Schiff’s value in the following, but it is clear that there is here an 
uncertainty of several per cent. 

Introducing numerical values for the universal constants, (1) and (2) can be 
combined to give 


ON(By) R=2-7408 x 1072 (=) (SE) HO see (4) 


;' lil Zt Ap 
In table 2 the values of AH/H are taken from the data of Gutowsky and McGarvey 
(1952) and the Av given in table 1 are from the work of Fox and Rabi (1935). The 
figures in column 2 are obtained from (3), using the value of E, quoted for Li, and 
the free electron value in the case of Na. To see the physical meaning of these 


Table 2 
AH/H QN(E ) (erg!) R 
Li 0-0261 x 10-2 1-740 « 101! 0-666 
Na Oop O=e 1-483 x 1012 1-027 


two values of R we proceed as follows : Let ¥,(r) and #,(r) be two normalized 
solutions of the Schrédinger equation which have s- and p-like symmetries within 
the atomic polyhedron, then to a rather rough approximation we can write 


P(r) =(l45 P+] a P)*? (@sta (7) + ap fel"), wee (5) 
where the right-hand side can be regarded as the first two terms in the well-known 
expansion used in the cellular method for ,(r). If ¢,(7) is the s-atomic wave 
function which has the same starting values as #,(r) at r=O, and if #,(r) is the 
normalized atomic wave function, then 


[¥.(0)]2=[4.(0) 2 / [ 14, Bar. ries (6) 
Since #,(0) =0 and ,(0) =4,(0) we have 
HEU) [ieee Derk ty es Mae east (7) 


$s (O)P [a |?+[ ap? 


where N=J[|¢, |? a7. 

Although we do not know the function y, (7), and therefore cannot determine 
¢., we can approximate to N very satisfactorily by using the Wigner—Seitz wave 
function (7) for the state of lowest energy in the conduction band. ‘Thus 


approximately 
N= | 2 b2(r) ar | | Fickle Va 0h pee a aS Te (8) 
“0 0 


where 7/,(r) is not necessarily normalized but ¢,(0) =9(0), and r, is the radius of 


the atomic sphere. Hence ’ 
r= {| ‘Nida aint pesin RE (9) 


la. [P+ ap Pyay 
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where the subscript av means an average taken over all values of k on the Fermi 
surface. 
Numerical integration shows that for sodium N=1-572 and for lithium 
N=2-688. Hence we find 
| a, |? = 0-248 for Li, 
{i a,(?+| 4G, cf. = 0-653 for Na. 


Thus, as we should expect from the calculations of Howarth and Jones, the states 
at the Fermi surface in sodium are mainly s-like in character, whilst for lithium 
they are predominantly p-like, in accordance with Schiff’s calculations. 

Existing data on the soft x-ray emission spectrum from metallic lithium 
(Skinner 1940) do not seem to be compatible with the calculated electronic states 
of the conduction band. Although the widths of the observed bands are approxi- 
mately the same as the calculated widths, in the case of lithium the shape of the 
band is not what might be expected onasimple theory. ‘The observed band shows 
a falling off of intensity just before the final drop at the Fermi surface is reached, 
whereas the calculated states suggest that the transition probability should increase 
steadily up to the Fermi limit. A possible explanation of this discrepancy is as 
follows : the x-ray emission takes place at an atom which has already lost one 
1s electron, and thus such x-ray spectra do not give direct information about the 
normal electronic states in metals, but only about states which are strongly 
perturbed in the neighbourhood of the emitting atom. 
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Abstract. A brief discussion of the previous work on the subject is given. 
A general expression for the exchange integral in the collective electron approxi- 
mation is obtained in terms of the Fourier coefficients of the exchange charge 
density. ‘These coefficients are evaluated for a particular case of tightly bound 
electrons and it is shown that the exchange integral is a strong function of the 
difference of the wave vectors characterizing the two states between which 
exchange is considered. ‘The significance of this result is discussed and the 
inadequacies of the collective electron approximation in dealing with problems 
involving exchange are pointed out. 


$1. INTRODUCTION 


TATISTICAL treatments of solid state phenomena based on the collective 
electron approximation usually appear to ignore the effect of the exchange 
energy. ‘Those treatments which do not ignore this energy take for the 

exchange integral between states characterized by wave vectors k, and k,; the 
expression obtained by Bethe (1930) for the case of nearly free electrons, viz. 


4q 

Samy ics Sosietas (1) 

V being the volume of the crystal under consideration. In particular Wohlfarth 
(1950) has calculated the low temperature electronic specific heat of various metals, 
and Lidiard (1951) has calculated the magnetic properties of an assembly of 
electrons. Both these authors obtain results differing considerably from those 
which experiment would lead one to expect. It is evident that their results 
would be far more satisfactory if the exchange integral was a weakly varying 
function of k;—k, instead of the strong function given in (1). Both these authors 
point out this fact and also suggest that if an adequate allowance for the correlation 
of the position of the electrons were made the result would be formally equivalent 
to the exchange integral being a weak function of k;—k;. 

Wohlfarth (1953) suggested that an exchange integral based on the correct 
wave functions for a solid instead of free electron functions would lead to an 
expression of the required form and attempted to calculate this quantity using the 
approximation of tight binding. Unfortunately, the expression he obtains involves 
a lattice sum of the form exp[i(k;—k,).r]/r. It has not so far been found 
possible to evaluate sums of this form for a three-dimensional lattice, and to 
circumvent this difficulty he drops all but the leading terms of the series, justifying 
this procedure by the assumption that the effect of the other terms on the total 
exchange energy of the solid will be small. Thus his treatment never actually 
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leads to an explicit expression for the exchange integral which may be compared 
with the expression for the case of free electrons. 

It is thus desirable to obtain an expression for the exchange integral based 
on wave functions similar to those obtained from the tight-binding approximation 
in order to be able to judge how far the discrepancies between theory and experi- 
ment are due to the assumption of too simple a type of one-electron wave functions 
and how far they are due to a neglect of the correlation effect. It is the purpose 
of the present work to obtain such an expression. 


§2. A GENERALIZED EXPRESSION FOR THE EXCHANGE INTEGRAL 
It is desirable in the first place to evaluate the integral 
1 exp |zk, .r,+72k,.(r2—",)] 
S=- = re (EF Te aa tin ey, 
if V2 il | rat dr» dry ( ) 
k,~k,, V being the volume of the crystal and the integration being taken 


throughout it. 
Putting r,—r,=r and changing to spherical polar coordinates one has 


L +t lee. : 1r2 
1= 75 ar, | | exp|[zk, .r,+72k,7 cos 6]? Hewserar 
V 0 il Y 
47 : 
Fas | expliky rll —cosk,L(rs)] dr, ee: 
qd 
An 


= [Re when k,=0, and 0 when k,, 40. | 
qd 

Terms in 1/V? are neglected. Here L(r,) is the mean distance from r, to the 
boundary. In particular, if k,=k,—k,; and k,=0, one obtains equation (1). 
The method used here to deal with the indeterminate definite integral occurring 
in the derivation of (1) differs somewhat from the method used by Bethe (1930) 
and appears to the author to be more satisfactory as it takes account of the fact 
that the crystal is of finite extent. 

One may now turn to the case of an actual crystal. For convenience the 
lattice parameter is taken as unity. Let R be a principal vector in the lattice, 
let K be a principal vector in the reciprocal lattice (the factor 27 is included in K). 
Summations over R or K are taken to be over the whole of the lattice or the 
reciprocal lattice as the case may be. 

The Bloch function characterized by the wave vector k; may now be written as 


f 1 
b(r) = Nie u(r) exp [zk,.r] = Win EXP [7k,.r] 2. OK, k,)exp[zK.r], ...... (4) 


where N is the number of atoms in the crystal and ,(r) has the periodicity of the 
lattice and is normalized over one primitive unit cell. 


The exchange integral between states characterized by the wave numbers 
k, and k, is then 


Fie a | Ee exp [2(k;—k;) . (t2— Fr) 
ee Ne [r.—r,| 


dr,dry. ......(5) 


One may now put 
i (rer) = 2.4K, kK, kK) exp -t|, 9 ane (6) 
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when from (3), (4) and (6) it is Sars that 


| a(K, k;, k,) |? 
Jij= Pee eK tee eo an ade (7) 
From (4) and (6) it may be shown that 
a(K, k,,k;)= io Od SEL) GAA SREB RE (8) 


It is of interest to note that the b’s are equivalent to the momentum eigenfunction 
as employed by Slater (1952). 


§3. A ParTICULAR CASE 


As the form of the exchange integral for nearly free electrons is already known 
it is of interest to attempt to obtain an explicit expression for this quantity for the 
opposite extreme, namely the case of tightly bound electrons. 

The case considered is that of a simple cubic lattice having atomic wave 
functions of the form exp | —«?7?] located on the lattice points. This is equivalent 
to the case of tightly bound electrons in the lowest band in the Mathieu function 
problem investigated by Slater (1952). 

According to the tight binding approximation the wave functions are then of 
the form 


g2!/3 (2\ 3/4 : 1 : 
%(r) = nip (=) 2 exp [—«?(r—R)?+7k,.R] = yintdr) exp IC ob eee (9) 


It is found that the Fourier coefficients of u(r) are given by 


b(K, k,) = 03! (<)" > exp [zk,. R] | exp [ —«2(r —R)?—i(k,+K) .r] dr, 
7 R 


where the integration is taken over one atomic polyhedron. 

If « is large, as in the case of tight binding, two approximations may be made 
without serious error: (i) only the leading term (R=0) need be considered, 
(ii) the integration over the atomic polyhedron may be replaced by an integration 
over all space. ‘To this approximation it is found that 


b(K, k,) = (=)" exp | - (*)'|. hath: (11) 


The use of this expression is equivalent to assuming that the binding is so tight 
that the Wannier (1937) functions degenerate to the atomic functions. 
From (8) and (11) it is found that 


a(K, k,, k,) = (=) ‘Sex| - (GE) (Sy |. ene (12) 


Since « is assumed large this series will converge slowly. It may however be 
transformed into the following rapidly convergent series (see Appendix) 


k,—k,—K)? ce eae 
a(K, kk) =exp| — oe | Fox] - a +iR.D |, Sees (13) 


where D=}(K+k,+k,). 

Matine an approximation exactly equivalent to approximation (1) one may 
neglect all terms except the leading term of this series. It is then found that 
4 — exp [— {(k; —k,; —K)/2«}?] 


Tu= 7% [|k;—k;—K|? 


K 
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Now k;—k, can range over a zone having twice the linear dimensions of the first 
Brillouin zone. J,;—> co as k,—k;->0, and will also tend to infinity as k,—k; 
approaches any of the 26 reciprocal lattice points lying on the boundary of the 
allowed range of k;—k,. It may thus be seen that even in the case of tight binding 
the exchange integral will be a strong function of k,—k;. Although equation (14) 3 | 
represents the results for a special case it is evident that the results will be qualita- 
tively the same for any tightly bound system of electrons. 


§4. DiscussIon 


From the foregoing considerations it appears reasonable to conclude that the 
weakness in the existing treatments of solid state phenomena based on equation (1) 
lies not so much in the assumption of the wrong form of exchange integral as in 
neglecting the influence of electron correlations. ‘The method employed by 
Wigner and Seitz (1934, see also Wigner 1934) to estimate the effect of electron 
correlation on cohesive energy is, unfortunately, not applicable to the type of 
problems discussed here and is moreover, as was pointed out by Wigner (1934), 
only a rough approximation. 

It thus appears that the collective electron theory of metals in its present form 
is not suitable for dealing with problems in which exchange interaction plays a 
prominent part. 
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APPENDIX 
Equation (12) may be written as 
Oa \ 3/2 
a(K, k;, k;) = (=) PS, Rixs [SOV al Om Rin, hy) EK. Ris k;.); © eS Sess. (A 1) 
where 
aig 2rl' +k.\2 2rl+ 2nl' +k,,\2 
Re sel See | Be af eee ar eae 
Oe iGvaics— 
. (Rig —Rjg—20l)* | 42 Aare 
=exp| - ie ena toon exp| — +4], ae eens (A 2) 


where d= 31+(k,,+k,,)/47. 
The series obtained is periodic in d and may accordingly be expressed as a 


Fourier series giving 


a (2\02 (kk, 200"| ee aig? |. 
Dee 3(=) exp | — Cz Rie Prt) > exp| - + 2riqd |. ee (A 3) 


q=—@ 


From (A 1) and (A3) one may easily obtain (13). 


REFERENCES 
BETHE, H., 1930, Ann. Phys., Lpz., 5, 325. | 
Lrpiarp, A. B., 1951, Proc. Phys. Soc. A, 64, 814. 1 
Starter, J. C., 1952, Phys. Rev., 87, 807. 1 
WaNnniER, G., 1937, Phys. Rev., 52, 191. 
Wicner, E., 1934, Phys. Rev., 46, 1002. 
WIcneR, E., and Sertz, F., 1934, Phys. Rev., 46, 509. 
Woutrarth, E. P., 1950, Phil. Mag., 41, 534; 1953, Rev. Mod. Phys., PAsyy PALL 


229 


Static Magnetic Fields in General Relativity 


By W. B. BONNOR 
Department of Applied Mathematics, The University, Liverpool 


MS. received 20th Fuly 1953, and in amended form 16th October 1953 


Abstract. A theorem is proved which enables a class of known electrostatic 
solutions of the field equations to be adapted to the magnetostatic case. Exact 
solutions referring to a uniform magnetic field and to a magnetic dipole are given. 
The solution for a circular loop of wire carrying a steady current is considered, 
and it is shown that if the mass of the wire be neglected, both the magnetic and 
gravitational fields at great distances are equivalent to those of a magnetic dipole. 
The paper concludes with a short discussion of the significance of the solutions 
presented here, and in an earlier paper, for relativistic electromagnetic theory. 


§ 1. INTRODUCTION 
N a previous paper (Bonnor 1953, hereafter denoted by I) certain solutions of 
I the field equations of general relativity with an electrostatic field were obtained. 

These were of two types: one describing electric fields corresponding closely 
to classical electric fields, with accompanying gravitational fields of expected 
nature having regard to the sources of the electric field; and the second type 
referrring to electric fields not predicted at all by classical theory. 

The present work extends the investigation to static magnetic fields, and shows 
that two types of solution, similar to those mentioned above, again exist. In 
§§ 2 and 3 we show how some known electrostatic solutions may be adapted to the 
magnetic case, and in § 4 we consider briefly certain magnetic fields arising from 
steady currents. 


$2. A THEOREM CONNECTING ELECTRIC AND MAGNETIC SOLUTIONS 


The field equations for regions of space-time containing electromagnetic 

fields but no matter are (Eddington 1924, chap. VI, § 77) 
Go Or Liye iy! se ee Sa seer (2:1) 
Bae FoR tera Fy 2 8 Res (2.2) 
where G;,; is the contracted Riemann—Christoffel tensor, and F;; is the (anti- 
symmetrical) electromagnetic field tensor which satisfies Maxwell’s equations for 
empty space if 
Fj t Fynsit Pnsg=0, © wee (233) 
diareeha mma ere (2.4) 
the semi-colon denoting covariant differentiation. 

We shall first prove a result which enables solutions of the equations (2.1)-(2.4) 
referring to purely electric fields in empty space to be adapted to corresponding 
magnetic fields. The result may be stated as follows: 

Theorem. If g,;, F,; are tensors satisfying the field equations (2.1)-(2.4), then 
&;, F*,; also satisfy them, where 

| Pe ee OT a | AS ee (2.9) 
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The expression 7;;,, is defined by 
Ned — Spit 8) ttle shad meh lla Re (2.6) 
where ¢;;,) is the usual permutation symbol, and g is the determinant of the metric 
tensor g,;; 7;j4) 8 a covariant tensor with respect to transformations with positive 
Jacobian, and it has zero covariant derivative, a fact which will be used later. 
The theorem will be proved if we show that 


BSE. eee (2.7) 
Fi Pg ee as =) Rae, (2.8) 
and EO = a (2.9) 


where E*? is the electromagnetic energy tensor formed from the F*,,; in accordance 
with (2.2). 
We shall need in the proof the following, which are easily deduced from (2.6): 


fe = ina (SB) ts 
Ant = St ae ae (2.10) 
Nah = — Oe ae (2.11) 


To prove (2.7) we first calculate the E*', using the formula (2.5) for the F*”. 
[Dee NENTS Rae e wey chs) eae 
= are $7 ee jo8 ac i kl vis mn 
$76 Fe Bam Bon Fea Fp 
a t mee Njapa PERS AF x 3 1 ila Nmnef Py Boa 
Using (2.10) and (2.11), we have 
EM) = 49] FP Fy 5/04 PY Fog 
which, because of the antisymmetry of the F,,, reduces to 
E*} =} 50) Fed F485) F® F,,. 
It is easily verified that this gives 
E*} = — Fa Fy 448! F® F,, = Ei. 
It is clear that (2.8) will be proved if we can show that 7" F*,,. ,.=0. 
Now, using (2.5), 
ape Sie ne eink io Lod x 
re 2 ae Nijef Be, k> 
and, using (2.10), we obtain 
we La = oe BO pe ad Us eal) 
from (2.4). Hence (2.8) is established. 
Finally, (2.9) follows at once on using (2.5), because Pet = hy" =U 
from (2.3). ‘This completes the proof of the theorem. 
We shall be concerned with static solutions of the field equations, i.e. solutions 
in which the g,; are not functions of «,, and in which g,,=0. Such solutions 
correspond to purely electric fields if the components of F,; (or F”) are zero unless 


2 orj equals 4, and to purely magnetic fields if the components F,, are zero. Let us 
take a purely electric solution, with metric tensor g,, and write 


(X, Y,Z)=(F™, F%4, F4), 


en ee 
a 
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3 rom the above theorem it follows that there exists a purely magnetic solution in 
which g,; is unchanged, and the components of F,; (obtained by lowering suffices in 
(2.5)) are 
= — Fz, =(—2)*Z, Pet lag =(— 2) Ya lag eB), } 
Fy = Fy = Fy, =0. 
pec f (2.12) 
Consider now a space-like two-dimensional surface V, and let 2’, uw be unit 
vectors orthogonal to it, A’ being time-like; then the electric and magnetic 
intensities normal to the V, may be taken as (Synge 1936) 
E(u,A) =F? way 
AI (p, A) = 3 Fi bry, 
where F;; is the electromagnetic field tensor satisfying (2.3) and (2.4), which may 
contain both electric and magnetic components. Let us now suppose that the 
parametric line of x, is normal to V, so that A, =0(«=1, 2,3). Thenif the relation 
(2.12) exists between the components of F,; we have 
A (u, A) = 30" Big erg 
ee Ne Vee ee (2.14) 
ND (1, r). 


Hence the electric and magnetic intensities normal to a V, at rest in the coordinate 
system are numerically equal; and therefore the fluxes of these intensities across 
an element dS of V,, defined as H (1, A) dS and E(u, A) dS, are numerically equal. 

From the above it follows that to every purely electric solution g,;, F"* of the 
field equations (2.1)—(2.4) there corresponds a purely magnetic solution in which the 
£3 are the same, and the F,; are given in terms of the F* by (2.12); and the electric and 
magnetic fluxes across any two-dimensional surface at rest are numerically equal in the 
two solutions. 

The above results hold only in regions where the electric charge and current- 
density vanish. Moreover, in applying them we must bear in mind the fact that 
there is not an equivalence between sources of the static electric and magnetic 
fields; by this is meant that whereas the electrostatic field in empty space may be 
considered to arise from point-charges, the magnetostatic field must arise from 
magnetic dipoles, or from stationary electric currents. (In §4 we shall give some 
justification for taking the magnetic dipole as a source equivalent to a stationary 
electric current.) For example, the relativistic solution for a charged mass-point 
(Eddington 1924, § 78) yields, on applying the above theorem, a solution referring 
to a magnetic pole with mass, which we must reject on physical grounds. But 
with these provisos we may use the results of this section to derive solutions for 
magnetostatic fields in empty space from known electrostatic solutions. 


§3. CERTAIN MAGNETOSTATIC SOLUTIONS 
First, we may adapt to the magnetic case the class of electrostatic solutions 
discovered by Majumdar (1947), and independently by Papapetrou (1947). ‘This 
class is given by 
ds® = — (1+)? (dx? + dy? + dz*) + (1+)? d#*, 
p=H/(1+yp), pv rales (3.1) 
Ob ue ob as on =() | 


Gn te ey? BOs" Wl 


where 
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For electrostatic fields the electric flux across a spatial surface S on which the 
position of points is described by parameters u, v is (Whittaker 1935) 


| \Fe (a ¥s) 1 pean (8%) 4 pras 2 (Hv 2) } (—g)'!2dudv, ...... (3.2) 
Ss 


0 (u, v) 0 (u, v) 0 (u, v) 
a result which follows also from (2.13). In the case of the solution (3.1), this 


reduces to eee ee ’ 
-ae(( J Ob 2 (xa x3 Hg, X41 XX 
ri Ses B(u,0) * Oxy O(u,0) * dx, O(u,2) peed 
which is proportional to the electric flux across S arising from the classical potential 
yw. Hence it is reasonable to suppose that the electric field of (3.1) is that which 
arises from the potential ¢s in Maxwell’s theory. 
From § 2 the magnetostatic solution corresponding to (3.1) is 


ds? = — (1+)? (dx? + dy? + dz®) + (14+ p)2 de, 


: 
| 3:3 
Fates, Pampers, ee a i Ca 
Further, we know that the magnetic flux for (3.3) is proportional to that in the 
electric, and therefore in the classical case. 

Papapetrou (1947) has considered in detail the special case of (3.1) which refers 
to a set of point charges, and it is clear that the masses of the points are all propor- 
tional to their charges, the constant of proportionality being one in the units being 
used here. ‘The solution, in fact, refers to a set of charged mass-points in which 
the gravitational and electric forces just balance so that the set remains in 
equilibrium. For this reason the solution for the electric case is not of great 
physical interest, and the same may be said of the magnetic solution (3.3). 
Examples exist of (3.3) corresponding, for instance, to magnetic dipoles, but these 
must carry mass dipoles with moment proportional to the magnetic dipole moment. 

Another set of electrostatic solutions was given by Weyl (1917). This refers 
to fields with axial symmetry, for which the line-element may be taken in the form 


ds* = —e* (dx? + dxg2)—e° x2 dxg2teedi®, ==... (3.4) 
the origin of coordinates O being taken on the axis of symmetry Ox,, x, and x3 
being radial and angular coordinates respectively, and A and p being functions of 


x, and x, only. For electric fields containing no matter or charge except at 
singularities Weyl’s solution is 


ae 5 
A+ Boag” : 
Cs Dee ir ee Pe NE ce (3.5) 


e&=A+Bb+¢e, | 
{ 
| 


Gi, ON NON Oe 


Pi 
I 
9 
| 
Hos 
no 
roe) 
oe 
eens eS 


and specification of i fixes not only ¢ and p but also A. From (3.2) it is found that 
the electric flux across a given surface for this solution is proportional to that of the 
classical electric field arising from the potential yp. 

The magnetostatic solution corresponding to that of Wey] is given by (3.4) and 
(3.5) together with 


: 0 0 
fi,=f_=0; ee a ee a .- (3.6) 


CN ee 
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The magnetic flux is proportional to that corresponding to the potential s. 

‘Two axially symmetric fields of physical interest are those corresponding to a 
uniform magnetic field, and to the field of a magnetic dipole. The solution for a 
uniform magnetic field may be written down from that in I for a uniform electric 
field, using (2.12) to obtain the components of the magnetic field : 
ds* = — exp {C? (1 —b?)x,?} [X-3 dx? + X—! dieg?] — x52 X-1 dug? +X dt?, 

Fyg= F3,=0, Fog= $24? Cx, (3.2) 

X=1+2Cbx, + C?x,?. 

It was shown in the electrostatic case that the field corresponding to this solution 
arises from charged mass-points at infinity, the constant Cb representing mass and 
C the field strength. It therefore has no physical significance in the magnetic 
case unless 6 is put equal to zero, which abolishes the mass; we may then regard 
the solution as referring simply to a uniform field afeorbuest, by a solenoid without 
mass. 

Solutions corresponding to magnetic dipoles may be obtained from (3.5) and 
(3.6) by using the classical potential {=px,/r?+c, where 7?=x,2+%,2 and pu 
and care constants. ‘There are two cases: 


~2 
@) Ne oD f= Ke?=(c+ 2) | | 


(ii) A—+4B?=D? (where D may be real or imaginary), 


e° = D? sec? | D(e+ my], 
e! = Keost| D(c+ 45+) ex p| 4e(=E- Fe), eS 
$= —1B+Dtan| D(c+ mt). 


In the above K is an arbitrary constant, and e* has been found from the field 
equations given in I. 

Solution (3.8) is a special case of (3.1) and, as already mentioned, solutions of 
this type refer to distributions of charges (magnetic or electric) associated with 
masses numerically equal to the charges. In the case of (3.9), taking D real, we 
can make the line-element tend to Galilean form as x,, x, tend to infinity by choosing 

K=D-4, Disc (Deja eae (3.10) 
If we do this, and expand g,, in powers of jux,/r*, we find that 
— D?)1?; 2(3 — 2D?) x,? 

2u (1 ) vy i L ( ) 1 th 


re ja 


Lah Me 


The solution now contains two arbitrary constants D and yp, and it is clear that 
+(1—D2?)!2, is to represent the strength of a mass-dipole present together with the 
electric (or magnetic) dipole of strength ». ‘Thus the solution for an electric or 
magnetic dipole only is obtained by putting D = 1, and the asymptotic form of g44 is 
then ih NOSES Toei Een Manes" (3.11) 


With this interpretation the solution corresponding to (3.10) allows mass-dipoles of 
strengths between +; another solution giving mass-dipoles of strengths 
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numerically greater than is obtained by taking D in (3.9) to be imaginary. ‘The 
solution for a mass-dipole of strength yz is given by (3.8). 

From the observational point of view some interest might be attached to a 
solution of the field equations representing a mass-point carrying a magnetic 
dipole as a model for a star or planet with a magnetic field of the type found on 
earth. No solution of this type exists in the class (3.5) as can be verified by using 
the appropriate form of # (which is ¢=er1+x«,7-* +c) and trying to adjust the 
constant D so as to obtain a term representing a mass-point without mass-dipole. 
However, it seems probable from (3.11) that the asymptotic form of g,, for this 
solution must be 

OL ee aia ee 


Ale 2= - 
844 7 76 


en eneain eh i: « (3.12) 
where m represents the mass and » the magnetic dipole strength. In this case 
the contribution of the magnetic field to the gravitational field will be quite 
negligible, even for strong dipoles. For example, for the ratio of the third and 
second terms on the right of (3.12) at the surface of the sun, supposing a magnetic 
field there of about 1000 gauss, one finds, paying due regard to the units, a value of 
order. 0=3%: 

In I were given certain electrostatic solutions of the field equations which have 
no classical analogy. Similar solutions exist also in the magnetostatic case and 
they may be written down from the electrostatic solutions by the use of the theorem 
of §2._ For example, there is the solution referring to a field symmetrical about an 
axis Ox, in which the line-element has the form (3.4) with 


Ae (141 C%y,2)2, ] 
Bee Clo y. Cun cee (3.13) 
and ira Fy, = — Fon = CX, J 


where C is an arbitrary constant. ‘The field represented by (3.13) has properties 
similar to those of the corresponding electrostatic field describedinI; the magnetic 
field is everywhere parallel to Ox, but is not a uniform field in the classical sense ; 
and this magnetic field generates an orthogonal gravitational field which for large 
Xz is equal to that of a line-mass of unit density along Ox. 


§4. MAGNETIC FIELDS OF CERTAIN STEADY CURRENTS 


Solutions for certain axially symmetric fields of steady currents may be written 
down from (3.5) if the magnetic field be represented by the scalar magnetic potential 
for the magnetic shell equivalent to a current wire. 

As an example, let us consider a circular loop of wire carrying a steady current. 
If we take the centre of the circle at the origin of coordinates, and x,=0 as the 
plane of the loop, Weyl’s form of the line-element (3.4) may be used and gy, is 
given by (3.5), in which + is the classical potential corresponding to the equivalent 
magnetic shell. Evaluating the integral in (3.5) and putting 4—1B?=D2, we 
find 

c= D* see? [D(i-Fe)( ee) 2 eee Pe ee (4.1) 
where c is a constant of integration. For the multi-valued potential 4 we may 
write =, +4n7j, where yf, is the single-valued part of % and 7 is an integer. 
Assuming that the g,;, which determine the line-element, must be single-valued, 
we must replace y# in (4.1) by gs, so that 


Sig = D2 set (DG, Hoe eee (4.2) 


ee ees 
me oe ape et 
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‘To obtain the complete solution it would be necessary to find A from the field 
equations associated with (3.5). It was shown in I that a function A always 
exists when p and ¢ are given by (3.5), but we do not bother to determine it here 
since it will not be needed in what follows. 

For large x,, x, we know that %) ~ajx,(x,2+x92)-32, and by choosing 
D=1,c=0 we find that (4.2) gives g4,~1+4,2. This is of the same form as (3.11), 
and it shows that the gravitational field of a current loop without mass is the same 
at large distances as that of a magnetic dipole without mass. We cannot use this 
method to obtain a solution for a current loop with mass because a different choice 
of arbitrary constants D and c gives a solution referring to a field whose mass 
source is a mass dipole shell. However, as in the case of a magnetic dipole, it seems 
plausible to suppose that the asymptotic form of g,, for a current loop of mass m is 

27472 v2 
2m wae J xy ; 


fu~l— 5 
which is similar to (3.12) for a magnetic dipole with mass. This suggests that we 
may extend to gravitational fields the well-known classical result concerning the 
equivalence at great distances of a magnetic dipole and a current loop. 

One might expect that there would be a solution of the field equations corres- 
ponding to an infinite straight wire carrying a steady current. Indeed, Mukherji 
(1938) gave a solution which he considered to refer to this case. Using pseudo- 
cylindrical coordinates and supposing the wire to lie along the axis of symmetry 
Oz, Mukherji assumed that the field depended only on the radial coordinate 7, 
and took the line-element in the form 


ds? = — e dz? — e (dr? + Aira ee iie ee 8 eh Win eae (433) 


where A, » and p depend on 7 only. The only non-zero component of F;,; is 
F.(=— Fy), and this also depends only on 7, Mukherji obtained the most 
general solution of the field equations (2.1)-(2.4) on these assumptions, and this 
involved three significant arbitrary constants /, a andj, which were interpreted 
as the mass per unit length of the wire, the radius, and the current respectively. 
It seems reasonable to impose as boundary conditions, first, that the components of 
the Riemann—Christoffel tensor shall tend to zero as r—>- 00, and secondly, that for 
larger the magnetic flux shall be that of a classical line-current and the gravitational 
field that of a line-mass. If one does this, one finds that the first condition is 
satisfied, but the magnetic flux in the solution does not tend to the classical value, 
and an application of the relativistic form of Gauss’s theorem (Whittaker 1935) 
shows that M cannot be interpreted as the mass per unit length. Moreover, it does 
not seem to be possible to transform the solution into a form in which these 
difficulties are removed without introducing singularities to which no meaning can 
be attached. 

I tried to find a more satisfactory solution corresponding to a line-current 
first by allowing A, » and p in (4.3) to depend on @ as well as on r and, secondly, by 
taking the line-element in the form 

d= — eh (dre dst) 1 e diac die NS aes (4.4) 
and allowing A, . and p to depend onr and z; in both cases Fy, was assumed to be a 
function of r only. In the first case the general solution of the field equations was 
found, and although it could be made to satisfy the boundary conditions given 
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above, the g,; were found to be multivalued or to have singularities to which no 
physical significance could be ascribed. With the second approach I did not 
succeed in obtaining the general solution corresponding to the line-element (4.4), 
but I found that no satisfactory solutions exist in which each of the g;; is a product 
of a function of r and a function of z. 


§5. CONCLUSION 


It is relevant to consider the present status of the relativistic electromagnetic 
theory which is given by the field equations (2.1)-(2.4). The usual objections to 
it are that it does not satisfactorily weld together gravitation and electromagnetism 
because the electromagnetic field, which is introduced in a rather artificial way by 
means of the tensor E,;, does not arise naturally from the field variables g,;; and 
that it does not describe any of the phenomena of the quantum theory. ‘The 
second criticism is irrelevant if one regards the scope of the theory as the unification 
of gravitation and Maxwell’s theory, which seems to be a reasonable first objective 
for a unified theory, and one which might lead to measurable predictions, not on 
the atomic scale, but perhaps of an astrophysical nature. The first objection still 
holds, but in the absence of a successful, more coherent union of the gravitational 
and electromagnetic fields, the theory would still be of value if it could be shown to 
describe satisfactorily the phenomena with which it is concerned; and it might 
help to indicate the lines on which a better theory could be constructed. It is well 
known that the theory gives Maxwell’s equations in first approximation, reduces to 
general relativity in the absence of electromagnetic fields, and entails the Lorentz 
equations of motion. 

Considering the work described here, and also in I, from this point of view, we 
observe that, among the static fields, there is a wide range of solutions which 
correspond with classical theory. These include the point electric charge, electric 
and magnetic dipoles, uniform fields, and other members of the classes (3.3) and 
(3.5) which apply, with appropriate modifications, to both electric and magnetic 
fields. No satisfactory solution referring to the field of an infinite line-current has 
been found, but a solution has been shown to exist for a circular current loop 
without mass, and this coresponds at large distances with that of a magnetic dipole, 
as in classical theory. 

There is also a number of solutions, of which (3.13) is an example, which have 
no classical analogues. The physical circumstances in which these could apply 
are obscure, but they do not at present involve any conflict with observation and so 
need not be considered as a serious fault in the theory. 

It therefore appears that the description by relativistic electromagnetic theory 
of the fields considered here may be regarded as adequate. 
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Abstract. A very simple model of an imperfect gas, analogous to the Weiss 
model of a ferromagnetic, is used to check various conflicting conclusions about 
the relationship between the condensation of an imperfect gas and the 
divergence of Mayer’s virial series. For this model, the divergence of the 
virial series has no physical significance, and the interpretations of this divergence 
suggested by Mayer and by Born and Green are both incorrect. The model 
also turns out to be one for which care is necessary in going to the limit of a 
very large assembly. 


$1. INTRODUCTION 


F UNDAMENTAL advance was made by Mayer and his collaborators (Mayer 
A 1937, Mayer and Harrison 1938, Mayer and Goeppert-Mayer 1940), 
by showing that the phenomenon of condensation was closely related 
to the singularities of power series expansions of the partition function. The 
mathematical treatment was improved by Born and Fuchs (1938) and a number 
of other papers on the same problem have been published by other workers, 
e.g. Kahn and Uhlenbeck (1938), Fowler and Guggenheim (1939), Born and 
Green (1947 a, b), Rodriguez (1949), Zimm (1951), Katsura and Fujita (1951), 
Yang and Lee (1952) but there are many points of disagreement about the 
interpretation of the results. 

Much of this disagreement seems to result from the fact that the partition 
function has never been precisely evaluated in any case of physical interest. 
One important feature, the behaviour of the partition function as a function of 
density, becomes a matter of conjecture as soon as the liquid state is approached. 
It therefore seems opportune to call attention to the fact that there does exist a 
simple physical model, not too far removed from physical reality, for which 
precise conclusions can be drawn about some of these controversial matters. 
The model is analogous to the Weiss model of a ferromagnetic, and will be shown 
to be practically equivalent to that of attracting rigid spheres. 

It seems to be clearly established that the isotherms of the imperfect gas 


| can be described by means of the equations 


RakDidindy om at)” ° ae ae (1a) 
where Z is determined by 4 
Pasi oe eet SS 21 henge (14) 
i 
These equations may be shown to be mathematically equivalent to 
k j 
C= = rl eer ps 
Fy =rT| 1 Dargis | (2a) 
L= 1 exp (->e."*) Sota (25) 
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as long as all these series are convergent. In these equations v=V/n and the 
b?s and f,’s are the cluster integrals and irreducible cluster integrals defined by 
the Mayers (1940). The points at issue seem to be: : 

(a) The physical interpretation of the densities and temperatures at which 
the series (1) and (2) diverge. For a given T, the two types of series will not 
necessarily diverge at the same value of v. 

(b) The question whether it is mathematically and physically correct to treat 
the b’s and f’s as independent of n. 

(c) The mathematical form of the isotherms in the neighbourhood of the 
critical temperature. 

The Mayers (1940) attempt to answer these questions by guessing the probable 
behaviour of the b’s and f’s as functions of temperature, while Born and Green 
(1947 a, b) derived approximate expressions for the f’s from their integral 
equation. Unfortunately, the two pictures of the critical region differ widely, 
and, although other workers have directed attention to important points, Kahn 
and Uhlenbeck (1938), Born and Fuchs (1938), Zimm (1951), Katsura and 
Fujita (1951), further progress with the problem seems unlikely in the absence 
of physically reasonable models for which precise information about the cluster 
integrals can be obtained. 

Yang and Lee (1952) work with such a model, ‘the lattice gas’, analogous 
to the Ising model of a ferromagnet, the vessel being supposed divided into 
compartments of size V/N, (n<N) the interaction energy between two molecules 
being supposed to be positive infinite if they are in the same compartment, 
negative if they are in neighbouring compartments and zero otherwise. This 
is a crude approximation to a Lennard-Jones type of interaction, but the 
explicit results obtainable with the two-dimensional version of this model are 
physically very suggestive. ‘They show that the critical and condensation 
temperatures are indeed determined by the divergence of series (1), and that 
in the liquid region, these series can be replaced by algebraically equivalent 
series in inverse powers of the variable Z, and they thus avoid having to consider 
explicitly any possible variation of the 6’s with N. They also show that 
singularities of the series (1) can only occur on the unit circle of the variable Z, 
and this seems to rule out, for this special model, the possibility of a ‘lower’ 
critical temperature associated, in the manner suggested by the Mayers (1940), 
with the divergence of series (2). Unfortunately, the b’s and f’s are not known 
explicitly, so we cannot yet say whether, in this special model, series (2) always 
diverge at the same density as series (1), or whether, as in the model we shall 
consider below, series (2) only diverge in the physically irrelevant case in which 
all compartments are filled (n=). 

It has further been shown (Temperley 1952) that this model has a finite 
‘boundary tension’ (the two-dimensional analogue of surface tension) that 
persists right up to the critical temperature. The Mayers’ suggestion (1940) of the 
existence of a lower critical temperature (the surface tension vanishing before the 
densities become equal) is therefore untenable for this special model. 


§2. THE ‘ Lattice Gas’ MopeL with Lone RANGE INTERACTIONS 
It seems of interest to examine the consequences of the ‘lattice gas’ model 
in which, in contrast to Yang and Lee (1952), we assume the attractive forces 
between molecules to be of very long range. In other words, we suppose the 


} For 8, we have 
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volume FV’ to be divided into N compartments as before, and that it contains 
molecules, the interaction energy between any two of which is + co when they 
are in the same compartment, —e when they are in different compartments. 
To get sensible physical results, it is necessary to suppose that, as N and V become 
large, Ne remains constant and equal to Ey, which is comparable with RT.. 
(A similar assumption is implied in the Weiss theory of ferromagnetism, where 
we assume that the ‘effective field’ is independent of the size of the assembly.) 
On this understanding we can calculate explicitly the limiting form of the 
irreducible cluster integrals, assuming that V/N remains constant as N—> oo. 
For this model the integrals change in an obvious way to sums, integration over 
the coordinates of a molecule being replaced by placing it in turn in all possible 
compartments. We must remember to consider configurations where two or more 
molecules are in the same compartment, because the Mayer expression 


f,,= exp (H,,/RT)—1 
is then —1 and not zero. For f, we have 
1 yon é V 
A= (DV y+ {0 (gr) 1h (Y—x) | 


because, when two molecules are in the same compartment the first may be 
anywhere in the volume, but integration over the coordinates of the second mole- 


' cule then contributes a factor V/N, while, if they are known to be in different 


compartments, the corresponding factors are V and V—V/N. ‘Thus we have 


B,=- | 1-2 +0(5) | where Tn = IN ee 


a= ay[ (ar (EY +3{exn (gp) 1} (arb (r— 4) 
onl) BY (0-8) 
9 -20)] 


). Continuing this process, we can show quite generally that, as N-> oo, the only 


a 


. significant contribution to f,, is —k-(V/N)* which arises when all k + 1 molecules 
_ areinasingle compartment. If we remove one molecule to another compartment, 
| we gain a factor N in the integration, but we at the same time introduce at least 
. two extra factors exp («/RT)— 1 because, in the irreducible clusters (with the single 
exception of B,), every molecule is bound to the remainder of the cluster by at 
- least two links, and since </RT is of order 1/N we lose, on balance, a factor 


of at least N. 
We recall the analogous problem in magnetism, given m ‘positive’ magnets 


_ and N—n ‘negative’ magnets of moment yp in an external field H, J being propor- 


tional to the total magnetization or to (2n—N)/N. ‘The solution of this problem 
is well known to be given by 


2N —4n)Au? — 2uH n n 
or ON tye 24 tog (1-5) tog (5). 


17-2 
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The corresponding result for the lattice gas is eqn (26) and we make transcriptions 
(analogous to those deduced by Yang and Lee (1952) for nearest neighbour 


interactions) n—-> V /v, exp {(2uH — 2Np?A)/R T} —>ZV/N, 4Np?A +E). 


From this we deduce ve = exp(— Bie") Bp: (3a) 
; V (os Pips we 1 1g yu 
with b=-H(1- xf): B= -z(7) for k>1. 
The corresponding virial equation may be written in the form 
sy Hh b ; _1EV bile 
ps 5 =— "Prog (1-2), with a=5- b= ok oe (3b) 


which resembles the van der Waals equation or that for rigid spheres. 


§ 3. THERMODYNAMIC PROPERTIES OF THIS CRUDE MODEL 


Our derivation has shown that eqns (3a) and (36) should really be supple- 
mented by the condition that, for a finite assembly, the 6’s must be corrected by 
terms of order 1/N. We recall the Mayers’ relation (1940) between the two types 


of cluster integral 
i Ny if Ns : 
p= > ue eee with 2 Fn, = 1-1. 

This shows that the omission of these correcting terms in the f’s may affect the 
values of the 5; as soon as / becomes comparable with N, because the product 
of N factors of the type 1+O(1/N) is not necessarily equal to unity. The fact 
that in a ‘hard-core’ type of model there is a limit, N, to the permissible number 
of molecules in a cluster, also leads us to expect that the analytic form of 4, should 
change as / approaches the value of N. 

A further reason for expecting such a dependence of the higher 3,’s on the 
density was pointed out by Kahn and Uhlenbeck (1938) and by Yang and Lee 
(1952). If we suppose that all the 4;s are density-independent, the theory 
predicts a flat isotherm down to v=0, that is, an infinite density for the liquid 
phase. This difficulty disappears if we admit that the higher ,'s are always 
functions of the density. Such 4s do not affect any physical results until we 
are actually in the condensation region, series (15) being ‘just about to’ diverge. 
Put in another way, if we express the isotherms in the form (2a), it does not 
necessarily follow that we omit the correcting terms in the £,’s, even though 
any one such correction vanishes as the assembly becomes very large. Although 
the correcting terms vanish at least as fast as 1/N, the series that they form may 
have a singularity for a value of v at which the series formed by the main terms in 
(2a) still converges, so that we can reach no conclusion about the temperature 
at which ¢P/dv first becomes discontinuous. ‘The isotherm in the form (1a) 


is based on a proper averaging over all regions of configuration space. As has | 


been pointed out by many workers, such a process can predict only one value for — 


such a quantity as the pressure at any given temperature and density. 


It remains to consider what status is to be accorded to equations such as (2) _ 


and (3). ‘They are clearly correct for the entire vapour phase, that is until series 


(16) is about to diverge, because the treatments in term of the 6’s and f’s are | 
mathematically equivalent as long as both types of series converge. Born and | 
Green (1947a,b) and Rodriguez (1949) maintain that appropriate analytic 


| 
| 


ts 
a 
‘| 
| 
| 
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continuations of the virial series can be used to describe the vapour and liquid 
phases even after this series diverges, and they interpret the density and tempera- 
ture at which divergence occurs as representing the extreme limits of survival 
for a superheated liquid. The Mayers (1940) identify the divergence of the series 
(36) as heralding the appearance of surface tension. For the model we have 
just considered neither of these contentions can possibly be correct and they 
therefore cannot be relied on in general, the series (35) remaining perfectly 
convergent down to v=6, the lowest permissible value of v. At low enough 
temperatures, (3) includes a physically impossible rising portion, but not any 
actual singularity for v>d. 

In mathematical language, we have two distinct limiting processes to carry 
out, namely making our number of molecules very large and making our vessel 
very large, these operations corresponding respectively to n> co and N or 
V— oo (Kahn and Uhlenbeck 1938, Katsura and Fujita 1951). Physically, 
these limiting processes should be carried out in such a way that V/n remains 
constant. If we could do this, proper account of the correcting terms in the 
B’s would be automatically taken and we would probably be led to an isotherm 
of Mayer rather than van der Waals type. If, however, we let N and n tend to 
infinity independently, the correcting terms in the f’s are neglected, and we are 
led to eqn (36) which is of a kind that cannot arise from an absolutely correct 
averaging over configuration space. (This incorrect method of taking limits 
includes configurations for which »>N, which are impossible for any ‘rigid 
core’ model.) We therefore assert that (@) equations such as (3) need not have 
any significance in the liquid region, because they cannot be validly deduced from 
(1) unless these series converge, (b) their divergence need not have any physical 
significance whatever. 

We have used the extremely crude model just discussed as a ‘particular 
negative’, to show that certain conjectures and assertions are certainly not correct 
for all models that predict a condensation phenomenon. It should be emphasized 
that none of this discussion invalidates Mayer’s formal results. It remains true 
that Mayer et al. have, in principle, solved the problem of the imperfect gas and 
liquid. All the equilibrium properties follow if the cluster integrals are known, 
and they can, in principle, all be calculated. What does emerge is that mistakes 
may arise if we use the limiting form of these cluster integrals for a very large 
assembly in attempting to discuss a finite one. We have thus confirmed, with an 
actual model, the validity of the point made by Katsura and Fujita (1951). (They 
give only a set of functions whose behaviour resembles that of a set of cluster 
integrals.) 


‘ 


$4. CONCLUSIONS 

1. The generally accepted result that the condensation of a vapour is asso- 
ciated with the appearance of singularities in series such as those appearing in 
eqn (1) is confirmed. In principle, actual discontinuities in the shape of the 
isotherm may occur here, or at a lower temperature. 

2. The use of a series such as (2) is not necessarily even an approximation 
for the liquid phase unless explicit account of the variation of the cluster integrals 
with density can be taken. 

3. The divergence of series such as (2) does not necessarily have any physical 
significance, and the two suggested interpretations of it are incorrect for the model 
studied, so neither can be of general validity. 
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Note added in proof. The recent work of Schneider and Atack, reported at 
the Paris Conference on Phase Changes in 1952, strongly suggests that there 
would be no ‘ two-density, no meniscus’ region of temperature observed experi- 
mentally if the effect of gravity could be eliminated. This work, in conjunction 
with the work of Yang and Lee (1952) on attractive forces of very short range, 
and with that of the present paper on attractive forces of very long range, seems 
to make the hypothesis of a second critical temperature unnecessary. 
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Abstract. Irreducible tensors in the spherical coordinate representation, in 
contrast to the cartesian representation, are discussed. The greater simplicity 
of this representation, especially when one deals with eigenstates of particles 
or radiation fields of sharp angular momentum, is emphasized. Applications 
to the theory of beta-transitions, gamma-ray emission, angular correlation and 
the static interaction of a multipole with a surrounding spin system or field are 
considered. 


§1. INTRODUCTION 


T is customary in physics to think of a tensor defined in terms of its cartesian 

components. Very familiar examples are the stress or strain tensors of 

elasticity theory, the dipole, quadrupole and other multipole moments of a 
charge distribution and the operators which occur in the theory of forbidden 
beta-transitions (Konopinski and Uhlenbeck 1941). In fact, there seems to be 
a fairly widespread misconception that, by definition, a tensor must necessarily 
be represented in cartesian form. Actually, for most problems of current 
interest, this is not the convenient representation, and an equivalent and far more 
appropriate representation is obtained by using the spherical tensors. ‘This 1s 
especially the case wherever one deals with states of sharp angular momentum 
and properties of the eigenstates under three-space rotations and inversion 
(conservation of angular momentum and parity) are relevant. A general 
definition of a tensor in the spherical representation is given below in eqns (5) 
and (6). At this point we may remark that these are not new constructs, and 
various special forms of these tensors, in one form or another, have been used on 
a number of occasions. Apart from the rather trivial case of spherical surface 
or solid harmonics, which constitute one particular variety of spherical tensor, 
we make special mention of tensors introduced in the work of Racah (1942) 
wherein the algebra appropriate for these tensors was established. ‘The pertin- 
ence of the Racah algebra is not diminished by the fact that the tensors he defined 
explicitly are less general than those considered below. Although Racah’s 
chief concern was the application to atomic spectroscopy, his results, of course, 
apply with equal force to a large variety of problems. Explicit use of the spherical 
tensors in the theory of angular correlation has been made by Biedenharn and 
Rose (1953)—see below. ‘The full scale introduction of these tensors in the 
theory of beta-decay has been made by Rose and Osborn (1954a, b) and, from this 
work, it is apparent that the theory of y-ray emission is, in a sense, a special case 
of the beta-decay theory and is most simply expressed in terms of the spherical 
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tensor representation. ‘The application of these tensors in the theory of beta- 
decay also appears in the work of Spiers and Blin-Stoyle (1952). Further 
applications, including the static interaction of a nuclear spin with a surrounding 


field, will be found in §3. 


§2. PROPERTIES OF THE SPHERICAL ‘TENSORS 


We begin by considering the spherical tensors in a special context. As is 
customary, we define a tensor of first rank as a set of (three) functions which 
transform under the three-space group like the components of the coordinate 
vector. The spherical components of any vector A, or first rank tensor, are 4, 


where 
—-(A, t7A,); AL=4, eee (1) 


which can be thought of as the new components of a vector, the original components 
of which are A,, 7A,, A., after a rotation about the z axis. Thus the coordinate 
vector r can be written as 


where ‘Yy7’ is one of the 2L+1 solid harmonics of degree L. For Y,(A) when 
the components of the vector A do not commute one must complete the definition 
by what amounts to a symmetrization prescription. This is done below in §3. 
The definition of 4” is r“Y%, where the surface harmonic Y/ differs from that 
used in many places (Rose 1937) by a factor (—)”. Under rotation we have 

1, = 2 Tm Dn %BY) »oeeee(3) 
where the prime indicates the components in the rotated system and D},,, are the 
elements of the three-dimensional representation of the rotation group (Wigner 
1931). In (3) «, 8, y are the Euler angles of the rotation. Similarly any tensor 
of first rank will transform under D!. Thus “Yy{ (A) for any vector A is a first 
rank tensor. 

To generate tensors of higher rank one uses the transformation rule for 
direct products of lower rank tensors. However the only interest in the present 
case is in irreducible tensors. ‘Thus for the coordinate vector the irreducible 
second rank tensor is 

Rist eet 477 Oo oe hu ee eee (4) 
or, more generally, 

T= 3(¢,0,;-+.4,b,— 88a-bos) 4 5. eee (4) 
where a,, b,, etc. are cartesian components of first rank tensors. Both R,; and 
T;; transform with D?, the five dimensional representation of the rotation group. 

We may proceed to the general case at once by asserting that if a tensor of 
rank one is defined, one can obtain all tensors of higher rank from the definition 


Tit = > C(L,LA;M,M,)TP3T i. ani Ces (5) 
Mi 


Here C(L,L,A;M,M,) is a vector addition or Clebsch-Gordan coefficient 
(Condon and Shortley 1935). In another notation this coefficient is identical 
with (L,L,M,M,|L,L,\M,+M,) and the alternative notation is adopted in 
the interest of brevity. Note that in (5) C=0 unless M,+M,=M. The 
C-coeflicients are real and unitary. Equation (5) defines a tensor of rank A in 


sh ct i a tat i 


a 
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terms of two tensors of rank L, and L, and, for the purpose of the definition, 
Ly.2<A. To complete the definition we set 


PTA) or (Alt ene ee te (6) 
The linear combination of 7, 7,, which appears in (5) assures the property of 
irreducibility: 77’ transforms under D’, the (2A+1)-dimensional representation 
of the rotation group. Thus with 
(T7,) =D Te Dans, 
and similarly for T7!* we have z 
(TU = CL Led; MMe) Dit Dict TET he 
144b2 
We use the Clebsch—Gordan series: 


Diy Dien, — > C(L,L gv; ype) C( Ly Ly V; M,M,)D7, M 


Lu 


with p=py+p",, M=M,+M,. The sum over M, with fixed M can be done 
at once with 

> C(L, LA; M,M,)C(L, Lov; MM) =5,, 

Mh 
and then 2G : 
(TH) ia > Din C(L,L,A ) [y4g) Tre 


Mae 
= > oh Dia Seah (7) 
which is the required result. ji 

Two additional remarks need to be made concerning (5). ‘The restriction 
L,, L,<A is convenient for purposes of definition, but with any possible set of 
L,, L, and A eqn (5) is a valid relation between spherical tensors. The possible 
values of L,, L, and X are those for which these three numbers form a triangle: 
|L,—L,| <A<L,+L,. This condition, which is briefly referred to as A(L,L,A), 
is implied by the C-coefficient. Secondly, the tensor 77’ should carry a number 
of additional indices. Thus 77’ depends on L, and L,, and the tensors T 7", 
T{': also depend on additional (angular momentum) indices, depending on their 
manner of construction. It is clear that such a complete notation would be very 
cumbersome and is actually unnecessary for most purposes. In addition, our 
notation, at this point, does not explicitly indicate the fact that T'7' depends on one 
or more vector arguments. For instance, if 77" depends on Ay, A,...A,,(m, < L,) 
and Tf: depends on B,, B,...B,,(”2<L.), then 77 depends on the indicated 
n, +N, vector arguments. In the present context it is unnecessary to encumber 
the notation with this complication. 

The parity of 74’ can be ascertained immediately when the argument vectors 
are specified. ‘Thus, let 7(A;,) be the parity of A, and similarly for 7(B,). ‘Then 
the parity of T7 is 

a =7"(A,)7"(A,)...7(B,)7'"*(Ba)... 
M, 


where now n,, m, represent the number of times A,, B, occur in T7, T7, 
respectively. That is, each of these tensors is a homogeneous function of 
A,... and B,... of degree m, and m, respectively. 

It is important to realize just how the tensors will appear in any given physical 
problem. In many cases one is interested in an interaction between components 
of a system. Specific cases are the beta-decay interaction where the coupling 
between nucleon sources and electron—neutrino field is the prime consideration, 
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the coupling between charged particles (with or without spin) and an electro- 
magnetic field and the static coupling to a multipole field of a particle with spin. 
These are all rotationally invariant and the interaction will appear in the form 


S(O AL Ty Oe, oo ieee (8) 
M 


where A... and B... represent two (in general, different) sets of vector operators. 
_ Alternatively, one may have 


5 TMA: Ti (B2.) 4 Sad eee (9) 


where * means complex conjugate. That both (8) and (9) are invariant follows 
immediately from (7) and the unitary property of the D-matrices: DD*=D*D=1. 
A special case of (8) is the scalar product of two first rank tensors 

A.B= > (—)”4,,B_m: 

The parity 7 of the operators (8) or (9) is, of course, the product of the 
parities of the operators occurring therein. ‘Thus 7=1(-—1) implies that states 
of the same (different) parity are connected. 

It is also of interest to recognize the manner in which the tensor operators 
enter in a particular theory. The theory of f-decay is sufficiently illustrative 
and, since details are presented elsewhere (Rose and Osborn 1954 a), we indicate 
the mechanisms of the calculations in brief outline. ‘The beta-coupling is 
represented in terms of an operator of the form 


ee i (10) 


where w,, is a Dirac operator in the space of the Ath nucleon (i.e. w=1, £, a, 
fo, a, Ba, y;, By;). In the non-relativistic representation (Rose and Osborn 
1954 a) the operators a, 78a and y; are replaced by (Mc) times —p, o xp, o.p 
acting on the nuclear wave function, with M the nucleon mass, and fy; is replaced 
by o.p acting on L(fy;). In (10) L(w’) is a lepton covariant, L(w’) =is*w'd 
where and ¢ represent an electron, say, and a charge-conjugate neutrino, 
while w’ is the same asw,, but in the lepton space. The non-relativistic approxi- 
mation, referred to above, is obviously applicable only to the nucleons. Since 
both % and ¢ in a central field involve y/#"(r), and using the coupling rule 


ym m 21,+1)(21, + 1) 142 
ym(rjy(r) = > [ae | C(lL ; 00)C(hloL ; mymz) 


L 
pth Laymst mp) aoe 45 (11) 


the lepton covariants can be expressed as a linear combination of Yy%(r). Noting 
that the operator w occurs linearly and using 


Aq\ 12 _ 
0, = (=) ~ Uw), semua ee (12) 
one has 
Yh (w)Y7i(r) = > COLA amy (F,0))” OF oP ee (13) 


which is the inversion formula corresponding to (5). Here we have attached 
a second index L to the tensor 7, to indicate the parity; thus 7=(—)"a(w). 
In all cases with the exception of the pseudoscalar interaction w and r are to be 
regarded as commuting observables. The f-decay interaction is thereby 
expressed as a sum of irreducible tensors of rank A. If the nuclear spins of 
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initial and final states are J; and J; one has A(J,J,A) and A(1LA), so that 
L=A+1,A. The major contribution to the f-transition occurs for the lowest 
value of L consistent with the parity change. 

We may note at this point that the tensors introduced by Biedenharn and 
Rose (1953) in the discussion of angular correlations involving f-particles are 
essentially the tensors given above. Thus, writing 


@Y | =[L(2L 4+1)}2(rV + Lr) Y¥ 
@Y  =[L(L+1)}(-irx VV" 
OP ri =((L4 12241) rV -(L4- Ir) YF 


where r, is a unit vector, one finds 
4n\ 12 
M uM 
6.77, = (F Tir("y 6). 


Incidentally ®; ;_, and ®, ; are respectively the angular part of the vector 
potentials of an electric 2” and magnetic 2” pole electromagnetic wave. 

The same procedure is followed for the case of y-ray emission. Here the 
interaction is 


H =~ 36-(a.p+ o.H) Pee (14) 


for a particle with charge e and magnetic moment peh/2Mc. In (14) A is the 
vector potential of a (polarized) plane wave and H =curlA. Using the well-known 
expansion of A (and therefore H) into multipole fields (Goertzel 1946) one finds 

Gpr lom®h\ V2 e (tk) Dir pf k,) TP 1, Tp e 

a = (= ) um, OL—HIt eek POI et PC 10) eee (15) 
and P= +1 (—1) refers to a left (right) circularly polarized wave. In (15) w is 
the frequency of the radiation k=w/c and k, is a unit vector in the propagation 
direction. Also (2x+1)!!=1.3.5...(2x+1). The first and second terms in 
the square brackets in (15) refer to the contribution of magnetic and electric 
2"-poles respectively. 


JHE™ LM) = —1(2L +1) Tih (rr, p) — sy [eipere t-1(F8) 


[9G 
CETTE Dh TH sax(r2) ec eeee (15 a) 
ft Oa 
HLM) =~ 2] L4 DTH 6P)= gerry Piel) | 
- oe Tet yaueTes (tala or) cual, Wenn (15 5) 


The separate contributions due to the charge and spin are, of course, easily 
identified. Not all the terms in (15 a) and (155) will be equally important; in the 
practical case RR <1, where R is the nuclear radius. ‘Vhus the Ty, 741 contribution 
is unimportant compared with that of the 7, ,,; contribution unless selection 
rules permit the matrix element of the former to exist but make that of the latter 
vanish. 

In (15) we have the special tensors 


TH(r, B)= > CILLA; — py mt MU (rT (B) ew ee ee (16) 
7 ' 
with B=o or p=—i/V. In the former case the parity is a =(—)" and for 


B=p, 7=(—)“-1. Hence H™LM) and H°(L+1, M) can mix, as expected. 
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There will be no interference between these, however, in the total intensity. 
This is a direct result of the unitary property of D’(k,). It will be recognized 
that J’ is an invariant. This is evident since from the group property of the 
rotation matrices D4,p(k,), for fixed P, is itself a tensor of rank L in k, space. 
Of course (16) is a special case of (5) with L;=1 due to the linear dependence 
of KH’ ono and p. The matrix elements of these operators (15a) and (15 6) have 
been evaluated in the jj coupling model (Rose and Osborn 1954b). 

It will be seen that for the interaction of a particle of intrinsic spin 1/2 with a 
field the only operators which are apt to occur are r, 6 and p. Combinations of 
these can conceivably enter and indeed, in f-decay, one does have the tensors 
T, ,_,(",6 xp) in the T interaction. Here A=, where 7 is the forbiddenness 
order. In the 7 and A interactions one has 7,,(r,o) where 

ome es: 


mM AE wp head 
TH(A, B) =~ <r (Ax Bar 
which can be expressed in the alternative forms 


af ee Nel u/3Va 

Tii(A, B) = —7 @ Yy™(A x B)= —2 (3) Ti (C,A xB), 
where C is arbitrary. More generally, the T and A interactions involve 
T,,(r,¢) where A=n. In the A interaction of B-decay one also has the tensor 
Y,(r)o.p which is irreducible, of rank A and parity (—)*~'. Here A=n—1. 
Generally, if in (5) either L, or L,=0 

TH = TOT G8, San, 

where L,~0 necessarily and 7? is a scalar. 

Returning to the gneral tensor T7’ of (5), but with T7!=y7/i(r), there arises 
the question of uniqueness of the tensor T7/(r). That is, if different values are 
given to L, and L, consistent with the condition A(L,Z,A) does one get essentially 
different tensors? Using eqn (11) one sees readily that, in the space of the unit 
vector r,, T'}’(r) is unique. The unitary property of the C-coefficients enables 
one to deduce that 


‘ QT eV 2L ye 1) qe 
r()= [See CU Lads 00) 8 tye (0) Sie (17) 


All these tensors have the same rank and parity, and in most considerations only 
the smallest value of L,+ L, will be of interest. In this connection note that the 
C-coefficient requires the parity rule L, + L,+A=even integer. 


Finally, we observe that the matrix element of J? between states of sharp 
angular moment can always be written (Wigner 1931) 


(Jm|T? | Sm \=CU Am Md ls eee (18) 
which is the Wigner—Eckart theorem. The reduced matrix element (J || 7; || J’) 
is independent of the magnetic quantum numbers m’, Mand m=m'+M. The 
hermitian eon eauon properties are not necessarily simple. However, if in 
(5) one writes T7*=Y7/ (A;) and A, commutes with Ag, it follows that 
To Pics (a oe eee (19) 
This implies that 
(ZF 1) I” || Ly [el )* = (Pt ee Oy eC Ded) eee (20) 


where the symmetry relations of the C-coefficients have been used (Rose, Bieden- 
harn and Arfken 1952), } 


a 
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$3. FURTHER APPLICATIONS OF THE SPHERICAL TENSORS 


‘The concept of polarized harmonics has been discussed by Weyl (1949) and 
applied by Falkoff and Uhlenbeck (1950) to the problem of angular correlation. 
The relation between polarized harmonics and the spherical tensors discussed 
above is fairly obvious. We consider two ‘ polarization’ processes. 

The first is exemplified by the electrostatic potential due to a system of 
charges such that no lower moments than a 2” pole moment exist. This 
potential is 


5, =(4n)%(—YPe (ay TB) sees (21) 
B,(r) =1- 2-1 V(r) =r F442, (L =0) 


and a, a,...a, are L arbitrary vectors. We use 


£4+1\42 
ve Yip) ea (=) Ci Lael ‘ Mm) Nah teg Dis) 


where 


L \we2 
- (5) C(L1L —1; Mm) V¥4"D xb 


2L—1 
Ee reer (22) 
where ¢ is any radial function and 
daa demieil : 
1 rraleteg COM a genin Paee cpa (22’) 


It is clear that in the present instance only the first term of (22) contributes. 
One now defines a sequence of irreducible tensors by 


Peay: saa > CIN—1A; Sue eM Ye H(a)T (ays. ag) ot. (23) 
7 
mathe = 1 > hus 
TM(a,)=YM"(ay) 
and 
TH (ayay) = T3i(aya,)=T3"(a2a)), eee (23") 

where 7),,(a,a) is defined by (16). Clearly, (23) represents the 2* pole moment 
of a charge configuration characterized by the vectors a,, a,...a,. The results 
(23’) express the well-known symmetry of the quadrupole moment tensor, and 
from (21) it is clear that symmetry of 7'}’(a,...a,) with respect to any permutation 
of the a, holds. It is now a straightforward matter to obtain the result 


b,=(n)'%e(Z) eowsies OS (-)! TM (ajay... a, BM(r) Aza) 
M 


Es (2L +1) 
where 21 (r)=r7 7-ty ¥(r,). 
When a,=a,=...=a,=r°"’ one finds the standard result 
iL 
by =(47)"2(—r’ . V)"B)=L! ~ ts PCOS OC) Ne eet (24’) 


where @ is the angle between r and r’. 

The second problem to be considered in this section involves the polarization 
process as it is usually defined. Thus we consider T7/=1.V Yp(r) where I is a 
vector operator. From (22) one sees that only the second term contributes and 


M 4a a we 1 MM)\y—™Miqymru 
TH =| 2 LQL+1)| DY CAL-1L;—m,m+ My YENC). 
ed radaih tad nd SOR. (25) 
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If | and r commute this becomes 
ye / 
pM a L2L+1) |) 1m lee (oa) Mem Mn (25’) 


In any case (25) defines an irreducible spherical tensor of rank L, parity 
ata O), 

iz re problem of an arbitrary spin I interacting with a field can now be treated. 

We define a new tensor T'7/(I) by 


TH(N=(s WEY E (©)... © oid = CO aeeaeee (26) 
Again, using (22), and with the definition 
ie (Uh ya CIA—1A;—m, w+ myIorT ANY "(I ...--- (27) 
and with 9/#,(1) = Y4(l) one finds that 
Am\H2 OE M2L +1)! 2 oy 
TM(1)= () Eee ge) <a ee (28) 


which is a tensor of rank LZ. In the above we have made use of the fact that 
I and the V operator commute but it has not been assumed that the components 
of F commute with each other. For L =2 the tensor (28) is 


TM) (=) TM). eee (29) 
ok TH(V) =F C112; —m, M+ mayne) 
ape ee © ee (29 a) 


and in this case the order of the two first degree solid harmonics ¥y,(1) is irrelevant. 
The individual components of Y3i(I) are 


am tity 
TE) => (Las) 
Seu § 1 3 
3 (2 \ Nae aie 
I (= = (5) (IRS B)rrocl Mie aie eee (295) 


These correspond to the symmetrized second degree spherical harmonics of the 
spin vector I. 

Note that the commutation rule |x!=7l, in terms of the spherical 
components, takes the form 


pie LL,= 1g ty ha. 
For the interaction A two spin systems | and J the coupling energy will be 
=K Di(= 72 Ole OY a = eee (30) 


M 
where K is a constant. For 1 =2 this is the coupling of a (nuclear) quadrupole 
with a spin system (surrounding electrons) of spin J (Casimir 1936). 

For a (nuclear) spin embedded in a crystal lattice the system to which the 
spin I is coupled may be treated classically (Pound 1950) and the interaction 
energy has the form (30) with 7, “(J) replaced by its expectation value. This 
tensor, (77/(J)), is simply the magnetic field for L=1, the gradient of the 
electric field for L =2 and higher rank tensors for L> 2. 
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Of course with L equal to the tensor rank one has L <2/. This condition 


‘is automatically expressed by the C-coefficients when one considers the matrix 


element of the operator (28) between two states of sharp angular momentum, 
Zand J’. Thus, by (18), the matrix element is 


mA) TT (0) | Um \=CU LI; m/ MIT) \|1). 5... (31) 
The reduced matrix element may be evaluated by considering a special case, and 


it is convenient to take M=ZL and m,=J. Then (Wigner 1931) 
21+1)1(2L)! 712 
CULI; I- Sy anita Rice aee 

ee) >) aeme| 


Also, in (27) only m= — 1 contributes and 
, ff 3 fj , ua 
(Z| 3(1)[2'm!) = — | mye m! 41) PS Bymcese oo G1) 


With the value of m considered, m,, [— Zand we obtai 7 repeated MEciot (31’), 
the result Deyay € 
Im,|T¥ I = L} 2L4+1 (21+ £41)! 12 


mym, + M OL 7 DT Pieris Clits Mm, M). 


For L=2 the result (32) yields the quadrupole matrix elements previously 
given by Pound (1950). For the interaction (30) the matrix elements are given 
by a product of (32) and a similar result with M replaced by — M and J replaced 
by J. For L=1 the matrix elements of Jt’ are (within the constant K) just 
those of (3/47)I.J, which gives the usual hyperfine structure coupling. It is 
clear that the foregoing results can be directly applied to the interaction of an 
octupole or higher multipole with a surrounding field. 

The examples of the application of spherical tensors given above are meant 
to be illustrative. It is evident that many other cases could be cited for which 
the use of these tensors would be appropriate and would greatly facilitate the 
calculations. 
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The Scattering of Slow Neutrons by Ferromagnetic Crystals 
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Abstract. A beam of filtered neutrons with an average wavelength of 7-0A has 
been used to-measure the total cross section of iron as a function of temperature 
from 290°k to 1170°x. The cross section is found to have a sharp peak at the 
Curie temperature, 1043°k. At this temperature the measured scattering cross 
section is 8-6 barns, while the calculated value of the cross section due to nuclear 
scattering alone is 3-8 barns. 

A similar experiment carried out for nickel reveals only a slight increase in 
the cross section at the Curie temperature, 631°K. At this temperature the 
calculated value for the nuclear scattering cross section is 7:5 barns. ‘The 
observed additional scattering is (0-11 +0-05) barn. 


$1. INTRODUCTION 


THEORETICAL treatment of the scattering of slow neutrons by the nuclei 
in a crystal was first given by Weinstock (1944). Measurements with 
aluminium (Cassels 1951) and magnesium (Squires 1952) show that 

Weinstock’s theory, as extended by Cassels (1950) and Squires (1952), gives 
results in good agreement with observation. In the case of iron, however, the 
observed cross sections are larger than those predicted by the theory. This is 
because the theory takes account only of nuclear scattering, i.e. scattering due 
to the interaction of the neutron with the nuclei. The additional scattering 
observed in iron is due to the interaction of the magnetic moment of the neutron 
with the magnetic moments of the iron atoms. ‘The success of the theory in its 
application to non-magnetic crystals indicates that the nuclear scattering can 
be calculated correctly. Measurements with iron may therefore be used to obtain 
information about the magnetic scattering. The cross section o,, for nuclear 
scattering is calculated and, on the assumption that the nuclear and magnetic 
scattering are not coherent, the difference between the measured scattering 
cross section and o,, is taken to be the magnetic cross section o,,.. 

‘The total cross section of iron for neutrons in the wavelength range 4-6 to 12 A 
has been measured by Latham and Cassels (1952), Palevsky and Hughes (1953) 
and by Squires (1953, unpublished). In all three experiments a neutron velocity 
selector was used. However, with present neutron fluxes the counting rates 
obtained by this method are comparatively small so that, to obtain a cross section 
accurate to 1% for neutrons with a wavelength of 54, it is necessary to count 
for about 1 hour. It is not easy to keep the temperature of the specimen constant 
for periods of this order. ‘The technique is therefore unsatisfactory for iron at 
temperatures in the region 950°K to 1100°k where the cross section has been 
found to vary rapidly with temperature. 
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‘The experiments described in this paper have been carried out with a beam 
of thermal neutrons filtered through lead. The flux is sufficiently high to enable 
an accuracy to 1% in the total cross section to be attained in 40 seconds. The 
filtered neutrons have been used to measure the cross section of iron from 290°K 
to 1170°K and of nickel from 290°K to 930°K. 

The effect of the lead filter is to remove neutrons with wavelengths less than 
5:74 from the thermal beam, The relatively large range of wavelengths in the 
filtered beam is not a disadvantage provided the variation of cross section with 
wavelength is known throughout the range. For iron and nickel this condition 
is satisfied. Velocity selector measurements indicate that, apart from a small 
constant term, the cross section is directly proportional to wavelength in both cases. 


§2. DESCRIPTION OF EXPERIMENT 


2.1. Incident Neutron Beam 
Two cylinders (A in figure 1), one of solid lead and one filled with lead shot 
were used as a filter. The thickness of lead was equivalent to 600 gcm™?. The 
filter was placed in a hole in the Harwell pile, BEPO. 
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Figure 1. Arrangement of scattering apparatus. (‘The furnace is shown in the 
‘in’ position.) P (shaded) consist of a mixture of paraffin wax and borax 
glass to shield counter from stray neutrons. 
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Figure 2. Wavelength distribution of neutrons emerging from lead filter, 


The wavelength distribution of the neutrons emerging from the filter is 
shown in figure 2. To obtain the average wavelength A,,, the attenuation of the 
neutrons by a plate of gold was measured. In the wavelength range that includes 
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7 the relation between the total cross section o,, of gold and the wavelength » 
has been given by Carter et al. (1953) as Oxy = (54-3 +0-2)A where ogy is in 
barns and A in angstroms. This relation together with the attenuation 
measurements gave A,y =(7:00 + 0:04) A. 

In arriving at the value of A,, allowance was made for the fact that the 
gold absorbed neutrons with long wavelengths more than those with short wave- 
lengths. Thus the measured total cross section of the gold corresponded to a 
wavelength slightly less than \,,. For the same reason the effective wavelength Aq, 
defined as the wavelength of a beam of monoenergetic neutrons for which the 
measured cross section would be the same as that actually obtained with the 
filtered beam, was slightly less than A,, in the iron and nickel measurements. 
A small correction of the order of 2°, was therefore made to the measured cross 
sections so that all the final cross sections given in figures 3 to 7 relate to d,,. 

The diameter of the beam was cut down to $in. by the cadmium sheet B 
(figure 1). In this condition the counting rate when the beam was uninterrupted 
by the specimen was about 2000 counts per second. 


2.2. Temperature Control and Measurement 


The scattering specimen was in the shape of a disc, 2-7 in. in diameter. 
The iron was 99:97, pure and its mass per unit area was 7:09 gcm™*. The 
nickel was 99-78%, pure and its mass per unit area was 8-75 g cm ®. 

The specimen (C in figure 1) was placed in an electric furnace D which was 
mounted on wheels and could be set in one of two positions. In one position the 
beam was uninterrupted and in the other it passed through the specimen. The 
ends of the furnace were sealed with thin plates of aluminium so that the 
specimen could be immersed in an atmosphere of argon. ‘This prevented 
oxidation which occurs rapidly for iron in air at temperatures above about 800°K. 
Argon was not used for the measurements with nickel. 

The temperature was measured by means of two chromel—alumel thermo- 
couples E, and E,, welded at their hot junctions, and screwed into the ends of 
a diameter in the specimen. ‘The cold junctions were maintained in melting ice. 

The thermocouples were calibrated in a subsequent experiment by screwing 
the hot junction of a standard platinum—13°% rhodium-platinum thermocouple 
into the centre of the specimen and varying the temperature of the furnace. In 
this way any systematic error due to temperature variation across the diameter 
of the specimen was eliminated. From the internal consistency of the results 
of the calibration experiment, the error in the calibration of the chromel—alumel 
thermocouples relative to the standard thermocouple was estimated to be 13°K. 
The error in the standard thermocouple, given by the manufacturers of the 
platinum—rhodium-platinum wires, was 1°k. Combining these two independent 
errors we obtain 2°k as the maximum systematic error in the temperature 
measurements. 


2.3. Measurements of Cross Section 


The cross section was obtained from the ratio of the counts obtained with 
the sample in and out of the beam. Small corrections were made for the effect 
of the aluminium end plates and for the fact that the beam was attenuated less 
by the column of air or argon in the furnace than by the same length of air when 
the furnace was in the ‘out’ position. These corrections amounted to about 2%. 
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They were calculated from published data and also measured directly by 
repeating the neutron measurements without the specimen in the furnace. The 
two estimates of the correction agreed to within 5°%. A further correction was 
made for the fact that, due to the dead-time in the counting system, some counts 
were lost, and these were proportionately greater for the ‘out’ than for the ‘in’ 
counts. The error due to background neutrons and to neutrons in the incident 
beam with energies greater than thermal was obtained by covering the aperture 
in B (figure 1) with cadmium. The correction due to dead-time and the last 
two effects was less than 1%. 

The counter F subtended a semi-angle @ of 2° at the specimen. Thus there 
was no contribution to the measured cross section from small angle scattering 
of the type reported by Hughes ef al. (1949). Measurements were also made 
with 6=4° and the results did not differ significantly from those with @=2°. 


§3. RESULTS AND DIscussION 


The results for iron are given in figures 3 and 4. Figure 3 shows the total 
cross section o,,, plotted against temperature over the whole range for which 
measurements were made. ‘The cross section at 90°K was not measured with 
filtered neutrons. The value shown in the figure was obtained from measurements 
with a velocity selector. ‘The results in the neighbourhood of the Curie 
temperature are shown in figure 4. 
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In order to fix the temperature 7\,,,,, at which the cross section is a maximum, 
as accurately as possible and to determine whether there is any hysteresis effect, 
measurements were made on six occasions as the iron was taken through the 
Curie temperature. On four of these the temperature was rising and on two 
it was falling. The mean value of 7',,,. for rising temperature differed by only 
1°x from its value for falling temperature. ‘The mean value of all six measure- 
ments was (1044 +3)°K, where the error of 3°K includes both the random error 
and the possible systematic errors mentioned above. 

The theoretical curve for the total nuclear cross section o,, 1s shown in 
figures 3 and 4. o,, is the sum of the absorption cross section Fabs which does 
not vary with temperature, and o,, the scattering cross section due to the 
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interaction of the neutrons with the nuclei in the iron. o,, has been calculated 
by the methods given by Squires (1952) and includes the cross sections due to 
multiphonon processes. The curve for o,, in figures 3 and 4 is based on the values 
given in the table. 

Iron Nickel 


Nuclear constants (barns) 


Ordered (coherent) cross section S 11-4 b3-4 

Disordered (incoherent) cross section s 0-4 4-6 

Gaps at 7-00 A a9 17-0 
Atomic constants 

Debye temperature (°K) 420 370 


The quantities S and s are defined by Cassels (1950). Their values are taken from 
Hughes (1953). The quantities o¢,(4+1)?/A? and oop, defined by Hughes on p. 350 of 
his book, are related to S and s by 


Of,(A +1)?/A?=S+s 
Seon e 
The values of oyps are discussed in the text. They are within the limits given by 
Pomerance (1952). ‘The Debye temperatures are taken from Borelius (1935). 


Halpern and Johnson (1939) have shown that for unpolarized neutrons. 
such as have been used in the present experiments, the nuclear and magnetic 
scattering are incoherent. The difference between o,,, and o,, may therefore 
be taken to equal o,,,, the magnetic scattering cross section. o,,, and oy, are 
plotted against temperature in figure 5. It must be pointed out that the values 
of os, a8 arrived at by this method, depend on the values of the nuclear constants 
given in the table. The value of o,,, has been chosen so that o,,, is zero at low 
temperatures. 
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Figure 5. Iron: scattering cross sections plotted against temperature. 


As far as the writer is aware no theoretical calculations on neutron scattering 
at temperatures in the region of the Curie point have been published so far. 
Moorhouse (1951) has calculated the cross section for magnetic inelastic scattering 
but his theory, based on the Bloch model of spin waves, is not expected to be 
valid at temperatures greater than about one third of the Curie temperature. 

The experimental results for nickel are given in figures 6 and 7. Figure 6 
shows the results from 90°K to 930°k—as with iron the result at 90°k was obtained 
with a velocity selector—and figure 7 shows the results in the neighbourhood of 
the Curie temperature. The calculated curve for o,;, based on the values given 
in the table, is shown also. The value of o,),, used in the calculation was chosen 
to give the best fit between o,, and the experimental points at low temperatures. 
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It can be seen from figure 7 that there is little change in the cross section as 
the temperature passes through the Curie point. The maximum deviation from 


the curve representing o,, is equal to (0-11 + 0-05) barn and occurs at a temperature 
of (628 + 4)°K. 
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Figure 6. Nickel : total cross section plotted against temperature. 
The r.m.s. error is 0:3 barn in the point at 90°K and 0-04 barn in the other points. 
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Figure 7. Nickel: total cross section plotted against temperature in the neighbourhood 
of the Curie point. 
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Abstract. The electron capture decay of Pb has been studied with a 
scintillation spectrometer using coincidence techniques. Gamma-rays of energy 
280+5, 400+7 and 685+10kev are found in the approximate proportions 
1:0-047:0-0087. The whole of the spectrum is in coincidence with the x-rays 
following electron capture and the 280 and 400kev gamma-rays are in 
coincidence. A level scheme with shell model configurations is suggested for 
203T]; it is: ground, s4j,; 280kev, dsj; 685 kev, dsj. The angular correlation 
between the 280 and 400 kev gamma-rays is discussed in relation to the published 
internal conversion data on the 280kev gamma-ray. Evidence is presented that 
part of the decay goes by L-capture. There is no appreciable electron capture 
to the ground state of 2°T]—this enables the shell model assignment f;j. to be 
made to the ground state of 7°°Pb. 


§1. INTRODUCTION 


TABLE 'T] is the daughter nucleus in the decay of ?3Hg and ?°Pb. 
S In the former case, a beta-ray of energy 210 kev is followed by a single 
gamma-ray whose energy is given as 278 + 3 kev (Wilson and Curran 1951) 
297 + 2 kev (Slatis and Siegbahn 1949) or 286 +5 kev (Saxon 1949) with a total 
internal conversion coefficient of the order of 0-25 and a K/L ratio of the order 
of 3. The best values appear to be those of Wilson and Curran (1951) who give 
0-247 and 3-71 for these quantities. Beta-decay to the ground state, if it occurs 
at all, is less than 0-5°% (Wilson and Curran). 

Fifty-two hour ?°8Pb decays by electron capture. Lutz, Pool and Kurbatov 
(1944) find electrons in the beta-ray spectrograph of 185, 255 and 267 kev, 
which certainly result from the K, L and M conversion of the 280 kev gamma-ray 
found also in the decay of 2°%Hg, and an electron of 308 kev which they interpret 
as a Compton electron from a gamma-ray of energy 470 kev. Maurer and Ramm 
(1942) find gamma-rays of energy 270 and 420 kev by absorption measurements, 
as well as the 70 kev x-rays following K-capture. O’Kelley (1951) with a 
beta-ray spectrograph finds internal conversion lines corresponding to gamma-ray 
energies 153, 269 and 424 kev and suggests a decay scheme in which the two 
former are in cascade and the latter a cross-over transition. 

In the present experiments, the decay of 2°°Pb has been investigated. The 
results are used in conjunction with the shell model (Mayer 1950) to make spin, 
parity and orbital angular momentum assignments to the energy levels of 21. 


§2. RESULTS 
2.1. Experimental Technique 
*8Pb was prepared both as the daughter of 2°°Bi (produced by bombarding 
natural lead with 25 Mev protons in the Harwell cyclotron) and by bombarding 
natural thallium with 20mev deuterons in the Birmingham cyclotron. In the 
former case the 2°8Pb was extracted with the target lead by standard chemical 
* Now at the Physics Department, University of Melbourne, Melbourne, Australia. 
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methods; in the second, the lead was extracted carrier-free by paper chromato- 
graphy (see for example Burstall et al. 1950). 

The gamma-rays from 7°8Pb were examined with a scintillation spectrometer 
using a 1-in. cube of Nal(T'!) as the detector with an EMI 6260 photomultiplier. 
The electronic equipment was mainly of standard ‘ Harwell’ pattern and analysis 
was performed with either a single or 25 channel analyser and by photographing 
a pulse spectrum on a cathode-ray screen. 

The crystal, well polished and surrounded by an aluminium reflector, was 
mounted in a sealed aluminium can of wall thickness 0-01 in. with a glass window 
of thickness 0-15 cm, metallic sodium being included in the can as a drying agent. 
Apart from a film of medicinal paraffin to make optical contact between the 
crystal and the window, the crystal was mounted dry. This method of mounting 
gave resolution equal to any obtained using MgO as a backing for the crystal 
and certainly superior to any in which the crystal was wholly immersed in 
paraffin. In addition, this mounting preserves the condition of the crystal 
indefinitely. No deterioration in performance has been found during a period 
of more than 12 months’ constant use. 

For coincidence measurements involving the detection of x-rays, a 2-mm 
slice of Nal(Tl) crystal was used, mounted in a similar manner. This crystal 
had a calculated efficiency of 91°% for the x-rays produced in the decay of ?°%Pb 
and less than 2°% of the counts recorded in this region were due to other agencies 
(Compton detection of higher energy gamma-rays, etc.). 

The calibration curve for the relative efficiency of the 1-in. NalI(Tl) cube 
was determined as a function of energy by two independent methods: 

(i) Four sources having a pair of gamma-rays of known relative intensity 
(Zn, ?2Na, ®°Co, 46Sc) were selected and the ratios of the areas under the photo 
peaks found by graphical methods from spectra obtained under conditions of 
high resolution. These ratios were then adjusted by trial and error to give a 
smooth energy response curve in the region 0-5 to 1-33 Mev. 

(ii) The relative areas under the photo and Compton peaks for a number of 
single gamma-rays were obtained (?°Hg, 279 kev; ?°'T'l, 435 kev; 18’Cs, 660 kev; 
46Sc, 890 kev; ®Zn, 1:11 mev; ?2Na, 1-28 Mev). These were then compared 
with theoretical ratios calculated from the geometry of the crystal, using the 
absorption coefficients of Davisson and Evans (1952) and considering primary 
absorption processes only. The empirical ratios of photo peak area to Compton 
area were larger than the theoretical ratios, as expected, an indication of the 
well-known effect of primary Compton events being transferred under the 
photo peak through secondary and higher order absorption processes. ‘The 
theoretical absorption curves for the Compton and photo processes were then 
mutually adjusted to give the empirical ratios. ‘This process takes care of both 
secondary and higher collisions, which are difficult to allow for in an explicit 
calculation, and possible errors introduced by any simplifying geometrical 
assumptions in the primary calculation. 

The energy response calibration curves obtained by the two methods were 
in excellent agreement and agreed well with corresponding response curves of 
Maeder and Wintersteiger (1952 and private communication). 


2.2. The Gamma-Ray Spectrum 
The radiation from 2%Pb, as examined with the scintillation spectrometer, 
showed radiation of about 70 kev energy, identifiable as the x-rays following 
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K-capture and internal conversion. ‘The decay curve obtained by counting 
this radiation in fixed geometry gave a half-life of 52+1 hours which confirms 
the nucleus as 2°Pb. In addition to x-rays, gamma-rays of energy 280+ 5 kev, 
400+7 kev and 685+10kev were found. The single crystal scintillation 
spectrum obtained with a single channel kicksorter is shown in figure 1. 

As might be expected, the 280 kev gamma-ray was indistinguishable in 
energy from the 280 kev gamma-ray following the decay of a sample of Hg. 
The presence of the 400 kev gamma-ray shows that the 308 kev electron 
observed by Lutz et al. (1944) is almost certainly the K-conversion electron of 
this gamma-ray.* ‘The 685 kev gamma-ray was observed in sources from three 
separate irradiations. Since the 400 and 280 kev gamma-rays are in coincidence 
(§ 2.3), a series of runs with a wide range of source-to-crystal distances was taken 
to determine that the observed 685 kev gamma-ray was not a ‘sum line’ due to 
accidental coincidences between the two former gamma-rays. 


Counts per Minute 


Figure 1, The gamma-ray spectrum of 2°8Pb obtained with scintillation counter 
and single channel kicksorter. 


The relative abundances of the gamma-rays were 1:0-047+0-003: 
0:0087+0-001 in the order 280, 400, 685 kev, uncorrected for internal 
conversion but corrected for the counting efficiency of the crystal (§ 2.1). 

A search was made for gamma-rays of energy greater than about 0-9 mev by 
setting a discriminator to count all pulses greater than a voltage corresponding 
to this energy and counting for periods of about 24 hours. The counts obtained 
on alternate days were 19-7 (+ 0-5%); 19-4; 19-5; 19-3 counts per minute. The 
fact that the counts are almost constant shows that there is no appreciable high 

* The energies (185, 255, 267 kev) of the K, L and M internal conversion electrons 
observed by Lutz et al. give a gamma-ray energy of 271 kev as opposed to 279 kev from 


the °°Hg data. Allowing for this difference, the 308 kev electron corresponds to a 
gamma-ray energy of 405 key. 
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energy radiation of 52-hour half-life. If we assume that there may have been a 
small amount of ®°3Pb contributing to the count at the beginning of the series 
of observations, say equal to the experimental error, then any high energy 
gamma-ray from this nucleus certainly has an intensity less than 1 in 104 of the 
280 kev gamma-ray*. 

High energy gamma-rays are unlikely in any case, since the decay energy 
of ®°°Pb can be estimated to be about 800 kev, in the following way: though 
no decay cycle is available, an empirical cycle can be closed using neutron binding 
energies. This is shown in figure 2. The binding energy of the neutron in 
204T1 is 6:52 +0-15 Mev (Harvey 1951); 2*T1 decays to ?4Pb by beta emission 
with energy 0-765 Mev (der Mateosian and Smith 1952). No binding energy has 
been measured for the neutron in ?%Pb but it can be estimated from the 
semi-empirical mass formula quoted by Harvey (1951) as 7-5 Mev, to which must 
be added about 0-6 Mev (Harvey 1951, figure 8) to correct for the increased 
binding energy associated with the approaching closure of the 126 neutron shell. 

The above cycle gives a decay energy (ground to ground) for 7°3Pb of 800 kev 
with an error of about +250 kev. 


203Ph +N ——————>  204pb 
EC [EF 
203T] +N Se a 


Figure 2. Energy cycle for estimating the electron capture decay energy of 7°°Pb. 


2.3. Coincidence Measurements 


The fact that the energy of the 685 kev gamma-ray is equal, within the 
experimental error, to the sum of the two lower energy gamma-rays, suggests 
that it represents a cross-over transition from a level at 685 kev to ground and 
that the 280 and 400 kev gamma-rays are in coincidence. ‘These coincidences 
were found, using two sodium iodide crystals, both by direct coincidence 
techniques and by gating one crystal with the other. 

The whole of the spectrum was in coincidence with the K-capture x-rays. 
In particular, it is possible, by coincidence measurements, to set an upper limit 
for the lifetime of the level from which the 400 and 685 kev gamma-rays 
originate, which will be of material assistance in making an assignment of spin 
and parity to this level. 

In the absence of L-capture, the coincidence rates Ox,,, QOx,, between 
K x-rays and the 400 and 280 kev gamma-rays (y,, y2 respectively) are related to 
the single crystal counting rates C,, C, for these gamma-rays by the relations: 


a Rot 2k, +X, 
Oxy, /Cy = ex Pil) {aoe 


PAeee (1—x)k,x, 
Oxy,/Co = ex Pal) {1 4 [Seca Seat ia © Lda (2.2) 


* The 1-45 Mev gamma-ray reported by Nuclear Data (1951) is not in fact mentioned 
in any of the references there quoted. 
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where ex is the experimental detection efficiency of x-rays; p,(7), P2(7) are the 
respective probabilities that y, and y, follow the x-ray within the resolving time 7 
of the apparatus; «,, %, are the K internal conversion coefficients of y, and y,; 
k,, ky are the K/L ratios for y, and y,; « is the fraction of decays (~95%) that 
give y, directly*. 

In the present case the lifetime of y, can be determined with reference to 
that of y,. The lifetime of the latter has been measured by Deutsch and Wright 
(1950) as less than 3 x 10-® sec and by McGowan (1952) as less than 0-4 x 10 see: 
For a resolving time of anything greater than 0-1 psec p(t) can therefore be 
taken as unity and ex determined from expression (2.2).+ By repeating the 
experiment in identical geometry with y, we can then estimate p,(7) from 
expression (2.1), where « and k, are already known (§ 1). 

The result obtained is: p,(7) =0-94 + 0-03, i.e. 94°% of y, follows the x-ray 
within the resolving time 0:36 (+ 2%) usec. If the true value of p,(7) is 0°88, 
i.e. 0-94 less two probable errors (probability less than 0-005), then the probability 
that the half-life of y, exceeds 1:2 x 10~“ sec is less than 0-005. 

In fact, in the above experiment, L-capture has been neglected altogether. 
This has the effect of setting the lifetime upper limit too high so that the estimate 
1:2x10-7 sec is certainly too generous; this strengthens the subsequent 
argument. 


2.4. The Energy Levels of ?°°T1 


203T’| has 122 neutrons and 81 protons, i.e. one less than a closed shell. ‘The 
measured spin and magnetic moment show that the ground state is sj, in 
agreement with the predictions of the shell model (Klinkenberg 1952). ‘The 
energy levels available for the excited states according to the shell model for a 
single hole in the 82 proton shell are dsj, hyy/9, dsj. Yzig - - - - MOt necessarily in 
that order, though the first excited state might be expected to be dg). (Klinkenberg 
1952). Goldhaber and Sunyar (1951) show, on the basis of the internal 
conversion data, that the 280 kev gamma-ray from ?°%Hg must be interpreted as 
mixed M1 and E2in the proportions 1:3. Using the more recent internal conversion 
data of Wilson and Curran (1951) one obtains a 24:76 mixture of M1+E2. 
Taken with the fact that the 280 kev gamma-ray is the only one observed in the 
decay of ®Hg, this definitely places the ds), level at 280 kev above ground. 
This is consistent with the measured lifetime of less than 3 x 10-® sec (Deutsch 
and Wright 1950) or 0-4 x 10-® sec (McGowan 1952). 

The coincidence measurements show that the next observed level is at 
685 kev above ground; hy). can be discarded, since even if it were excited it 
would have a lifetime for transition to the ground state of the order of 10° sec 
and to the dsj. level of the order of 10* sec, using the nomogram of Montalbetti 
(1952) based on the Weisskopf lifetime relations. This is contrary to the findings 
of §2.3. ‘The two shell-model alternatives are (a) d5jp and (b) gyj. Figure 3 
shows the two schemes; the multipolarities of the gamma-rays are indicated 
and they are labelled y,, ys, ys for convenience of reference. 


* Possible branching to the ground state is immaterial since it does not enter into the 
evaluation of the formulae. 

t+ For the present purposes (of finding an upper lifetime limit) we can neglect the 
second expression in the brackets, containing the as yet unknown «, and k,. The maximum 
possible error is 5% and actual error is, in fact, less than 19%; see § 2.4. 
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The lifetime limit set for y, in §2.3 enables us to distinguish between these 
two alternatives. In that section the half-life of the 685 kev level was shown to 
be certainly less than 10-7 second. Since the level decays by the cross-over 
transition y; in about 15% of the cases, y, will have a partial half-life of less than 
about 10~°sec. An M3 transition of this energy, scheme (5), would have a 
half-life of the order of 10-3 sec (Montalbetti 1952). This scheme is thus ruled 
out, leaving d;j., scheme (a) for the 685 kev level; and y, is M1 or possibly 
mixed M1 and E2. 

It does not seem possible to reconcile this suggested decay scheme with that 
of O’ Kelley (1951). O’Kelley places levels at 153 and 422 kev, the upper level 
being de-excited either by a 269+153 kev two-stage cascade or by a 422 kev 
cross-over. The 269 and 422 kev gamma-rays may correspond to ys and y, of 
the present experiments but no evidence was found for a gamma-ray of 153 kev 
which would need to be present in considerable strength in the scintillation 
measurements if O’Kelley’s scheme is correct. 


Figure 3. Alternative level schemes for ?°T. 


The angular correlation between y, and y, has been measured in this 

laboratory by Lemmer*; it is 
W(@) =1+0-07( + 0-008) cos? @. 

Examination of the angular correlation tables of Lloyd (1951) shows that 
this angular correlation is precisely what one would expect for the pure 
dipole-dipole case 5/2>+3/2—1/2; (no other combination of pure multipoles is 
possible if the final spin state is 1/2). Now Goldhaber and Sunyar (1951) show 
that the 280 kev gamma-ray (y,) is certainly mixed M1+E2. The presence of 
mixed multipole emission introduces additional ‘interference terms’ into the 
angular correlation (Ling and Falcoff 1949, Lloyd 1952) which will, as a 
consequence, generally be different from the pure multipole correlation. If we 
assume that y, is pure M1, then we can use the observed angular correlation to 
estimate the relative amounts of M1 and E2 present in ys, for comparison with 
the proportions deduced from the internal conversion data. 

The theoretical angular correlations for M1 followed by M1+E2 were 
worked out from the formulae of Ling and Falcoff (1949) with the sign correction 
indicated by Lloyd (1952) and are shown in figure 4 where A, the coefficient 
of cos? 6, is plotted against the percentage of mixture of E2 in y,. ‘The two 
curves correspond to the two possible choices of phase in evaluating the relations. 

The observed angular correlation is obtained either if yg is pure dipole or 
an ‘out of phase’ mixture containing 76(+2)%E2. This is apparently an 


* The author is extremely grateful to Mr. H. R. Lemmer for allowing him to quote 
his result prior to publication and to use it in the discussion in this paper. 
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excellent confirmation of the conclusion of Goldhaber and Sunyar. It is probable 
however that not very great significance can be attached to the absolute estimate 
of 76% since this figure is obtained under the assumption that y, is pure Mi 
whereas it too may well be a mixture. 

The angular correlation to be expected in the present case for two successive 
mixed transitions was worked out for the author by Mr. G. R. Satchler 
(to whom the author expresses his great appreciation) from the general angular 
correlation formulae given by Lloyd (1952). Evaluation of this formula shows 
that the amount of mixture in y, can vary over fairly wide limits by adding less 
than 1% of E2 to y,. The formula also leads to the observed angular correlation 
if the amount of E2 in y, is of the order of 90% and upwards, when there is more 
than about 20°% of E2 in y,. In particular, if we take as correct the proportion 
found from the internal conversion data (viz. 76% E2 in y2), then the observed 
angular correlation indicates that y, is either pure M1 (as already shown above) 
or contains 95% E2. 


Out of Phase 


> 
° 
ee 
ZA 


=0-2 
0 Piet 100 0 ! 2 
Days 
Figure 4. Asymmetry coefficient for a Figure 5. Electron capture into the 
mixed multipole angular correlation ground state of 2°? T'l—comparative 
ron, ML, source strength determinations. , 


The latter possibility receives some support from the fact that the 
685 kev (E2) cross-over transition is stronger by a factor of roughly ten than is 
expected from Weisskopf’s formula, assuming y, to be pure M1. On the other 
hand, theory (Blatt and Weisskopf 1952) suggests that M1 should be favoured 
for an odd proton transition of this type (where AJ=0). A measurement of the 
internal conversion coefficient or K/L ratio for y, should be able to resolve this 
point. In either case the lifetime of the 685 kev level is estimated to be less than 
2 x 10-® sec (Montalbetti 1952). 

Absence of definite knowledge (either direct or indirect) of the above internal 
conversion data introduces a small degree of uncertainty in estimating the 
relative proportions of the gamma-rays that follow the various branches, since 
it is not possible to correct for the internal conversion of the 400 kev radiation. 

The shell model suggests that the configuration h,,j, should be available for 
a low-lying state of ?°°T'l; if it exists, it will be an isomeric state with a half-life 
in the region of a few hours to several days. Such a state was sought for in the 
present experiments but no evidence for or against it was found. It appears 
unlikely, however, that it could be formed in the electron-capture decay of 2°Pb 
because of the second-forbidden nature of the transition (see $2.6). 
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2.5. Evidence for L-capture in ?°8 Pb 


If relations (2.1) and (2.2) are modified to take account of L-capture, they 
become (in the same notation) : 


Oxy, _ Ake 

C, =ex{yit ert Tegra CASH 
- 1—x)k 

where 4,, Vy are respectively the fractions of the decay in each branch that go by 

K-capture and /,(7), p,(r) have been set equal to unity, as justified in the previous 

section. 

Relations (2.3) and (2.4) enable us to evaluate y, and y, provided we know ex, 
the detection efficiency per K-capture of the x-ray crystal. We may write 
éx = efx(1 —ax)Q/47 where « is the intrinsic efficiency of the crystal per x-ray 
entering it, © is the solid angle, fx the fluorescence yield of the K-shell of 
thallium, and a, the fraction of x-rays lost by absorption in the material between 
source and crystal. « was calculated to be 0-91 from the geometry of the crystal 
and the absorption coefficients for x-rays (Handbook of Chemistry and Physics 
1951). No measurement has been made for the K fluorescence yield of Tl but 
Broyles (1952) gives 94-6 (+0-8)% for Hg which is only one unit of Z removed. 
A round figure of 95° was taken; ax was determined in a separate experiment 
as 0-03 and the effective value of Q by a comparison count in well-defined 
geometry. This gives 0-840/47 for ex and from relations (2.3) and (2.4) the 
proportions of K-capture into the 685 and 280 kev levels are respectively 
0-74+0-05 and 0-87+0-05, the balance being attributable to L-capture. 

Rose and Jackson (1949) and Marshak (1942) have calculated the amount of 
L-capture to be expected in electron-capture processes. For lead (Z=82) 
Rose and Jackson’s figures show that L-capture should account for at least 13°/ 
of the decays at high energies and progressively more as the energy available 
decreases. 

The figures 0-74 and 0-87 obtained above imply (including the errors) 
available decay energies of 230(+70 or —40) kev and greater than 450 kev 
respectively for allowed transitions, in which the ratio of L- to K-capture varies 
as the square of the ratio of the neutrino energies (Rose and Jackson 1949, 
Marshak 1942), i.e. a total decay energy of about 800-900 kev which is in 
agreement with the value of 800 +250 kev obtained in §2.2. However, it will 
be shown in §2.6 that the decay is almost certainly first-forbidden and in this 
case the energy variation in the ratio of L- to K-capture is a fourth power law. 
A plausible extrapolation of Marshak’s first-forbidden relation to Z=82 gives 
decay energies of 570 + 120 kev and greater than 1-1 Mey, 1.e, a total decay energy 
of greater than about 1-4 Mev. ‘This seems significantly outside the experimental 
error and is difficult to understand. 


2.6. Branching to the Ground State of ®°°Tl and the Spin of °° Pb 


Two alternative methods of determining the ‘source-strength’ of a ?°Pb 
source are available: (a) gamma—gamma coincidences between the 280 kev and 
400 kev gamma-rays; (b) coincidences between the K-capture x-ray and yp. 

Using both methods, we can find out how much of the decay goes direct to 
the ground state, for if K-capture occurs direct to the ground state, the 
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‘source-strength’ found by method (6) will be greater than that found by 
method (a), since (a) measures only the strength of that part of the source decay 
in which the 280 kev gamma-ray participates whereas (b) includes additionally 
x-rays from the ground-state transition for which there is no corresponding 
280 kev gamma-ray. 

In the present experiments, a source-strength determination by gamma— 
gamma coincidences was bracketed with determinations by x-ray-gamma 
coincidences with ys. The former determination (a) is straightforward and 
gives the source strength in the standard form N=C,C,/Q,,. (Barnothy and 
Forro 1951, with a small additional correction for the angular correlation) where 
one coincidence channel is set on the photo peak of y, and the other on y, by 
means of kicksorters. Method (d) gives 

EN a F(oq, %2; ky, ho Vr» V23 *) 


where F(1, %; ky, ko} V1) V2} X) is a function including the effects of internal 
conversion and L-capture. In practice the terms containing «, and k, can be 
neglected, which avoids the necessity for knowing these quantities; y, and yg 
were estimated in the previous section. 


203Pb 203Ph 
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Figure 6. Alternative decay schemes for the decay ?°°Pb to ?°°Tl. 


The results of the source-strength determinations are shown in figure 5, 
where a line representing a 52-hour decay has been drawn through the 
experimental points. There is no evidence for any excess of X-rays in the 
source, indeed the results indicate an apparent deficiency. In statistical terms 
it is extremely improbable that K-capture to the ground state exceeds 10% of 
the total decays. 

This fact enables us to make an assignment to the ground state of 2°°Pb with 
reasonable certainty on the basis of the shell model. 2°8Pb has a closed shell of 
protons and five less than a closed shell of neutrons. ‘The most likely states for 
2°3Pb are Psp or fs. Other alternatives are pyjo, ips/e, fo, but the py, state is 
known to take the last two neutrons in this shell; high spin states, such as ij,3/9, 
do not occur as ground states; and the f,/, states must already be filled before the 
f5o (Klinkenberg 1952, Mayer 1950). 

Figure 6 (a) and (6) shows the two possible K-capture decay schemes; for 
scheme (a) ?°°Pb has a ps/. ground state, for scheme (b) the ground state is fi. 
Angular momentum and parity changes are indicated by the side of each 
transition which are labelled K, K, K, in order of increasing transition energy. 
Inspection of the schemes reveals that, under Fermi selection rules, all transitions 
are first-forbidden except K; in scheme (b) which is third-forbidden. Under 
Gamow-—Treller rules, all the transitions are first-forbidden although K, in 
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scheme (b) involves a change in orbital angular momentum of 3 and must be 
expected to be correspondingly less probable. ‘Thus, Mayer et al. (1951) show 
that for transitions of the type AJ=1, Aj=0, 1 which covers all except the latter 
case, log ft values lie between 6 and 8 whereas for the one known case where 
Al=3, Aj=2 (#§"Re) the log ft value is 17-7. Other things being equal, the 
lifetime of K; in scheme (4) will be long and therefore it will be absent from the 
decay. 

Inscheme (a), on the other hand, transitions K, and K, are both first-forbidden, 
the latter (ground state) transition being energetically favoured by 280 kev. 
Assuming a total decay energy (ground to ground) of 800 kev (§2.2) K; should 
exceed K, by a factor of two or three assuming a square-law dependence on 
energy (see, for example, Feenberg and Trigg 1950). Even if the figure of 
800 kev is greatly in error, more decays should go via K, than K,. However, it 
was shown above that it is extremely improbable that electron capture to the 
ground state (K;) exceeds 10°%. Scheme (a) is therefore ruled out and the 
ground state of ?°8Pb must be f;/., as in scheme (0). 

This conclusion receives further support from the decay of ?°Hg which 
has three neutrons less than a closed shell and which must be f,/. since decay to 
the ground state of ?°°T] is absent (Wilson and Curran 1951) and from ?°Pb 
which has one neutron less than a closed shell. Here the ground state is p4j/. but 
the first excited state is fj. instead of the expected psj. (Pryce 1952). ‘These 
facts seem to indicate an abnormally large spin-orbit splitting for the psj.—pyj 
doublet, whereas Klinkenberg (1952) suggests that the splitting is abnormally 
small. One might guess on the basis of the above evidence that the ground state 
of 2°°Pb (with a three-neutron deficit) is f;).; this would account for its apparently 
long life. 
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Lens Spectrometer Study of the Disintegration of MsTh, 


By THE LATE W, D, BRODIE* 
Department of Natural Philosophy, University of Edinburgh 


Communicated by, N. Feather; MS. received 30th October 1953 


Abstract. Measurements have been made (i) of the absolute intensities of the 
internal conversion lines of the 57, 78, 97, 127 and 184kev y-rays of MsTh, and 
(11) of the absolute intensity of the associated L-Auger electrons. The K/L 
conversion ratios for the 127 and 184 kev transitions are respectively 0-023 + 0-005 
and 4:7. Difficulties are encountered in attempting to attribute spins and 
parities to the two lowest excited levels of the RdTh nucleus, 


§1. IvrRopUCTION 
M SOTHORIUM 2 grows from the long-lived mesothorium 1 and decays 


by f-emission to radiothorium with a half-value period of 6-13 hours. 

The internal conversion electrons emitted by MsTh, were photographed 
by Black (1924), who used a semicircular magnetic spectrometer and deduced 
the presence of eight y-rays, and by Yovanovitch and d’Espine (1927) using the 
direct deviation method. Some of the y-rays of MsTh, were detected by 
‘Thibaud (1926), who studied the ‘external’ spectrum of photoelectrons from a 
lead radiator. Yovanovitch and Proca (1926) carried the investigation of the 
MsTh, spectrum into the very low energy region and reported the presence of 
lines down to about 3kev. More recently Lecoin, Perey and Teillac (1949) 
made a cloud-chamber study of the disintegration and Lecoin, Perey and Riou 
(1949) determined the intensity of the L x-rays using the method of selective 
absorption. 

A study of the B- and y-rays of MsTh, has recently been completed in this 
department by Kyles, Campbell and Henderson (1953). The present work 
was intended to be complementary to their investigation. ‘lhe objectives were to 
map the f-particle spectrum in the momentum range 600 to 2000 gauss cm, to 
measure the intensities of the internal conversion lines within this range, and 
then to examine the energy region of the L-Auger lines. 

The apparatus used was a magnetic lens f-spectrometer incorporating a 
post-focusing electron accelerator. With this apparatus electron spectra could 
be observed down to 4 kev energy. A thin-windowed Geiger—Miiller counter 
was used as detector. Details of the spectrometer have already been published 
(Butt 1949, 1950). 

§2. SouRCE PREPARATION 


The earlier sources were prepared ‘carrier-free’, using the method of 
Peterson (M.D.D.C. 1709, U.S.A.E.C.) in which cerium is initially used as 
* Dr. W. D. Brodie died on 27th June 1953 at the age of 30 of an incurable disease. 


This paper was prepared from his own rough draft by Dr. M. A. S. Ross, whom I wish to 
thank on behalf of Dr. Brodie’s many friends in the Department of Natural Philosophy 


at Edinburgh.—N.F. 
PROC. PHYS, SOC. LXVII, 3—A 19 


266. The late W. D. Brodie 


carrier and subsequently removed by oxidation to the four-valent state and 
precipitation with iodate ion. In this connection, ammonium persulphate plus 
nitrate was found to be superior to the silver oxide recommended as oxidant. 
However, difficulties were encountered in the complete removal of the cerium, 
and the method was later abandoned, at the suggestion of Dr. N. Miller of this 
Department, in favour of one using a very small (15yg) quantity of iron carrier 
which carried the MsTh, completely and yielded sources having sufficiently 
small mass. 

The sources were deposited by evaporation of a single drop of dilute nitric 
acid solution on thin foils of aluminium or gold, which, following Langer, Motz 
and Price (1950), had previously been wetted with a 10% solution of insulin 
(40 units per ml.). The resulting source was normally 1 mc in strength and was 
distributed over a circle about 3 mm in diameter with a superficial mass of about 
0-1 mg per cm?. Each source was used for about ten hours of counting. 


§3. GENERAL SURVEY OF THE SPECTRUM 


Table 1 shows the Hp values of the lines observed and, for comparison, the 
corrected* values of Black (1924). Approximate values are entered for poorly 
resolved lines. 


Table 1 
Author Black 
Line Hp Intensity Hp Intensity 
No. (gauss cm) i) (gauss cm) (%) 
1 665 a4 665 9-4 
D 693 696 8-0 
3 789 | 15 790 6:1 
a 815 816 4-2 
5 837 ~0-1 836 0:56 
6 —— _ 864 0:38 . 
7 900 ~0:1 900 1-5 
8 950 8-0 946 4-7 
9 975 975 3°3 
10 1070 13 1069 1:5 
11 1099 = —_ 
12 1165 5-6 1162 3:3 
13 1185 1183 Des} 
14 1248 2:1 
re igo ace 1267 0:56 
16 — — 1299 0:3 
M7) — —- 1336 — 
18 eae 13 1459 1:9 
19 1550 1528 0-56 
20 — — 1681 — 
21 1725 ~0:2 — — 
BD) 1770 ~0-2 1770 0:7 


The intensities in column 3, giving the number of electrons per 100 disinte- 
grations, were measured by comparison with the extrapolated continuous 
spectrum. ‘The work of Kyles, Campbell and Henderson (1953) shows that the 

* Black based his measurements on the Hp values for the lines of Ra (B-+C) obtained 


by Ellis and Skinner (1924). In table 1, Black’s values have been altered to agree with the 
later measurements on Ra (B--C) made by Ellis (1934). 


; 
: 
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B-continuum of MsTh, includes six partial spectra having end-points between 
0-469 and 2-18 Mev and relative intensities as given in their table 2. From the 
Fermi plots of these six partial spectra they were able to reconstruct an entire 
continuous spectrum, from zero to the ultimate end-point, which fitted their 
direct measurements down to their lower limit of observation on the continuum 
at 2000 gausscm. ‘The present survey extended up to about 2500 gauss cm, and 
from 1600 to 2500 gausscm the spectrum is substantially free from lines. The 
continuous spectrum of Kyles et al. could therefore be fitted to our observations 
with confidence—-and a good fit was, in fact, obtained. The area under this 
fitted continuous spectrum was taken to represent one electron per disintegration. 


iSO 


2 weet, 
Ai 4 i} ee 1 i _— i 1 | 
500 750 1000 1250 1500 1750 2000 2250 


Ho (gauss cm) 


Figure 1. MsTh, spectrum from source on aluminium leaf. 


The areas under the profiles of the low-energy lines include back-scattered 
electrons from the source mounting, and two different experiments were carried 
out in an attempt to correct for this effect, one tending to underestimate, and the 
other to overestimate the back-scattering correction. In the first, the source 
was produced by the Peterson method and was almost carrier-free. It was 
mounted on an aluminium leaf 0-2mg per cm? in thickness. ‘The spectrum 
obtained is shown in figure 1. ‘The curve marked C.5. is the normalized con- 
tinuous spectrum of Kyles, Campbell and Henderson. ‘The region between the 
broken line in figure 1 and the continuous spectrum is assumed to be due to 
scattered electrons. ‘The shape of this region is consistent with the view that 
the back-scattered electrons are increasingly subject to absorption in the source 
as their energy decreases. ‘The line intensities were measured on the figure 
with a planimeter, using the broken curve as base. ‘The results obtained are given 
in column 2 of table 2. 

The second experiment was made using a source mounted on gold leaf 
(0:22 mg per cm? in thickness. In this case a calculated line shape was used and 
the area under each line was estimated down to the extrapolated continuous 
spectrum. The measured intensity of each line then included its own quota of 


19-2 
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back-scattered electrons together with a small quota from the continuous spectrum. 
The observations were then corrected for back-scattering using the correction 
factor (55°/,) determined by Butt and Brodie (1951) for saturation back-scattering 
froma gold source backing of the stated thickness, and for the solid angle conditions 
obtaining in this spectrometer. Hamilton and Gross (1950) have given formulae 
for the energy below which saturation back-scattering takes place and the energy 
at which back-scattering begins for a given foil. These formulae show that 
lines Nos. 1 to 9 of table 1 are in the energy range of saturation back-scattering, 
while lines No. 18 and above are beyond the range in which back-scattering is 
appreciable. Accordingly, the measured intensities of the lines have been 
corrected by the factors shown in table 2, column 4, yielding the corrected 
absolute intensities of column 5. ‘The main sources of error in this method arise 
in dividing up the observed continuum of back-scattered electrons between the 
various lines, and in estimating the correction factors for lines in the energy range 
of non-saturation back-scattering. The first error is greatest for lines Nos. 1 to 4 
and the second for lines Nos. 10 to 13. The use of 55°% correction for lines 
1 and 2 may represent over-correction. 


Table 2 
Line Aluminium backing Gold backing 
< Intensity Obs. Rel. Corrn. Corr. Int. 
; (%) Int. Factor (%) (%) 

1 and 2 49°5 893 —55 39 
Be eee Be 364 —55 16 
S 5, GW ea 190 —55 8-3 
(ON 5, 38! 1-0 33 —40 1-6 
TPR nts AES) 535 110 —30 Say 
1 5 key 34 —15 2-0 

18 — ~20 — 0 ~1:3 


The intensity measurements obtained by the two methods and given in 
columns 2 and 5 of table 2 show reasonable agreement, and their mean values have 
been entered in table 1; it is these values which have been used by Kyles, 
Campbell and Henderson. A comparison with the intensities (also shown in 
table 1) which Black obtained from visual estimates of photographic blackening, * 
shows that Black’s results for the four lines of lowest energy are too low. This is 
not unexpected and is probably due to the variation of photographic blackening 
with electron energy. 


§4. INTERPRETATION OF THE INTERNAL CoNVERSION, LINES 


An analysis of the low- and medium-energy internal conversion lines of 
MsTh, is given in table 3, which shows 16 lines, 15 interpreted in terms of five 
y-rays and one as a K-Auger line. ‘The energies and intensities of lines 1 to 19 
are those measured in the present investigation. In the case of unresolved pairs 
of lines such as 1 and 2, the measured intensities have been divided in the ratio 
given by Black. 

Lines Nos. 16, 17 and 20 were found by Black, but were not observed in the 
present work and are not shown in table 3. Lines Nos. 11 and 21 were observed 


* Black’s relative intensities have been normalized to agree with our absolute intensity 
for the pair of lines Nos. 8 and 9. 
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in the present work, but are not included in the table because their interpretation 
is not certain; they correspond to lines numbered 17 and 30 by Kyles, Campbell 
and Henderson (1953), to whose paper reference is also made for the analysis of 
lines of higher energy. 


Table 3 
y-ray Mean Total 

Line Hp E Cony. Intensity Energy y-energy Conv. Int. 
No. (gauss cm) (kev) shell (A) (kev) (kev) C%) 

1 665 SHISS IBF 24 5 peP 

a 693 40-6 er 20 56:9 57-0 59 

3 789 52-16 My 15 57-0 

4 815 55:4 N, 56°7 

5 837 58:3 ic ~0-1 78-0 78-1 

6 864 61-9 gga 78-2 

L 900 66-9 ~0:1  (K-Auger Line) 

9 975 77°77 1 ean 373 97-4 97-4 4 
10 1069 92:2 M, — 97-4 
12 1165 108-0 Lbs 38) 1277 
13 1185 alates llega 233 127°8 

14 1248 122-4 M, r 127-6 127°5 7-4 
15 1267 125-8 N, Pye 

8 950 74-04 K 4:7 183-6 

18 1460 161-9 Ilo 13 182-4 183-7 6 
19 1550 179-8 M, 185-0 


Assumed binding energies m key; (Kk) 109-65) 7, 20:50. i, 19:68) 2. 16:30. 
Wie Losin 4 Ol NG ad 32. 


§5. DIscUSSION OF THE INTENSITY MEASUREMENTS 


In the cloud-chamber investigation of Lecoin, Perey and ‘Teillac (1949) 
electron tracks were divided into two categories, ‘soft’ and ‘hard’, dividing at 
about 60 kev and containing respectively 920 and 946 tracks. By using a source of 
MsTh, in equilibrium, of which the disintegration rate was known, these authors 
deduced that MsTh, emits roughly two electrons per disintegration, one in each of 
the ‘soft’ and ‘hard’ groups. In the y-ray and x-ray absorption experiment of 
Lecoin, Perey and Riou (1949) two electromagnetic radiations were observed, a 
hard component having a mean energy of 460 kev and corresponding to the mean 
energy of the known y-rays, and a soft component which was shown by selective 
absorption to consist of the L x-radiation of thorium. Since the absolute efficiency 
of their counter was known, Lecoin, Perey and Riou were able to deduce that the 
number of L-photons emitted per disintegration of MsTTh, was 0-30+ 0-06. It 
is possible to show that these rather imprecise conclusions are in agreement with 
the present intensity measurements. 

Working from the data given in table 3 and by Kyles et al., we find that the 
numbers of K, L and (M+N) conversion electrons emitted per hundred disinte- 
grations of MsTh, are respectively 7-8, 55-0 and 17-8, giving a total of 0-806 
internal conversion electrons per disintegration. ‘The electrons which would 
be counted in the cloud-chamber experiments include also the K- and L-Auger 
electrons. The K-Auger electrons, represented only by the weak line No. 7 in 
table 3, may for present purposes be neglected. Kinsey (1948) has estimated 
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the fluorescence yield of each of the L shells using the best available measurements 
of the total width of x-ray lines and absorption edges for heavy elements and radia- 
tion widths calculated relativistically by Massey and Burhop (1936). He gives 15, 
56 and 39%,, respectively, for the fluorescence yields of the L;, Ly, and Lyy shells. 
From table 3 the primary ionizations produced by internal conversion in the Ly, 
Ly, Ly Shells are respectively 3-75, 28-9 and 22-3. In deducing these figures, 
the L-conversion of the higher energy y-rays (from Kyles et a/.) has been assumed 
to take place entirely in the L; shell. ‘This approximation will introduce at most 
asmall error since the intensities of these lines arelow. ‘The primary Ly, and Ly, 
ionizations are increased by the transfer of ionization from the K-shell by K x-ray 
emission and by the transfer of L, vacancies to the Ly, shell by the Coster-Kronig 
effect. Taking Massey and Burhop’s (1936) figures for the relative intensities of 
the K x-rays, and Kinsey’s (1948) estimate of 60° for the fraction of L; 1onization 
transferred to Ly, by the Coster-Kroénig effect, the final absolute ionization 
intensities in the L,, Lj; and Ly; shells are respectively 1-5, 30-8 and 28-7 per 100 
disintegrations. Introducing Kinsey’s values for the L;, Ly, and Ly; fluorescence 
yields, the total L-Auger intensity then amounts to 0-9+ 13-5+ 17-5 or 31-9 per 
hundred disintegrations. 

The total number of electrons emitted per disintegration of MsTh, including 
the nuclear f-particle but excluding the very low energy M- and N-Auger 
electrons, is therefore 1-0 + 0-806 +0-319=2-1, in good agreement with the cloud 
chamber results. ‘To check the numbers of electrons in the ‘soft’ and ‘hard’ 
groups as defined by Lecoin, Perey and Teillac, the total electron spectrum con- 
sisting of the continuous spectrum, and internal conversion electrons and the 
L-Auger electrons may be divided at 60kev. The resulting calculation gives 
1-0 electrons in the low energy group, and 1-1 in the high energy group, in excellent 
agreement with the cloud chamber result. Also, since there are 32 Auger electrons 
from a total of 61 L-shell ionizations, there must be 29 L x-ray photons per hundred 
disintegrations. This figure lies in the centre of the rather wide limits (30 + 6) 
given by Lecoin, Perey and Riou for the L x-ray intensity. 

The large measure of agreement which has been shown now to exist among 
these three independent intensity measurements of the electronic and electro- 
magnetic radiations from MsTh, suggests that the absolute intensities listed in 
table 3 are fairly accurate. 


§6. THe Low-Enercy SpecrrumM or MsTnuy, 


Figure 2 shows the electron spectrum of MsTh, between 250 and 500 gauss cm. 
Of the seven lines visible in the figure, six are considered to be L-Auger lines and 
the seventh an internal conversion line. Taking the conversion line first, reference 
to table 3 shows that lines 12, 13, 14 and 15 are interpreted as the L-, M- and 
N-conversion electrons of a y-ray of 127-5kev. As the binding energy of the 
K-shell of radiothorium is 109-6 kev, an electron line due to internal conversion of 
this y-ray in the K shell should be observed at about 18kev. In figure 2 a weak 
line, No. 7, appears at 460 gauss cm (18-2kev) and this is considered to be the 
K-shell conversion line of the 127 kev y-ray. The intensity of the line on the scale 
of table 3 is about 0-13 so the K/L conversion ratio (««/«,,) for the 127 kev y-ray may 
be given as 0-023 + 0-005. 

Lines 1 to 6 of figure 2 have been interpreted as L-Auger lines. Because of the 
large number of possible transitions involving the L, M and N levels and the 
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relatively low resolution of the experiment, it is not possible to identify the 


transitions which give rise to these lines purely on energy considerations. The 


calculations of the preceding section have shown, however, that about 0-9, 13-5 
and 17-5 Auger electrons per 100 disintegrations should originate in the L;, Ly 
and Ly shells respectively, so that the strong lines should be associated with the 
Ly and Lyy shells. Also, on theoretical grounds, the transitions representing 
internal conversion of the strong x-ray lines should be favoured. The application 
of these principles lead to the assignments shown in table 4, each assignment being 


regarded merely as representing the strongest single contribution to the peak in 
question. 


1200 


23 4 OG 7 


1000 
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Figure 2. Low-energy spectrum of MsThy. 


Table 4 

Line Hp Observed Energy : Calculated Energy 
No. (gauss cm) (kev) BSSigniDep (kev) 
1 ~285 7-1 Ly My My 7:09 
: ys Ly M Myr 8-95 
2 Bore 9-09+ 0-10 AEM My 9-50) 
3 35542 10-97+ 0-12 Lit > MyM; 11-04 
4 36743 11:71+0-19 Li MyN, 11-67 
3 398+ 2 13-76+0-14 Ly > NiwM, 13-33 
6 41342 14-79 +0-14 Lat > MryN;, 14-91 


An attempt was made to obtain a direct measure of the total intensity of the 
L-Auger lines by taking a set of observations over the range 250 to 900 gauss cm and 
comparing planimeter measurements of the Auger peak and the (L. + M) conver- 
sion lines of the 57 kev y-ray. All the lines in question should be equally affected 
by back-scattering but losses due to self-absorption of the Auger electrons were 
anticipated. For intensity reasons, a source thickness of about 0-1 mg per cm? 
was necessary and this thickness is an appreciable fraction of the mean range 
(about 0-25 mg per cm?) of the Auger electrons. The result of the measurement 
was 22 Auger electrons per 100 disintegrations which is considerably below the 
figure of 32 Auger electrons reached by calculation. It may be noted that the 
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difference between the two estimates is equivalent to the loss of all back-scattered 
electrons, and it is reasonable to assume that self-absorption would almost entirely 
remove these electrons. ‘The measurements are therefore regarded as supporting 
the accuracy of the calculated result. 


§7, CONCLUSIONS 


The main results established by the present experiments on the disintegration 
of MsTh, are the absolute intensities of the conversion lines of the 57, 78, 97, 127 
and 184kev y-rays. The values of these are given in table 3. The total intensity 
of the L-Auger lines is 32 per 100 disintegrations. ‘The ratios of conversions in 
the K and L shells («/«1,) for the 127 and 184kev transitions are respectively 
0-023 and 4:7. These results were made available to Kyles, Campbell and 
Henderson (1953) and were used by them in their discussion of the MsTh, 
disintegration. 

The outstanding problem which has appeared as a result of the present 
measurements concerns the spins and parities of the first two excited states of the 
RdTh nucleus, at 57 and 184kev. As Kyles, Campbell and Henderson point out, 
the evidence strongly favours the assignment E2 to the 57 and 127 kev transitions, 
but if these assignments are accepted difficulties arise concerning the cross-over 
transition of 184 kev which has some of the attributes of M1. Possibly Thibaud’s 
identification of this radiation in emission is in error (there is some evidence for the 
existence of a transition of 179 kev which might explain such an error) and the 
184 kev state, like the ground state, should be classified 0+. Further experiment 
is obviously required to elucidate the situation. 
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Absolute Magnitudes of (d, p) Scattering Cross Sections 


By G. ABRAHAM 


Department of Theoretical Physics, The University of Liverpool 


Communicated by R. Huby; MS, received 22nd September 1953 


Abstract. A formula is given for the absolute magnitudes of (d, p) reactions on 
the basis of the single particle model (square-well potential) of the nucleus and 
the Butler stripping theory. On comparison with experimental data for the 
reaction **Si(d, p)?*Si it is seen to give cross sections which are too large, but 
there is reasonable agreement on relative values. This is consistent with the 
recent work on absolute magnitudes of Horowitz and Messiah and of Thomas. 
The stripping cross section given here leads to a simple single particle formula 
for the reduced width, which is approximately the same as the Wigner sum-rule 
limit for resonance reduced widths. 


of (d, p) scattering cross sections. It is interesting to compare these with 

theoretical estimates. ‘The Butler theory provides the required formula 
if one assumes some model for the nucleus. In this paper the simplest model 
is chosen, namely the representation of the nucleus by a square-well potential. 
Calculation shows the theoretical cross sections are too large, but there is 
reasonable agreement in the relative magnitudes of single particle levels. ‘The 
absolute magnitude of stripping on Butler’s theory can be expressed in terms 
of the reduced neutron width of the final nucleus. ‘The assumption here of the 
square-well model gives a simple formula for this reduced width. 

In the Butler theory (Butler ie. the cross section is given by 


a; Akp)= Reps B= | Ly Ute al ecg) Mec (1) 


corresponding to a 


r \HERE have been many experiments recently on the absolute magnitudes 


Here x7"4(Ky.57n) 18 the residue es fe singularity k, =k,,,, 


Yn) for total angular 
momentum j,m, and orbital angular momentum /. Having now a model to 
represent the interaction of the neutron with the nucleus, we can determine the 
neutron wave function completely. It is identical with Butler’s for 7,, in the 
neighbourhood of 7, and for r,, >79, where r, is the radius for the capture of the 
neutron; and it is a regular square-well wave function for r,,<R, where R is the 
radius of the well, which is taken a little less than 7). ‘There are, of course, two 
sets of boundary conditions to be satisfied now, one at r,,=R and the usual one 
at r, =). The integrals over 7,, in the cross section are evaluated by the use of 


standard Bessel-function formulae to give 


(20h keys 1 1 zi 1 E,, FE 
07, (kK, je ea Kiso Kes4 py ar 1 
{Zro8(k%o)ia(Z70) + Kk (Ko Zo) $> 


bound state level) of the neutron wave function uina(k 


F.= 5 bein IMOhistiines os, 2 o 
< SralR)g,a(eR) “) 
r= {cos Zry + (k/Z) sin Zro} | 

: i(k R)go(KR) 
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where 


d= (FE) Fale 


U l+r)! 
ae) =exp 70-8) > Say 


If the initial spin of the nucleus is not zero, the factor 2/+1 has to be replaced 
by (2J,+1)/(2J, +1) where J,, Jy are the spins of the initial and final nuclei. 

_ The cross section (2) is calculated for the reaction 28 Si(d, p)?°Si (Holt and 
Marsham 1953) and the results tabulated below. ?*Si, being made up of complete 
shells, is specially suitable for representation by a potential well. The following 
values are assumed for the parameters R, 7) and V. 

(a) R=7n=5-4x10-4em, V=30Mmev. 

(6) ;R=4-2 = 10m, 74=5:/ x 10" cm,. Vi= JaMey,. 
The angular distribution is dependent on 7p, but not on R, and 7, is taken in (a) 
to be the best value found by Holt and Marsham to fit the angular distribution. 
The large value of 7, is (b) does not affect the curve-fitting appreciably. ‘There is 
no restriction on the choice of R, except that we expect 7) — R to be small compared 
with R. We shall see that the total cross section depends sensitively on 7)— R. 
V depends on R and the bound state energies H,,, which are given experimentally, 
and is fixed by the vanishing of the coefficients b(k,,,) in Butler’s equation (20). 


Maximum differential cross sections for the reaction ?*Si(d, p)?°Si1 
Max. Diff. Cross section 


Eee ane Suggested 
ee Exeiotion ] ! (Miullibarns) Shell Model 
oup (Mev) Experi- Theoretical Orbi 
mental (Relative) on 
(a) 2) 
Po 0) 0) 63 51 45 281/2 
Pi 1:278 2 6:3 6:5 5-1 ides 
Do 2-027 2 2:4 6-5 6-8 . 
Pa 3-070 D, 1°3 6°8 8:1 
Ds 3-623 3 4 8:5 5-4 1f7/ 
Po 4-934 1 55 42 66 2Ps/2 
Pie 6-380 1 33 29 62 2Pr2 


Since this gives a different V for each /, an average value is taken for each choice 
of R; V occurs explicitly only in the last factor of the cross section, which changes 
very little with V. But the large difference 7) — R in (b) reduces the cross section 
by a factor of 5 because of the factor exp {«(7»—R)} in g(«R). The results are 
tabulated above. In both cases the theoretical cross sections are too large and 
the tabulated values are divided by 20 in (a) and by 4 in (b). This over-estimate 
of the stripping cross section by the Butler theory is in line with the indications 
of other recent work. Horowitz and Messiah (1953) find a reduction by a factor 
varying from 2 to 5 when the potential scattering of the proton is taken into 
account. ‘I’homas (1953), in calculating reduced widths by the stripping theory, 
obtains values which are four times too small when compared with resonance 
experiments. 

The tabulated relative magnitudes of the theoretical cross sections support 


the conclusion of Holt and Marsham that the levels ps, p, are not single-particle 
levels. 


Absolute Magnitudes of (d, p) Scattering Cross Sections it he) 


To obtain a theoretical expression for the reduced width y? of single-particle 
levels, the formula (2) is compared with the stripping formula of Huby (1953). 
One gets, taking R=7, 


mR gi(cR) 
ee gO Ne ee ; = 0 
21+ (E,/V)}" gia Rg a(R) Z 
pies AL's Hee FRE! (3) 
a Saar ae ST l= 0. 
&i(kR) 


From the definition (2’) of g,(«R), it follows that the right-hand side of (3) is less 
than 1; for most bound levels in light nuclei, it does not vary greatly with / or x 
and does not assume a value much less than 1. This estimate of the reduced width 
for single particle levels agrees therefore with the Wigner sum-rule limit for the 
resonance reduced width, which is 347/2mR. 
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§ 1. THE EXPERIMENTAL OBSERVATIONS 

HELPS AND MOLNAR (1953) have measured the rate of destruction of 
Pe: (23S) metastable atoms in the afterglow of a pulsed discharge in very 
pure helium using an optical absorption technique. Biondi (1952) has 
measured the change of electron concentration in a similar afterglow using a 
microwave method and was able to estimate the rate of helium metastable 
destruction from an interpretation of the rather complicated variation of the 
electron concentration which increased at first after the discharge was interrupted 
and then decreased exponentially. Recently Phelps (1953) has employed both 
techniques on the same afterglow and has shown that under these conditions 
He(2'S) metastable atoms are rapidly converted to the He(2*S) state in 
super-elastic collisions with slow electrons so that Biondi’s measurements. 
almost certainly referred to the destruction of He(2?S) metastable atoms also. 
Evidence of the destruction of helium metastable atoms by collision with 
normal helium atoms without the production of ionization has been obtained 
by Jesse and Sadauskis (1952) in a very different type of experiment. They 
measured the energy per ion pair in the passage of alpha-particles through helium 
contaminated with very small amounts of argon and other gases. For many years 
the experimental value of this quantity for alpha-particles in helium has been 
found to be about 30 ev while the best calculated value is about 43 ev (Erskine 
1953). Jesse and Sadauskis showed that when stringent precautions were taken to 
use very pure helium in these experiments a value of the energy per ion pair close 
to the theoretical value was obtained but the addition of a few parts per ten 
thousand of argon led to the much lower value observed earlier. They interpreted 
their result by supposing that in the presence of argon helium metastable atoms. 

were capable of ionizing argon by the process 

He*+A>He+tAt+te  . can (1) 


But in very pure helium the observation of the high value of the energy 
per ion pair implies that the excitation of helium metastable atoms is disposed 
of by collision with other helium atoms in a way that does not produce any 
ionization and Jesse and Sadauskis were able to estimate the cross section for 
such a process. 


§ 2. PRocESSES EFFECTIVE IN THE DESTRUCTION OF HELIUM 
METASTABLES IN HELIUM 
The following processes may produce the observed destruction of helium 
metastable atoms in helium: 
(1) In collisions with energetic normal atoms the helium metastable may be 
raised to a state from which radiation can occur. For helium, however, the nearest 
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radiating level (2'P) lies 1-4 ev and 0-6 ev above the 23S and 2!S metastable levels 
respectively and the number of atoms which would possess sufficient kinetic 
energy at room temperature to produce the necessary excitation is much too 
small to account for the observations. 

(11) As a result of the perturbation due to a collision with a normal helium 
atom the optical selection rule may break down and a radiative transition to the 
ground state may occur (collision induced radiation). 

(iii) Molecular He, may be formed in an excited state as a result of a three-body 
collision between a metastable and two normal helium atoms. Radiative 
transitions could then occur to the ground state of He, leading to immediate 
dissociation. 

(iv) In discharges in which the metastable concentration is high (greater 
than 10!° cm”) two-body collisions between metastables may occur leading to 
the de-excitation of one and the ionization of the other in the process 


He*=- He? —TlesHemner Ov shel ees rane (2) 


Let o, be the cross section for the destruction processes (ii) and (iii) which 
do not lead to ionization and vy the corresponding collision frequency, related 
to og by the expression vy=ndo, where x is the gas concentration and 6 the mean 
velocity of relative motion between the two particles. 

Similarly let o; be the cross section for process (iv) and «, the corresponding 
collision frequency per unit metastable concentration given by «;=v*o, where 
v* is the mean relative velocity of two metastable atoms. If D,, is the metastable 
diffusion coefficient, the metastable concentration JM in an afterglow at time ¢ 
after the interruption of the discharge satisfies the equation 

oM 
“Ot 
(The factor 2 in the last term of this equation which has been omitted in previous 
discussions of this problem is necessary because two metastable atoms are 


destroyed in each collision of type (iv).) 
The lowest mode solution of this equation 1s 


Visa WieXD( Ela) ba ep b= OXP( Ei Ty) ewes (4) 


where M, is the initial metastable concentration and 1/7), =vy+D,,/A?, A being 
the characteristic diffusion length of the container. 

At a temperature of 300°k and for a range of pressures from 20 to 100 mmHg 
Phelps and Molnar found v4=0-2 p? sec, where p is the gas pressure expressed in 
mmHg leading to a cross section, 


ores LOS arch ee aa (5) 


This form of variation of v, with pressure indicates that the destruction of 
metastables in pure helium when the metastable density is less than 10!°cm 3 
occurs predominantly through the three-body process (iii), and the two-body 
process (ii) is relatively unimportant. A conclusion different from this was reached 
by Biondi who interpreted his results to lead to a value o,=9-6 x 10°! cm? for 
the process (ii). Biondi’s measurements, however, referred to afterglows in 
which the metastable density was very large (>10'°cm~*) and _ his results can be 
interpreted equally well by assuming the cross section for process (i1) to be very 
small and most of the loss of metastables in his case to be due to process (iv). 


VIM yall = co Met oe ee eae (3) 
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Using eqn (4) his measurements can be interpreted by assuming the cross 
section for process (iv) to be approximately 10-4cm?. ‘This cross section is very 
high but a similar high estimate was obtained independently by Phelps and Molnar. 

From their measurements of the energy per ion pair in helium—argon mixtures 
Jesse and Sadauskis (private communication) estimated the cross section og for the 
destruction of He* in He at a pressure of 850 mm Hg to be og = 1-55 x 10-*° cm?. 
The value expected from eqn (5) is 2°5 x 10-°°cm?. ‘The agreement is very satis- 
factory particularly when it is remembered that not only 2'S but more highly 
excited metastables were probably also present in their case. 


§ 3. THE DESTRUCTION OF HELIUM METASTABLES IN 'T'HREE-BoDy COLLISIONS 
In a recent theoretical investigation Buckingham and Dalgarno (1952) have 
calculated the form of the interaction between normal and metastable helium atoms. 
They found that molecule formation is possible for the 1, and *&,, states of the 
combined system. ‘The dissociating ground state of He, is 1%, and radiative 
transitions are allowed from the 1X, to the ground 1X, state. 

It is more difficult to understand how the triplet metastables can be disposed of. 
But if the curves E,’, Ey of figure 1 in Buckingham and Dalgarno’s paper are 
plotted so as to lead to the correct energies of He + He*(1S) and He + He*(’S) for 
infinite separation it isobserved that they cross so that in principle one might expect 
some transformation from 3%, to 1%, on collision. Of course such a transition 
would violate the Wigner spin conservation rule. But such violations have been 
well established in other cases of collisions of excited helium atoms (Massey and 
Burhop 1952, pp. 428-431), so that it seems possible also to dispose of helium 
triplet metastables without ionization. 

The cross section for the three-body process can be estimated by a method 
exactly analogous to the Thomson theory of recombination. According to this 
theory molecule formation can occur by collision stabilization if one of the colliding 
systems suffers a collision with a third body when within a critical distance 7» apart. 
Thomson took 7) =2e?/3RT which is reasonable for the collision of two charged 
particles. 

Buckingham and Dalgarno showed the existence of a potential barrier in the 
interaction between normal and metastable helium which would have to be 
surmounted before the atoms could come together to form a molecule. It is clear 
that in the present case 7) should be taken as the separation corresponding to the 
top of the potential barrier (772 x 10-8 cm). 

The effective cross section for molecular formation (and thence for collision 
de-excitation of the helium metastables) is given then by 


o=texp(—AEF/RT)(S, +S) 7792 


s=142)55 + — oh gui haan: ©) 
Bint satgig, wee f 

where S, and SS, are associated with /, and /,, the mean free paths for collisions of 
normal and metastable helium atoms in helium (Massey and Burhop 1952, p. 623) 
and AF is the height of the potential barrier. "The factor } arises because formation 
of the &,, and the dissociating excited &, molecular states are equally probable. 
Under the conditions of the experiments discussed above 27) </ and 


ee eee 
o= 3 exp | Sar } 7% dey Mae eee ee, : (7) 
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For collisions between normal helium atoms /, =0-014/p (Kennard 1938, p. 149). 
For collisions between metastable and normal helium atoms the interactions 
calculated by Buckingham and Dalgarno give /, =0-012/p so that (7) can be written 


Oq=32) PEXp(—ALIRI) 7. cms, he tes (8) 


The parameters 7), AF were not determined uniquely by Buckingham and 
Dalgarno because of the difficulty of carrying out the second order perturbation 
calculations. At separations of importance in the present considerations they give 
for the interaction energy 


Vi RVR CRIS ack wih # nS (9) 


where l’, (R) is the interaction given by a first order perturbation calculation and C 
a constant estimated as 2 x 10-*® erg cm® and 3 x 10-*® erg cm® using two different 
methods of calculation. ‘The second term in (9) affects the critical distance 7) only 
slightly but has a marked effect on the barrier height AF. 

Equation (8) becomes consistent with the results of Phelps and Molnar 
(eqn (5)) if AF=0-115 ev, 77) =2-2 x 10-§cm. These values would be obtained by 
substituting C=3 x 10-*% erg cm® in eqn (9). 

There remains one inconsistency in this interpretation. Phelps and Molnar 
measured the destruction cross section o, when their afterglow tube was surrounded 
by liquid nitrogen and found a value 67 times smaller than at room temperature. 
As they point out this greatly reduced cross section suggests the importance of an 
activation energy for collisions between He* and He. ‘The height of the corres- 
ponding barrier would be only 0-04ev. This assumes, however, that the gas 
temperature is equal to 77°K when the discharge tube is surrounded by liquid 
nitrogen. Owing to the continual dissipation of energy in the discharge one would 
expect the actual gas temperature to be higher than this, leading to an increased 
activation energy. It is difficult to say whether this effect would be sufficient 
to account for the discrepancy without more data about the discharge conditions in 
Phelps and Molnar’s experiments. Gas heating in the discharge at room 
temperature would also lead to a difference between the cross section deduced from 
the experiments of Jesse and Sadauskis and Phelps and Molnar in the direction 
observed. 


§ 4. CONCLUSION 


It is concluded that the experimental data on the destruction of metastable 
helium atoms in helium are consistent with the interpretation that two processes 
are important, viz. He* + He*—He* + He + e with a cross section of 10-! cm? and 


3 3) 
He* ey + He + He— Lic, i) at He 
— He, (?2,)+He+hyv 
+ He+He+He+hv 


with a cross section of 3 x 10-3 pcm? (p in mmHg). ‘This three-body process 
can be interpreted along similar lines to the Thomson recombination theory 
and is consistent with a potential barrier of height 0-125 ev at a separation of 
2-2 x 10-8cm in the interaction between normal and metastable helium atoms. 
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a number of authors (Plesset 1942, Elliott and Deutsch 1943, Cheng, 
Dick and Khurbatov 1952) and the principal features of the decay scheme 
are indicated in figure 1. The 14 kev y-ray (y3) has been identified as an 


Ts y-rays of *’Fe excited during the decay of *“Co have been studied by 


57Co 


I 
(adkev (123 kev) 


| x10"7sec 
(I4kev) 57Fe 


Figure 1. Decay scheme of 5’Co. 


M1 transition by Goldhaber and Sunyar (1951) from a lifetime measurement 
by Deutsch and Wright (1950). ‘The multipole character of the other y-rays 
has not been determined reliably although evidence that for both the internal 
conversion coefficient %, is about 1 and the K/L ratio about 6 was obtained by 
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Cheng, Dick and Khurbatov (1952); this suggested that the transitions might 
be M2 or E3. The object of the present experiments was to establish the 
multipole character of y, and yp. 

A source of °*Co contaminated by about 10% *®Co was available, as a residue 
from the deuteron bombardment of an iron target; this was used throughout 
the experiments. A preliminary measurement involving rapid chemical 
separation of iron from cobalt activities showed that no half-life of 7 seconds 
or greater was present in the iron. This suggested that neither y-ray could be 
higher than quadrupole unless these transitions were about 100 times faster 
than values given by Goldhaber and Sunyar (1951). 

In figure 2 is shown a characteristic pulse height distribution obtained using 
a xenon-filled proportional counter (Rothwell and West 1950); the ‘escape’ 
peak arises from photoelectric absorption of the y-ray quantum with subsequent 
escape from the counter of K x-radiation of xenon, whereas the primary peak 
corresponds to the total energy of the radiation. ‘This gives values for the 
energy of y, and y, of 138+1 kev and 123 + 1 kev respectively; the counter was 
calibrated with the 59-8 + 0-02 kev y-ray of 241Am (Browne and Perlman 1952). 


6000 
A Escape Peak of 7, 
B s1 J 
C Main »h 
D » oJ 
3 4000 | 
2 
uo A B Cc D 
c 
: | | | 
> 
Ss 
=] 
= 
S 2000 
J 
0 | ee Npteeteet diol 
20 50 


30 
Kicksorter Channel Setting (volts) 


Figure 2. Pulse height distribution on proportional counter of y-rays of ®’Co., 


These values of energy were confirmed by f-ray spectrometer measurements 
where energies of 137-6+40-5 kev and 122-8+0:5 kev were obtained: in this 
case the K conversion line of the 184-1+0-2 kev y-ray from ?°*Bi (Alburger, 
unpublished) was used as a calibration. ‘l'hese values are significantly higher 
than those obtained by earlier authors, namely 131 and 119 kev. From the 
areas lying under the peaks and the stopping power of xenon in this energy 
range, a value of 15+7 for the branching ratio J(y2)//(y,) for the unconverted 
y-rays was found. The large error enters through the uncertainty in the 
contribution of the background to the y, peak: from the known general form 
of the background the upper limit of this ratio is favoured. ‘There was no 
indication of y-radiation from the highly converted y, (14 kev) transition. 
Measurements made on the internal conversion lines of y, and y, using the 
double focusing £-spectrometer at the Nobel Institute are reproduced in figure 3. 
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The source (approx 1 mg cm™? thick) was obtained by plating the cobalt activities 
on to a platinum foil. With a resolution of about 3% the K and L conversion 
lines are well resolved. From the heights of the peaks, making a small correction 
for the M conversion peak, the K/(L.+™M) ratios are found to be 7-7 for y, and 
8-2 for y,. Although these values are accurate to about 10% the K/(L+M) 
ratio in this energy region is very insensitive to multipole order and it is only 
possible to conclude that the radiation is octupole or lower. 

From approximate values for the transmission of the spectrometer the numbers 
of electrons in the K peaks were found to be 4x10* and 3-5 x 10+ sec 
respectively. These should be correct to within a factor of 2, the uncertainty 
arising from scattering in the source thickness and backscattering in the foil 
as indicated by the low energy tail (figure 3). The y-ray strength of the same 
source (108+14uc) was determined with a scintillation counter using a 
1 in. Nal crystal; the error in this case enters through uncertainty in the amount 
of scattered radiation which was detected. From these figures values for «, are 
obtained and these together with values extrapolated from the figures of 
Rose et al. (1951) are shown below. 


Obs El M1 E2 M2 E3. M3 
Ww=138key 1-410-610-1510 1 0 eS ee 
ya=i23kev 11 «10 13x10 S12 10 ll x10 a1 6 ee 


This shows that y, is quadrupole and y, is dipole. Because the absolute value 
of x; could be in error by a factor of 2 it is not possible to identify the electric 
or magnetic character from these measurements alone. 


3500 K~-122-8 
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Figure 3. Internal conversion electron spectrum of y-rays of *7Co, 


Since y; is an M1 transition y, and y, must involve the same change in parity. 
Therefore the transitions must be either E2 and M1 or M2 and El. From the 
observed strengths of the two transitions y, and y, the former choice seems to be 
preferable and it is concluded that no change in parity occurs. On this 
assumption the ground state and the two excited states in *’Fe are all of the same 
parity: this is in accord with the shell model which predicts that low-lying levels 
will be configurations of an odd number of particles in psj or f,). states with the 
first even parity state gy). lying at higher excitation. 
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§1. INTRODUCTION 


EAD 205 has been sought by Templeton, Howland and Perlman (1947) in 

le the Tl(d, 2n)Pb reaction; they estimate its life to be greater than 500 years 

‘by comparison with *°%Pb, assuming it to be counted with comparable 
efficiency. 

In the present experiments *°°Pb was sought for as the daughter of ?Bi 
which decays by electron capture to *°°Pb; and in the irradiation of thallium 
with deuterons, where 2°°Pb should be produced from *°°'l'l with almost the 
same cross section as 7°°Pb from ?°'T'1. 


§2. PossiBLE Mopes or Decay oF 2%Pb 


We first determine the decay energy of Pb as a pointer to the kind of 
results we may expect. This energy can be found from the closed cycle shown 
in the figure. It involves neutron binding energies and the data required are 
shown on the figure, energies being expressed in Mev (Wapstra 1953, Alburger 
and Friedlander 1951). Irom the figure the available energy for the decay of 
205Ph is 370 + 100 kev; Feather (1952) estimates this energy to be 250 + 200 key. 
205Fb is thus expected to decay by electron capture to stable *”’T'l, and any 
gamma-radiation appearing in the decay will be determined by the energy levels 
in the latter. 

20-2 
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We can infer something about the level scheme of *°°Tl from that of *°TT 
and 27], 203'T] has a ground state sj/, and its first excited state at 280 kev is 
dgjp (Klinkenberg 1952, Wilson and Curran 1951, Prescott 1954). Pryce (1952) 
has suggested that the ground and the first excited states of ?°’Tl are Siz and 
dyjy respectively, but recent measurements at 350kev by Gorodetsky (private 
communication to Prof. M. H. L. Pryce) are more consistent with an inversion 
of these levels. If the two lowest levels (ground and first excited states) of ?°°Tl 
and 2°7T] are either s,/. or dsj,, it is probable that these correspond to the lowest 
levels in 2'T] since this differs from the former nuclei by two neutrons. The 
ground state of 2T] is s,j. from its spin and magnetic moment (Klinkenberg 
1952), and it therefore seems probable that its first excited state is d3j9. 


+ 
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Energy scale for estimating the electron-capture decay energy of 7°°Pb. 


In a previous paper one of the authors (Prescott 1954) has shown that the ~ 
ground state of 7°°Pb is probably f;). and has suggested that the ground state of 
205Pb is fj. also. If this is the case, the electron capture transition f;/.—>s,/. to 
the ground state is of the type Al=3, Aj=2 which, though technically first for- 
bidden, is strongly l-forbidden and of long life (Mayer et al. 1951). If it occurred, 
the transition f;j.—> dsj. to the first excited state would be of the normal first 
forbidden type and would correspond to a half-life of the order of several days 
to a few months (Moszkowski 1951). . 

In seeking evidence of the decay of 7°Pb we should look for the x-rays 
following electron capture and possibly a gamma-ray of less than 400 kev. If the 
decay to the first excited state is energetically forbidden, then the only radiation 
observable will be K and L x-rays. 


§3. 2>5Pb IN ASSOCIATION WITH 2°Pb 


Natural thallium (?° TI] :2°T1=29 :71) was bombarded with 20 Mev 
deuterons in the Birmingham cyclotron. *°T'l differs from ?°°T] only in a pair 
of neutrons, and it is reasonable to assume roughly the same yield for the (d, 2n) 
reaction in each isotope. ‘This assumption is supported by the few analogous 
cases for which yields have been estimated: 11! Jr (d, 2n) (Wilkinson 1949), 
128, 180T'e (d, 2n) (Livingood and Seaborg 1938), ®%Cu(d,2n) (Clarke and 
Irvine 1946). Assuming equal yields, 7°°Pb and ?°3Pb were present after irradiation 
in the proportions 2:5: 1. 

The lead was extracted as a thin source and the °°Pb content found by 
coincidence counting (Prescott 1954) and extrapolating back to the time of 
irradiation. ‘This activity was 820+50uc. After allowing the 2Pb to decay 
out for several months, the remaining lead was re-separated by paper chromato- 
graphy (see, for example, Balston and Talbot 1952) with Whatman no. 542 
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filter paper using 5°, conc. HCl in methanol as the solvent. In this separation 
the lead remains in the starting strip. Care was taken in the re-separation of 
the lead to avoid contamination from other possible electron-capture nuclei. 
Carriers were added for all likely contaminants, and to prevent any loss of lead, 
platinum containers were used. Previous experience showed that trace 
amounts of lead tended to stick to glass containers. 

The strip containing the lead was examined with an Nal(TI) scintillation 
spectrometer over the energy region 0-350 kev. There was no evidence for 
peaks either in the x-ray region or at higher energies, though in the absence of 
the former the latter is not to be expected. 

A number of 12-hour counts were taken with a kicksorter set on the x-ray 
region. ‘The average background count (three runs) was 6:09(+2%) min! 
and the average count with lead (four runs) was 6:53 (+2°,); the errors include 
statistical errors and a ‘consistency’ error estimated from similar long runs in 
other experiments. The increase with lead is statistically significant. If we 
assume that the difference, 0-44 count per minute, is due to ?°°Pb we can estimate 
the half-life by comparison with ?°%Pb in the following way. 

From the known efficiency of the crystal (Prescott 1954) and the solid angle, 
0-44 count per minute represents 5x 10° yc. Under the assumptions of the 
first paragraph in this section, the proportion of 2°°Pb to 2°°Pb is 2-5 to 1. The 
initial activity of the 2°°Pb was 820+ 50 «uc, and the specific activities are in the 
inverse ratio of the half-lives. From this it follows that the half-life of 2°°Pb is 
3 x 10° years. However, since the observed count is only just of statistical 
significance, probably only the order of magnitude can be taken seriously. 


$4. 2>5Ph FROM 2%Bi 


Natural lead was irradiated as a thick target in the Harwell cyclotron for 
24 hours at 25 Mev at an approximate beam current of protons of 2 pa. 
Immediately after irradiation the bulk of the inactive lead was chemically 
separated, and the active bismuth extracted by paper chromatography using 
n-butyl alcohol saturated with 3N HCI as the solvent; the bismuth was then 
left on the paper for five months. During this time the x-rays from an aliquot 
were counted, giving the bismuth decay curve. ‘The activity contained a 
substantial amount of 14-5-day 7°°Bi, though 6-4-day ?°6Bi was evident at the 
beginning and 56-year 7°’Bi at the end. Irom the decay curve we find the ratio 
of 2%5Bi to 7°’Bi originally present in the sample. When substantially all of the 
205Bi had decayed out to 7°°Pb, the chromatogram was run off and the remaining 
bismuth recovered; in this process the daughter lead remains behind at the 
original location of the bismuth. ‘The bismuth, consisting now of *°’Bi, was 
counted and the source strength determined. ‘This gives the initial amount 
of 2Bi when combined with the ratio measurement on the aliquot. ‘There was 
800 +50 uc of ?°Bi originally present. ‘The lead was then washed out of the 
chromatogram, re-separated three more times by paper chromatography* and 
finally counted. The average count was 4:35 (+ 2°) min“ with a background 


* The efficiency of separation of the method varies somewhat with the amount of 
material placed originally on the chromatogram and with the solvent. ‘The first three 
separations (with the butyl alcohol-HCl mixture) gave 98:5°%, 99-5% and 99%, separations 
respectively. The fourth, with methanol-HCl mixture, could not be measured because 
of the negligible activity. 
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count of 4+17(+2%). ‘The difference is not statistically significant. We can 
place a lower limit to the half-life of 2°°Pb if we assume that up to three probable 
errors of the background count (0:25 min) are due to Pb. ‘The calculation 
is identical, mutatis mutandis, with that in the previous section, and the haif-life 
__ of 25Pb found in this way is 8:5 x 10° years. 


§5. DiscussION 


Although the counting rate for the supposed ?”Pb is in both cases greater 
than background, the difference is not sufficiently significant to justify actually 
attributing it to 2°°Pb, if only for the reason that it is impossible to be certain 
that a count of the order of 0-5 per minute is not due to some contamination 
imperfectly removed. For this reason the half-life estimates are best regarded 
as lower limits, and in this they agree that the half-life of 2°°Pb is greater than a 
figure lying between 10° and 10’ years. For the reasons given in §2 we therefore 
conclude: (a) that the first excited state of 2°°Tl cannot be much lower than 
about 400 kev, and (6) that the assignment f;;. for the ground state of 7°°Pb is 
plausible. 
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Isomerism in *°Ti 
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Hill 1952), and is shown in the figure. The relative intensity of the 
1:2 Mev f-ray is 0:2°% (Schmidt and Keister 1953). The first excited state 
(then considered to be 0:89Mev) was reported as metastable with a half-life 


aE HE decay scheme of *6Sc to #°Ti is now well established (Goldhaber and 
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12-15 sec by Nag, Sen and Chatterjee (1950). The spins of the two excited 
states are shown in the figure and are supported by angular correlation measure- 
ments (Brady and Deutsch 1950), polarization-direction correlation measurements 
(Metzger and Deutsch 1950) and by internal conversion coefficient measurements 
(Moon, Waggoner and Roberts 1950). The expected half-life calculated from 
Weisskopf’s formula (Weisskopf 1951) is of the order of 10-!second. Whilst 
this formula is only approximate, such a large divergence cannot be expected, 
and a half-life of 12 usec is quite incompatible with a spin of 2 but would rather 
indicate a spin of 4. 


48Sc STi 


0 0+ 


Decay scheme of *°Sc (energies in Mev) 


By the use of the delayed coincidence method we have found that no half-life 
greater than lysec exists. A delay of 2jsec was used which was sufficient to 
eliminate any instantaneous coincidences. ‘The respective widths 7, and 7, of 
the non-delayed and delayed pulses were 0-2 and 22sec. ‘The value chosen 
for 7,+7, 1s the optimum value for the detection of a half-life of 12:2 usec 
(Murdoch 1953). 

Sufficient absorber was placed in front of counter 2 to eliminate the 0:36 Mev 
f-ray, and in front of counter 1 to eliminate also the high energy f-ray. A 
very weak source was used in order to obtain an adequate ratio of true to chance 
coincidences. ‘The results obtained were as follows: 


Observed coincidence rate = 0:00053 + 0-00011 sec“? 
Chance coincidence rate =0:00048 + 0:00001 sec"? 


‘True coincidence rate =():00005 + 0:00011 sec-? 


‘The true coincidence rate with no artificial delay introduced was 0-0066 sec 4. 
The proportion of delayed coincidences of half-life 12:2 wsec which would be 
recorded with the value of 7, used is 0-6. On the above figures there is a 
probability of only 1°% that more than 5°%, of the coincidences recorded should 
be delayed, whereas, on the basis of the result of Nag, Sen and Chatterjee, all 
such coincidences should be delayed. A similar experiment was carried out 
with no absorber in front of counter 2, and this eliminated the possibility of the 
presence of a metastable state following the 0-36 Mev /-ray. 
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Different values of 7, were also used, which Bene equally sensitive negative 


results for half-lives down to 1 psec. 
The authors would like to thank Drs. R. E. B. Makinson and K. Landecker 


for their interest in this work. 
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On Momentum Distribution in Nuclei 


By N. H. ;MARCH 
Department of Physics, The University, Sheffield 


MS, received 2nd November 1953 


importance in current nuclear problems. For example, the details of the 

production of mesons by bombarding nuclei with photons depend on 
the momentum distribution of the particles in the target nuclei (Lax and 
Feshbach 1951). 

The purpose of this note is to point out that the Thomas—Fermi (TF) model 
of the nucleus will provide an approximation to the momentum distribution 
and to examine the validity of the results thus obtained.* It is true that certain 
recent work using the TF method to predict the ‘magic numbers’ of nuclei 
(Yang 1951, Ivanenko and Rodichev 1950) has been severely criticized (Paneth 
1951, Jensen and Luttinger 1952, referred to hereafter as JL). Nevertheless it 
is clear from the work of JL that the 'F method is useful for certain applications 
and that, as Yang had initially believed, some light is thus thrown on the form 
of the nuclear density. JL were concerned with the angular momentum 
distribution in the nucleus, and with a particular choice of density they showed 
that the results obtained for the mean square angular momentum using the TF 
model were in good agreement with the results of the shell model. 

Once the choice of nuclear density is made, a consistent carrying-through of 
the assumptions of the model allows the linear momentum distribution to be 
obtained unambiguously. Similar calculations in the atomic case have been 
made by Coulson and March (1950); the method of obtaining the momentum 
distribution is given there and hence need not be repeated here. For a given 
proton density{ the probability /(p)dp that a proton will have momentum of 
magnitude between p and p+dp can thus be obtained. 

* Thanks are due to a referee for suggestions which have helped to clarify this latter 
part of the work. 

t+ Exactly similar considerations apply to the neutrons. 


M ‘HE momentum distribution of the particles in the nucleus is of some 
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JL assume the proton density to be given by 


8a 
ahs [Pof(x)]?. 


Here x=7/R, r being the distance from the centre of the nucleus and R being 
of the order of magnitude of the nuclear radius; P, is the maximum proton 
momentum at the centre of the nucleus, and f(x) is given by 


f(x)=1 for cea 
=exp (— {x—1}7/38) for es Ls 


The choice of 6 and R is discussed in detail by JL. If we accept this density, 
then it is easily shown that the corresponding momentum distribution is given by 


32n2R3 P.\ 1278 
10)= “Faez [1+ (38 ZY) [at fore <Ps| 


= 0 (orp re 


In an attempt to investigate the validity of this approximation to the 
momentum distribution of nucleons we have examined the case of particles 
moving in an oscillator potential. ‘The TF method has been used to transform 
the wave mechanical densities into momentum space, and a comparison has been 
made with the exact wave mechanical results. The nuclear densities for 20, 
58 and 92 particles are shown in figure 1, whilst the results obtained for the 
momentum distribution are displayed in figure 2. In both figures convenient 


3 iu oe eal al ois a i] 
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Figure 1. Nuclear densities for 20, Figure 2. Momentum distributions for 
58 and 92 protons in oscillator oscillator potential. Curve I, Exact 
potential. wave mechanical result. Curve II, 

TF result. 


dimensionless units are used, which need not be specified here. It can be seen 
from figure 2 that the overall agreement between the exact and approximate 
curves is quite good. However, apart from obvious differences in the detailed 
shapes of the curves, two defects are introduced by the ‘TF procedure of 
transforming into momentum space. First, the momentum density I(p)/4ap? 
is infinite at the origin according to the approximate method and finite from 
the exact treatment. Secondly, the approximate distribution is of finite extent, 
whilst the exact distribution extends to infinity. 
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It is immediately clear from eqn (1) that the momentum distribution given 
there suffers from these two defects. Even so, in view of the results for the 
oscillator potential, it does not seem too optimistic to suppose that eqn ( 1) will 
give a useful overall description of the momentum distribution of nucleons in 
medium and heavy nuclei. 
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The Thermal Conductivity of Metals 


By R. E. B. MAKINSON 
School of Physics, The University of Sydney, Sydney, Australia 


MS. received 21st October 1953 


metal, taking account of impurities and lattice vibrations, by solving for 
c\(n) an integral equation (Wilson 1937) 


EPSON). =i... (1) 
The function c” is represented by a power series in 7, the first few coefficients 


c,” in this trial function being determined by a variation principle. 
The expression used by Sondheimer for the thermal conductivity is 


K={ 4 s/o aj % s/o, sja— % "s/o, s/at/% ajo, gel «Sw ww wes (2) 


S O NDHEIMER (1950) has evaluated the thermal conductivity of a monovalent 


where 


7c 


ie ,= r E™c(y) 2 In. all ee (3) 


A is a constant at given temperature and f, is the Fermi function (e"+ 1) of 
n=(E—ORT. 

The expression used for the electrical conductivity o=¢? 44/9 3/9 is stationary 
for arbitrary small variations of c” from its correct value which are subject to 
the normalizing condition imposed 


ore} Site a] 


cl (6) Ly — | prem Tiseede® eee (4) 


on oy 
One may therefore have some confidence in the accuracy of the result obtained 
for o even if the first few terms used of the power series for c\”) represent that 
function rather poorly. 

On the other hand the expression (2) is not stationary because of the term 
IN. % s/o 5/9, and it is not clear from Sondheimer’s treatment that similar confidence 
may be attached to the accuracy of his values for the thermal conductivity. 

It is the purpose of this note to point out that although (2) is not stationary 
for arbitrary small variations of c” subject to (3), the method of choosing the 


coefficients ¢,( actually used by Sondheimer does in fact so restrict the trial 
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function that (2) is stationary against small variations of cl” due to change in 
the number of terms included in the power series. 

If (as appears to be the case) the breaking-off of infinite determinants in his 
procedure is exactly equivalent to terminating the power series at corresponding 
terms, one may regard the closest approximation for « he found manageable as 
having some claim to accuracy even though the representation of the c” by a 
polynomial of a few terms is poor (Klemens, to be published). The same 
applies to the absolute thermo-electric power. 

To prove this we note that 


r | {cm i" as CO Rm — MM) FE cm a dy 


J — 6 

is stationary at 4, ,= 4%, for c\, c™ satisfying (1) against arbitrary small 
variations of either, as is easily shown using Kohler’s theorem. If we use this 
expression for 4% s/5 5/2 in (2) in place of (3), inserting as approximations for the 
c” the terminated series 


M 
ch”) = S 6," 
u=0 


with the coefficients determined from equations 


L 


M 
Sa Baal ve O ule? «Mg eee (5) 
u=0 


(cf. Sondheimer’s equation (13)), we obtain as expressions for % gj 5), correct 
to the first order 
u 7 Mo MIM ea ee 
r Me a, 82¢, (6/2) =) ps a, (5/2¢ 812) aay » & d,,,6,0%¢,O, 

But this is exactly the result obtained by Sondheimer (his equation (16) with the 
series terminated) from the non-stationary expression (3). 

It may be remarked that this is so because the trial functions c” satisfy (5) 
which includes but is more restrictive than (4). 

I wish to acknowledge the value of discussions with Dr. P. G. Klemens. 
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The Absorption Spectrum of Lutetium 
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N the course of work (in collaboration with Professor R. W. B. Pearse) by 
one of the authors (L.F.H.B.) on the term analysis of lutetium it was thought 
desirable to examine the high temperature absorption spectrum of the metal. 
The furnace described by Garton (1952) was used with a heated tube of length 
four inches and a maximum operating temperature of approximately 2400°c. 
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The spectrum was taken in the second order on a Hilger Compact 3-metre 
Spectrograph (Model E 661) over the region 2600-6050 A; the light sources 
were a Siemens Xenon High Pressure Arc for the ultra-violet and an over-run 
12 v, 48 w car bulb for the remaining regions. In order to increase the intensity 
of the weaker absorption lines, the work was repeated (3080-6050 A) at Imperial 
College with a larger furnace containing a twelve-inch tube; higher resolution 
was also obtained by use in the second order of the 21-foot grating instrument 
(1-3 Amm~). 
The results are detailed in the table. ‘The wavelengths were obtained 
generally by approximate measurement and comparison with the M.L.T. 
‘wavelength tables (Harrison 1939) but a few of the weaker lines were accurately 
measured. The main impurities arising from the Johnson Matthey ‘ Specpure ’ 
lutetium oxide appeared to be thulium and ytterbium of which former rare earth 
some fifteen lines were recorded. 


Wavelength Strength Wavelength Strength Wavelength Strength 
2615-42 S 3081-47 S 4112-67 WwW 
2670-78 VW 3118-43 ) 4124-73 M 
2685-08 S 3171-36 M 4154-08 M 
268554 S 3278-97 M 4309-57 WwW 
2692-35 VW 3280-50 VW 4450-81 Vw 
2703-13 VW 3281-74 VS 4498-85 Ww 
2715-94 M SolZotlal VS 4518-58 VS 
2719-11 S 3359-56 M 4658-03 VS 
2728-95 S 3376°51 VS 4716-70 VW 
2765-74 VS 3385-53 S 4815-05 M 
2845-13 VS 3396-82 S 4904-88 M 
2881-89 Ww 3507:39 Ww 4942-34 M 
2885-14 W 3508-42 S 5001-14 M 
2886-04 VW 3546-39 M 5135-09 VS 
2903-05 VS 3567-84 S 5206-47 VW 
2912-70 S 3620-31 VW 5402-57 S 
2949-73 M 3636:25 VS 5736°55 S 
2989-27 iS) 3647:77 S 6004-52 WwW 
3020-54 S 3841-18 S 6055-03 Ww 
3063°51 W 3968-47 M 
3080-11 S 4054-45 M 


VS, very strong; S, strong; M, medium; W, weak; VW, very weak. 


A detailed discussion of the experimental data will be given with results of 
the term analysis but it is interesting to note how far the work confirms the 
preliminary analysis by Meggers and Scribner (1930). All the pairs of lines 
arising from the ground state *D are obtained. (We have confirmed King’s 
(1931) finding that the line 3968-47 A belongs to the lutetium spectrum. There 
appears to be a misprint in that paper since the line 1994 cm from this is 
4309-57 A and not 4518-58 A as stated.) Some additional 30 absorption lines are 
present and it is hoped that these will lead to the identification of further low- 
lying levels in the lutetium spectrum. An alternative explanation may be that 
some of these lines arise from other than deep levels and can show considerable 


strength in absorption because a high transition probability compensates for the 
low population factor. 
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LETTERS “TO THE (EDITOR 


A Chemical Approach to the Treatment of Electronic Spin 
in Semiconductors 


The effect of electronic spin, associated with impurity quantum states, on 
the equilibrium distribution of electrons and holes, first treated by Mott and 
Gurney (1940) in the classical approximation, has recently been generalized by 
a number of workers to include degenerate statistics. Landsberg (1952) 
essentially generalized the approach of Mott and Gurney, James (1952) solved 
the problem generally using the method of grand partition functions and 
Guggenheim (1953) used a straightforward application of statistics employing 
the concept of absolute activity. The purpose of this note is to point out another 
very simple approach, based on the method of Fowler (1933), which at the 
same time is very effective for most applications. Unfortunately this approach 
loses its simplicity when the electron or hole gas becomes degenerate but, even 
then, it will give correct results if properly used. In the following only the 
non-degenerate case will be considered. 

In his method, which we shall call the chemical approach, Fowler (1933) 
treated electrons and both neutral and ionized donors as chemical entities. 
Thus, if the free electrons are non-degenerate, one may write a chemical 
equilibrium equation for the dissociative equilibrium of the donor 


Np Ore 
nD RRs eet (1) 


Np Op 
where 7, is the concentration of free electrons, N+ and Ny» are the concentrations 
of ionized and neutral donors and the Q,’s are the respective partition functions. 
If the energy zero is chosen at the bottom of the conduction band (lowest 
quantum state of a free electron), the partition functions becomet 


(27m,kT)3? 


O, =. h® | 
Oo eae deat (2) 


Op =wpN),” exp (—ep/RT) 
where w, is the degeneracy of the 7th state (w,.=2), Np° is the total donor 
concentration, and «) is the energy of the un-ionized donor (usually negative). 
If the neutral donor contains an unpaired s electron wp=2 and wy+=1 (Case I) 
while the converse is true if the donor contains only paired electrons (Case II). 
Equations (1) and (2) with the additional relations Np+=Np®—Np and 


n= 2(27m.*RT/h*)3? exp (C/RT) give for these two cases: 
Case I Np=Ny {1+ expl(ep—Q/RT]0 i. (3) 
Case II Np=Np{1+2 expl(en—CVRTIE (4) 


In order to investigate the parameter 6 introduced by Landsberg (1952) 
as the generalized coefhcient of the exponential term, one may consider a mixture 


{ The vibrational contributions to Qp+ and Qp have been neglected in this formulation. 
These contributions are assumed to be identical for both the donor and its ion, a good 
assumption for a homopolar crystal particularly if the dielectric constant is large. 
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of donors of type I and type IT with the same energy ey. The total concentration 
of un-ionized donors is then 
Sn aT Np") Np") 
ee ED Ta rexplegaHiet) © 1+2epligaOieiie a) 
Equation (5) may be put into the form of equation (5) of Landsberg’s 
treatment, 1.e. 
7 Np®(I) = Np) 
Np= Pence oem Get at (6) 
with § given by 
Ceo a) ie i ee na he (7) 
where / is the fraction of the electrons which come from paired sites. The £ of 
equation (7) does not agree with the corresponding result of Landsberg’s paper. 
This is a result of the fact that Landsberg does not count the two types of levels 
as distinguishable with respect to spin in the entropy of mixing term. When 
the two types of levels are accounted for properly, the method of Landsberg 
agrees with equation (7) of this Letter. 


Oak Ridge National Laboratory, J. H. CRAWForpD, Jr. 
Oak Ridge, Tennessee, U.S.A. D. K. HotMes. 
8th October 1953, in revised form 29th December 1953. 


Fow.er R. H., 1933, Proc. Roy. Soc. A, 149, 505. 

GUGGENHEIM, E. A., 1953, Proc. Phys. Soc. A, 66, 121. 

James, H. M., 1952, Third Quarterly Report of the Purdue Research Foundation to the United 
States Signal Corps, Jan. 1, PRF 746, p. 8 (unpublished). 

LANDSBERG, P. T., 1952, Proc. Phys. Soc. A, 65, 604. 

Mott, N. F., and Gurney, R. W., 1940, Electronic Processes in Ionic Crystals (Oxford : 
University Press), p. 157. 


Collective Electron Antiferromagnetism 


In a recent letter, Lidiard (1953) has given a collective electron treatment of 
antiferromagnetism which indicates a possible reason for the apparent incon- 
sistency of the results of experiments made to investigate the magnetic ordering of 
the transition metals. Lidiard’s treatment is, however, incomplete. Although, 
in the more complete development sketched below, Lidiard’s qualitative conclu- 
sions are not affected, the actual quantitative results show an interesting difference. 

The case of 2.N electrons distributed in an energy band of the form v'(e) = ae” is 
considered. In the presence of an externally applied field H the expression for 
the exchange energy, together with the energy of interaction with the field is taken 
to be (cf. Lidiard 1953) 

/ au 
SO ele tele eer e ae ee, (1) 
The partition function for the system may be written as 


J LU NE, ( Ui NE» J 
Z= —_— ex _ ex: == 
2 2 Le ( it) ue ( kT } toner kT 
_— ex a a BEE ane 2) 
a Loren kT mee kT ( ) 
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The individual sums in curly brackets may be evaluated by the method of steepest 
descents and then substituted into (2) when Z may be differentiated logarithmically 
to obtain its largest term. The equations determining the equilibrium magneti- 
zation are found to be 
(1+¢,)=(m+1)7”"+ F,, { + B'C, —&' £2 cos (3; — 3g) + B cos — sy 
(1-4) =(m+ 1) 7"! F,, {9 — BG + 2'Ly cos (81 — 82) — B cos 84} 
(1+ £5) =(m+1)7""1 F,, {n + B'S, —2'£; cos (8; — 82) + B cos 83} 
(1—%,)=(m + 1) 71 F,, fg — BL, + #'C, cos (3, — 82) — B cos dg} 
a’ £,0,sin (8, — 8) — BC, sind, =0 
o’f,€,sin (8, —8,)+ 6 ¢,sind,=0 


where F,(q)= | e"{1 bexp (en) dx, 
0 


and fp’ =6'/T, «'=¢'/T, B=pA/RT, t=kRT/ey, and 5, and 6, are the angles ¢,, 
Hand €,, H. 

In zero applied field (8 =0), and for an applied field parallel to the antiferro- 
magnetic axis (6, =0, 5, =7), equations (3), for m= 1/2, lead to the equations given 
by Lidiard (1953, equation (2) and above). 

For a vanishingly small applied field perpendicular to the antiferromagnetic 
axis and considering only the case where the resultant magnetization and field are 
parallel, 5, =8, 5,= 27 —5, 6, —8, =2(6 —7), when either of the last two of equations 
(3) give the susceptibility directly. From (3), 

[ee = Ol PING ero" 
a me PN 
independent of the temperature. 

As already mentioned, Lidiard implicitly considers only the case where H is 
parallel to the antiferromagnetic axis and derives the result that (0)/( 7.) =0 for 
Cor = 1, and 1> (y(0)/x(T.)) 9 for 0<f), <1. The theoretical quantity compar- 
able with the susceptibility as determined experimentally is, however, the weighted 


mean of y, and y, (see, for example, Van Vleck 1941.) From the above it turns 
out that 


0 1 k (0’+-¢’) —m/)|(m+1) 
for 0<0q <1, ie. m+1 < 2€9 pede ue ! Palen ae (5) 
then 12 x(0)/x(T.) = 2/3 J 


whilst for k(6’ + 6’)/2ey)>2-™l"+D, (0)/x(T,) = 2/3. 


On the other hand, provided not more than one antiferromagnetic axis is assumed 
(cf. Anderson 1950) the Heitler-London models predict that y(0)/x(7.) =2/3. 
Moreover, both the neutron and x-ray diffraction data are usually interpreted as 
being consistent with the idea of a single antiferromagnetic axis. In general, 
however, the experimental values for the ratio y(0)/x(7.) (e.g. for FeO, CoO, etc.) 
are greater than 2/3 and less than 1. This is just the range of possible values 
predicted by the present treatment. It is to be noted that values ,(0)/x(7.) 
greater than 2/3 arise from the possibility that the antiferromagnet is unsaturated 
at absolute zero, this situation never occurring in the Heitler-London treatments. 
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Thus, although the collective electron treatment is more appropriate to metallic 
rather than non-metallic antiferromagnets, it is perhaps of heuristic value more 
generally. 


Department of Natural Philosophy, E. W. ExLcock. 
Marischal College, Aberdeen. 
4th January 1954. 


ANDERSON, P. W., 1950, Phys. Rev., 79, 705. 
Liprarp, A. B., 1953, Proc. Phys. Soc. A, 66, 1188. 
VaN VLECK, J. H., 1941, 7. Chem. Phys., 9, 85. 


Absolute Alpha Standardization with Liquid Scintillators 


Counting of all the alpha-particles emitted by a source is almost impossible 
due to self-absorption in the source. Especially in the case of long-lived 
radio-isotopes, where the specific activity is correspondingly lower, the required 
source thickness causes an indeterminable amount of absorption. Absolute 
counting with gas-filled counters or solid phosphor scintillation counters is 
therefore liable to considerable inaccuracy. 

The difficulty of self-absorption can be surmounted by dissolving the 
alpha-emitter in a liquid phosphor. Raben and Bloembergen (1951) estimated 
low energy beta-emitters by incorporating them in compounds soluble in the 
solvent used for the scintillating material. Farmer and Bernstein (1952) employed 
p-dioxane, saturated with p-terphenyl, as liquid scintillator suitable for both 
organic and water-soluble materials. As much as 20% water could be added 
to the p-dioxane without decreasing the counting efficiency. 
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Differential and integral pulse distributions for 5:3 Mev alpha-particles from polonium 
dissolved in aliquid phosphor. The integral curve extrapolated to zero pulse height 


gives the absolute disintegration rate, A. 


In the case of alpha-emitters this method offers even bigger possibilities as 
all the alpha-particles are emitted with the same energy, forming a definite peak 
in the pulse-height distribution, With a selected photomultiplier and good 
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optical coupling, an efficient phosphor should give a peak reasonably far removed 
from the background, without need of cooling or coincidence arrangements for 
decreasing the background. The figure gives the distribution of pulses from 
polonium dissolved in a solution of 2, 5 diphenyloxazole (Hayes, Hiebert and 
Schuch 1952) in p-dioxane (3 grammes/litre) with 3% water, as observed by a 
RCA 5819 photomultiplier. Extrapolation of the integral counting rate to zero 
bias can be done quite accurately and gives the absolute disintegration rate of 
the sample. This has been verified by measurement of a uranium sample, 
immediately after methyl isobuthyl ketone extraction from its decay products. 
A chemical analysis corresponded to within 3°*. The solution in ketone was 
added directly to a phosphor consisting of 2g p-terphenyl per litre of 
phenylcyclohexane, the concentration of the ketone in the phosphor being 
about 1°% by weight. As the size of the pulses, due to alpha-particles, are only 
about one-fifteenth of that for beta-particles of the same energy (Birks 1951), 
the resulting pulse-height distribution has a much larger half-width and the 
background can be quite disturbing. It is therefore of importance to find liquid 
scintillators of higher efficiency. 

The authors would like to express their indebtedness to the South African 
Council for Scientific and Industrial Research for permission to publish this note. 


National Physical Laboratory, J. K. Basson. 
Pretoria, Union of South Africa. J. STEYN. 
21st December 1953. 


Brrxs, J. B., 1951, Proc. Phys. Soc. A, 64, 874. 

Farmer, E. C., and BERNSTEIN, I. A., 1952, Science, 115, 460. 

Hayes, F. N., Hiepert, R. D., and ScHucn, R. L., 1952, Science, 116, 140. 
RaBEN, M. S., and BLOEMBERGEN, N., 1951, Science, 114, 363. 


* Determined by Mr. Strelow of the National Chemical Research Laboratory. 
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REVIEWS OF BOOKS 


Ultraviolet Radiation, by L. R. Kotier. Pp. ix +270. (New York: John 
Wiley; London: Chapman and Hall, 1952.) 52s. 


This book is likely to be of particular utility to workers who lack specialized 
knowledge of the topics treated, but need to refer to certain basic data relevant 
to the use of ultra-violet radiation as a research or routine tool. Detailed des- 
criptions of the characteristics of commercial ultra-violet sources available in the 
United States follow upon brief and simply written expositions of the fundamental 
physics involved. ‘The latter feature, and the space devoted in other chapters to 
medical, germicidal and other biological effects of the ultra-violet, seem to indicate 
that the author has sought particularly to serve the needs of workers in such fields. 

A valuable feature of more general interest is the inclusion of extensive data, 
presented numerically and graphically, on such things as reflection and trans- 
mission coefficients, the performance of ultra-violet filters, the spectral 
characteristics of detectors and of intensity measuring devices. 

While the general tone of the book is up to date, some important topics 
receive scant mention. ‘l'hus there is little mention of the region of the vacuum 
ultra-violet and, related to this, although a long chapter is headed Solar radiation, 
there is practically no mention of the important results of recent experiments with 
rocket-borne spectrographs. ‘The important subjects of fluorescence analysis 
and oxalate actinometry are dealt with very briefly and without references. 

The book is excellently produced and illustrated, apart from the regrettable 
exception of being almost completely lacking in reproductions of spectra of the 
light sources discussed. W. R. S. GARTON. 


Physical Formulae, by 'T. S. E. THomas. Pp. vii+118. (London: Methuen, 
1953)" Bs.0) 6d. 


A useful addition to the well-known series of Monographs on Physical 
Subjects, containing formulae, short explanations of principles and statements 
of laws in all the branches of physics encountered in an Honours degree course 
and also formulae in mathematics and statistics. Both graduates and under- 
graduates will find this little book a reliable source of reference. 

In a future edition it would be worth while to add more data on M.K.S. 
units and to include tables comparing formulae in electricity and magnetism 
using unrationalized and rationalized units. J. YARWOOD. 


Radioactivity and Radioactive Substances, by Sir JAMES Cuapwick. 4th Edn 
(revised and supplemented by Professor J. Rorsiat). Pp. xv+120. 
(London ;,Pitman, 1953.) 12Zs.; 6d. 


When the study of radioactivity was anything but a branch of technology 
this little book was first published as one of Pitman’s echnical Primers. Now 
that the subject has developed into the technological field we have the fourth 
edition of the book, still a ‘ primer’ according to Professor Rotblat’s preface, 
but no longer one of the original series. In larger format—but with only four 
more pages than previously—it stands on its own feet, with more dignity perhaps, 
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but with a fivefold increased price on its dust jacket (the publishers make the 
strange mistake of labelling the 1931 preface as of the second edition—it was in 
fact that of the third edition of that date—and, it seems to this reviewer, the 
unnecessary gesture of suppressing the initial ‘ E ’ in the signature to the foreword 
written by Rutherford for the first edition of 1921). 

Much of the text of the last cheap edition has been retained in this new 
version. ‘The original was written with such clarity and with such respect for 
ascertained fact that it could not easily have been improved upon as an authorita- 
tive and unadorned presentation for the student who was not proposing for the 
moment to probe more deeply into the subject. A new chapter on nuclear 
structure has been added, the chapter on the B- and y-rays has been divided into 
two and modernized, something has been said regarding new experimental 
techniques and the tables of experimental data have been revised, but the 
character of the book has been retained. It is a pity that it could not have been 
put on sale at a lower price: the market to which it is chiefly addressed may 
find it rather an expensive luxury. It deserves a better fate than to languish 
for reasons of economics alone. 

In the new matter a few ambiguities of expression would repay attention at 
some future date, and two definitions certainly are not correct as they stand : 
the definition of proportional counter behaviour on page 21 and that of 
Avogadro’s number on page 116. Strictly—and importantly even for the 
general student—the concept of atomic absorption cross section should have 
been introduced to form the basis of the statements concerning the variation of 
absorption coefficient with y-ray quantum energy and with atomic number 
(page 54). Otherwise these statements are imprecise. N. FEATHER. 


Introduction to Tensors, Spinors, and Relativistic Wave-Equations, by E. M. 
Corson. Pp. xii+221. (Glasgow: Blackie and Son, 1953.) 55s. 


The search for equations consistent with the special relativity principles and 
which may describe the behaviour of new elementary particles has always been 
a fascinating one and very many theoretical physicists have been attracted to 
studies in this field. ‘The outstandingly successful equation was that proposed by 
Dirac for the electron. Suitable wave equations were also given for particles 
of spin 0 (Klein-Gordon) and of spin 1 (Proca). Kemmer’s achievement in 
formulating these latter theories in a form close to that of the Dirac equation 
then stimulated a great deal of research into generalizations of the Dirac equation, 
especially by Bhabha and Harish-Chandra. However, all the further theories 
proposed have been in some way defective ; for example, most of the theories 
cannot be satisfactorily quantized since, in the c-number theory, both the total 
charge and the total energy of the field have non-definite sign. On the other 
hand, experiments have not yet identified any particle requiring description by 
such a higher spin theory—the few particles of known spin have spin 0 or 1/2, 
and the heavier mesons, of which little is known at present, may well be compo- 
site particles for which the implications of the description ‘ elementary particle ’ 
may not apply. 

Studies in elementary particle theory necessarily bring together widely 
differing considerations. ‘The theory of the Lorentz group of transformations 
is clearly essential, as well as the mathematical and physical principles of 
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relativistic field theories, both classical and quantum ; a considerable knowledge 
of algebras and their representations is also appropriate. ‘Che purpose of the 
book under review is to give a connected account of many of these underlying 
aspects of fundamental particle theory, leading on to a study of the progress in 
this theory to the present. The first two chapters summarize some necessary 
points in tensor analysis and give a detailed account of two-spinors, four-spinors, 
the Dirac spinor matrices and expinors, and their relation with the representations 
of the proper Lorentz group. The reader is assumed to have a working 
familiarity with the theory of the Lorentz group, although references are 
generally given. <A chapter is next given to the physical principles of a classical 
Lagrangian field theory with special emphasis on the relation of the conservation 
laws to the invariance properties of the Lagrangian. The canonical Hamiltonian 
formalism is set up in preparation for the quantization of the theory. The 
simple field theories mentioned above are then discussed in considerable detail 
both in the wave (i.e. spinor or tensor) formalism and in the particle (i.e. matrix- 
algebraic) formalism since their properties provide the basis for the generali- 
zations considered. ‘The relation between spin and statistics is derived, 
following the arguments of Pauli. 

The final chapter is concerned with the generalization of the ‘ particle’ form 
of these theories, i.e. with the equation («"0,,—7«)=0. The restrictions on the 
%-matrices arising from the requirement of Lorentz-covariance of the theory 
are analysed, following Bhabha, and the further restrictions implied by the 
requirement of unique rest mass or of positive definite energy are obtained. ‘The 
algebraic problem of obtaining all irreducible representations of the «-matrices 
is discussed in detail and illustrated by a variety of examples from the literature. 
It concludes with a brief discussion of the manifolds irreducible under the 
inhomogeneous Lorentz group. 

The book is well produced and gives an almost complete account of researches 
in this field of linear wave equations. ‘Their extent is exemplified by the fact 
that even the twelve-page bibliography given is not quite complete. ‘The book 
provides a very useful introduction for the advanced mathematical physicist who 
is not familiar with this field, and will be invaluable to those wishing to find 
their way amongst the many theories encountered in the literature. ‘These 
researches have not yet been fruitful physically, although they have led to a 
much sharper appreciation of the virtues of the theories of spin 0, 1/2 and 1. 
Some beautiful mathematics has resulted from these attempts, deserving 
collection and preservation as a whole on aesthetic grounds alone. Furthermore, 
physicists will operate within the framework of special relativity for a long time 
yet and the techniques developed in the study of these covariat systems of 
equations will undoubtedly have many applications yet before them. 

R. H. DALITZ. 


Notes on the Quantum Theory of Angular Momentum, by E. FEENBERG and 
G. E. Paxe. Pp. viit+56. (Cambridge, Mass.: Addison-Wesley, 1953.) 
$2.00. 

In the 56 pages of this book a self-contained account is given of some aspects 


of angular momentum in quantum mechanics, using elementary methods 
throughout and sufficient for the derivation of some frequently quoted results 
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concerning magnetic and quadrupole interactions, totalt ransition probabilities 
and the description of supermultiplets in nuclei. The first chapter summarizes 
the quantum-mechanical principles and notation necessary later. The angular 
momentum operators are characterized by their commutation relations, from 
which their eigenvalues and matrix elements are deduced and the eigenvalues 
of two coupled angular momenta derived. The matrix elements of scalar, 
vector and second-rank tensor operators between angular momentum eigenstates 
are obtained algebraically for every possible case and these are applied in the 
final chapter to the physical problems mentioned above. 

‘The atomic physicist will find considerable use for this book ; its treatment 
is straightforward and many important formulae are given a simple and direct 
derivation. For the student of theoretical physics, it will be a good introductory 
text, providing a solid basis for the appreciation of the more general treatments 
he will need for a more complete understanding of this field. As the Clebsch— 
Gordan coefficient is not defined or even mentioned in the book, very little 
indication has been given of the close and important relationships connecting 
the many formulae obtained. Also a book of this size could scarcely be expected 
to show how the systematic development of its methods can greatly simplify 
the calculation of nuclear and atomic properties, of angular correlations in 
nuclear processes and the description of oriented nuclear systems. ‘This is 
unfortunate, since the techniques underlying these developments can now be 
found only in scattered scientific papers and their systematic exposition in a 
uniform notation would be most welcome. RHO 


Complex Variable Theory and Transform Calculus, by N. W. McLacu an. 
Pp. xi+388. 2nd Edn (Cambridge: University Press, 1953). 55s. 


This is a revised edition of the book published in 1939 under the title of 
Complex Variable and Operational Calculus with Technical Applications, dealing 
with the use of Laplace transforms and the Mellin inversion theorem in solving 
certain types of differential equation which arise in technical problems. ‘There 
are some omissions and additions but, in general, the book follows the first 
edition fairly closely. 

An important feature of the book is the large section devoted to those parts 
of complex variable theory, namely complex integration, power series expansions, 
Cauchy’s theorem, evaluation of residues and infinite integrals and the Bromwich 
contour, which are necessary for an understanding of operational methods. 
Little previous acquaintance with complex variable theory is required of the 
reader and, although the treatment is more rigorous than in the first edition, it is 
still suited to those who are not primarily concerned with the mathematical 
niceties of the subject. One chapter is devoted to the properties of gamma, 
Bessel and error functions, which are of frequent occurrence in later applications, 
and another to differentiation and integration under the integral sign. 

Part II establishes the main theorems of operational calculus (with illustrative 
examples), and their application to the solution of differential equations. 
Impulses are also treated and the section on frequency spectra has been 
amplified. 

The last part, which takes up nearly half the book, covers a wide range of 
applications, including electrical circuits, filters and transmission lines, vibrating 
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systems, bending beams, radio and television amplifiers, microphones and 
loudspeakers and diffusion problems. 

The number of examples to be worked out by the reader has been increased 
to more than a hundred and about fifty references have been added to bring the 
list up to date. ‘There is also a new appendix in which the convergence of the 
series which occur in the text is considered. 

When the first edition was written there were very few textbooks on the 
practical use of transform theory and it was probably the best. Now that 
competition is keener, this new edition still maintains its place. A. N. GORDON. 


Actes du Colloque International des Vibrations non Lineaires, Ile de Porqueroiles 
1951. Pp. 1+296. (Paris: Publications Scientifiques et Techniques du 
Ministére de |’ Air (No. 281), 1953.) 1,800 fr. 


Régularité et séries divergentes, by PIERRE VERNOTTE. Pp. 52+x1. (Paris: 
Publications Scientifiques et ‘'echniques du Ministére de lAir (No. 282), 
1953.) 800 fr. 


Modellversuche zur thermischen Konvektion, by GUNTER Skies. Vol. III, No. 20 
of Abhandlungen des meteorologischen und hydrologischen Dienstes der 
Deutschen Demokratischen Republik. Pp. 56. (Berlin: Akademie-Verlag, 
1953.) 2 5-28. 
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The Magneto-Resistance Effect in Metals at High Frequencies 


By B. DONOVAN 
Department of Physics, Northern Polytechnic, London 


MS. received 20th November 1953 


Abstract. An examination is made of the effect of a magnetic field on the surface 
impedance of a metal in which there are two overlapping bands of normal form. 
In general it is not possible to express the surface resistance, as a function of 
frequency and field strength, in convenient analytical form, but the results are 
depicted graphically for a number of special cases. 

At low frequencies the relative change in the surface resistance due to the 
field is independent of frequency and its variation with field strength is very 
similar to that obtained in d.c. experiments. At high frequencies it is shown 
that in all cases the magneto-resistance effect ultimately drops to zero. The 
frequency region in which this phenomenon occurs is determined by the 
relaxation time and lies in the far infra-red for normal metals. From a 
comparison with the available experimental results for bismuth it is inferred 
that the relaxation time in bismuth is abnormally large. 


> 


§ 1. INTRODUCTION 


HE change in electrical conductivity due to a magnetic field has been 

extensively investigated in metals and semiconductors in the case of direct 

currents, but comparatively little attention has been given to the 
corresponding phenomenon at high frequencies. A small amount of experimental 
evidence is available for bismuth but, so far as the author is aware, there are no 
published results for any other element.* Experiments in the radio-frequency 
region have been briefly reported by Blunt (1948) and no appreciable departure 
from the d.c. behaviour was observed with alternating currents of frequencies 
up to 3-5 Mc/s. In the case of optical and infra-red frequencies several attempts 
have been made to deduce the behaviour of the conductivity from observations 
of the reflection or absorption coefficients in a magnetic field. ‘These experiments 
(Heaps 1926, McLennan et al. 1932, Englert and Schuster 1932) all failed to_ 
reveal any magneto-resistance effect. More recently Heaps (1950) measured the 
power loss in a bismuth cavity and found that the change in resistivity at 
3000 Mc/s was of the order of half the d.c. value. 

The significant general feature would thus appear to be the existence of a 
transition region in which the magneto-resistance change drops to zero. So far 
no theory has been put forward to explain this effect. ‘The purpose of the present 
paper is to apply the electron theory of metals to the elucidation of magneto- 
resistance phenomena at high frequencies and to show that the disappearance of 
the magneto-resistance effect follows as a general result. 


* Cooke (1948) has investigated the Hall effect at 3 cm in iron, nickel and various 
ferromagnetic alloys as well as in bismuth. ‘The theory of the Hall effect at high frequencies 
will be dealt with in a subsequent paper. 
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This calculation is based on a model in which the electrons occupy two 
overlapping partially filled bands, in each of which the energy is proportional 


to the square of the wave-number. It is assumed: that an isotropic time of 


relaxation exists for the conduction electrons. Although a time of relaxation 
may be defined rigorously only at high temperatures such that (6/7)? may be 
neglected, where @ is the Debye temperature, this restriction is not a serious. 
one for the purposes of the present paper. The calculation is essentially classical 
and no account is taken of the anomalous skin effect discussed by Pippard (1947) 
and by Reuter and Sondheimer (1948, subsequently referred to as RS). The 
latter authors have shown that deviations from the classical theory become 
more pronounced when the mean free path is very long and thus very low 
temperatures are excluded from the scope of the present paper. 

For the description of the properties of metals at high frequencies it is. 
convenient to introduce the complex surface impedance Z, of which the real 
and imaginary parts are designated the surface resistance R and surface 
reactance X respectively. ‘The surface resistance is directly accessible to 
experimental determination since it is proportional to the absorption coefficient 
and hence is obtainable from measurements on the reflection of electromagnetic 
waves. Before discussing the two-band model the results for the special case 
of free electrons are given in §3; a preliminary note on this case has already been 
published (Donovan and Sondheimer 1953). 


§2. CALCULATION OF THE SURFACE IMPEDANCE 


We use the well-known model with two overlapping bands of standard form, 
band 1 being normal and band 2 inverted. In general the effective mass m and 
time of relaxation 7 of the electrons in the two bands will be different and these 
will be distinguished by suffixes as usual. It will be assumed that the bands 
may be treated separately and that each contributes independently to the total 
current. 

A semi-infinite metal is considered whose surface corresponds to the plane 
z=0, the positive z-axis being directed into the metal. The alternating electric 
field is specified by (&,(z), &,(z), 0) e“”, where w is the angular frequency, and 
the constant magnetic field H is parallel to the z-axis. The calculation of the 
current density (J,(z), J,(z), 0) is carried through by the usual method (cf. 
Sondheimer and Wilson 1947, Wilson 1953, p. 210). As is apparent from the 
form of the Boltzmann equation, the distinguishing feature of the present 
analysis is that 1/7 is replaced by (1 +7w7)/7, and the components of the current 
density are found to be 


J, yan (PO, O8,),, Ue (1) 


e : ; 
Jj= zy (OF.+ Pé&,), myers (2) 
where 


— hry/m (1 +t07,)(2m,6,)3” is hr./m.(1+tw7,)(2m,C,)3? 3 
52772 +(1+iwr,)? ty? 75? + (1 +itwr,)? oa (3) 


Q= 


hoy7,?/m,(2m,C,)3 — heigry”/mmo(2m9C,)?? 4 
aa?r2+(1tiwr,)! ogirgi+ (1 ern, eee oa) te (4) 
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and «=eH/mc. In these expressions ¢, and ¢, specify the position of the Fermi 
energy level relative to the bottom of band 1 and the top of band 2 respectively. 

The surface impedance is derived by using Maxwell’s equations to obtain 
a second relation between € and J. Neglecting the displacement current this. 
relation may be written (in gaussian units) 


ee = = Jae yee? he bere (5) 
which may be combined with (1) and (2) to give 
ae saty( DG Ge OG", ey Pe Cee (6) 
and 
= BOG ot Pan) eee (7) 
where y =4we?/3rhtc?. 


In dealing with (6) and (7) we must ensure that the total transverse current 
is zero and we therefore impose the condition 


_Jyds=0, LO dGa aga) when ==) aa eereeeers (8) 

The solutions of (6) and (7) are found to be 
C= 4,xP (1,2) + 2, CP. (52) we eee (9) 
C= 1 dy EXP ( > 12) — Go. CSP. (— oz), 0s ee (10) 
where beetle hey eh 1O)P ot ee OE (LE) 
fiom Micke? Neh Pte hoi ire (12) 


and a, and a, are arbitrary constants. 
The surface impedance is given by 


pues €{0) 4nw €,(0) 
~ [5 Fede ie. (ee (dé ,/dz)y 
0 y 
and using (8), (9) and (10) we find 
_ 4riw (p+ be 
hg 2 ( Me pee wl laeyadies (13) 


Substituting from (11) and (12) one obtains the final expression for the 
surface impedance in terms of frequency and applied magnetic field: 


. 270 [ P+ (P?2+ Q?)?7 12 
Zo, B)=(1+i)e | Sero5 | 


Our concern is with the surface resistance R(w, H) which in general must 
be extracted from (14) by numerical methods. In describing the magneto- 
resistance effect at high frequencies we shall evaluate the relative change in the 
surface resistance, i.e. [R(w, H)— R(w, 0)]/R(w, 0), and this will be denoted by 
AR/R(0). 
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In dealing with the expression (14) it is convenient to introduce the number 
of electrons per unit volume in band 1 and the number of positive holes per unit 
volume in band 2. Denoting these respectively by m, and n, we have (Wilson 


1953, p. 213) ee 
yi os CO vinta eel iN ae ee (15) 


32h? 30h? 
Finally we shall require the d.c. conductivity which, for the general two-band 
model, is given by 


§3. "THE FREE-ELECTRON MODEL 


Before investigating the behaviour of the two-band model it is of interest 
to consider the implications of the expression (14) for the case of perfectly free 
electrons. For this model the formulae (3), (4) and (16) contain only one term each 
and no suffix is needed. Substituting for P and Q in (14) and making use of (15) 
we find 


Teh) |" Pek ar \2)127]1/2 
A.@, H)= ae \ties (1 +7@7)? | 14+ 51+ Teds Nae e085: (17) 
Putting «=0 the surface impedance in zero magnetic field is seen to be 
2 1/2 
Z(w, 0)=(147) EA (Lior ee eae (18) 
0 


which agrees with RS, equation (23), when the displacement current is neglected. 
The surface resistance in zero field is 


R(w, 0)=R,{—er+ (14022, a, (19) 


where R, =[27w/c?o,|"”, the limiting value in the non-relaxation region (w7 <1). 
The real part of (17) cannot in general be represented by a convenient 
expression; in the non-relaxation region, however, we have 


R(w, H)= “ [ha ate eee ee (20) 
and AR/R(0) is independent of frequency. It is of some significance that the 
present theory predicts a non-zero magneto-resistance effect at high frequencies 
for the free-electron model, since it is well known that this model gives a 
zero d.c. change. Experimental evidence on this point would be extremely useful. 

At first sight the constant magneto-resistance change implicit in (20) appears 
to be inconsistent with the zero d.c. change. ‘This apparent contradiction is 
resolved, however, when it is recalled that the present treatment refers to a 
semi-infinite metal. In effect this means that the dimensions of the specimen 
must be large compared with the penetration depth and it is therefore not 
permissible to extrapolate to zero frequency. The surface impedance in zero 
field, as given by (18), is itself subject to the same limitation. Thus according 
to (19), R->0 as w +0 whereas for a specimen of finite dimensions R is non-zero 
at w=0. Asa simple illustration, for a cylindrical specimen of radius a, the d.c. 
value of the surface resistance is easily seen to be 2p/a, where p is the resistivity. 
‘Thus it is evident that R-0 as a oo, 
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Returning to (17), the behaviour of R(w, H) at very high frequencies (w7> 1) 
is determined by («/w)®, which indicates that the magneto-resistance effect must 
ultimately disappear at sufficiently high frequencies. In order to demonstrate 
the frequency variation of the magneto-resistance effect R(w, H) has been 
evaluated from (17) taking «=2 x 10!*, corresponding to H=1-1 x 10° oersteds, 
and t=3x10-™ sec, which is the room temperature value for sodium. In 
figure 1 curve a the relative change AR/R(0) is plotted as a function of the 
frequency w/27 and of the product wr; it will be seen that a steep drop occurs, 
following a maximum at wr~}. This peak is due to the fact that although 
R(w, H)/R, and R(w, 0)/R, both tend to zero as wo, the latter expression 
decreases more quickly after the non-relaxation region. The steep drop in 


3-0 


25 


0-5 


Log, (w/2T) 


| 0 | 2 


3 0 3 6 9 
Log,, (WT) at 


Figure 1. Variation of magneto-resistance Figure 2. Variation of magneto-resistance 


effect with frequency for: a, free- effect with field strength for free- 
electron model (€=1); 6, two-band electron model: a, in low-frequency 
model with =; c, two-band model region wt <1; b, at wr=h. 


with €=0. Inall three cases at =0-06. 


AR/R(0) occurs in the frequency range wr~} to wr~4, which, for the particular 
value of + chosen, corresponds to the far infra-red, between the approximate 
limits 100 and 20;,.. For shorter wavelengths AR/R(0) decreases less rapidly, 
but is negligible for w7 > 10, 1.e. for wavelengths less than 5 ;. ‘The disappearance 
of the magneto-resistance effect at high frequencies is thus seen to be essentially 
a relaxation effect and the critical region in which AR/R(O) drops to zero is 
determined by the time of relaxation. 

The variation of the magneto-resistance effect with field strength at constant 
frequency is illustrated in figure 2, In the non-relaxation region one obtains 
from (20) in the case of weak fields («7 <1) 


AR 1 (eHr\2 
aa 5(2) od (rd (21) 


showing that the quadratic variation, well known in d.c. magneto-resistance 
experiments, emerges also from the present theory. In very strong fields 
(a7 > 1), AR/R(0)< 4/H but under these circumstances the Boltzmann equation 
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would no longer be valid and it would be necessary to consider the quantization 
of the electronic orbits. Figure 2 curve a shows the variation of AR/R(0) in the 
non-relaxation region and figure 2 curve 6 shows the result obtained at wr=3, 
which corresponds approximately to the peak in figure 1 curve a. 


§4. THE Two-Banp MobDEL (7, = 72) 


We now take up the case of the two-band model by examining the behaviour 
of (14) when the more general expressions for P and Q are used. In view of 
the number of parameters involved, some specialization is clearly desirable and 
for the remainder of this paper we shall regard the effective masses in the two 
bands as equal and write m,=m,=m. In the present section we shall in addition 
consider the relaxation times to be equal, thus 7;=7,=7. Accordingly two 
possibilities arise, depending on whether 7, is equal to, or different from 7p. 


Case (1) 1, =N 


Here we have O=0 and thus (14) gives 


by: a7? + (1+7wr)* 112 
Z(w, H)=(14+2)R, | ) 
which reduces to the expression (18) in zero magnetic field. 
At low frequencies (wr <1) the surface resistance is given by 
Rio, HH) = Red et) ee eee (23) 
and this expression, like (20), indicates a constant magneto-resistance change. 
The real part of (22) has been evaluated numerically, using the same values 
of H and 7 as in §3, and the frequency variation of AR/R(0) is shown in 
figure 1 curve c. It will be seen that the curve is very similar in form to that 
obtained with the free-electron model and the peak occurs at precisely the same 
frequency. 
The variation of AR/R(0) with field strength for this model is illustrated in 
figure 3. In the non-relaxation region (23) shows that the usual quadratic 


OR/R(0) 


Figure 3. Variation of magneto-resistance effect with field strength for two-band model 
(ng/n,=1, 72/713=1): a, in low-frequency region wT <1; b, at wr=st. 


The Magneto-Resistance Effect in Metals at High Frequencies oul 


variation is obtained in weak fields: 


RO} a : (=) seat (24) 


and this is just four times as large as the corresponding free-electron value given 
by (21). In strong fields AR/R(0) tends to a linear variation H with, thus 
exhibiting a further analogy with observed d.c. magneto-resistance behaviour 
(cf. Kapitza 1929). 


Case (it) nyAnyg 

Here we may write ,=«m, so that the d.c. conductivity, from (16), is 

Gy =Nyge*7(k +1)/m. Substituting for P and OQ in (14) we may derive the surface 
impedance in the form 

CDR (1 +2wr)? + 027? 

J/2 ~ ™| (1 +twr)? + 0272? 


Z(w, H)= 


where €=(«—1)/(« +1). 

This expression reduces to (22) if €=0 («= 1) and reduces to the free-electron 
form (17) if €=1 (« infinite, 1.e. band 2 absent). ‘The effect of replacing « by 1/k 
is simply to replace € by — € and, as only & appears in (25), we see that the results 
are unaffected if m,/n, is replaced by n,/n,. 

In order to illustrate the behaviour of (25) the surface resistance has been 
evaluated with|&|=2/3 («=5 or 1/5); the same values of H and 7 have been 
used as in the previous calculations. The frequency variation of AR/R(0) is 
shown in figure 1 curve b and is entirely similar to the two cases previously 
discussed. We may note that curves a and c of figure 1 represent in fact 
the limiting forms of the magneto-resistance effect implicit in the general 
expression (25). 

§5. THe Two-Banp MopEL (7, 472) 

In view of the special significance of the relaxation time in the present theory 
it is of particular interest to consider a more general model in which the relaxation 
times for the two bands are different. A detailed discussion would seem scarcely 
to be justified at present and, accordingly, in this section, we restrict ourselves 
to a simple special case and put 2,=n,=n. 

If we write 7,=Ar,, the d.c. conductivity from (16) is oy=ne?7,(A+ 1)/m. 
Substituting for P and Q in (14) we obtain, after some reduction, 

1+z 
Aw, H)= Oo Re 
A,A,(A+ 1){((AW,A,+ WA) + [AW A, + W,A,)? + 077 2(A2W,? — J wey 
x= (AW, A, + W,A,)? + 077 Q2(A27W,? — 2? 


where W,=1+iwr, A,=o?7?+ W? (j= 1, 2). 
If A=1, the distinction between the suffixes disappears and the expression 


in square brackets reduces to 24/W. ‘Thus (26) goes over to the correct form (22), 
for the case of equal relaxation times. For zero magnetic field (26) reduces to 


7 A+1)W,W, | 
Aes y= Oe, [| esislio7) 


and this expression goes over to the correct form (18) when A=1. 
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In order to examine the implications of (26) and (27) the real parts of these 
expressions have been extracted by numerical methods, taking A=0-1. This. 
large difference between the relaxation times is not, perhaps, very plausible, 
but will serve to illustrate the new features of the present model. In figure 4 
R(w, 0), calculated from (27), is shown as a function of w7., together with the 
curve given by (19), which applies to the free-electron model and to the two-band 
model with equal relaxation times. The main point of interest is the subsidiary 
maximum, which occurs approximately at wr2=10, ie. w7,=1. In practice 
the two relaxation times are hardly likely to be separated so widely and the 
subsidiary maximum is therefore likely to be less prominent. Moreover, unless. 
exceptional values of the relaxation times are involved, this phenomenon is 
confined to the far infra-red and experimental verification is likely to be very 
difficult. 
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Figure 4. Variation of surface resistance Figure 5. Variation of magneto-resistance- 


with frequency for two-band model effect with frequency for two-band 
(np/2,=1, 72/7;=10). ‘The broken line model (9/m,=1, 7,/7;=10, xTg=1). 
shows the corresponding free-electron 

curve. 


In view of the frequency variation of R(«w, 0) it is somewhat striking that 
the magneto-resistance effect, represented by AR/R(0), exhibits no anomaly. 
As a specific example R(w, H) has been calculated from (26), taking A=0-1, 
arg=1, a7y=0-1. The frequency variation of AR/R(0) is shown in figure 5 and 
in general shape the curve is seen to be indistinguishable from those of figure 1. 
The occurrence of the maximum at w7,=0-7, as compared to wr=0-5 in 
figure 1, is explained by the fact that in our rather artificial example band 2: 
carries ten times as much current as band 1. The peak would occur nearer the 
position wr,=0-5 if band 1 carried the greater part of the current. As a further 
consequence of this extremely unequal division of the current, it is perhaps not 
surprising that the order of magnitude of AR/R(0) should be comparable with 
that given by the free-electron model. 
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$6. APPLICATION TO BISMUTH 


The properties of bismuth indicate a very small number of conduction 
electrons and, for ideally pure bismuth, an equal number of positive holes. It is 
therefore reasonable to suppose that the two-band model would be applicable in 
this case and, indeed, this model was used by Jones (1936) in his discussion of 
d.c. galvano-magnetic phenomena in bismuth. 

The significant experimental results are those of Heaps (1950), who deduced 
the magneto-resistance effect from measurements of the power loss in a bismuth 
cavity. (The power loss is proportional to the surface resistance but Heaps has 
interpreted his results in terms of a change in resistivity.) At 3000 Mc/s 
Ap/p(0) was found to be of the order of half the d.c. value. Now on the basis 
of the present theory no appreciable decrease in the magneto-resistance change 
should be observed for frequencies lower than that corresponding (roughly) to 
wr~l. This limit corresponds to a wavelength of about 50y, if one takes 
7=3x10-™ sec, which is the room temperature value for sodium or copper. 
The wavelength used in Heaps’ experiments was 9-2 cm and, although there are 
insufficient data for a quantitative discussion, this suggests strongly that in bismuth 
the relaxation time is very much larger than in the monovalent metals. 

Sondheimer (1952) has pointed out that in metals containing a very small 
number of conduction electrons the relaxation time, and hence the mean free 
path, should be abnormally large, and our conclusion gives further support to 
this suggestion. According to recent measurements (Pippard and Chambers 
1952, Chambers 1953) the value of the mean free path in bismuth at room 
temperature is in the neighbourhood of 6p, i.e. about 150 times larger than for 
copper. ‘Thus one might reasonably expect the relaxation time in bismuth to 
be greater than that in copper by a factor of about 100—200, but a factor of 1000, 
as suggested by Heaps’ results, would appear to be rather surprising. Further 
experiments, particularly in the millimetre and far infra-red regions, would be 
extremely valuable in helping to clarify the position. 


§ 7. CONCLUSION 


In the foregoing sections the two-band model has been used to interpret 
the frequency variation of the magneto-resistance effect, represented by the 
relative change in the surface resistance in a magnetic field. Although by no 
means exhaustive, our discussion has demonstrated the importance of the 
relaxation time and, in particular, the conclusion has been reached that in all 
cases the magneto-resistance effect should be independent of frequency in the 
region wr<1. At higher frequencies, the disappearance of the magneto-resistance 
effect has been shown to follow as a general result, and is to be expected in all 
metals. When the two relaxation times are equal, the curve of AR/R(0) versus 
frequency shows a peak corresponding to wr ~ } and a subsequent rapid decrease 
to zero. When the two relaxation times are not equal the exact positions of the 
peak and the steep decline will depend upon the division of the current between 
the two bands. In this connection the relative magnitudes of the carrier 
density 7 and effective mass m must be borne in mind. Variations in these 
parameters will not, however, affect the general conclusions and it does not 
seem worth while to pursue the matter in great detail until further experimental 
evidence becomes available. 
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X-Ray Diffraction from Built-up Multilayers Consisting of only 
a few Monolayers 
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Abstract. Experiments are described which show that there is an exact 
similarity between optical diffraction from a plane grating containing only a 
few lines and x-ray diffraction from a built-up multilayer, of barium stearate 
for instance, when the multilayer consists of a few monolayers. The diffraction 
maxima given by Bragg’s law are accompanied by subsidiary maxima equal in 
number to N—2 where N is the number of ‘unit cells’ (i.e. the number of repeat 
distances in the direction perpendicular to the plane of the monolayers). The 
formulae for the x-ray case are given and several experimental examples are cited. 


$1. INTRODUCTION 


INCE the early experiments of Langmuir (1920) on monolayers of fatty 
S acids at the air—liquid interface and the discovery of Blodgett (1935) 
that successive monolayers of these acids could be deposited on a glass 

slide by repeated dippings through the interface, many workers have investigated 
the diffraction of x-rays by such built-up multilayers. Clark, Sterret and 
Leppla (1935) found that fatty acids spread on a solution of a calcium salt gave 
a multilayer of a calctum soap. X-ray measurements of the repeat distance in 
the multilayer agreed with those found in the normal crystalline soap. Built-up 
multilayers of barium stearate were examined by optical and x-ray methods by 
Halley and Bernstein (1936, 1937). More recent investigations were those of 
Stenhagen (1938), Alexander (1939) and Knott, Schulman and Wells (1940). 
Most of these workers used multilayers containing a large number (often some 
hundreds) of monolayers, though Clark and Leppla (1936) reported having 
obtained good x-ray diffraction patterns from as few as three layers of lead stearate ; 
they did not, however, observe any unusual effects such as are described below. 
A discussion of the diffraction effects to be expected when the diffracting 
crystal is very small, i.e. contains only a few unit cells is given by James (1948) 
but he states (p. 545) that ‘“‘ It is not possible to observe the effects characteristic 
of the diffraction of x-rays by very small single crystals, for the intensities involved 
are far too small”. He then goes on to give examples of some of the effects 
produced when electron beams are diffracted by very small crystals.: ‘The case of 
optical diffraction by gratings consisting of a few elements is discussed in 
textbooks of physical optics, and Bragg and Lipson (1943) give some examples 
of the subsidiary maxima obtained. It is the purpose of this paper to show, 
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by using multilayers as a ‘one-dimensional grating $ that the diffraction of x-rays 
by a small number of unit cells can be observed very simply, and that there is a 
close similarity between x-rays and optics in this respect. With the methods 
described below, it is in many ways easier to illustrate the effect with x-rays than 
it is with light, but as far as the authors are aware this is the first time these effects. 
have been demonstrated with x-rays. 


§2. EXPERIMENTAL METHODS 
2.1. Preparation of Specimens 


Multilayers of stearates and palmitates’ of calcium, magnesium, strontium 
and barium were prepared by spreading pure fatty acids on aqueous solutions 
of the metal salts and then depositing the films of soap on to narrow strips of glass 
cut from rectangular microscope cover glasses. The technique was developed 
by Blodgett (1935) and is quite standard. The pH of the aqueous solutions on 
which the films were spread was adjusted to 8-5 in order to obtain a monolayer 
consisting almost entirely of neutral soap. It is often the practice, in building 
a multilayer consisting of a large number of monolayers, to make the surface of 
glass or metal hydrophobic initially. ‘This can be done by melting a little ferric 
stearate on the glass surface and then rubbing it down to a monolayer. In the 
present work this could not be done as the whole purpose was to study the 
diffraction effects from a small number of layers. Consequently the process of 
building the multilayer had to begin with a clean glass surface which is hydrophilic 
and in order to deposit the first layer it is necessary to immerse the glass strip in 
the water of the spreading trough before spreading the film of soap. When 
the glass is withdrawn through the surface one monolayer is deposited and the 
surface is now hydrophobic. Subsequently monolayers are deposited in pairs, 
one on the down trip through the surface and one on the up trip. Consequently 
the multilayers studied consist of an odd number of layers in most cases. 


2.2. X-Ray Cameras 


A flat film camera was normally used on a specially constructed stand which 
was rigidly attached to the x-ray tube housing and which carried rails on which the 
film holder could be moved to vary the specimen-to-film distance. ‘The stand 
carried the collimating system, which consisted of three narrow slits parallel to 
the line focus of the x-ray tube, which, in the case of the particular tube used, 
was horizontal. ‘The glass strips on which the multilayers were deposited were 
mounted horizontally on a stage which could be oscillated with reference to 
the x-ray beam by means of cams. A specimen-to-film distance of 12 cm was 
found to be convenient for most purposes when a large number of orders of 
reflection was recorded. It was found advantageous to place the nickel filter 
(when using CuK« radiation) immediately in front of the film in the film holder, 
instead of near the x-ray tube window which is the more usual place for it. The 
films are much less affected by scattered radiation and any fluorescent radiation 
which may be caused is absorbed. When the diffraction pattern in the range of 
Bragg angle 0 to 1-5° was being studied a special vacuum camera could be placed. 
on the stand without disturbing the specimen, and this provided specimen-to-film 
distances of 33 cm and more. A detailed description of this vacuum camera and 


the method of calibration is given elsewhere (Bisset and Iball 1954). In most of 
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these investigations involving specimens containing a small number of 
monolayers, barium stearate and barium palmitate were used as they give better 
diffraction patterns than any other material of this kind, but the same kinds of 
effects as were observed for the barium soaps were obtained with other metal 
soaps and with multilayers containing no metal atoms, as for example, 
octadecylamine. 

$3. "THEORETICAL 


3.1. The Diffracting Material 


The scattering power of barium atoms, atomic number 56, is so much greater 
than that of any other atoms (e.g. carbon, atomic number 6) in a barium soap, 
that the multilayers can be regarded, to a first approximation at any rate, as being 
planes of barium atoms with a separation of approximately 50 and the diffraction 
caused by the carbon chains will be negligible in comparison. ‘These multilayers 
can be regarded as one-dimensional single crystals of barium with a repeat 
distance of approximately 504. Since the multilayers can be built up of any 
number of monolayers, it is possible to construct ‘crystals’ of as many ‘unit 
cells’ as desired. As far as the diffraction in a plane perpendicular to the plane 
of the layers is concerned, the variation of intensity with number of unit cells 
can be treated as a one-dimensional problem. 


3.2. The Interference Function for a Unidimensional Crystal 


The total intensity of reflection of x-rays from a crystal is given by the product 
of the structure factor and the interference function which depends on the number 
of unit cells in the crystal specimen. In the present case the crystal is regarded 
as consisting of a distribution of scattering matter along a line perpendicular to 
the layers with a pronounced maximum at intervals of approximately 50 A. As 
stated above, with a substance like barium stearate the scattering power of the 
barium atoms is so great compared with the other atoms present, that a multilayer 
can be considered to a first approximation as layers of barium atoms 50 A apart 
separated by a transparent continuous medium. 

The general expression for the intensity of the scattered beam from a three- 
dimensional crystal lattice is given by James as 


||? 
J = RR? I(é, 1, ¢) 
where the first factor depends on the scattering power of an individual lattice-unit, 
and the second factor J, (the interference function) is expressed 
I f sin? (7N,&) sin? (7N57) sin? (7N 3) 
off) 6)= sin? (m&) . sin* (ay) sin2(m) 
where N,, Nz, Nz are the number of repeat units in the directions of the translation 


vectors of the elementary parallelepiped. 
In the case of built-up multilayers, in so far as the reflections from the layers 


are concerned, we are dealing with a one-dimensional lattice and the interference 


function is 
1,(€) = sin? (Nj £€)/sin? (7€) 
which is of the same form as in the case of an optical grating (Wood 1919). 
The principal maxima will occur when €=h where h is any integer, and this 
is of course the case which corresponds to the reflection when the Bragg law holds. 
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When Ny, is large, which is assumed to be the case for the Bragg law to hold, 
then the principal maxima are narrow and intense. When N is small, however, 
the principal maxima are broad, and in between them there will be subsidiary 
maxima of appreciable intensity. The number of such subsidiary maxima is 
N—2 and the two on either side of a principal maximum will have an intensity 
of approximately 5%, of that of the principal maximum, but the other subsidiary 
maxima will decrease in intensity very rapidly. The positions of the subsidiary 
maxima are given by the above expression and when N is greater than 8 the 
subsidiary maxima can be taken as lying midway between the minima given by 
sin (7é)=nA/Nd where n is an integer not a multiple of N, A is the wavelength 
of the x-rays used, and d is the spacing of the planes. For smaller values of N the 
positions of the subsidiary maxima are best obtained graphically using the equation 
tan (Nr&)=N tan (7€) (cf. Wood 1919). 


$4. RESULTS 
4.1. Barium Stearate Multilayers 


X-ray diffraction patterns were obtained from multilayers consisting of 3, 5, 7, 
9 ....«17)-19 and 23 monolayers... These. correspond to;1,,2,.3, 4, .29.20;.99 ue 
‘unit cells’. ‘This is due to the fact that the layers are deposited as follows, 
<—_ ——_><—_ ——><— where an arrow represents a monolayer and the arrow- 
head represents the metal atom. With three monolayers therefore we have a layer 
of single metal atoms attached to the glass plate and layer of twice as many metal 
atoms separated from the single layer by a distance equal to the length of two 
carbon chains. With five monolayers there will be three layers of metal atoms, 
again one of the layers having only half the number of metal atoms. Thus with 
five monolayers there are only two repeat distances or ‘unit cells’ as far as the 
metal atoms are concerned. With seven monolayers there will be three ‘unit 
cells’ andso on. The principal and subsidiary maxima are observed as predicted 
by the theory. The figure shows some examples of the photographs taken on the 


(@) i 2) 


Diffraction from multilayers of barium. stearate. (a) 7 monolayers, (6) 9 monolayers, 
(c) 15 monolayers, (d) 19 monolayers. 
Specimen-to-film distance 33cm. CuKa—The arrow indicates the position of the 
Ist principal maximum (Bragg spacing 50 A). 


vacuum camera at 33 cm from the specimen. ‘The positions were measured and 
compared with those calculated from the interference function as indicated 
above. The results are given in table 1. The agreement is satisfactory especially 
with the thicker specimens; with the very thin specimens the lines on the films 
are diffuse and it is difficult to locate the maximum with any great accuracy. 
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Table 1 refers to the subsidiary maxima lying between the position of the main 
beam and the first principal maximum. Subsidiary maxima were also observed 
between the higher orders of the principal maxima and these can be seen on 
photographs taken at a specimen-to-film distance of 12cm. They are much 
fainter of course but it was confirmed that there are always N—2 subsidiary 
maxima present. 

It will be noticed in table 1 that when the number of unit cells is very small 
the value of the Bragg angle for the first principal maximum changes slightly 
as the number of layers is increased and tends towards the value obtained when a 


Table 1. Comparison of Observed and Calculated Angles of Diffraction for 
Barium Stearate Multilayers, Specimen-to-Film Distance 33cm. CuKz 


Radiation 
(1) (2) (3) (4) (5) (6) 

9 = 47’ 225 V/s Om 19’ 42” 
34’ 29’ 18” 32’ 48” 

13 6 49’ — Ome 10’ 56” 
De 20’ 24” DX 

30’ DY BN 30’ 36” 

38’ 38’ 45” 41’ 30” 

il) 8 49’ —- OS 24 9’ 48” 
=f (S132 16’ 24” 

D3 Die 43 DEY (Oy 

28’ DY BOC IN BO 

Bu 33039" 3600 OF 

41’ 39’ 48” 42’ 38” 

23 (Up a2 — Pe Oe pian! 
— TEES 8y Liao 

19’ tomes Oi 16’ 42” 

22) DEL ily” Re Wey 

26’ DEY Sif 26’ 14” 

Dili 30’ 42” Be 04 

35 Sy PEE 35’ 48” 

39’ 40’ 6” 40’ 33” 

45’ 44’ 50” 45’ 20” 


(1) No. of monolayers; (2) No. of ‘ unit cells’; (3) principal maximum; (4) subsidiary 
maxima (observed); (5) subsidiary maxima (calculated); (6) subsidiary maxima (calculated), 

Column (5) gives the values calculated on the basis of a layer spacing calculated from 
the observed principal maximum of column (3). The values of column (6) are calculated 
on the basis of the spacing obtained for a multilayer containing a large number of 
monolayers (i.e. principal maximum at 52’ 30”). 


large number of layers is used (52’ 30”). ‘This could mean that the actual spacing 
of the planes is changing or that the refractive index for x-rays is changing. 
At these small glancing angles the effect of refractive index is appreciable. It is 
noticed in addition that the observed positions of the secondary maxima for 
small numbers of layers, agree better with the positions calculated on the 
assumption that the spacing is the same for a small number of layers as for a 
large number (column (6)), than with the positions calculated using the value 
of spacing given by the observed first principal maxima in each individual film 
(column (5)). No very satisfactory explanation of these slight changes can be 
put forward at present. 
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4.2. Mixed Multilayers 


A large number of experiments was carried out on composite films made by 
sandwiching monolayers of one substance between monolayers of another, for 
example, octadecylamine monolayers between barium stearate layers. ‘Tables 2 (a) 
and 2(b) give the results obtained with such films composed respectively of 
(a) alternating double layers of the two substances, (b) two double layers of 
octadecylamine sandwiched between double layers of barium stearate. The 
results in the tables were obtained with a specimen-to-film distance of 12 cm but 
photographs were also taken at 33 cm with the vacuum camera, and on these 
photographs the first four orders of specimen (a) were observed and the first 
seven orders of specimen (b). With specimen (4) at 12 cm the first order at 
153A spacing is not observed since it is not resolved from the primary beam 
but it is clearly seen at 33 cm. 


Table 2 (a). Observed Spacings and Estimated Intensities of Orders of 
Diffraction from a Mixed Multilayer: Barium Stearate-Octadecylamine 
Alternating Double Layers, 25 Double Layers of Each. Specimen-to-Film 
Distance 12 cm 


Order 1 2 3 4 5 6 7 8 y) 10 1 125 S13 
Spacing (A) 97:1 56-4 34:4 25-7 21:05 17:45 14:8 12:95 11-45 10-25 9-45 8-65 8:0 7:4 
Intensity M VS MW M MW 8S MW W W M W «WW. OW UW: 


Table 2(6). As for Table 2(a) but Double Layers of Barium Stearate 
Alternating with two Double Layers of Octadecylamine, 25 Double Layers 
of Stearate to 50 Double Layers of Octadecylamine 


Order 1 2 3 Ar 5 6 v7 8 9 Oe ae 13 14 15 21 
Spacing (153)7522950-49 37-6) 30:6 2575: 22-2) 19-66 16-9) 15-213-3 2-8 tS OO pee me eee 
Intensity = M VS MWMW M MW MW 5 w WwW WwW W W M W 


(The first order is present but merges with the main beam; the orders between 15 and 21 are not 
missing but are too weak to be measured.) 

VS S MS M MW indicate intensities, ranging from very strong, strong ....... to weak. 

Table 2 (a) shows that the observed diffraction maxima correspond to different 
orders of reflection from planes of spacing 103A and the results of table 2 (d) 
correspond to a spacing of approximately 153A. The orders corresponding to 
the barium stearate spacing (even orders in table 2(a) and every third order in 
table 2(4)) are always stronger than the others. Stenhagen (1940-41) reported 
similar results with composite films of ethyl stearate and barium eicosoate. 

It was confirmed that with multilayers consisting of octadecylamine alone 
the subsidiary maxima appeared when the number of layers was small, but the 
intensity of the whole diffraction pattern is less than in the case of a metal salt. 

4.3. Intensities of Subsidiary Maxima 

An attempt was made to estimate the relative intensities of the diffraction 
maxima when changes were made in the composition of the multilayers. The 
intensities of the subsidiary maxima, and of course those of the principal maxima, 
will be affected by the composition and arrangement of the molecules in the 
monolayers, and it was decided in the first instance to investigate the effect of 
changing the metal atom in the monolayers. Intensities were estimated by eye, 
using a calibrated scale. ‘The accuracy is probably not better than 20%. The 
results given in table 3 show, however, that while the intensities of the principal 
maxima change in the manner expected as the metal atom changes, there is not 
the same change in the intensities of the subsidiary maxima. 
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“Table 3. Relative Intensities of Principal and Subsidiary Maxima for 
Multilayers Composed of 13 Monolayers of Palmitates of Four Different 
Metals. Specimen-to-film Distance 12 cm 


Principal Subsidiary Relative intensities 
maxima (A) maxima (A) Ba Sr Ca Meg 
71:9 16 16 8-16 8-16 
57-1 16 16 8-16 8-16 
45-9 80 56 48 40 
22-9 8-16 + 4 3 
15:3 16 8 8 4 
11:5 2 1 1 1 
9-2 6 2 1 1 


§5. CONCLUSIONS 


It has been shown that x-ray diffraction from a multilayer consisting of a 
small number of monolayers gives the same phenomenon of subsidiary maxima 
as is observed with optical diffraction from a line grating of a few lines. In the 
case of x-ray diffraction the intensity of the subsidiary maxima can be quite 
appreciable compared with the intensity of the principal maxima. ‘The presence 
of small angle diffraction maxima in an x-ray pattern need not mean that there 
is a repeat distance of the corresponding spacing in the diffracting specimen. 
With some biological specimens the small angle maxima observed, which indicate 
large spacings if interpreted as Bragg reflections, may well be subsidiary maxima 
due to a small number of repeat units in the specimen. One such case is on 
record. Bernal and Fankuchen (1941) when investigating x-ray diffraction from 
tobacco mosaic virus preparations, observed extra reflections which on the 
basis of the assumed unit cell dimensions would have to be assigned fractional 
Millar indices. They suggested rather tentatively that these ‘extra’ reflections 
are due to intra-molecular repeat distances of which there will be only a small 
number per virus particle and consequently the assumption that there is an 
infinite number of repeat distances, which is inherent in the Bragg law, is not 
valid. ‘They go on, “The theory (for the case of a small number of unit cells) 
is here necessarily complicated and has not up to now been attempted largely 
because no known experimental examples of it existed”. ‘They compare the 
phenomenon to the case of electron diffraction from very thin crystals but it seems 
to us that the proper comparison is to physical optics and, as is shown in the 
present paper, the theory of diffraction which explains the observations of optics 
applies to x-rays, provided the analogous physical conditions apply in both cases. 

It is hoped that investigations of thin specimens where these subsidiary 
maxima appear will make it possible to use the diffraction data to throw light on 
the structure of the specimen. ‘The technique thus developed may then be used 
in the elucidation of the structure of materials which are obtainable only in thin 
layers such as protein membranes and adsorbed layers. 
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Abstract. ‘The method of Morpurgo is extended to deal with both central 
and tensor forces, each having Yukawa-type radial dependence. ‘The method 
is applied to calculate the binding energy of *He for one set of Pease~Feshbach 
force parameters. It.is shown that the inclusion of a second D state in the trial 
wave function leads to a large increase in binding energy. 


$1. INTRODUCTION 


N default of a consistent theory of the origin of the nuclear forces, the 

phenomenological approach still retains much of its interest. The point 

of view adopted here is to consider only static, two-body forces to be acting, 
the force depending on the separation 7,, of the two particles according to some 
simple law (Yukawa, exponential, etc.). The strength and range are then 
chosen so that the experimental data on the two-particle system (low-energy 
scattering and properties of the deuteron) are reproduced. ‘The theory of the 
effective range shows that these properties are largely independent of the law 
of force, so it is necessary to find some other check on the theory. It appears 
that the properties of the ground states of light nuclei provide such a check. 
In fact it was formerly the custom to use the binding energy of the triton to 
determine some of the force parameters. ‘The inadequacy of this practice only 
became obvious when it was found that the tensor force had a large effect on the 
binding of light nuclei. 

Forces which contain a large tensor component are not easy to handle by 
traditional theoretical methods. ‘The only approach hitherto is by the 
variational method, and it is found that the calculated binding energy 
increases steadily as further terms are added to the linear variation function. 
A first step in the research for a new variation function was taken by Irving 
(1951), who used exponential functions of an argument R, given by R?=X7r,,?. 
His results are not substantially better than those given by gaussian functions 
of R. 

Recently Morpurgo (1952) made a major advance by his introduction of a 
function %(R) with no adjustable parameters, the form of the function ; itself 
being variable. He found that ;s must satisfy a certain second-order differential 
equation of the one-dimensional Schrédinger type. He was able to solve this 
equation by an elegant device and obtained, with much less labour, results as 
good as Margenau’s with 11 variational parameters. Morpurgo ignored the 
tensor forces in his work, and as it stands his technique is not well adapted to 
handle two-body forces with a singularity such as the Yukawa potential. 

It is the purpose of this note to describe an adaptation of Morpurgo’s method 
which overcomes the defects mentioned above. ‘The method is applied to 


+ Now at the Ministry of Supply, Sellafield, Cumberland. 
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calculate the binding energy of *He for Yukawa forces with one set of 
Pease-Feshbach parameters, and the result is compared with Irving’s for the 
same forces. 
§2. THE MerHop or MorPukGO 

First we consider Morpurgo’s work in a general way in order to establish 
its connection with the traditional variational method. For definiteness take the 
case of four nucleons in mutual interaction, with Hamiltonian H. ‘The trial 
wave function representing the ground state of *He is 


[2 =| Woes =. at islet See (1) 


where |y) depends only on the spin coordinates of the nucleons, and p is given by 


= 41> 7,7. eee eee (2) 


The function ¢% is then determined by minimizing <‘’ ||‘) with respect to 
variations Sy of x, subject to 8¢‘|‘%)=0. The integrations implicit in these 
expressions can all be performed, when H is given, with the exception of a single 
integration over p in each case. The equation for js then takes the form 


a2 
ae +e Vip i=s0— bh ieenatesees (3) 
This is an eigenvalue problem to determine ¢ and « subject to the usual boundary 
conditions at p=0 and p=oo. The function V(p) is given explicitly, usually as 
an integral representation, and depends on the assumed form of the nuclear 
forces. 

The trick adopted by Morpurgo to solve (3) is to consider an entirely different 
equation, namely d%) 

dp colo Uslipibo= 0. vanes, (4) 


Here U,(«;; p) is a simple analytic function which contains a certain number of 
parameters «, and which permits (4) to be solved for ws and «, explicitly. The 
parameters «, are then chosen so that |V—U,| shall be as small as possible. 
This is not difficult. By adding to U, a small perturbing potential \U,=V—U, 
(4) is converted into (3). Hence by perturbation theory 


et el Sey, AU, Wh eek (5) 


From (4) and (5) we can eliminate «9, getting 


. go 
e = (| - aes + Up |[%o) + (to | AU | Yo 


a 
= (Hol — Fa + V |Yo). SORT GLE (6) 

But from (3) we have @2 
dea Abage Seale 7) erste ere (7) 


— 


Equation (7) is merely the expression of the variation principle with the 
“exact’ wave function 4; equation (6) is the same thing with the approximate 
function %. ‘This conclusion does not affect the value of the method, since it 
is very much easier to choose the ¢; to make / — U small than it is to choose 
them to minimize the right-hand side of (6). 
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$3. THE CHOICE OF WavE FUNCTION 


The interaction between any two nucleons 7 and is taken to be 
Vig= — Uy {1 + 42 (0;-6;—1)} J (r/r,) 

OIA ae eS AS ae (8) 
where r=7,;=|r,—1r,;|, J(x)=x-1e-* and S,, is the usual tensor-force operator. 
Sets of values of the parameters U,, g, y, 7, and 7 which satisfy the two-body data 
have been published by Pease and Feshbach (1951) and by Feshbach and 
Schwinger (1951). 

The possible terms in the *He wave function are S, P and D and have been 
listed by Gerjuoy and Schwinger (1942). Of these, Irving retains only the 
principal .S state and the principal D state. In the following, however, we shall 
use the principal S state and two D states in order to estimate the effect of the 
higher D states. 

The trial wave function 1s taken to be 

[P)=Ny(|s)— Niro? |d,) + Noup*|de))p4y eee (9) 
where ys, A and p are functions of p which we have to determine. Particles 1 and 2 
are neutrons, 3 and4 protons. The spin functions are as follows : 


[s)=% (41 Be — B1 %2)(%3 By — Bs %4) 


break P2) 
[day (peer), Yn (pret) | pa.loe) ee ee (10). 
‘in which 
|a, b) = {3(0,.a)(o,.b) + 3(o,.b)(o,.a)—2(a.b)(o,.05)}|s) ...... (11) 
the relative coordinates being 
Pyle"; Pola lg; =F (tatls—lertye -enses (12) 


Further, V,7=105/32 7+, N,*7= 11/80; N,*=429/224, which choice simplifies the 
normalization integral : 


CHIE y= | ye bP dp cee (13) 
0 
where Delt Atta aed tw tree (14) 


and «?=15/182. The ultimate calculations are simplified by defining ¢ =I! ys 
and using the dimensionless independent variable x = @p = \/2 p/r;. 
The expectation value of the kinetic energy turns out to be 


(YIT|Y)=— ge) SEA eco eiee (15) 


where M is the mass of a nucleon, and the primes denote differentiation with 
respect to x. Also 


Var eg oh a (9% vere *— 360) ae (16) 
ie: 7, 
and 


1 61 61 — 61 
Vo= pal (1+ 502) + 8 (14 gp) - 2 (26+ 57%) f. ---(17) 


The expectation value of the potential energy is somewhat more complicated, 


and may be written 
ha 


(VV |¥)=— oa | or 1(A + BA+ Cut Did?+ Eu t Fy) dp 
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where A, B, C, D,, E, and F;, are certain functions of x which are defined in the 
Appendix, where also may be found an indication of the way in which they are 
obtained. 
§ 4. THE Wave EquaTION AND ITS SOLUTION 
According to the variation principle, we now seek to minimize (V"| 7+ V ey 
If for the moment we keep A and 1 as fixed functions of « and allow only « to vary, 


ily obtat 
we easily obtain ped = (3 +V,) $+ Vob= Or! TS. ae (18) 


where Vo=T (A+ BvA+ Cut Di2+ Blt Fu?) aes. (19) 
and D= D,—18/x®; E=E,+72k«/x*; F= F,—248/7x?. «= —2MW/h?a? is the 
eigenvalue, W being the binding energy. 

Equation (19) differs from Morpurgo’s equation in that it contains the unknown 
functionsAandp. These can easily be found by the following considerations. If 
they are assumed to be only slowly varying functions, then V’, will be very small, 
since it depends on the derivatives X’ and »’. Accordingly we neglect V, and 
choose A and p. so as to minimize the effective potential energy integral, 1.e. 


S [dt Wade S08 * wee chies J Tule eee (20) 
trictly # should be determined from (18) and thus depends on A and y, but to a 
high order of approximation we can neglect this fact, and (20) becomes 
OVAON=CV Goes ONe NT. eee (21) 
Substituting (19) into (21) we obtain two algebraic equations for A and uw. In the 


general case considered here they can be reduced to a cubic equation in A and a 
relation between A and ) linear in p. 


Figure 1. 


From this point all the calculations were done numerically, the force para- 
meters used being as follows (from Pease and Feshbach ee 


Uy = 42:7 Mev ; y=0-69 
g= —0-044; 7 = 184 310 Scm 
(y=) DS 6 Cis, Wek nae (22) 
The functions A, B, C, D, E and F were calculated for values of x between 0 and 
5-6 at intervals of 0-4. This enabled and j: to be calculated at these points as 


described above. The resulting function V= 12/x*—V, is shown in figure 1, 
together with A and w. 
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It turns out that Vp has rather a strong term of the type x! near x=0. For 
this reason the comparison potential U, adopted by Morpurgo gives a very poor fit 
to V. It was found that an excellent fit could be obtained with a potential of the 
form U, with 


; e yin) — bt me 
U_ p(e—1)_ aq+1) | Bb ce*"(1+ Bee Pee cel fan ante) 


a2 sinh®?t cosh? ¢ et a ee en ie (23) 
where t=ax. 
The solution of our comparison equation 
@ontase Chae Po) wd Son le ele (24) 
corresponding to the ground state is 
Oe Wee pesiosinh®’ fcoshaits ee = A. (25) 
with <) = —«?(q—p)? which gives the approximate binding energy as 
Wy 29-59 02 (Gp) Mev eee (26) 


In (22) and (24) «, 8, 5, c, p and q are all adjustable parameters. If we set c=0, 
our equations reduce to Morpurgo’s, and then «, p and q are the available 
parameters. 

The method adopted for finding the parameters was to find approximate 
values of «, p and gq which gave slightly too large values of — U'in the neighbourhood 
of x=3-0. The right-hand side of (22) was then expanded in powers of x, and f, 6 
and c found by fitting the first few terms to V at x=0-4, 0-8 and 1:2. Thus having 
approximate values of all the parameters permitted a revised estimate of « and 
q to be made. 

The finally adopted values are «=0:5, p=4-0, q=6-0, 8=1-618, B=2-557, 
c=3-120, which give W,=29-59mev and the first-order perturbation energy 
(bo |V — U|¢,) is found to be —0-37Mev. ‘Taking into account the effect of V, 
(equation (17)), also by first-order perturbation theory, reduces the binding energy 
by 0-09Mev. ‘Thus the final value for the binding energy of *He is 29-87 Mey. 


§5. COMPARISON WITH IRVING’s RESULTS 


In the last section an estimate of the binding energy of *He was made using a 
wave function representing the principal 5 state and two D states. The only 
other calculations taking account of the tensor forces are by Irving (1953), who 
used a wave function with only one D state. For the sake of comparison it would 
seem desirable to use the present method with only one D state in the wave function. 

This is a simple matter; we merely set .=0 in all equations. The best 
value of the function A will be denoted by Ay and is given by 


AS rents ar a ee food ens (27) 


where u=(D—A)/B. The effective potential is then 


1200 MOG) SABA + DA? 
a) ae 


A comparison potential of the form (22) was used with the following parameters : 
a=0°5, p=40, g=5-8, B=1-035, b= 2-248, c= 4-344, which give W, = 23-97 Mev. 
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V,, U and A, are shown in figure 2. The expectation value of V,—U is 3-11 Mev. 
and that of V, is 0-01 ev, giving a final binding energy of 20-85 Mev. 
This result is not greatly superior to Irving’s value of 19-5 Mev. 


Figure 2. 


§6. SUMMARY AND DiIscUSSION 


The binding energy of *He has been calculated by a method essentially the 
same as Morpurgo’s, with suitable modifications to deal with both central and 
tensor forces, both having a Yukawa-type radial dependence. Using the forces. 
given by a certain set of Pease-Feshbach parameters, binding energies of 20-85 Mev 
and 29-87 mev were obtained when one and two D states were included in the trial 
wave function, respectively. The former value is to be compared with Irving’s 
19-5 Mey, obtained by conventional methods but using the same nuclear forces. 

Referring to figure 2, for the case of only one D state, it will be seen that U and 
V,, do not fit as well as the corresponding curves in figure 1, which relate to a trial 
wave function with two D states. Now the argument of § 2 shows that the greatest 
binding energy is obtained when these curves fit each other exactly. From the 
point of view of perturbation theory large values of | V — U| mean that the second 
and higher orders of perturbation must be considered in equation (5). These 
extra terms will increase the value of the calculated binding energy. Inthe present 
treatment it is not possible to include them because of the formidable mathematical 
difficulties. Thus our value of 20-85 mev for the case of one D state is too low, 
that is, a better comparison function U would yield better results. It is hard to 
estimate the error, but it probably does not exceed 2 Mev. 

Even with this generous estimate the effect of including a second D state is 
surprising. Of the six D states listed by Gerjuoy and Schwinger only one is 
completely symmetric in the space coordinates. 'This was taken here, and in 
Irving’s work, as the principal D state. The effect has been found (not reported in 
this paper) of taking the second D state as the only one. This leads to a binding 
energy of only about 16mev. Thus the principal D state, of the two considered, is 
certainly the most important for the calculation of the binding energy. The high 
binding energy obtained with two D states confirms the results of Hu and Hsu 
(1950) and Pease and Feshbach (1951), who found that the binding energy 
increases steadily as more and more D states are added. The extra binding energy 
appears to come from the interaction between the various D states, coupled by the 
tensor forces, and depends critically on the choice of wave function to represent the 
D states. This explains why the method here presented is so successful, the 
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introduction of variable functions being equivalent to having a trial wave function 
with an infinite number of variable parameters. 

There seems no reason why more than two D states should not be employed, 
except for the amount of labour required. "The number of D states was kept down 
to two in the present work in order to preserve the simplicity of the method. Most 
of the effort required lies in computing the effective potential V. 

Since the calculated binding energy is a little greater than the experimentally 
known binding energy of 28-2 Mev, it is clear that the nuclear forces (8) with para- 
meters given by (22) are at least adequate to explain the binding of ‘He. It is, 
however, impossible to say without further calculation what would be the effect of 
additional D states. If it were negligible, the assumed nuclear forces would lead 
to no contradiction with experiment. If it were not negligible, it would probably 
still be possible to find a set of Pease-Feshbach parameters which would give 
agreement with experiment. 
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APPENDIX 


THE CALCULATION OF V5 


We require the expectation value of the potential energy XV,,; + e?/rs, with V,, 
given by (8) with respect to the wave function (9). Most of the spin matrix 
elements needed are given by Irving (1953); the remaining ones can easily be 
found by his method. Itis found that V7, consists of asum of terms, corresponding 
to the different terms in (9). We consider the simplest term, namely the contri- 
bution arising from the central force in (8) and the S state in (9). 

Neglecting for the moment the Coulomb forces, we have, after integration over 
the spin coordinates, . 


= —U,Ni?Xs |X(1+3¢(0,.0,—1))J,, |s) 
520.2 i bei 4(1 = 20) J p+ (2—2) I 1g}, Oxy dx, ss. (A1) 


where J,,=J (7,;/7,) and »/2x,= 01; ~/2Xg= 2; X3=".— Now make the ortho- 
gonal transformation r,<->r, in the second term on the right-hand side of (A 1), 
giving 
Ve 60 Ni? (12) | Wb 1 Pr8dK, Ky Ky. wes eos (A2) 
After performing the angular integrations in (A 2), transform to spherical polar 
coordinates in the x,, %, ¥, space, noting that p?=x,?+x,?+x,?. This gives, 
after a simple integration, 
315 


re) mt /2, 
V.=- (1-9) | Webdp | J(apcos8) cos?@ sin?#d0. ......(A3) 
0 0) 
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Inserting the Yukawa expression for J, and with ap =x, t=cos90, we readily find 


315 pecxedl 
V.=-—(1-3)% J, Wb (A,—24,+As)dp vee (A4) 
<iitats GAN : G28 UI Te Te (A5) 
The contribution of the Coulomb potential to this case is 
$562 
pad, AGE ER +* —1 
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where f=MU,r2/h? and h=35 62/16 Up7.. 
The remaining functions are as follows: 


B=630,/ (55) 2 (B,-2B,+ B,) eat (A8) 

where B= Bie) = ALA) =e eee (A9) 
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Abstract. 'Vhe specific ionization in oxygen near atmospheric pressure has 
been measured over the momentum range 3x 108 ev/c<p<3 x 10" ev/c, 
excluding collisions involving energy transfers greater than 1 kev. The 
measurement was based upon drop counts in the positive ion column of tracks 
in a cloud chamber independent of the system used to measure momentum. 
Modification of ionization due to polarization phenomena is shown to become 
important at momenta greater than about 6 x 10° ev/c. 


$1. INTRODUCTION 


HE ionization produced when fast charged particles pass through matter 

has recently attracted particular attention, with special reference to the 

polarization effects to be expected when the possible range of effective 
ionization extends to distances from the particle trajectory which are large 
compared with the mean spacing of molecules in the material traversed. ‘These 
effects are likely to cause a modification of direct ionization along the particle 
trajectory under conditions very similar to those leading to the emission of 
Cerenkov radiation, and the relation between the two phenomena has proved 
of considerable interest. 

The possibility of ionization at considerable distances from the particle 
trajectory essentially arises from the relativistic contraction of the field of the 
particle, and leads to an expected slow increase of ionization with increasing 
particle energy. ‘This slow ‘logarithmic increase’ of ionization, although 
certainly well founded from a theoretical standpoint, had until recently only 
been observed experimentally in a rather qualitative way. Within the last year 
or two, however, concordant measurements in gases have been reported by 
Hereford (1948), the present authors (1952), Carter and Whittemore (1952), 
Becker et al. (1952), McClure (1953), Parry et al. (1953) and Price et al. (1953), 
and of these measurements Ghosh e¢ al. (1952) and Parry et al. (1953) further 
provide evidence of the modification of the ‘logarithmic increase’ by the onset 
of polarization effects. Parallel resuits have been reported by several groups 
for the variation with energy of the ionization produced in photographic emulsion 
as measured by the number of grains rendered developable along particle 
trajectories: these refer to conditions in a ‘condensed medium’ as opposed to 
the extended configuration of a gas, and, as is to be expected, demonstrate the 
relatively early onset of polarization phenomena. 


* Now at the Institute of Nuclear Physics, Calcutta. 
+ Now at the University of Leeds. 
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A preliminary note of the main results of the work now described has already 
been given (Ghosh e¢ al. 1952). ‘The present account incorporates additional 
data, and in particular a large group of new measurements near the minimum 
of ionization which provides a homogeneous group of results in which the track- 
to-track fluctuations of the measured ionization can be examined. Further, 
the standardization of technique, upon which the reliability of the work is based, 
is treated in greater detail. 


§2. EXPERIMENTAL METHOD 


Ionization was measured by means of drop counts, along the trajectories. 
in a cloud chamber, of particles for which momentum was determined outside 
the chamber, and for which evidence of identification was almost entirely 
dependent upon data external to the chamber. The design and manipulation of 
the cloud chamber was then governed only by the requirements of the ionization 
measurement, and the conflicting claims of this measurement and that of 
momentum on a single track segment, which was one of the major difficulties 
of earlier work, was avoided. A consistently low level of background condensation 
was of primary importance, and for this purpose a relatively slow expansion was 
used, and metal parts were, except for the field electrodes, excluded from the 
active part of the chamber. Maximum drop growth time and photography at 


a scattering angle of 45° were used to obtain the greatest possible intensity of 


scattered light from each drop, and in this way to allow the maximum depth of 
focus to be used. 

For most of the work the identification of particles and measurement of 
momentum were carried out in the Manchester magnetic spectrograph under the 
conditions described in detail by Hyams et al. (1950). The design of the 
spectrograph, however, did not allow the important particle group in the 
neighbourhood of the minimum of ionization to be efficiently selected, and 
measurements in this group were therefore made on particles selected as having 
a range in lead between 15 and 35 cm. ; 

The selection methods are considered in detail in the following section: 
they permitted measurements of ionization over the momentum range 
3 x 108 ev/c to 3 x 101° ev/c; that is to say, for p/me between about 3 and 300. 

Drop counting was carried out using a projection microscope magnifying 
about 70 times, the field of view of which accommodates the whole of a unit 
cell of the counting procedure (§4 (iv)). ‘The drop images within such a cell, 
numbering from about 20 to 70 (figure 2), were then counted and recounted as 
might be necessary. ‘The cell divisions were permanently marked and numbered 
upon the photographic plates, and counting checks by different observers and at 
different times were shown to be concordant. 


The control of gas composition and of condensation efficiency are discussed 
in §4 below. 


§3. MEASUREMENT OF MOMENTUM, AND THE IDENTIFICATION OF PARTICLES 


As has been indicated above, the present work is based upon particles 
selected in two ways: (i) particles, p>6 x 108 ev/c, for which momentum is 
measured in the magnetic spectrograph, and (ii) particles in the momentum 
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range 3 x 108 ev/c<p<6 x 108 ev/c which were selected by means of a range 
technique. 

The nature of the selection and the grounds for assuming that the measured 
particles are u-mesons without any significant admixture of particles of other 
kinds is now examined. 


3.1. Particle Selection in the Magnetic Spectrograph 

The operation of the spectrograph, and the classification of particles according 
to momentum, have been described in detail by Hyams et al. (1950). For the 
work now described the spectrograph was used at maximum deflecting field, 
in which the highest momentum group (category 0) has a mean momentum of 
about 3 x 10!° ev/c and in which the output becomes very low below momentum 
6x 10% ev/c. It is shown by Hyams and his colleagues that spurious responses 
of the spectrograph do not occur as frequently as once in 500 measurements ; 
in the present work we require, in addition, the presence of a single cloud track 
in the correct position and orientation in the drop-counting cloud chamber 
together with the operation of the independent counting system associated 
with this chamber; with these further conditions we regard the possibility of 
misidentification of the track examined to be negligible. 

Protons formed the most serious contamination of the meson beam, for it 
was possible to exclude substantially all electrons. According to Williams (1939), 
less than 1% of the incident cosmic ray beam, p>6x 10% ev/c, will consist 
of electrons. The effect of even this component is drastically reduced by the 
introduction of a 1:2cm lead plate below the drop-counting chamber and 
immediately above the spectrograph, the fraction of primary electrons which 
give rise beneath this lead to a single secondary of energy in the measuring range 
of the spectrograph being extremely small. 

The work of Mylroi and Wilson (1951) provides data for estimating the 
possible proton contamination and also establishes that 7-mesons will (quite 
apart from the fact that the difference of their ionization from that of u-mesons 
is small throughout the relativistic region) be very much rarer than protons. 
Proton contamination can only be serious at momenta appreciably below about 
1-5 x 109 ev/c, the value of momentum at which the ionization by protons and 
mesons is the same. At higher momenta the difference of ionization is never 
more than 20°% and the percentage of protons is less than 1%; the effect of the 
possible presence of protons will then be negligible. ‘Thus the second 
momentum group of table 2 (6 x 10° ev/c <p <10® ev/c) is the only one which is 
seriously liable to proton contamination. In this range of momentum the data 
of Mylroi and Wilson indicate that between 3 and 4% of all the particles will 
be protons, and accordingly it is about equally probable that no proton or one 
proton will be included in the tabulated data of this group, and less likely that 
two or more protons have been measured. However, these protons would on 
average ionize about 80% above the minimum, and would be expected to be 
detectable by inspection. Our conclusion, based on the detailed examination 
of this group, is that no protons were in fact measured. It is true that the average 
ionization measured for the group is high, being one and a half standard errors 
from the probable curve (figure 4), but the particular track contributing most 
to this high value is that of a negative particle. We conclude that proton 
contamination has played no part in determining the results of table 2. 
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3.2. Particle Selection in the Range 3 x 108 ev/c <p <6 x 10° ev/c 


This group, in the neighbourhood of the minimum of ionization of «-mesons, 
is not conveniently taken from the spectrograph, for both the incident intensity 
of particles is beginning to diminish at this low momentum and also the 
instrumental efficiency is rapidly falling. ‘The group was therefore selected by 
a range measurement; it includes particles which penetrate 15 cm of lead but 
stop in a further 20cm. The arrangement is shown schematically in figure 1; 
the required counter response is (1, 2, 3, —A). The counters, 3, are shielded 
against particles coming from the side, and it is clear that the further requirement 
that a particle shall be seen to traverse the cloud chamber in the plane defined 
by counters 1 and 2 adds greatly to the confidence of identification, virtually 
excluding electron complexes. 


Figure 1. Schematic arrangement of cloud chamber and lead absorber for range selection 
of mesons near the minimum of ionization. The parallel broken lines in the cloud 
chamber indicate the depth of focus; the diverging broken lines below counter 


group A show the purely geometrical spread of the particle flux defined by 
counters 1 and 2. 


Here, the most serious possible contamination will arise from ju-mesons of 
higher momentum brought in by inefficiency of the anticoincidence counter 
layer, A. ‘The performance of such a tray was examined by Mylroi and Wilson 
the internal evidence of whose work placed the overall inefficiency as less than 3° 
and showed that the inefficiency occurred preferentially at low ASE 
(probably from scattering at the lowest levels of absorber). Of the 101 particles 
listed in the first group of table 2 it is accordingly unlikely that more than one 
or at most two, came from outside the desired range, while even these would be 
likely to be of only slightly higher momentum. It is unlikely that the mean 
ionization of the group as a whole could be affected by as much as 0:2%. 


§4. ConpDITIONS oF AccuRATE Drop-Counts 


The aim was to make the number of drops counted in a selected segment of 
track as closely as possible an accurate measure of the number of ion pairs formed 
, 


EE ee 
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under specified conditions, in that segment. In addition, the medium in which 
ionization took place was controlled so that corrections arising from variation 
of physical condition or from changes of composition were always small and 
well established to the measuring accuracy. The features involved are 
conveniently discussed under four headings: (i) the control of gas composition, 
(ii) the control of condensation, (iii) the conditions of photography and the 
treatment of overlap of drop images, (iv) the selection and rejection of track 
segments. 
(1) The Control of Gas Composition 

‘The gas used in the present work was oxygen with an alcohol—water mixture 
as condensant. Before expansion the gas was maintained at a temperature 
(20+ 1)°c and was at atmospheric pressure, the latter condition being achieved 
by connecting a partially inflated rubber balloon through a slow leak to the 
active part of the cloud chamber. A record of the time of each photograph then 
allowed the relevant pressure before leah to be determined subsequently. 
The condensant was introduced with 65°% by volume of alcohol, but alcohol 
vapour was found to diffuse through the rubber back of the chamber, and the 
concentration of water increased as time went on. When the concentration of 
alcohol fell to 40°% by volume, the supply was replenished to bring the liquid 
in the chamber back to the original composition. It is shown below (§ 4.2) that 
the total difference of ionization between the saturated gas used and dry oxygen 
at the same pressure is of the order 1% os and that the variation of this difference 
in the course of an experimental run in which the alcohol concentration falls, 
from the maximum used to the minimum after which it was replenished, is still 
smaller. A single correction was accordingly applied which corresponded to a 
mean composition of the liquid condensant, and the variations of composition 
of condensant were ignored as leading to corrections too small to be of significance. 

There seemed no strong reasons to undertake this work with one gas rather 
than another, although a pure gas of simple composition was probably desirable 
for comparison with any theoretical treatment of the problem. Under these 
circumstances oxygen, which is well known to lead to satisfactory chamber 
operation, was an obvious choice. 


(11) The Control of Condensation 
When an alcohol—water mixture is used as condensant, condensation takes 
place preferentially upon positive ions (not, as with pure water, upon negative ions). 
It is valuable to separate the columns of positive and negative ions before 
condensation takes place, in part to avoid the doubled number of drops to be 
counted without any statistical advantage, but mainly because the ratio of the 
number of drops found in the column of negative ions to that found in the column 
of positive ions forms a most sensitive indication of the completeness of 
condensation in the positive column. From previous work it appeared that con- 
densation would be virtually complete in the positive column if any appreciable 
condensation at all was found in the negative column. For example, Hazen 
(1944) reported that in a mixture containing 75% alcohol more than 95%, con- 
densation took place on positive ions when n_/n, was of the order 0-1, and 
substantially 100°% condensation when this ratio was greater than 0-2 For a 
very large range of composition of the condensant 100% seavlsnaatia? took 

place on positive ions when n_/n, was greater than 0-5. 
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Recent work by Nielsen and Needels further establishes that substantially 
100°% condensation in the positive column is attained for n_/n, >0-3 over the 
whole range of condensant used in our work.* 

The internal evidence of our work confirms these criteria and is summarized 
in table 1. ‘There is some indication that for »_/n,<0-3 some reduction of 
condensation in the positive column has taken place; the next group of 
measurements, for which 0:3<n_/n,<0-4, shows no significant reduction of 
condensation on positive ions as compared with the groups with n_/n, >0-4, 
and our main observations were accordingly restricted to tracks for which the 
ratio n_/n, was measured to be greater than 0-3. 


Table 1. Condensation per centimetre at standard pressure in the positive ion 
column of tracks at the minimum of ionization, in oxygen saturated at 20°C 
with water-alcohol condensant, as a function of the ratio n_/n, of the 
condensation in the negative and positive ion columns. Of the two figures 
in brackets (column 2) the first gives the number of tracks actually measured 
at the minimum of ionization, while the second gives the number measured 
at other momenta and subsequently reduced to the equivalent value at the 


minimum. 
: =T 
Nae: Number of tracks gape gs 
<0-2 16m (12-4) 39-3eel =O 
(22-03 26 (18+ 8) 39-4+ 0°6 
0:3-0:4 34 (10+ 24) 40:7+0°8 
0-4-0-6 46 (15431) 41-2 + 0°6 
S06 60 (43-+17) 41:0+0°5 


This lower limit of conditions leading to full condensation on positive ions 
is of particular importance because of the advantage of working, for drop counts 
in well-diffused tracks, with the lowest possible density of background 
condensation. ‘The examples reproduced (see plates) are typical of the standard 
which was sought, with background condensation less than one drop per cubic 
centimetre; this very low level of background condensation was only 
exceptionally reached when n_/n, was greater than about 0-8. An adequate 
estimate of the effect of this low background condensation upon the actual 
drop counts in tracks is readily derived from observations of the distance from 
track centre, in each unit one centimetre cell, of the nearest recognizable back- 
ground droplet. A correction for the inclusion of background drops in the track 
counts is made in the final column of table 2; it reduces the average ionization 
at all momenta by 0-3 drops cm}, 

There seems no reason to doubt that the condensation achieved on positive 
ions, with the criterion n_/n, >0-3, is substantially complete for ions which are 
recognizably part of the track at the moment when the critical supersaturation 
for drop growth is reached. The recombination which may previously have 
taken place is unlikely to be large or ‘to vary significantly with the total density 
of condensation. : 


Private communication : we are most grateful to Professor G. E. Nielsen for this 
information. 
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(iii) Conditions of Photography and the Treatment of the Overlap of Drop Images 


The problems of optics and photography are governed by the small amount 
of light which is scattered, even under favourable conditions, from a single cloud 
droplet. ‘This amount was made as large as possible in the present work by 
allowing the drops to grow for as long as possible before photography, and by 
making use of the light scattered in the forward direction (at 45° to the direction 
of incident light). The use of forward scattering increases the available light 
by a factor of about ten over that scattered at right angles. Since curvature 
measurement upon the cloud tracks was not used for the determination of 
momenta, the available drop-growth time was considerable, for it could be 
increased until distortion in length of trajectories became important; it was in 
fact made about 0-4 second. 

Even with the increased light made available by these measures it was 
necessary to use a fairly rapid emulsion if a useful depth of focus (~2 cm) was 
to be attained. With such emulsions the ‘in focus’ drop images were about 
50 « diameter and, since the size of the image is determined by turbidity rather 
than by grain-density, were well-defined discs. 'The diameter of these discs, 
together with the actual distribution of drops in a track image, determine suitable 
conditions of diffusion and optical magnification and the degree of image overlap 
which is then to be expected. 

Tracks were photographed at a magnification of about 1/4 and were allowed 
to diffuse to a breadth of about 0-3 cm before the onset of condensation. This 
track breadth corresponds to a diffusion time of about 0-08 sec, and the necessary 
separation of the positive and negative ion columns (about 0-8 cm) could readily 
have been achieved by maintaining an electrostatic field of suitable magnitude 
across the chamber for the whole of this time. It was found to yield a notable 
improvement, however, if a much stronger field was applied and removed a 
relatively short time after the passage of the particles to be recorded, on account 
of the considerable reduction in the numbers of diffuse old tracks in the 
photographs. A field of 40 volts cm was accordingly applied between wire 
grids and removed 0-01 sec after the passage of the controlling particle. Under 
these conditions only one or two background tracks of any sort were normally 
photographed, and, because these were never of great age and heavily diffused, 
very little of the track under measurement was ever obscured by them. 

Because of the well-defined shape of drop images it was possible to lay down 
clear criteria of drop overlap, and to determine from the internal evidence of the 
photographs the actual correction to be made to measured drop counts to take 
account of drop images lost by overlapping. If rp is the limiting separation of 
the centres of drop images below which the images are not resolved, and n(r9) is 
the number of occasions per centimetre of track in which drop images lie within 
the distance 7), while u(r, r+ 67) is the corresponding number of occasions in 
which the centres of drops will be separated by distances between 7 and r+ or, 
then for a random distribution of images, 

(To) sae To" 
nr, r+or)  (2r+6r)édr° 
Inspection of photographs suggested that 7) was in fact the image radius. ‘I'he 
number n(r, r+r) was determined for 7=2r, 5r=7/2, and it was found that 


nr) =0°44 n(2r9, 2-579) ~ 2 drops cm. 
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This analysis requires a random distribution of images only over distances of the 
order 27, (=50,) in the photograph and, since the breadth of the diffuse track 
in the photograph is of the order 700, the condition is adequately met except 
perhaps in the centre of dense clusters. 


(iv) The Selection and Rejection of Track Segments 


When satisfactory track photographs in which drops are adequately resolved 
have been obtained, it remains necessary to reject certain parts of the tracks. 
Some reasons for rejection are purely technical—evidence of incomplete 
condensation (§4(ii) above), presence of background condensation or of over- 
lapping unwanted track images—and need not be considered in detail since they 
merely lead to loss of material. It is also necessary, however, to reject the large 
blobs of secondary ionization which are formed when large energy transfers take 
place at an act of primary ionization. ‘This procedure is a technical necessity, since 
for a sufficiently large transfer of energy some part of the resulting condensation 
will not be countable, but it also represents an advantage of the drop-counting 
techniques, as opposed to measurements of ionization in proportional counters 
in which no breakdown of the processes of ionization is possible. 

In the present work no energy transfers of more than about 1 kev are included, 
while the mean ionization for each momentum range in table 2 is based upon a 
total energy transfer from fast primaries of at least 130 kev (and, with one 
exception, of much more). The phenomenon studied does not therefore include 
the possibility of single transfers of energy which are of the same order as the 
total observed transfer, and the high energy ‘tail’ occurring in the treatments of 
total energy transfer by Landau (1944) and by K. R. Symon (as quoted by 
Rossi (1952)) and in the experimental studies of fluctuations of ionization by 
Rothwell (1951), West (1953) and others does not arise. 

The rejection of a drop cluster corresponding to a large energy transfer 
involves the complete removal of a segment of the track photograph, for the large 
cluster will in fact obscure the normal ionization in its neighbourhood. It is not 
satisfactory to do this by a selection of limits by inspection for each segment of 
track which is to be excised, and we have instead adopted the procedure of dividing 
each track image, by lines ruled upon the developed plate, into a series of cells 
each of which corresponds to about one centimetre of the original track. The 
whole of each cell which is judged to be in any way affected by some feature which 
meets the criterion for exclusion is then rejected. ‘The degree of uncertainty in 
deciding how long a segment of track is to be rejected is greatly reduced in this 
way. In the two examples reproduced, sharp horizontal lines represent the cell 
rulings; in plate I the track shows no disturbing feature, in plate II the third 
cell from the top and the bottom cell would both be rejected. 


$5. RESULTS 


The variation of ionization by mesons as a function of momentum is 
summarized in table 2, which is discussed below. It will be seen from the table 
that for each momentum range the measurement is based on a total track length 
of about 3 metres except for the range centred upon the minimum of ionization 
for which about 16 metres of track were measured, and for the range of very high 
momentum (~3 x 10!° ev/c) for which rather less than 1 metre of track was 
available. ‘These total track lengths were recorded in single tracks of which the 


ee 


Ionization by Relativistic ju-Mesons in Oxygen 309 


measurable part was on average rather more than 15 cm long and were analysed 
in cells of length (1-0 + 0-1) cm. The main work was carried out by the exclusion 
(as described in § 4) of clusters of more than 30 drops: a cluster of 30 drops was 
adequately resolved under the condition of photography. It is convenient to 
discuss the fluctuations of ionization in the measured sections of track as it bears 
upon the significance of the mean values given in table 2. 


5.1. Fluctuations of Ionization in Finite Segments of Track 


The fluctuation in the drop counts in 1cm cells and in single tracks 
(normalized to a unit length of 25 cm) are shown for the largest homogeneous 
group of data (which refers to the minimum of ionization) in figures 2 and 3. 
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cluding any part of a cluster of length. The broken curve, 
more than 30 drops have been T=40 2-4-2" i0ns cme, sis 
rejected. referred to in the text. 


Since the maximum accepted energy transfer, corresponding to the formation 
of a cluster of 30 ion pairs, is a large fraction of the average transfer in a 1 cm cell, 
we expect the distribution of drop counts in figure 2 to be asymmetric with a 
marked ‘tail’, and this is seen to be the case. For single tracks this condition no 
longer obtains: the total transfer corresponds to the formation of upwards of 
600 ion pairs while the largest single transfer remains unchanged. ‘The 
distribution is now (figure 3) seen to be more symmetrical with only a slight 
trace of ‘tail’. It is therefore appropriate to derive the accuracy of the average 
ionization measured in each homogeneous group of data by a root mean square 
over the deviations of the ionization in individual tracks from the group average, 
and this procedure has been followed (§5.2 below). 

In figure 3 the broken curve shows the gaussian distribution (40-2 + 4-2) 
ions cm! in the positive column which fits well the experimental determinations, 
and the breadth of which we may compare with the expected fluctuations. In 
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the homogeneous group plotted, the average track length for which measurements 
were possible was about 16 cm, and for this length the expected fluctuation is 
about 40 ion pairs from close collisions and a similar number from resonance 
collisions. A resultant fluctuation per centimetre of rather less than four ions 
follows, in fair agreement with the observed distribution. While the average 
measurable length of each track is 16 cm, variations from this average will tend 
slightly to increase the total fluctuations. 


5.2. Reduction of Mean Ionization to Standard Conditions 


Measurements refer to ionization in oxygen saturated with a mixed vapour 
-of water and alcohol at the prevailing barometric pressure and at a temperature 
(20+1)°c. These have been reduced to standard temperature and pressure, 
and to a value appropriate for pure oxygen. (Throughout the table the largest 
correcting factor is the (constant) factor passing from the operating temperature 
to0zC,) 

For the small correcting terms involved we assume that the number of ions 
produced in oxygen, alcohol and water is proportional to the respective electron 
densities. This assumption is essentially based on the approximate equality of 
the mean energy for production of an ion pair in these gases. ‘Then the specific 
ionizations, Ij, I,, Jy, at standard pressure are connected by the relations 
f,=1-61,, £,=0°6 1,; and at»pressure. p with the partial pressures pj, pap. 
the observed specific ionization J(p) will be 


I(p) = Io(Po + 1-0p, + 0-Opw). 
‘The partial pressure p,, py may be derived from the results of Gautier and 
Ruark (1940),* and, at the extreme concentrations of the condensant, /(p) takes 
the values 1-012 J, and 1-007 J, respectively. The changes of condensant are 
thus not significant, and an average correction of rather less than 1°% is applied 
throughout. 


‘Table 2. Average specific ionization by y-mesons in collisions involving energy 
transfers up to 1000 ev, in oxygen at s.T.P. as a function of meson momentum 


Momentum No. of | Meas. track ane see Average ionization (cm~!) 
range (ev/Cc) tracks length (cm) evel Observed Reduced to O, 
3.10°-6.108 101 1601-7 63978 40:-2+0°-4 44-34+0-4 
6.108—-10° TS 228-7 9861 43-6+0:9 48-0+ 1-0 
10°-2.10° DY 407-1 18080 45:2+0:9 49-8+1-0 
2.10°-3.10° 24 354°5 16964 48:5+1-0 53-54 ii 
3.10°-4.10° 24 384-8 19100 50-0+ 0:8 55:2+ 0°9 
4.10°-10%° 16 266-6 13832 Sy3Q0ar 1? 57-5413 
~ 1:5.101° 14 219-2 11690 Seger ile 58-34+1-2 
~ 3.101 5 85-1 4641 55-142°8 60-5+3-1 
Minimum of ionization: 44-0+ 0-4 


5.3. Lonization as a Function of Momentum 
The measurements of average ionization as a function of momentum are 
summarized in table 2, in which the measured tracks have been grouped into 
convenient momentum ranges. ‘The first group, 3 x 108 ev/c<p <6 x 108 ev/c, 


* The relevant values at 20°c are: at 65% alcohol, p,=24 mm, py=14 mm; at 40% 
alcohol, p,=19 mm, p,=15 mm. 
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was selected by a range technique (§3.2) and the remaining groups correspond 
to combinations of momentum categories of the magnetic spectrograph. 

The uncertainties of the two last columns are derived from the actual 
variation of the ionization in single tracks from the group average, on the 
assumption that these may be described by a gaussian distribution around the 
group average. ‘The justification for this procedure is seen in §5.1 (figure 3). 
The values obtained in this way, however, are all in excellent agreement with 
those to be expected from the details of the ionization process. For example, 
in the momentum range 10° ev/c <p <2 x 10° ev/c the positive ion condensation 
of approximately 4 metres of track was counted. For this track length the 
fluctuation of total number of ion pairs is estimated to be 280 or 0:7 cm-!. The 
observed fluctuation, 1-0 cm, however, also includes the effect of actual 
variations of the average specific ionization between momenta 10° ev/c and 
2 x 10° ev/c, which has extreme values + 2-0 cm from the mean, and these two: 
effects together can completely account for the observed spread of measurements. 
on single tracks. 

The measurement in the neighbourhood of the minimum of ionization refers 
to a broad band of momenta extending from 3 x 108 ev/c to 6x 10° ev/c. Over 
this band the variation of ionization is small, and we are able to estimate the 
minimum value to the accuracy of our work without detailed knowledge of the 
momentum spectrum through this band of particles. ‘The minimum value is 
about 0-3 ion pair cm! lower than the average over the measured band, and 
accordingly Jj, = 44:0 + 0-4 ion pairs cm7}. 


$6. DiscussIon 


The numerical values quoted are for the average specific ionization, excluding 
that which arises from primary transfers of more than about 1000 ev. With the 
low background condensation which obtained it seems established that no 
appreciable further contribution to track ionization can be attributed to radiation 
re-absorbed at distances from the particle trajectory which are large compared 
with the diffusion breadth of the tracks. ‘The work leads to no estimate of the 
extent to which recombination may have reduced the number of ions before 
condensation took place, and the available work on the subject only allows rough 
estimates of recombination to be made. ‘These are sufficient, however, to show 
that this effect must be very small. 

Since the publication of the preliminary results of this work, theoretical 
treatments of the problem for the conditions to which our measurements refer 
have been given along essentially similar lines by Huybrechts and Schonberg 
(1952), Budini (1953) and Sternheimer (1953), while a difficulty pointed out by 
Huybrechts and Schénberg has been clarified in a paper by one of us 
(G. M. D. B. J.) and G. N. Fowler (Fowler and Jones 1953). While the general 
agreement of these treatments is good, the precision of the measurement is 
insufficient to give useful indications upon the differences in detail of treatment. 
For example, the measurements are not at present adequate to distinguish 
between the two rather extreme assumptions concerning breadth of absorption 
bands examined by Budini (figure 4). For this purpose the ratio of ionization 
at the minimum to that at p/mc~100 is required to an accuracy of within 1%. 
Using mesons, this implies work to this accuracy under the rather slow operating 
conditions under which momenta of the order 10° ev/c are measured with 
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confidence. It may well be that the fine detail of behaviour will most effectively 
be studied using electrons. 
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Figure 4. Average specific ionization in oxygen at S.T.P. arising in encounters of energy 
transfer less than 1 kev. The curves are those for two extreme assumptions made 
by Budini (1953), normalized to the experimental value near the minimum of 
ionization. ‘These curves show the extent to which the present measurements 
fail to distinguish between details of theoretical treatment. 
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Approximate Molecular Orbitals 
I: The Iso, and 2po, States of H,+ 
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Abstract. ‘The variational method is used to obtain approximate wave functions 
for the Iso, and 2pe, states of H,*. Their accuracy is assessed by comparing 
various quantities computed using the approximate wave functions with the 
exact values of these quantities. The dependence of the total kinetic and 
potential energies on the nuclear separation is briefly discussed. 


$1. INTRODUCTION 


PPROXIMATE molecular wave functions have usually been obtained by 
A« application of the Rayleigh—Ritz variational principle. Owing to 
the lack of proper comparison data in the past, no precise estimates 
have been made of their accuracy when used for the determination of molecular 
properties other than the energy. ‘The recent publication of the exact wave 
functions of the hydrogen molecular ion (Bates, Ledsham and Stewart 1953) 
and their use in the evaluation of its quadrupole moment (Bates and Poots 1953) 
and oscillator strengths (Bates 1951, Bates, Darling, Hawe and Stewart 1953) 
supplies the necessary data in the case of H,t. ‘This paper, which is itself 
concerned with the lso, and 2po, statest of H,", is the first of a series in which 
it is intended to determine by variational methods approximate molecular 
orbitals and to use them for the evaluation of various quantities which can be 
compared with the exact results of Bates and his collaborators. It is hoped that 
these approximate molecular orbitals will provide a convenient basis for the 
development of analytic approximations to other molecules for which electron 
correlation must be taken into account. 


§2. CHOICE OF WAVE FUNCTIONS 


Many approximations appropriate to the lso and 2po states of H,*+ have 
been used previously but none of them is both sufficiently accurate at all nuclear 
separations and capable of easy generalization to excited states. ‘The simplest 
approximations which take account of the symmetry are (Pauling 1928) 

(18a) exp (— 73) 4. xP (27) Oe OE Pes. (1a) 

Pe (2ps) = xD (—7,) 8D (7) ee ss (1d) 
where r,, r, are the position vectors of the electron relative to the nuclei A and B 
respectively. These were improved by the introduction of a screening parameter 
(Finkelstein and Horowitz 1928, Coulson 1937) : 

W(1sc)=exp(—ar,)+exp(—orp) == «sees (2a) 

Y(2pc)=exp(—ar,)—exp(—arp) «seen (20) 


+ In the separated atoms notation these are designated o(1s) and o*(1s) respectively. 
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x, of course, being varied to obtain the minimum energy. Dickinson (1933) 
investigated the effect of adding a polarization term in the Iso case, 


W(1sc) = exp (—a7r,) + exp (—&7p) 
+ p{r, exp (— Br.) cos, +7 exp(— 7p) CosA}, «+++. (3a) 


and found that the resulting value for the dissociation energy was inferior to 
that obtained by Guillemin and Zener (1929), who took 


Y(1sc) = exp (—o7,—Prp)+exp(—PBra—47p). we eee (4a) 
The function 
W(ise)= exp} —a(ry+- 75) 1) SP 75) sn ieee (5a) 


was used by James (1935), but it led to no improvement in the computed energies. 
over those obtained by Guillemin and Zener. Recently, Pritchard and Skinner 
(1951) have computed the Iso energy using the function (3a) with «=1 and 
B=. Their results, which are given graphically, are of course less accurate 
than those of Dickinson. 

Of the various 1so wave functions, (2a), (3a) and (4a) have the correct form 
for both zero and infinite separations R of the nuclei, but none of the 2po wave 
functions is correct at both limits. This desirable characteristic may most 
easily be achieved by writing the wave function as a linear combination of a 
function which takes the correct form at R= oo and another function which 
takes the correct form at R=0. ‘Thus we choose 


Y'(1sx) = exp {—a(7,+7)} + pf{exp (— fr.) +exp(—Brp)}  -...-- (6a) 
‘Y'(2so) = (7, cos 8, — 7), cos 04) exp { —4a(7, +7)} 
— p{exp(—f7,)—exp(—Prp)}.  —« - - se (6d) 


Functions of this type do not seem to have been used previously. Besides. 
behaving correctly at the two limits, they lend themselves to straightforward 
generalization to excited states; and, as will be seen later, they are more accurate 
than any other wave function of comparable simplicity that has been suggested. 


§3. DESCRIPTION OF CALCULATIONS 


Values of the parameters «, 8 and p over a wide range of R have been 
determined by minimization of the electronic energy of the system 


E=- | ye (v2 2 a =) W dr 
Vo Y) 


where ‘’ is now, and for the remainder of the paper, the normalized wave function. 
The functions studied were of the type (6a), (6b) with 


(i) p= 0, B=1. 
(ii) P= oo, PB variable. 
(Ut) epi) pone 


(iv) p=0, « variable. 

(v) «=1= 8, p variable. 

(vi) « as determined by (iv) and by (ii), p variable. 
(vit) «, 8 and p all variable. 


Some of these have been employed by other authors but, unfortunately, the 


published results are not given with sufficient accuracy, so that it was necessary 
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to repeat all of the earlier work. Exact values of E are tabulated by Bates, 
Ledsham and Stewart (1953). 
Using the seven functions (i) . . . (vii) the integrals 


X2= | oe. ar. Z= [veer dr 


where (x, y, 2) are the cartesian coordinates of the electron referred to the mid-point 
of AB with the z-axis lying along AB, have been evaluated. The integrals occur 
in the calculation of the quadrupole moment, and for the 1so state have been 
computed exactly by Bates and Poots (1953); for the 2po state it was necessary 
to compute them using the exact wave functions. 

The lso—2po transition integrals, Q, have also been computed using the 
functions (i) . . . (vii), the 1so and 2po functions being always of the same type. 
Both the dipole length and dipole velocity forms for O were used: 


| Y'(1so)r'¥(2po) dr 


(dipole length) 


Oe 


Ov= xp] | VUsoyW#2po) de 


(dipole velocity) 


= | '(2po)V'E (Iso) dr 
where AF is the photon energy of the radiation. ‘The exact values are given by 
Bates (1951). 
Finally the potential energy of the electron in the field of the two nuclei has 
been computed: 
joa a ee 
y=—|v* ( + =) Far. 
Va My 
Knowledge of the variation of V with R provides additional insight into the 
mechanism of molecular bonding so that it is useful to assess how accurately 
approximate functions can reproduce it. Exact values of V were derived from 
the exact values of E by use of the quantal virial theorem (Slater 1933). 


§4. RESULTS 


Because they may be of use in other connections, the values of «, 6 and p 
obtained for (ii), (iv), (v), (vi) and (vii) are given in table 1 for the 1so state and 
in table 2 for the 2po state. ‘The total and potential energies (excluding the 
nuclear—nuclear interaction contribution) corresponding to the functions (i). . . (vii) 
are compared with the exact values in tables 3, 4 and tables 5, 6 respectively. In 
addition, some energy values obtained by Dickinson using the function (3a), by 
Guillemin and Zener using the function (4a) and by Bell and Long (1950) using 
(5a) are included in table 3. Tables 7, 8 compare the integrals X?, and 9, 10 
the integrals 72, whilst table 11 gives the lsc — 2pe transition integrals Q;, and Qy 
computed using the dipole length and dipole velocity formulae. 

All quantities are measured in Hartree units (a, for length, e*/2a) for energy). 


+ The values reported by Bell and Long are rendered suspect by the fact that their 
table contains a value of the energy which is /ess than the exact, in violation of the variation 


theorem. 
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§5. DiscussIoN 


Some comments are desirable concerning the accuracy of the wave functions 
in relation to the work involved in obtaining them. Functions (iii), (iv) are 
particularly convenient since the energies (and in fact all the quantities considered 
in this paper) are expressible as rational functions of R. They are simpler and 
apparently more accurate than the usual united-atom approximation (cf. Matsen 
1953), and it is to be anticipated that functions of this type (appropriately 
generalized) will be even better for excited states. The separated-atom 
approximations (i), (ii) are rather more complicated to use, but the necessary 
work is still not great. The accuracy of the LCAO wave function (1) has been 
discussed by Bates, Ledsham and Stewart (1953) and the accuracy with which (ii) 
reproduces the energy by Coulson (1937). Functions (v), (vi) cause little 
additional trouble, the energy being merely the solution of a quadratic equation 
with no explicit variation necessary, but function (vii) is distinctly more laborious 
(though the fact that the parameter « is insensitive to changes in f eases the 
computational task). The improvement in the derived energy values compared 
with (vi) is slight, especially for the excited 2po state, so that it appears likely that 
for most occasions functions of the type (vi) should suffice. 

It may be worth pointing out that in the 1so case « > 26 over a wide range 
of R. The function (vii) is then essentially equivalent to the unusual type of 
function (5a) introduced by James (1935). 

The integrals X2, Z? depend upon the wave functions at distances from the 
nuclei greater than those which effectively determine the energy, so that the 
accuracy of X*, Z* when evaluated using (vi), and especially (vii), is encouraging ; 
the error is never greater than 5° and 2% respectively. ‘The functions (1) to (v) 
are much less accurate although in view of its simplicity (iv) is remarkably good 
over a wide range of R. The commonly used LCAO (i) may be considerably in 
error unless high values of R are concerned. It is of interest to note that in 
general the correct values of X? and Z? lie between the corresponding values 
obtained using the united-atom approximations (iii) or (iv) and the separated-atom 
approximations (i) or (ii). 

It is apparent from the tabulated transition integrals that the evaluation 
of the probability of the 1so—2po transition is not especially sensitive to details 
of the wave functions (as is frequently the case). ‘The comparative success of 
the LCAO approximation (i) (which has been discussed elsewhere (Bates 1951)) 
should not therefore be given too much weight. The inclusion of a variable 
parameter leads to little improvement, and similarly (iv) is not greatly better 
than the unvaried function (iii). This behaviour is different from the case of X2, Z2, 
whose values were much improved by the introduction of screening factors, 
The use of a linear combination yields much greater accuracy, which progressively 
improves using (v), (vi), (vii), the values corresponding to (vii) being essentially 
correct. It is again true in general that the correct values of Q;, or Oy lie between 
the approximate values calculated using (i) and (iii) or (ii) and (iv). With certain 
exceptions, the dipole velocity expression is more accurate than the dipole length 
in the range of R studied, but a better value can usually be obtained by choosing Q 
equal to 3(Q;,+Qy). It must be stressed that these remarks may not be correct 
when considering other transitions. 

As is to be expected, the potential energies are much less precise than the total 
energies except at equilibrium separation (the accuracy of the total energy arising 
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from a cancellation of errors in the potential and kinetic energies). The 
approximate wave functions usually underestimate the magnitude of both the 
potential and kinetic energies, although in the Iso case, function (ii), and in the 
2po case, function (i), overestimates them. A marked improvement in the 
values results from the inclusion of screening factors, and the accuracy of the 
linear combinations (v), (vi), (vii) increases regularly with their complexity, 
(vii) being correct to within 0-5%. 

The behaviour of the potential energy V’=V+2/R and the kinetic energy T 
as R decreases is of considerable interest. Their behaviour and that of E’=E+2/R 
are illustrated in figures 1, 2 for the 1so and 2po states respectively. As the atoms 


069 2 4 6 B 
R ails 
Figure 1. —V’, T, —E’ as functions of R Figure 2. —V', T, —E’ as functions of R 
for the Iso state. for the 2po state. 


approach in the Iso state T passes through a minimum and V’ through a maximum. 
T then steadily increases to a finite limit at R=0 whilst V’ decreases to a deep 
minimum. Eventually the 2/R term dominates and V’ becomes infinite. (‘This 
behaviour has been described previously on the basis of approximate wave 
functions (Coulson and Bell 1945).) The variation of V’, 7 is quite different 
in the repulsive 2po state, for which T passes through a maximum and V’ through 
a shallow minimum as the two atoms approach. It may be that an initial decrease 
in kinetic energy is a decisive factor in the formation of a one-electron bond 


(cf. Slater 1933). 


Table 1. Parameters of the lso Wave Functions 


Internuclear 

distance R 0-0 0-4 0:8 1:2 1-6 2:0 2-4 3-0 4-0 
2:000 1-833 1-627 1-460 1-333 1-239 1-168 1-095 1-028 
1:000 0-920 0-831 0:763 0:710 0:667 0:631 0-588 0-533 
0:0000 0:0261 0:0652 0:102 0-133 0-155 0:166 0-163 0-125 
0-250 0-276 0:304 0-333 0-368 0-412 0-468 0:575 0-844 
1:000 0-921 0-834 0-767 0:716 0-677 0-645 0-611 0-580 
2:000 1-840 1-665 1-533 1-433 1-354 1:288 1-216 1-126 
0:250 0:276 0:304 0-328 0-352 0:375 0:394 0-438 0-499 


Function (i1) 
Function (iv) 
Function (v) 
Function (vi) 


S MedBdD 2D 


Function (vii) ‘i 
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Table 2. Parameters of the 2po Wave Functions 
Internuclear 
distance R 0:0 045 0:85" 1-2) iG 20 2°4 3-0 4-0 
Function (ii) B 0-400 0-488 0-598 0-717 0-822 0-900 0-952  0-995° A205, 
Function (iv) da 0:500 0:517 0-563 0-622 0-670 0-696 0-705 0:701 0-674 ° 
Function (v) p  0:000 0-357 0-939 1-896 3-488 6-340 12:569 86:84 37-22 
Function (vi) p 0-000 0:389 0-741 0-985 1:189 1:569 2-221 2:376-) 22970 
(4x 0-500 0-519 0:566 0-621 0:665 0-685 0-702 0-715 0-745 
Function (vii) < B 0-400 0-488 0-617 0-733 0-835 0:916 0-962 1:001 1-020 
| p 0-000 0:396 0-750 0-994 1-213 1-595 .2:148 2-598 1086 


Table 3. Total Electronic Energies, — F, of the 1lso State 


~~ 0-0 0-4 0-8 1:2 1:6 2-0 2-4 3-0 4-0 
Function 


(i) 3:0000 2-8902 2:6849 2-4715 2-2770 2:1075 1-9624 1:7848 1:5737 

(ii) 4-0000 3:5977 3-0931 2-6985. 2-4006 2-1732 1:9957 1-7956 1-5747 
(iii) 4-0000 3:5762 3:0116 2-5564 2-2067 1-9355 1-7211 1-4737 1-1868 
(iv) 4:0000 3:6000 3-1013 2:7067 2-4010 2-1595 1:9644 1-7331 1:4538 

(v) 40000 3:5929 3-0863 2-6974 2-4070 2:1854 2:0116 1:8126 1-°5875 
(vi) 4:0000 3-6009 3:1081 2-7229 2-4289 2-2010 2:0209 1-8153 1-5859 
(vii) 4-00000 3-60105 3:10833 2°72406 2-43142 2-20489 2-02612 1-82153 1:59194 


(3a)  4-0000 DOI 
(4a)  4-0000 2:20451* 2:025 1-320 eae SoZ 
(Sa)t 4-0000 2:2042 1-8211 


Exact 4:00000 3-60157 3-10895 2:72461 2-43186 2:20525 2-02642 1-82178 1:59216 


* This value is taken from Rahman (1953). 
t+ Cf. footnote on p. 345. 


Table 4. ‘Total Electronic Energies, — E, of the 2po State 


Nee 0-4 0:8 1:2 1:6 2:0 2-4 3-0 4-0 
Function 


(i) —1-0000 0-1396 0-7261 1-0455 1:2235 -1:3217 41-3733 1:-4018 1-3898 
(a) 0-8000 0:9111 1:0349 1-1571 1-2593 3316 11-3754 14-4018 1:3900 
(iit) 10000 1:0199 1-0681 1:1258 1-1794 2222-~ 1:2523. An2749 12ers 
(iv) 10000 1:0209 1:0807 1-1673 1-2553 33217 1-3606 1:3769  1°3403 

(v) 10000 1:0214 1-0837 1:1735 1-2635 3325 3755" SA0TS” Tsu 
(vi) 10000 1:0215 1-0851 1:1766 1:2665 3343 1:3765" 24025) 9 92390e 
(vii) 1-00000 1:02150 1-08522 1:17671 1:26653 1-33437 1:37659 1-40255 1-39096 

Exact 1-00000 1-02158 1-08548 1:17722 1-26721 1-33507 1:37715 1:-40285 1-39110 


— SS Se 


Table 5.* Electronic Potential Energies, — V, of the 1so State 


R 0-0 0:4 0:8 1:2 1:6 2:0 2:4 3-0 4-0 
Function 
(i) 6:000 3-854 3-584 3-311 3-074 2-880 2-707 2-563 2-410: 
(ii) 8-000 6684 5-286 4-373 3-766 3:346 3-028 2-745 2-466 
(111) 8-000 7-152 6-023 5-113 4-413 3-871 3-423 2-947 2-374 
(iv) 8:000 6-667 5-306 4-376 3-723 3-240 2-850 2-455 1-982 
(v) 8-000 6:773 5:371 4-392 3-734 3-287 2-962 2-685 2-433 
(vi) 8:000 6-673 5:298 4-375 3:744 3-298 2-956 2:648 2-354 
(vii) 8:000 6-671 5-341 4-453 3-845 3-412 3-226 2:771 2-468 
Exact 8:000 6-671 5-339 4-448 3-840 3-409 3-223 2-772 2-468 


ie believed that all quantities are correct to 0-1% but, due to the difficulty of assessing 
Se y the sensitivity of these quantities to p, the error may occasionally be as much as. 
Yo in case of functions (vi) and (vii). This applies also to tables 6-11. 
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Table 6. Electronic Potential Energies, — V, of the 2po State 


R 0-0 0-4 0:8 1:2 1:6 2:0 2:4 3-0 4-0 
Eee 

(i) 4-000 3-911 3:737 3-545 3-361 3-194 3-047 2-860 2-631 

(ii) 1-600 1:940 2-320 2-659 2-870 2:948 2-939 2-850 2-669 
(iii) 2-000 2°015" 2-047 2-080 2-103) 92-111 °2:105" 2072 «1-978 
(iv) 2-000 2-084 2-315 2-610 2-828 2-904 2:876 2:741 2-447 
(v) 2:000 2-062 2-144 2:575 2-819 2-928 2-934 2-848 2-550 
(vi) 2-000) 207352320) 92-634) 2-855 92-939) 92-927 2-835, 22636 
(vii) 2:000 2:086 2:344 2-650 2-860 2-947 2:941 2-851 2-664 
Exact 2:000 2-087 2-335 2-642 2:857 2:943 2-937 2-851 2-664 


Table 7. X2 for 1so State 


SG 0-8 1:2 1°6 2-0 2-4 3-0 
Function 
(i) IO IEOS= 1-05, 1-06, 1:08, 1-08, 
(ii) 0-39, 0-49, 0-60, 0:70, 0-79, 0-90, 
(iii) 0-28, 0-31, 0-344 0:37, 0-41; 0-47, 
(iv) 0:39, 0-49, 0-605 0-72, 0:84, 1-03, 
(v) 0-42, 0255; 0-66, 0-764 0-83, 0-92, 
(vi) 0:39, 0-49, 0-60, 0-71, 0-82, 0-95. 
(vii) 0-38; 0:47, 0:56, 0-645 OB 0:83. 
(5a) 0-657 0-83+ 
Exact 0-385 0-46, 0-556 0-64, 0-72, 0-82, 


+ These values are taken from Hirschfelder (1935) who used function (5a). 


Table 8. _X? for the 2po State 


aN 0:8 i 1-6 2:0 2:4 3-0 
Function 
(i) 0-63, 0-675 0-704 0:733 ORT 74 0:81, 
(ii) 1°72, 125i 1-00, 0-895 0-84, 0-82, 
(ii1) 1°50, 1:50; 51, e525 1:54, TSi75 
(iv) i oaitsy 0:97, 0-85; 0-805 0-80, 0-84, 
(v) 1:34, 1:14, 1-00, 0-89, 0-84, 0°82, 
(vi) 127, 1-06, 0:92, 0-86, 0:83, 0:83, 
(vii) 1-25, 1:05, 0-92, O35; 0-81, 0-81, 
Exact 1E23% 1:03, 0-90, 0-83, 0:80; 0-80, 


Table 9. WA for lso State 


0-8 1:2 1-6 2-0 2:4 3-0 
Function 

(i) 1:11, il Wor 1-48, LAAs 2:14, 2:87, 
(it) 0-49, 0:74, 1-06, 1-45, 1:91, 2-745 
(iii) 0.32, 0-38, 0-475 0:57, 0-703 0:92, 
(iv) 0-42. 0:57 0°73, 0-92, (lealSy 1:48, 
(v) 0-47; 0-674 0:92, 1:24, 1:62, 2°34, 
(vi) 0-45; 0-64; 0:89, 1:20, ez De Sihe, 
(vii) 0-44, 0-625 0-84, (elle 1-46, Dae 
(5a) ihe ip DAST 
Exact 0:44, 0-612 0:83, (atlas, 1-45, 2:10; 


+ These values are taken from the work of Hirschfelder (1935) who used the function (5a). 
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Table 10. Z? for 2po State 


S 0:8 12 1-6 IA) 2-4 3-0 
eer 2-01; Dey. 2°52 2°87s 3-28, 4-02, 
(ii) 5:26. 3-97. gy, 3-39, 3-48, 4-04, 
(iii) 4:57, 4-67, 4°82, 5-01, RAY, 5°70 
& 3-62, 3-08, 2:86, 2-854 3-03, 2b 
(v) 4-12) 3-693 3-385 3-31 3:48, 4:05, 
(vi) 3:90, 3-38, SAE, 3°15, 3:38, 3-96, 
(vii) 3-83, 3-34, 3-10; 3-125 3-35, 3-93, 
Exact 3-81, 3:34, S126 3-14, 3-345 3-91, 
Table 11. Transition Integrals Q for the 1so—2po Transitiont 
R 0-8 12 1-6 2-0 2-4 3-0 
=eea 
(i) S Oz 0-939 1-016 7, Bey 1-370 1-601 
Ov 0-510 0:581 0-672 0-768 0-868 1-015 
(ii) fOr 0-617 0-827! (1-018) 87nd o5 ie 1500 
Ov 0-554 0-675 0-771 0-849 0-917 1-019 
(ili) Sf Or 0-420 0-458 0:518 0:573 0-630 0-718 
Ov 0:543 0-692 0-888 1-141 1-464 2116 
(iv) ‘fOr 0:507"- 0-737).0 0-8572280-063u Ot -0s7 eo 
Oy 0-604 0-789 0-987 1-205 1-453 1-941 
(v) Or, 0-636 0-815 0-959 1-102 1-248 1-485. 
LOv 0-583 0-741 0-894 1-034 1-167 1-375 
(vi) fOr 0-614 0-781 0-940 1-090 1-241 1-480 
Oy 0-592 0-744 0-883 1-010 135 1-330 
(vii) fOr 0-607 0-764 0-914 1-060 1-242 1-446 
Ov O25 97, 0-754 0-904 1-047 1-199 1-434 
Exact O.=Oy 05% 0-75, 0:90, 71-04. 9c meee 


+ Qy, is evaluated using the dipole length expression and Qy using the dipole velocity 
expression (with the exact energies). 
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Abstract. "The mathematical theory of the asymmetrical top and of triatomic 
molecules has been considerably simplified by removing two of the Eulerian 
angles from the wave equation by a special artifice. Asymptotic expressions for 
the eigenvalues of the former and the centrifugal and Coriolis corrections to be 
applied to the energy levels of the latter have been obtained in closed forms for 
values of J exceeding 9 without solving any secular equation. 


§ 1. INTRODUCTION 


N exact treatment of the asymmetrical top by wave mechanics leads to 
Wang’s secular equation of degree 27+1 in energy. For each value of 
the asymmetry parameter the secular equation can be factored into four 

equations of roughly J/2 degree. As J increases the evaluation of Wang’s 
determinant becomes increasingly laborious, and for values of J exceeding 10 the 
numerical work involved becomes almost prohibitive. But such high J values 
frequently occur experimentally. In the recent work on microwave and infra-red 
spectra it is not unusual to come across values of J up to 30 or 40. The actual 
situation is, however, much worse than this. A molecule is a deformable structure 
with internal degrees of freedom. ‘The determination of the levels of the rigid 
asymmetrical top therefore solves the problem only partially. A comparison 
with experiment is not possible without adequately taking into account the 
shifts caused by the gyroscopic forces. In an important paper Wilson and 
Howard (1936) have delineated a very convenient method for calculating these 
finer interactions between rotation and vibration. ‘Their method again leads 
to a secular determinant similar to Wang’s with two additional sub-diagonals. 
The method, as it stands, not only entails a large amount of numerical work but 
also fails to reveal the nature of the interaction terms. 

It is therefore desirable to find a simpler method of calculating the higher 
energy levels of polyatomic molecules, a method which will be sufficiently 
accurate but will spare us the trouble of evaluating a secular determinant. With 
this end in view several authors have made fresh attacks on the problem with 
considerable success. In this connection, the investigations of King (1947) 
and Golden (1948a) deserve special attention. King makes no attempt to 
calculate the interaction terms and using the old quantum theory obtains an 
asymptotic expression for the rotational levels of the rigid molecule for large 
J-values. It will be seen in §3 that his formula agrees almost exactly with the 
first approximation of the BWK method. 

Golden adopts an entirely different procedure. By studying the energy 
matrix of the asymmetrical top he finds that the limiting form it assumes, when J is 
indefinitely increased, differs only slightly from that arising in the characteristic 
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value problem of Mathieu’s equation. He, therefore, takes Mathieu’s equation 
as a substitute for the zeroth order Hamiltonian. 'To get better approximations 
the equation is then modified by adding to it suitable perturbation operators 
which take account of the smaller elements of the matrix. He applies the same 
technique to the computation of the interaction (Golden 1948 b) terms and, thus, 
in a way solves the problem completely. 

Although the approach is altogether different, Golden’s method and ours 
have one feature in common, namely, the reduction to a one-variable problem. 
In the following section it will be shown how this reduction can be carried out. 
The success of the method rests on the fact that from certain combinations of 
the angular momentum operators the Eulerian angle @ can be removed by 
giving @ the special value 7/2. The exact differential equation in one variable 
obtained in this way closely resembles Mathieu’s equation confirming Golden’s 
investigations. ‘The same method has been used to compute the interaction 
terms in triatomic molecules by a perturbation treatment. ‘They come out as 
integrals over an eigenfunction of the ordinary differential equation to which 
the problem of the rigid top has been reduced. For the highest and the lowest 
energy levels corresponding to a particular value of J the results assume 
surprisingly simple forms, if, for the eigenfunction, the first approximation of 
the BWK solution is.used, and some other simplifications are introduced. 

The results given in this paper are only asymptotically correct, and begin 
to be valid as J approaches 10. On the other hand, just at this stage the numerical 
solution of the secular equations becomes laborious. 


§2. REDUCTION OF THE HAMILTONIAN FOR THE ASYMMETRICAL ‘Top 
In terms of the Eulerian angles 0, ¢, y, the components P,, P,, P. of the 
total angular momentum are 


Lr 


A 5 rs) 
Pe 7| sin Pap + cot 8 cos ‘a | 


Z 


b= 4 [cos 65, — cot @ sin 6x | , P.= 7a 
if 0/0y=0. ‘The Hamiltonian of the asymmetrical top and of triatomic molecules 
(see §4) involves only the operators P.2, P?, P2, PPix PP. and P.. From 
these five operators the Eulerian angle 6 can be removed by giving 6 the fixed 
value 7/2 and’making use of the total angular momentum equation 
PEP PPPS P= 0" eee ee (1) 

where, for simplicity, we have written P,, P,, P, for iP.,/h, iP,|h, iP|h 
respectively. It is clear that this simplification is not possible for an arbitrary 
combination of P,, P,, P.. Carrying out the reduction, we have 


P= —sin® 6 (S55 +F) —t sin og o 

H i r) 2 9 ad 

Fa a eee: 0 

Pj =— Cos AG. +F) +4 sin AF as 

Pe tly be sine, & +F) — cos ip fe 


2 


Pe= 55, with F=J(J+1). 
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The wave equation 


Z.\ A b C 


for the asymmetrical top with moments of inertia A, B, C then reduces to an 
ordinary differential equation in ¢. This only means that we are confining our 
attention to the value of the wave function on the equatorial line 0=7/2. The 
function defined by these values will obviously be an eigenfunction of the 
ordinary differential equation, and hence some of the eigenvalues of the latter 
must be identical with those of the asymmetrical top. This argument fails only 
when the wave function vanishes identically for 0=7/2. We are therefore 
to search for the eigenvalues of the asymmetrical top among those of the ordinary 
differential equation, which, on introduction of the asymmetry parameter 
k=(b—a)/(2c—a—b) and the reciprocal moments a= #?/2A, b=h?/2B, c=h?/2C, 
assumes the simple form 


ee 
E (Gat?) +he' +n |u=0 eee (2) 
where g=1-k cos 24, w=(E-—cF)/{c—h(at+b)h. ee (3) 


Equation (2) possesses an infinite number of eigenvalues which are all different 
if RAO, +1, —1. ‘To make the appropriate selection we consider the limiting 
case of the symmetrical top for which k=0. Equation (2) then reduces to 
u"+(F+,)u=0 which has the eigenvalues f+ u=m? for arbitrary integral 
values of m. But it is known that only the lowest J +1 of them give the energy | 
levels of the symmetrical top. Since the eigenvalues vary continuously with k, 
the same holds for the asymmetrical top whose levels are obtained from the 
lowest 2J +1 eigenvalues of equation (2). 

The eigenfunctions of equation (2) can be obtained by putting 7/2 for @ in 
the complete wave functions involving both 6 and ¢. ‘The latter are of two types: 


> Gp a (C08 6) « I= 2p and, > Gash) "(cos 8) © nae 2i—1)¢. 


£2 /P.2 . P22. ~P% 
(tpt yun tu 


Evidently the functions of the second type vanish for 6=7/2, and so we cannot 
say, without further examination, whether the corresponding eigenvalues are 


; ! er : see COSA a. 
contained in those of equation (2). Substitution of the series > a, ail rp in 


this equation leads to the recurrence relations 


a,_otkf (r—2)+4,(r?— F—p)+a,,3kf(r+1)=0 3 ...... (4) 
where f(r)=F—r(r+1). The possible values of » are the roots of the finite 
determinant formed by the coefficients of @,. This determinant can be 


transformed into the Wang form 
Ee ae pe et, E,. r+2— Ex, r rk f(r) f(r te Wes 


It is evident from the recurrence relations (4) that solutions of equation (2) 
of the form 
> ay—2%- oa Ce 2i— 1)¢ 


with only a finite number of terms do not exist. ‘This, combined with the fact 
that the wave functions of the second type vanish identically for 6 =7/2, leads one 
to doubt whether all the eigenvalues of the asymmetrical top can be obtained 


2 


nn 
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from equation (2). The situation, however, becomes clear by the substitution 
u=g'w, when the differential equation for w is found to be satisfied by a function 


of the type one ; 
>. 4525-1 ain (J —21— 1) 


with exactly Wang’s secular equation for p. 


Values of the Asymmetry Parameter 


In the actual computation of the energy levels from equation (2) it will 
certainly be advantageous to keep the value of k as small as possible. If we 
take B to be the intermediate moment of inertia and assume, without loss of 
generality, that |c—b|>|—al|, then the values of k will always lie between 
0 and 4. But this restriction is not necessary, and any permutation of 4, B, C 
in equation (2) must lead to the same energy values arranged in a different order. 
Interchanging, for instance, A and C, we have a differential equation of the same 
form with k’ and p’ replacing k and yw, where 

k' =(1—)/(1+ 3k), p’ =(E—aF)/{a—4(c+5)}. 
If the eigenvalues are arranged in a decreasing order, and if their positions are 
indicated by an index 7 which runs from +J to —J, then we have, from 
equation (3), 
E=3(a+b)F+G,(k){c—$(a+b)}=3(c+b)F+ G(k’){a—4(c+b)} 
where G,=F'+p,. Since the quantities c—4(a+6) and a—43(c+b) have opposite 
signs, it follows that 7’ = —7 and 
2G 5,(k) 13k) G RIS=CUBE)E SS Pee eee (5) 
For k=4 this reduces to G_,(4)+ G,(4) =2F. 

Equation (5) connects the lowest levels for a k lying between 0 and 4 with the 
highest levels for some k’ lying between 1 and §. This apparently trivial 
transformation completely changes the character of the eigenfunction and 
extends the domain of applicability of the results of this paper to the lowest levels 
for a given J. 


§3. ASYMPTOTIC SOLUTION OF THE WAVE EQuaTION 


The substitution uw=g-"4v transforms equation (2) into Hill’s equation 


o 
5 


en eine yl 
v — 26+14+J5(J+1)+ Je=e (kena (6) 

which, for large J-values, differs but little from Mathieu’s equation, and 
confirms Golden’s observation that a rough estimate of the eigenvalues may be 
obtained from a table of characteristic values of the latter. But, because of the 
slow convergence of their Fourier expansions, Mathieu functions do not form 
a convenient basis for a perturbation calculation. Since the problem has been 
reduced to the solution of a one-dimensional equation with periodic coefficients, 
the methods available for approximately handling such equations may be used. 
In this paper Jeffreys’ method (or the so-called BWK method) will be used, 
partly because of its simplicity, and partly because it leads to very simple 
expressions for the centrifugal and Coriolis corrections to the energy levels of 
triatomic molecules. Moreover, calculations will be carried out only for the 
highest and the lowest levels for which the results assume particularly simple 


Energy Levels of Triatomic Molecules 355 


forms. At least half of the energy levels for a given J will thus be covered by 
the present theory. For the intermediate levels the coefficient of v in equation (6) 
approaches zero, and it becomes necessary to change the technique of solution. 
This question and an improved method of solution will be taken up in a future 
paper. 

Returning to equation (6) we see that if the coefficient of v remains everywhere 
large, then a good approximation to the solution is obtained by neglecting the 
second term and writing with Jeffreys 

ii HEN. 32 cos fe v\ 2 fH1+F 
v= (1- ) as { (4-2) dp mwicrciiee Halr teach on.: (7) 
If the integrand is expanded in a Fourier series the condition of periodicity leads. 
to the equation 


i y\ 1/2 ; 
sad: (/- ‘) 2) —Jiiemal 1TtCCC CTs men ee ar (8) 


for the determination of vy. As J increases, this approximation improves, while 
the evaluation of Wang’s determinant becomes increasingly laborious. 
Introducing the symbols p?=f—v, w=vk/p?, we have 


f— vig =p*(1—w cos 26/g). 
Considering only values of » for which 
Wat ee ye MT ocr (9) 
expanding the integrand in a power series and retaining the first three terms, 


we have, from equation (8), the following approximate formula for the 
determination of p: 


s-1-FL6-) -]-816-~4] 


It is instructive, at this stage, to compare equation (8) with the eigenvalue 
equation obtained by King by the use of the old quantum theory, Equation (6) 
of his paper (King 1947), written in our notation, is 


1 20 
ead. IPA 
a) (P+ Hlg)!dp=m 


and this agrees satisfactorily with equation (8). This is only to be expected, 
since the first approximation of the BWK method yields the Bohr-Sommerfeld 
quantization rule. 

It is well known that the expression (7) for v is only the first term of an 
asymptotic expansion of which the higher terms can be calculated by the method 
suggested by Wentzel (1926). But an unlimited degree of accuracy cannot be 
attained by this method, since the addition of successive terms leads ultimately 
to a divergent series. This is clearly brought out by the fact that pairs of 
eigenvalues corresponding to an odd and an even function remain coincident 
in all higher approximations, whereas it is known that no two of the energy 
levels of the asymmetrical top coincide exactly, although pairs of them often 
come very close to one another. ‘The treatment given below is therefore 
applicable only to the highest and the lowest energy levels which are essentially 
degenerate. Comparing the results with the exact values tabulated by Hainer, 
Cross and King (1949), we can also form an idea of the highest accuracy attainable 

25-2 
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in this way. In the following paragraphs we shall not attempt to explore the 
full possibilities of this method, but shall be content to work out the second 
approximation which is likely to yield a highly accurate value for energy. 
Following Wentzel we therefore write 
ai 5 pee ays 
oy aa exp{ a | x84 Bak AK ee aNEEN ] ap} 
where y is the coefficient of v in equation (6). It is convenient to divide y into 


two parts 
Vv 


ghtant 
X= Not xy Xml — Ki= geese dp 


and write approximately 
Almansa > 54, 2 44 sia,» d 
v=x i" exp ti Xo? + 5X0 PX + 35 X0*(X0)”— BXo Xo | 4 r- 


Eigenvalues are now obtained from the condition that the constant term in 
the Fourier expansion of the integrand must be an integer, that is, from the 
equation 


1 a i 1 D) Mu” 
m= =| | x0" + 3X0 *?x1— GBxo Xo | db 


Iie k2 sin?6 = kcos0 v kcosé 
== I | xl te ia - 2 ar 3g \ aa by) 2 xe * | dd, 6 =2¢. 


The transformations necessary to reduce these elliptic integrals to standard 
forms are given in the Appendix. We will adopt here the simpler (and perhaps 
more useful) procedure of expanding the integrand in a series and integrating 
term by term. ‘Thus 


lye v\r 1 (2* (kcos6\* 
P 1/2 = > 1/2 
ral te pi Ke () ram g ya | 


where the C,1? are the coefficients in the binomial expansion of (1—~x)"?. The 
integrals involving @ are evaluated most conveniently with the help of Legendre’s 
formula. If (z,7) denotes the value of the integral 

1 (k cos 0)! 70 


2x J 0 e 

then, for 7 <j, 
Rey 1 vada =p) 1 bee: a, r 
GA=%)) po = GD] Sao= > a6, a8) 
where B=(1—k?)?, But for a constant term +1 which occurs only when 
t=], (2,7) comes out as a polynomial in odd powers of 8. This is the form most 
suitable for numerical work. 'To solve the algebraic equation for p, we write 

equation (10) in the form 
Fiat sca Reet a yo) | eee ae YS Re Se (10’) 

and make use of the fact that f(p?) is of the nature of a correction term small 
compared with unity. Starting from a trial value of p? we can get in a few steps 


a highly accurate value by repeated substitution in the right-hand side of 
equation (10’). 


: 
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For the case of maximum asymmetry corresponding to k=4, the series has 
the form 


108 x f(p?) = — 30-330 086x — 8-990 294.x2 — 1-201 758x3 — 0-422 269.x4 
— 0-117 746x° — 0-043 04x06 + 5 [22-74756 + 1-055 83x 
— 8-990 29x? — 3-567 42x8 — 2-363 1x4 — 1-141x°] 


with x=v/p*. The energies of sixteen out of the twenty-five levels for J =12 
have been calculated by this formula and are given in table 1. The results are 


found to be in excellent agreement with the exact values given by Hainer, Cross 
and King (1949). 


Table‘1. Values of p* for J=12, kR=4 


Level Exact Our values King 
IDES 144-717 59 


bas 144-717 59 144-717 58 144-7000 
AGS oo cer 23117166 912351470 
13° oe : 103-6934 103-6376 
ip fe soa, 80703 86-2860 


The figures in the second and fourth columns are taken from 
Hainer, Cross and King (1949). 


§4. REDUCTION OF THE WILsoN—HowarpD HAMILTONIAN FOR 'T'RIATOMIC 
MOLECULES 


Wilson and Howard (1936) have shown how to write the quantum mechanical 
Hamiltonian of a vibrating and rotating polyatomic molecule in a convenient 
form. ‘The procedure suggested by them will be closely followed in our 
treatment of the triatomic molecule. 

If the z-axis of the moving coordinates is taken to be perpendicular to the 
plane of the molecule, two of the products of inertia vanish, and the motion of 
the atoms remains confined to the xy plane, so that the angular momentum 
relative to the moving system can have no component in this plane. If the 
moving x- and y-axes are next chosen in such a way that this angular momentum 
vanishes to a first approximation, then the classical kinetic energy of a triatomic 
molecule assumes the simple form | 

ODP Pe P ehh tyyh gt iol Py —Pe) +> De 
where the p, are momenta conjugate to the normal coordinates g,, p, is the 
vibrational angular momentum, and the p,, are certain functions of g, whose 
exact forms depend on the structure of the molecule and its force constants. 
The corresponding Hamiltonian operator is 


H= peek ot Ck dad yk) peg ley | 
; TP ? 
+$pul? (; P.-p.) Meg me G P.-p.) Eas Pras V pees CL) 


where yp. is the determinant of p,,. 
We notice that in the Hamiltonian (11) the operators P,, P,, P. occur only 
in the combinations P,?, P,?, P,?7, P,P,+ P,P, and P,. It is this remarkable 
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circumstance which leads to the possibility of applying the method of $2 to 
triatomic molecules. A glance at the formulae listed there shows that if we set 
@=7/2, and make use of the total angular momentum equation (1), then the 
Hamiltonian is reduced to a form in which the coordinate 6 no longer occurs. 
According to our previous arguments, some of the eigenvalues of the reduced 
Hamiltonian must be identical with those of (11). The task of finding out the 
energy levels of triatomic molecules by a perturbation treatment thus becomes 
considerably simplified because, instead of having to solve a formidable secular 
equation, which gives us no insight whatsoever into the nature and magnitude 
of the correction terms, we need only take averages of operators of the type 
P.2, PA, etc. over an eigenfunction of equation (2). Moreover, since these 
correction terms are always small an approximate evaluation of the integrals 
will be sufficient in almost all cases. 

Following the customary procedure we can write the reduced Hamiltonian 
as a sum of three parts H®, H®, H® of which H® is separable in the vibrational 
and the rotational coordinates. The solution of the equation (H®— £)/%=0 
is the product #y%p° of an eigenfunction of equation (2) and three harmonic 
oscillator functions corresponding to the three modes of vibration of the molecule. 
When these are taken as the basis for a perturbation calculation, it is found that 
the first-order correction E™ to energy vanishes exactly. ‘The second-order 


correction E® has the value 


es | (py pp?) HP py pp? 


ae, || (by hp) * HO py bp | yin?) Hn? | / (EY — B®), 
R” i J 


In evaluating the series on the right-hand side great simplification is achieved 
by setting E\Y?—EM,, equal to EY—EW because the summation over the 
rotational functions for a particular value of V” can then be conveniently carried 


out by means of the formula 
¥ (| 7|o"V(o"|S]o)=(| 780) 
with the result that E® assumes the particularly simple form 
EO = pt.g, Pat aha (e, bi lata 3 eae ee eee (12) 


where, for brevity, we have written P,, P,, Ps, P, for P,?, P,?, P.2, P,P, + P,P, 
respectively. ‘The bars indicate averages over the rotational function, and 
p, o, and 7,, are combinations of integrals over the vibrational functions. 
A careful examination shows that in equation (12) we can set 7,,=7T2,, o4=0,; 
and r,,=0 for «4, partly because P, and P, convert odd functions into even 
and vice versa. 

The method outlined above is applicable to the general triatomic molecule 
of the XYZ type. For symmetric molecules of the XY, type the coefficients 
P> % Top have been evaluated by Shaffer and Nielsen (1939) in terms of the 
molecular constants. ‘Their work, supplemented by the results of the following 
section, puts the theory of symmetric triatomic molecules in a very convenient 
form. We have now an analytic formula for the energy levels analogous to that 
for diatomic molecules, 
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§5, ANALYTIC EXPRESSIONS FOR THE CORRECTION TERMS FOR LARGEJ-VALUES 


In calculating the average values of the various operators we observe that 
the eigenfunctions uw of equation (2) are orthogonal with the weight factor g-"4, 
so that it is necessary to multiply the integrand in every case by g-!”._ For example, 


(2 2a d2 e2at 
P,=N2{ gy TS dg where 1/N®= | glu? dé. 
0 dd Jo 


Using equation (2) and integrating by parts, we have 


—_ 1 3 g 2 ae 
P,= —N*/ iat] (7-2) -145+5(E) 75 |e aero 13 
3 Loge? 2 pa heg 4¢ ) (13) 
ad 1/N®= | gt0® de 


where v=g14u is a solution of equation (6). 

To a first approximation, all other terms in the integrand can be neglected 
in comparison with f—v/g, which predominates over the rest for large J-values. 
Moreover, since we are dealing with small correction terms the approximate 
form of v given in equation (7) may be used without any serious error. With this 


form of v, he a E ree 2) (/- “" as | aces ie (14) 


= 5 
which contains a rapidly oscillating function of ¢. It will be convincingly 
demonstrated in the next section that in carrying out the integrations this 
oscillatory part can always be neglected if J exceeds 9 and vr satisfies the 
inequality (9). This is a lucky state of affairs, for if the situation were otherwise 
it would not be possible to carry out the integrations (even numerically) and 
give neat analytical expressions for the correction terms. 
Introducing all these simplifications we get the surprisingly simple result 


similarly 


sa 20 = 
P,= —1N* | g*sin® x9 "dp, P,=— ZN?v 
5 ‘ 


“20% 


go cos? dy, 1 dd. 


0 


It is, however, unnecessary to calculate the correction terms involving o, 
separately, as their effects can be fully taken into account by introducing effective 
moments of inertia which depend in a simple manner on the vibrational quantum 
numbers. The centrifugal expansion terms, quartic in the components of 
angular momentum, cannot be disposed of so easily. ‘To a good approximation 


these seven terms can be represented by simple analytic expressions of the type 


—. 2a 
PA=4N? | Py a a eS (13) 
0 


Correlation with Experiment 
The analysis of the far infra-red spectrum of water vapour by Randall, 


Dennison, Ginsburg and Weber (1937) affords a means of testing the correctness 
of the theoretical results obtained here. After making the best choice of the 
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effective moments of inertia they find, for the higher energy levels, a discrepancy 
which they attribute to the centrifugal distortion suffered by the molecule during 
rotation. In the highest level for J=11 it amounts to 279 cm, that. is,.3°7°% 
of the term value. The present work makes it possible to calculate this difference 
theoretically with the help of simple formulae of the type (13’) for P, Ps. An 
elaborate comparison of the theory with the experimental findings of these 
authors has been undertaken, but is being delayed by certain unavoidable factors. 
The results of a rough calculation for the highest two pairs of levels 11,,, 1119, 
and 11,, 11, of H,O are given below and are seen to be quite encouraging. 

In carrying out the calculations we have made free use of the valuable formulae 
placed at our disposal by Shaffer and Nielsen (1939). It can be easily shown 
that any permutation of the operators P,, P,, P, in the equation (35) of their 
paper leaves the values of energy unaltered. To make the numerical value of k 
smaller than 4 we interchange P,, and P., and observe that in the resulting 
expression the term involving P,* makes by far the largest contribution to the 
energy of the highest levels. Neglecting the contributions from the remaining 
six terms we therefore get the following rough estimate of the correction E® to 


energy: 
he NS fcos* sine yy \ == 
Ban 4/ ) ( os 2) PY? cor 


87? A oc Po Vo 


where v,=3825 em 1, ve=1654sem4, “h/Sm@Ayee 27-33 cnr) he wengce meme 
potential constants given by Herzberg (1951), the value of y comes out to be 
— 50° 38", An examination of equation (13’) shows that, for the highest levels, 
P,? is very nearly equal to the fourth power of an integer. Inserting all these 
values in the above expression we have 


He =294cm-1, for the levels'11,,, Use 
and E® =201 cm~4, for the levels 11,, 11, 


to be compared with the experimental values 279 cm and 194 cm“ respectively. 
For an accurate calculation of E® the small contributions from the remaining six 
terms must be added to them. 


§6. An Estimate or THE INTEGRAL (15) BY THE SADDLE-POINT METHOD 


_ The method outlined in the previous section for computing the correction 
terms would be of little practical use if the value of the integral 


ae ib E 2) xo? a | pie ke | exp liv i; (1 ss esi) av} ] dé 


Pa 
Z J exp [Fd (15) 
were not negligible compared with unity for the range of energy levels considered 
in this paper. This, fortunately, turns out to be the case, enabling us to avoid 
the most troublesome part of the calculations. The difficulty would not be so 
great if a tolerably accurate value of the integral could be obtained by the 
numerical method. But the rapid oscillations of the function on the real axis 
make even a numerical integration impracticable. 
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To show that the integral has a negligible value we apply Debye’s saddle-point 
method in a slightly modified form. Since the integrand has a period 2z, it is 
possible to shift the line of integration along the imaginary axis without altering 
the value of the integral until a point is reached where F’(9) vanishes. According 
to the customary procedure the path of integration is to be a curve passing 
through this point and satisfying the equation, Im F(#)=const. In the present 
case the analytic form of Im F(6@) turns out to be so complicated that it is found 
more convenient to choose a straight path of integration parallel to the real axis. 
On this line L the real part of F(@) becomes large and negative and an upper 
limit to the absolute value of the integral can be set without much difficulty. 
In the majority of cases this upper limit comes out to be so small that it is only 
under exceptional circumstances that a closer investigation by the numerical 
method becomes necessary. ‘These points are clearly brought out by the 
following discussions. 

Let 0=u+z2v, and let 6)=iv)=7 cosh"11{(1 —a)/k} =7 cosh“! (b/k) be the 
saddle point. For 0<uw<z, and 0<v<vwp, the imaginary part of (—1+a/g) is 
negative, and therefore the point representing (—1+a/g)"? in the complex 
plane lies either in the second or the fourth quadrant. ‘To decide between the 
two we observe that, for w=0, the point lies on the positive part of the imaginary 
axis. Because of continuity the point cannot leave the second quadrant as u 
changes from 0 to z, and hence the real part of (— 1 + a/g)"* must always be negative 


except at the extreme points 7zv and 7 +7v where it vanishes. The real part of the 
ru 


integral | (—1+<a/g)'? du on L, therefore, attains its maximum value at u=0, 
O 


and hence exp{F(iv))} may be taken to be an upper limit to the value of |.4]. 
We now show by concrete examples that in the majority of cases, this upper 
limit is quite small. 

It is easily seen that the value of the integral 


DAP Reni = Messe) Padme OO he Jeed. (16) 
+0 


steadily decreases as a and k increase. Since in the discussion of the rigid top 
levels, a and k were subjected to the restriction vk/(f—v)< +4, that is, a< 1/(1+ 4k), 
an extreme case will arise for k=} and a=?. Although an exact integration can 
be carried out with the help of elliptic functions, the simpler procedure of 
replacing cosh v in (16) by 1+sv, with s=(b/k—1)/v), may sometimes be 
adopted with advantage if it does not lead to too low an estimate for J. 
Introducing this simplification we can write 


I>l'= © 1 alate Np ae ba {x(x + 1)}12— sink va 
. =|. ~ 1—A(1+sv) Gees Ge J . 


For k=4, a=2, this simplified integral has the value 0-490. Since f >111 we 
have, finally, |.47|<exp (—10-5x0-490)=1/171. If this is not considered 
sufficiently small the limit can be pushed down further by using the exact 
expression for J given in the Appendix. For the same pair of values of a and k 
we find, after some numerical work, that J=0-562, which gives the upper limit 
|.4|<1/365, and this is already so small that the integration along L becomes 
unnecessary. It is evident from the behaviour of the function on L that, if this 
integration is performed, the value of |.7| will drop to a small fraction of this. 
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Our discussions will be incomplete without some remarks about the 


integration along L which becomes necessary, sometimes, for the following 

¢ ’ ‘ 

two reasons. The multiplier of cos 2 | yo? dd in the equations (13) and (13’) 
J0 


is never a constant but a slowly varying function of ¢, which, on Fourier 
expansion, yields terms of the type cos 2r¢ with rapidly decreasing coefficients. 
Secondly, the restriction (9) on the values of a and k, necessary for an accurate 
determination of the rigid top levels, may be somewhat relaxed in the computation 
of the correction terms. For k=}, a=4, for instance, we have I’ =0-339, 
| .£|<i/35-5; 1=0-399, |.%|<1/66-7. Thus an increase in the value of a 
by so small a fraction as 1/14 raises the upper limit by a factor 5-47; (We 
therefore set down below the formulae required for an approximate integration. 
The real part of 


: /f a(l—bcosu) Zsin3Zu 
te 7g rapes ‘VE eas 
where M?=a?+4sin? $u(b—k? cos? iu). The expression (17) behaves like 
—[fu(b? — k®)!2/(2a)}!? near u=0, vanishes again at w=7, and passes through 
one minimum between these two points. For a=3$, k=4% the values are given in 
table 2. 


1/2 
(62 — k? cos? ju) | ava (17) 


Table 2. Values of Re F’()/4/f on L for a=3, R=} 


u m/12 a/4 a/3 m/2 
Values —(0-246 —0:218 —0-177 —0-108 


The function (17) is too complicated to admit of even an approximate 
analytical integration. By a closer study of this function, however, it appears 
quite possible to construct another simpler function which at every point has 
a higher value and at the same time gives a good estimate of |.%7|. But until 
that is done we have no other alternative but to resort to the numerical method. 
It is evident that this second estimate will also be an upper limit much higher 
than the actual value of |.%| because it has been obtained by setting the 
imaginary part of F(@) equal to zero. 

A rough estimate of | .4|, which is likely to be of the right order of magnitude, 
can be obtained by replacing the function (17) by its approximate form near 
u=(, and extending the domain of integration to infinity. Thus 

1/2 


| ¥|exp(—+/fl) : he 5 | - 31% (2 aay) use| oF 


= exp(—4/fl) 2 AG a gaya r@). 


For a=}, k=}, J=10, this has the value 0-107 exp (— 4/fI). 


‘The foregoing discussions leave little room for doubt that in the calculation 
of the correction terms of §5 the error caused by neglecting the troublesome 
part of the wave function will always lie below those arising from other 
approximations in the theory. 


ACKNOWLEDGMENT 


For interest and encouragement I offer my sincerest thanks to Professors 
S. N. Bose and M. N. Saha. 


Energy Levels of Triatomic Molecules 363 


APPENDIX 


All the integrals occurring in this paper can be evaluated exactly in terms 
of elliptic functions. Out of them we select only the following two for a detailed 
discussion. 


l= 


cosh— 1! b/k 
{ (eat occch oy eres eee (18) 
1) 


i | [1 -a/(1—Reosayp a0, ae (19) 
0 


The first of these is identical with the integral (16) of the last section and the 
second, multiplied by \/f/7, is the dominant term in the eigenvalue equation (10). 
The remaining integrals involve the same irrational function, and, therefore, 
require the same elliptic function substitution for a reduction to standard forms. 

As they differ very slightly in form, the two integrals can be considered 
simultaneously. Rationalizing the numerator and writing y=kcoshv in (18) 
and y=kcos@ in (19) we have 


h= { (-y)l- Diy —O)(y*—AYdy 


+k 
= fee (6—y)/[(y— 1)(y — 6)(k?2 — y?)}#? dy. 
‘The two can be brought into the common form 


is [@ — IIL (y— I(y — 8)(y? — R?)]}*? dy 


where the limits of integration in the two cases are, of course, different, and 
the upper sign is to be taken for J, and the lower for /,. The homographic 
substitution t=(y—«)/(y—f) transforms J into 


eed, 
T= — V2{a=P) | ap + V20~-8) | —V20-P) | qe 


= [04 724 J) 
where E=[+(A,t?—B,)( — Agt? + B,)}#?. 
x, B are the roots of the quadratic equation 
(1+ 5)x?— 2(5+ k?)x + (14+ 5)k?=0 
a being greater than 8. A,=1+5—2f8, Bj=1+b—20, A,=f, B,=«. 

I® is an elementary integral, while /® and J® are elliptic integrals of the 
first and third kinds respectively. The following results can now be easily 
established, if 0<k<db<1: 

G)y-ap =k’, 

(i) baal, 

(iit) k?<B<k, 

(iv) A, ={(1—A2)H2-+ (62 2)12((1 45) =0, 

(v) By= {(1—Hy2— (02 R22 }7/(1+8)>0, 

(vi) A,B,—A,B,=(1+5)(a—f)>0. 

It will therefore be possible to rationalize the denominator by the substitution 
(A,/B,)"?t = dnu where the square of the complementary modulus «’? = 4,B,/A,B,. 
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When this substitution is made, and the limits of integration are determined, we 
have fom 
0} 1/2 : 
Oe Naeaane —B)K, [= (zm) b—p)2K 
i= (se) O-AK  h=(qe) O-P) 


2 \12  (K+2iK’ 2 
omelet bos 
A,B, 2K’ x — 
( Seyi a 
f 22a) Bi) (ee * 


It can be shown by very simple arguments that for the above limits of integration 
both J,® and J, vanish. 
To bring 7® into the standard form we write 


=i 
K2 sn? ’ du 
x 


ea 1/2 
ksny= () with O<y<K. 


This is permissible, since « — B/K2«=(1+6-—28)/(1+6)<1. With this meaning 
a [L9==KZy),  18=—-2K’Z(y)+a(1—y/K) 


where Z(y) is Jacobi’s zeta-function. 

The final results are thus quite simple and can be used with advantage in 
numerical work. The correctness of these expressions can be tested by giving 
b and k special values which make an elementary integration possible. ‘The values 
chosen by the author were b=1, R=0, D=R. 
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Abstract. Rotational analyses of the 1,0,0,0 and 0,1 bands of the B system 
of NS have been carried out. It is found that the transition is 2A—?II and not 
2]1-*IT as has hitherto been supposed. The rotational constants of the state 
A?A are: B,=0-6960,—0-0069; (v+4); 7,=1:576,A. In the same spectral 
region there occur the c?X—x?I1 system (y-bands) and other weaker bands which 
may belong to a system B(7I1)—x? IT. 


$1, INTRODUCTION 


OWLER and BakKER (1932) obtained two systems of NS in emission, 
} and designated them y and f on the grounds of their general similarity 

to the y and f systems of NO. ‘The vibrational analyses showed that 
both systems have the same lower state: that this state is the ground state of NS 
has been shown by the observation of the 1,0 and 0,0 bands of the y system in 
absorption (Barrow, Downie and Laird 1952). The double double-headed 
violet-degraded bands of the y system were attributed to a B24 +—x?II transition, 
and this was later confirmed by the independent rotational analyses of Zeeman 
(1951) and Barrow, Downie and Laird (1952). Fowler and Bakker’s vibrational 
analysis of the red-degraded pairs of bands of the 8 system was confirmed by 
Zeeman. 

There are in addition a number of red-degraded bands in the region 2380 
to 2770A, whose intensities appear to bear a constant relation to those of the 
B system, but which do not fit into the vibrational analysis of this system. 
These bands have been obtained under a variety of conditions and seem also 
to arise from NS. 

For many years it has been considered that the 8 system of NS, by analogy 
with NO, arises from a “II—*II transition. However, a comparison reveals 
certain differences which lead one to doubt whether the two systems are indeed 
analogous. For example: (1) ‘I'he ratio of the force constants of the upper states 
to the ground states, taking the mean values for the doublet components, are 
0-61 and 0-30 for NS and NO respectively ; thus there is much stronger binding 
in the upper state relative to the ground state for NS than for NO. (ii) The 
vibrational constants for the two doublet components of the upper state in NO 
are nearly equal, but in NS they differ appreciably. ‘This produces an anomalous 
effect in NS, since with the ground state doublet separation 223 cm™! the 
doublet separation in the upper state a is approximately 38 cm™! when obtained 
from the v’=0 level and approximately 24 cm“ from the v’=1 level. 
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Barrow, Downie and Laird (1952), from a partial rotational analysis of the 
B system based on moderate dispersion plates, have suggested that the transition 
may be 2A-*II, No rotational analysis of a 2A-2]T transition between states 
in Hund’s coupling case a appears yet to have been made, and the authors 
interest was aroused in a complete analysis of the B NS system from high 
dispersion plates. In addition, an analysis of one of the unassigned bands could. 
lead to the identification of the transition responsible for this groups of bands. 
Plates photographed on 4th, 6th and 8th orders of a 21-ft concave grating 
(Zeeman 1951) were used for the analysis. 


§ 2. INTERPRETATION OF THE ROTATIONAL STRUCTURE OF THE B SYSTEM 

The ?II ground state has 4~223 cm and Y~288, and approximates to 
Hund’s case a. The observed separation from the band-heads with v’=0 is 
185 cm~1, so that the splitting in the upper state is 223 — 185 = 38 cm + (low-lying 
inverted states are not expected). This doublet separation is large enough to 
suggest that the state is fairly close to case a at least for low J values. If the 
selection rules AA=0, +1 and AS=0 hold, then the possible transitions for 
the 6 systems are 

2yII(a), 11(a)-*II(a), _ ?A(@)*T (a). 

The first, however, is ruled out since the observed doublet separation is too big 
for a & state, so there remain the other two possibilities. 7II(a@)—II(a) will 
consist of the sub-bands 7II3/.—*I15). and 7I1,/—*I1,)., each possessing strong 
P and R branches and weak Q branches. All the rotational lines are subject 
to A-doubling. 

For ?A(a)-*II(a) the sub-bands are 7A;/.—*I 15). and 7A3/.—*I1,/., each consisting 
of A-doubled P, Q and R branches with the Q branches the most intense. 


Preliminary Examination 

Examination of the 0,0 band revealed the following features: (i) The short- 
wavelength sub-band shows distinct doubling away from the head, which is not 
obvious in the long-wavelength sub-band. This suggests that the former is 
7Asjo—" UH y/o or 7IT,j2-*N/2, and that the upper doublet state is regular. (ii) A series 
of strong lines seem to form one branch, and there appear to be two other 
branches, one of them fairly weak. The strong branch is probably a Q branch, 
and the transition 7A—*IT, 

Detailed Analysis 

The 0,0, 1,0 and 0,1 bands were measured on the sixth order plates, where 
the dispersion was about 0-424 mm~ and in a favourable case two lines 0:25 cm-! 
apart were just resolved. ‘The measured lines and their assignments appear in 
tables 1-6. 

‘The analysis proceeded on the assumption that the transition is ?A(a)—*I1 (a). 
Some difficulty was experienced in the identification of the branches in parts of 
the 1,0 7Asip*IT 1/9, *Asjo—*I15/, and 0, 1 2A,/.—2I14/. sub-bands due to overlapping 
by the 0,2 y band, 2,1 8 band and 1,2 £ band respectively. The Q branch in 
each sub-band was easily picked out since it consisted of most of the stronger 
lines. ‘The analysis was then carried out without difficulty: it was confirmed 
by a comparison of values of A, F’(J) with those calculated from Zeeman’s (1951) 
figures for B’ and D”. The agreement between the A, F’(J) values is such as 
to leave no doubt that the transition is correctly 2A—?II and that the present 
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identification of the branches is correct. Unfortunately the structure right up 
to the R heads is not clearly resolved, so that it is not possible to confirm the 
nature of the transition by the criterion of missing lines. 


Evaluation of Rotational Constants 


In view of the good agreement of the values of A,F’(J) and of A,F’(J), 
Zeeman’s values for the rotational constants for the ground state were accepted. 


Table 1. 0,0 Band ?A,,,.*II4/. 


J P(J) Qi) R(/) J P(J) Qi) R(/) 
a4 39688-78 334 39557-59  39604-53 39652-99* 
41 39682-22* 88-18* 344 51:31 599-53 49-31 
54 79-78 87-30 354 44-92% 94-48% 45-37 
64 77-01 86-36* 364 38-12* 89-10* 41-67 
74 74-62* 84-95 BI4 31-59 83-98 37-58 
gi 72-45% 83:80  39696-81H 384 24-45 78-29 33-44 
91 68-81 82-22* 96-81H 394 17-50 72-56 29-10 
103 65-73* 80:53* 404 10-19 66-79 24-63 
114 62-54% 78-65* 414 02-94 60-78 19-77 
123 59-27* 76-68 421 495-36 54-55 15°16 
134 55-70 74-62* 432 87-60 48-25 09-89 
144 52-14 72-45* 94-06 441 79-79 41-70 04-89 
154 48-28 69-97 93-27 454 71-71 35-12 599-89 
164 44-47 67°57 92-02 464 63-60 28-42 94-48* 
174 40-43 64-92 90-62 474 55-36 21-29 89-10* 
184 36-26 61-96 89-50 484 46-84 14-21 83-02 
193 31-85 59-27* 88-18% 494 38-15 06-99 1755 
204 27-64 56-27* 86-36* 504 29-26 499-92* 71-18 
ait 22-98* 52-99* 84-66 Ste 20:79 92-13 64-83 
224 18-55* 49-75 82-65 524 84-20 58-21 
234 13-39 46-32 80-53% 534 02-15 76:31 51-81 
244 08-42 42-73 78-65* 544 392-59 68-29 44.92* 
254 03-13 39-07 76-35 554 83-08 59-84 38-12* 
264 598-03 35-26 73-94 564 73-10 51-36 31-07 
274 92-73 31-24 71 -26 574 42-64 23-54 
284 87-18 27-20 68-54 584 33-86 15-99 
294 81-56 22-98* 65-73* 594 24-86 08-18 
304 75-86 18-°55* 62:54* 604 15-42 499 -92* 
ate 69-92 14-03 59-27* 614 05-93 91-48 
324 63-83 09-27 56-27* 624 396-10 83-27 
‘ 634 85-95 73-99 

644 75-39 65-61 


*—blended line. 


The best methods of evaluating the upper state constants is to utilize the strong 
Q branches. The calculations were done in two ways : 
(1) For case a we have, neglecting terms in AD, 
OJ) =r)? + ABM g A(T +1) 
Q,(J) = 199 + AB oJ (J +1) 
where AB,=[B' op —(B’ oe +5,)] and Q,(/) is the mean of the A doublets for the 
2A3/-711 4). sub-band. 
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Pea) 
39867 -34* 
63-02 
60-22 
Ds: 
54:34* 
Silesy Ee 
48 -06* 
44-66 
36°91 
SPe7/i! 
29°33 
24°59 
20°19 
ess 
10-66 
05-36* 
00-37 
iO Dali 
89 -76* 
84-36 
78-10 
72-30 
66-43 
59-98 
Deal 
47-11 
40:18 
33°39 
26:28 
19-02 
12-60 
04-49 


Table 2. 0,0 Band 2A,j~7I1,/. 


P. alt ) 


66-06 
59-65 
53-03 


46-73 
39-70 
33:09 
25°94 
1lfs}97/'5) 
11-67 
04-15 


Qa) 

39875-12 
74:39 
73:°82* 
72:90 
71-79* 
70-30* 
68:98 
67°34* 
65-78* 
63-55* 
61°31 
59-23 
56:79 
54-34% 
By las lee 
48-63 
45-45% 
42-04* 
38:-65* 
5215 
31-36 
27°31 
23°27 
19-09 
14-53 
09-92 

05-36% 
00-37 
795-47 
89-97 
84-67 
79-41 
73-66 
67°88 
61-82 
55-88 
49-42 
43-09 
36:49 
29-80 
23-01 
15-82 
08-76 
01-29 


QA) Real ) 


05-20 
00-16 
TIS 


89-76* 

84-36* 

79-06 

TOSS 

67°51 

61-45 12-84 
55:30 08-02 
19) OSE OW) 


42:66 798-07 
36°04 93°47 
29°39 87-94 
PTE 82°25 
5629 76-60 
08-13 71-00 
00°77 


*—blended line. 


39879 -11* 
80:30* 
81-04* 
81-90 
81:90H 
81:90 


$1-04* 


80-30* 
UPA, 
FILL 
UUELS 
76°88 
75°57 
ToO2 
TET 
70:30* 
67-98 


65-78* 
635594 
60-74 
58-41 
55°24 
a2 24 
49-10 
45-45* 
42-04* 
S8:655 


34-45 
30-52 
26-35 
21-98 
17-83 


Rac(J ) 


122 
08-02 
03-01 
7197-54 
92-91 


87°54 
82-09 
76°60 
70°54 
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A preliminary value of AB, was first found for each sub-band by plotting 
Q,(J) and Q,(/) respectively against J(J +1). Attempts were then made to 
adjust AB until a constant value of v) was obtained for all Q lines in a given 
sub-band. It was found unnecessary to introduce a AD term, so that D’~D". 
However, the values of the v, derived in this way are not constant with J. 


Jablea™ 071 Band2A,.—lle5 


J PJ) QV) R(/) J P(J) QU) R() 

43 3848416 34% 38355-02  38403-29* 38452-99* 
53 83-56* Bi 48-91 Spe AD -5 7% 
63 82:44 364 42-88 93 :80* 46-16* 
73 S139 374 36:54 88-88* 42-73* 
83 80:20* 385 30:04 83 :84* 39.13 
9s 78:62* 38493-31H 393 23°38 78°61 Soi 
103 dS 2 OSasiiEd 403 N@edz USI 31-33 
11% 75°67 413 09-92 O77) 27:16 
123 38456-28* 73:86 423 02-95 62:12 22-86 
13} So) TAESOR 4343 IES 56:35 18°55 
143 49-57* 69-82* 91-25 443 88-47 50553 13°74 
154 46-16* OF255* 90-68 AD 81:13 Aa AS 09-16 
163 B23 65:39 89°81 463 73-60 38°22 04-43 
173 38-39 62-97 88:80 ATs 65:96 32:03 399-14 
183 34°49 60:48 87:72 483 E09 25-48 We ils 
193 30°58 SY) C78) 86:64 494 49-63 sei) 89-39 
203 26-19 54°97 85-11 503 41°59 Nes 83:84* 
DAs 22 NG 52-06 83:56* Sly, 05-10 Aieoiles 
22s LESS AOS 82-05 52% DO TEE UAB 
23% 13-00 49-93 80:20* 534 Her 66°45 
243 08-28 ADT 78:62* 543 83°34 60-09 
253 03-29% 39-33 76:50 Dae 75°78 53-88 
264 398 -62* 35°88 TEDL 563 68-16 aS 
27s 93 -80* 32°24 Eos Shs 60:07 40°58 
285 88 -88* 28-41 69-82* 583 51:69 33°85 
294 83-14 24°58 O72 55 593 A322 
303 Tie i 20°58 64°72 
31% VLD 16-41 62-06 
324 66:73 ZO SgA9 
334 60-90 07-73 56-28* 


* —blended line. 


Although there is a considerable range of J values over which vg is constant 
for the 0,0 and 0,1 bands, there is in particular a drift at high J values, which 
occurs in opposite senses for the two sub-bands. ‘The fact that identical 
deviations are observed for the 0, 0 and 0, 1 bands confirms the rotational analyses 
for these bands. The values of v) calculated for the 1,0 band are still more 
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38656:31* 


84-60% 
78-79% 
73-28* 
67-49 
61-22 
55-44 


43-92% 
Aaa) 
36:61* 
ZOES oi 
MD 
16:03 
09:28 
02:08 


53°49 
50:82 
47-57 


44.87 
41-49 
37-80 
33-87* 
30-47* 
26-45* 
22-59% 
18-25 
13-58 
08-92* 


04-41% 

599-71 
94-54% 
89-21% 


Table 4. 0,1 Band 7Agj—*I1y/ 


Pac(J) 


Oaanet a 
78°37 
72°66 
67-08 
Ole22 
55544, 


Ay Wy 
42 :-36* 
36:06* 
ZOE 
UMD 
16-03 
09-28 
01-72 


Qa(/) 
38670-59* 
69-73 
68 -89* 
67-92 
66:72 
65-09% 
64:09 
62:-39* 
60:°34* 
58:97 
56:Sike 
54-46 
51°59 
49-04 
46-48* 
43 -48* 
40-35* 
S725 
33 -87* 
30 -47* 
26-45* 
22-92 
19:12 
15-01 
10°72 
06-36 
01-90 
597-12 
92-42 
87-42 
82:17 
LEAD 
71:66 
66°14 
60-61 
54°71 
48 -92* 
42 -93* 
36-61" 
30°48 
23-85 
17°34 
10-36 
03-41 
496-52 


Q() 


S7MOm 


SSS = 
SOs 
2645" 
LDS” 
18-94 
14:31 
10:37 
05°87 
Olas 
596:58 


91-86 
87-20 
81°83 
76-60 
Ck 
65-83 
60°25 
34-14. 
48°31 
42°30" 


36-06* 
20S a1 
23°24* 
16:72 
09°89 
OZR) 
Ae NOES 


* — blended line. 


Rea(J) 


38678 -21H 


43-48% 
40-35% 


Sele 
S253 
2OBi 
25°49 
PAUSIXS 
17-54 
2sqis 
Ossoov 
04-41* 
SOO 


Ese re 
89-21 
84:-60* 
BRSTS 
73-91 


78:21H 


76°68 
Vere) 
74:28 
Pee, 
UMeg7. 
ODO 
68-89* 
66°72 


65-09* 
239% 
60:34* 
57°81 
Does: 
52°69 
AIF 
46 -48* 


Rac(J ) 


42-98* 
40-35* 


36°57 
S24 
29-3 
Zot) 
20-96 
7225 
ATS 
08-49 
03-91 
598-88 


94-54* 
89-21* 
84-14* 
78-79* 
73-28* 
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irregular, and the values of vp can only be estimated approximately. It seemed 
possible that the drift at high values of J might arise from spin uncoupling in 
the upper state. 


(2) The application of the Hill and Van Vleck equations (Herzberg 1950) 
for any degree of spin uncoupling was therefore considered. In the present case 


51Q)(J) + Q(J)] =) + AB, J (J + 1)— 2B,’ + 3B," —JAD [J +144 4] 
where vp is the origin of the whole band, AB,=B,'’—B,” and AD,=D,, —D,"- 


Tables) 120. Band 7A. 711, 


J P(J) Qi) R(/) J P(J) Q(/) R(/) 
74 40628-09H 284 40518-30* 40558-34  40598-47 
8h 40614-82* 28-09H 294 12-93* 53-62 96-16 
94 40599-78* 13-22 28-09H 304 06-45% 48-70* 92-98 
104 97-18% 11-62 28-09H 

Ae 00-22 44-27* 89-55 
114 94-53% 10-21* 324 493-90 38-95 85-50* 
124 90-77 08-25 368 87-39 33-83 82-05* 
134 87-45 06-35 26-73 344 80-62 28-29 77-56 
144 84-00 04-31 25-96 354 73-53 22-63 73-13 
154 80-18 02-17% 25-17 363 66°57 16-80 68-67* 
164 76-48 599-78* 24-10 374 59-05 10-90 64-06* 
174 72-62 97-18* 23-11 384 51:59 04-64 59-45 
184 68-67* 94-53% 21-69 394 44-10 498-28 54-33 
193 64-06% 91-61 20-26 404 36-02 91-74 48-70* 
204 59-89 88-45 18-74 

414 27-91 85-00 44.27* 
oye 55-43 85 -50* 16-74 424 19-75 78-38 38-14 
224 50-38 82-05% 14-82* 434 11-14 70-99 32-11 
234 45-54 78-36 12°85 443 02-47 63-58 25-98 
244 40-47 74-76 10-21* 454 393-76 56-01 18-30* 
254 35-30 70-91 07-97 464 48-20 12-93* 
264 29-75 66-81 05-37 474 40-25 06-45* 
O74 24-29 62-64 02-17% 484 31:74 

494 22-93 


* —blended line. 


Using this expression it should be possible to obtain a value of AB which with 
a reasonable value of AD leads to a constant origin in each band. ‘The calculated 
value of ¥, still showed deviations at high J values, implying that the drift in vo 
was not entirely due to spin uncoupling: this is considered below (§ 3). 

The results of these calculations are collected in table 7. The values of B,,’ 
obtained by the two treatments are seen to be in good agreement. ‘The values of 
AG" jo) = 1204-1, cm and AG",).° = 1204-0, agree well with Zeeman’s values, 
1204-1, and 1204-1, cm~, respectively, from the analysis of the y-bands. ‘The 
value of AG”), from 7% is satisfactorily close to these values, confirming that the 
origins of the 0,0 and 0,1 sub-bands have been correctly chosen. 
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Pea(J) 
40811-81* 
09 -68* 
06 -88* 
03 -93* 
01-04 
798-04 
94-35 
90-96 
87-12 
83-08 
79-19 
74-67 
69 -96* 
65-56* 
61-14* 
56-00 
50:59 
44-89 
39°-55* 
S382 
Df es 
22-34* 
ORs 
09 -38* 
02:89* 
69629 
89-41 
82-07 
74-91 
67:32 
60-04 
52:35 
44-29 
36:94 


Table 6. Ap 0 Band 2Asjo—" A 1/0 
PacJ) Qa(J) QJ) Real) 
40824-19 
40818-80 24-96 
18-06* 
17-02 
15-81* 26:19H 
14-18* 26:19H 
12:54 
10:29 24-96 
08-54 24°19 
06-33 23-07 
03 -93* 21-99 
01-36* 20-64 
798 :-53* 
95 -66* 18 -06* 
92°45 15-81* 
89-17 14-18* 
85-87 11-81* 
82:18 09 -68* 
78-00 06-88* 
74-07 03-93* 
39 -24* 69-96* 01-36* 
33:31* 65-56* 798 -53* 
27 -98* 61-14* 95 -66* 
21:91* 56°54 91-82 
152/25 51-29 88-30 
09 -38* 46:56 84-99 
02-89* 41-43 81-31 
696-29 36:22 35:93 17-25 
89:07 30-53 30:23 73-42 
81:81 25-00 24:70 69-11 
74:91 18-98 18-45 64-29 
67°32 13-16 12:66 59-71 
60:04 06-90 06:45 54-55 
52:35 00:39 00-03 
44:29 694-15 694-15 44-89 
36°47 87°57 86:97 3955" 
80°33 80-00 SOvia 
73°42 72°95 27:98* 
66-07 65°73 22-34* 
58:58 58:58  16-21* 
51-50 50-64 10:28 
43°55 43-14 03-61 
35-84 BSc | 


*—blended line. 


Rac(J ) 


72:74 


68-49 
64-29 
59-21 
54:55 


44-46 
39-24* 
33-31* 
27-54 

21-91* 


Usage 
Doses 
O2739% 
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Sable 7. Constants for the a 2A-x ®II system of NS (cnr) 


Band v head Vo Vo 
2As;2—*II5/9 39881 -90 39875-70 
0.0 39783 -92 
2Asa— Tye 696-81 688-05 
2A5;2— *T5)¢ 38678 -21 38671:58 
0.1 38579 -74 
®Asia— “Tye 493-31 484-02 
2As;2— *Ts/0 40826-19 40819-56 
1,0 40722-39 
2Aso— "Tl. 628-09 622-47 
Band Bg Be B,’ (mean of ™ and )) iB 
0, 0 0-6839, 0:7010, 06925, 0-6923, 
Oe al 0:6840, 0-7010, 06925, 0:69254 
10 0-6742, 06969, 0:6855, 0-6865- 


AG" y2°  vby— v1 = 1204-1, 
vf) — v? =1204-05 
V0,0— Yo, 4=1204-1, 


; 1 fh 4 
AG 1/2 ° vo o= 943-86 
ve — uP yp= 934-4, 


¥1,0—V,0= 938-4, 


Note: The constants v» and B’.¢ were obtained from treatment (1): 9 and B’ from 
treatment (2). See pp. 367, 371. 


§ 3. PERTURBATIONS 


A deviation of either the upper or ground state rotational levels from the 
rotational formula will be reflected in the values of vy and of vy. ‘The 2I1 ground 
state levels are unperturbed, so that any variation in vp or vy must be attributed 
to perturbations in the upper state rotational levels. 

The observed rotational effects may be summarized as follows: 


AES Perturbations 
vy =0 J <20-5 J 247-5 
= j= 20-5 J 2sls 


In neither of the sub-bands involving 7A;). does the observed head—origin 
separation agree with the calculated separation, thus: 


eae : f 

oa Head-—origin separation (cm *) 
calc. obs. 

0, 0 (Pay! 8-76 

Or 8-17 9:29 
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In v’ <1 the difference between observed and calculated separations indicates 
a perturbation of about 1:4 cm! of the lines forming the head. There are also 
intensity anomalies in lines coming from this sub-level. 


SNA Perturbations 
v =0 J > 30-5 
a= 1 J 9:5 JI 2205 


In v’=0 the calculated head-origin separation agrees with that observed; in 
v’ =1 the separations indicate a head-shift of about 1 cm™. 


The Upper State Vibrational Intervals 


The values AG’). = 943-8, and AG’ ,).° = 934-4, cm! call for some comment. 
Indeed the vibrational constants for the 2A state are anomalous. Bands to v’=2 
are known; the constants derived from band-head measurements are as follows: 


Wo Xoo 
2A s/o 935-60 4-80 
= AVS 953-35 8:65 


Small differences in w have been established between the 7I1,/. and 7I1,). sub-states 
of such molecules as ScO, YO, CaF, SrF, etc., but these differences do not exceed 
2cm. For no molecule with small doublet splitting have the vibrational 
constants for the sub-states been found to differ as widely as they de in the 
present case.* ‘The effect may be seen most clearly from the values of A for 
the different vibrational levels of the ?A state: they are 35-3,, 25-9, and 18-; cm"! 
for v=0, 1 and 2 respectively. 

The most natural explanation of these anomalies is that they are caused by 
perturbations which shift not only the lines of low J value but the origins of the 
sub-bands themselves. Since no abnormal A-doubling effects have been observed 
(see §4), it appears that the perturbing state is most probably ?II or 2A. The 
unexpected regular variation of A with v in the state a 2A suggests that if only one 
perturbing state is responsible for the variation, then its vibrational intervals 
are comparable with those of the 2A state. 

It is doubtful if further progress in the elucidation of these effects can be 
made without very high resolution spectrograms at low rotational temperatures. 


$4. A-DouBLING 

No A-doubling is observed in any line of the 2A,).~II3), sub-bands, as might 
have been expected. A-doubling certainly exists in the ?A,),I1,. sub-bands 
and since it has already been shown that doubling occurs in the ?II,). state, it 
remains to be shown whether or not there is any in the 7A, state. The 
examination of suitable differences led, in fact, to the conclusion that no 
A-doubling could be detected in ?Ajj. The A-doubling in the 2I1,), state is 
therefore given directly for each J level by the separations 


QaJ) am Q(/) = Ava) a Pra(J) = Pac) = Rea(J) as Ra). 


* Considerable differences in the values of @ may of course arise for molecular states of 
large splitting approaching Hund’s case c. 
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For the case of pure precession, for a single electron, the theoretical treatment 
(Mulliken and Christy 1931) leads to 


2A 
Soi ig rye (dn YL 4 2) ls nn ime Jeeta (1) 
Here B, is the value for the state x?II and (IIS) is the energy of the interacting 
*X state above the ?II state: the + sign goes with a 2+ state, the — sign with 2X. 


‘ z 
For ?I1,/. in case a Avan PPD Ly 0 ee (2) 


where the minus sign goes with a positive value of A. 
Using relation (2), we obtain 


p(v" =0)= +0-011, P(e =1)= +0-013 cme: 
Zeeman’s measurements on the y system yield 
plo" =0)=+0-011, plo" =1) = +0-009, 


in satisfactory agreement. 

Since the IT state is the ground state, »(I1X) is negative: A is positive and 
the right-hand side of (1) must therefore have a negative sign introduced, 
indicating that the interaction of the #II state is not with the known upper 
state c? &*, as might have been expected, but with an unknown 2X" state. It is 
therefore impossible to calculate p from equation (1). 

A similar situation occurs in NO (Mulliken and Christy 1931), and it may 
be noted that the value of p found for NS is much the same as the experimental 
value of +0-015 cm“! for NO. 


§5. THE ELECTRON CONFIGURATION OF NS 


Information about the electronic states of NS is collected in table 8. 
A lead in treating the states of this molecule is given by first considering the 
analogous molecule NO. ‘The ground state is represented by Mulliken (1932) as 


KK(z0)?(yo)?(xo)*(zom)4vn —————_—— "II 


corresponding approximately to one o bond and 1}m bonds. ‘The ?X* state 
when compared with the ground state shows a marked increase in stability, 
and this indicates that the vz antibonding electron of the normal ?II state has 
been replaced by a bonding electron, which must be some sort of a o electron. 


Table 8. Summary of Spectroscopic Constants for the NS Molecule 


State Is We Xe Be Oe Drx<lOs is 
c 2xt+ 43388-:1  1403-; 8-7, By =0-8267 1*le 79 1°446, 
*II150\  (43181-4) re ic ees 
B (°°) (43082-7) (780) By~0-665 ro 
TA 3991108 940-4 4-8, ; foe eer 
aa bin 39875-70 970-6; 8-6; oe Bors gy : 
Ee ene Cre AZT TS! 1-0-7736, p-beige 122: 1-495, 
1/2 


The values of D, are calculated from Kratzer’s relation, D,=4B.5/w,*. 
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b 


The 2+ state is probably to be represented by 
KK(zo)*(yo)?(«)?(wm) 4a —————— #2 
with one o bond and two 7 bonds, which is in accord with an increase of 55% in 


the force constant relative to the ground state. 

The excited 2II state has a much larger 7,, and smaller w, than the ?II ground 
state, and this indicates that a bonding electron from the ground state has gone 
over into an antibonding orbital in agreement with 


KK(2c)*(yo)*(xo)*(wm)*(vm)? ——————-_ *] 
where there is one og bond and £7 bond, the force constant being decreased by 70%. 


The molecule NS should behave similarly to NO except that there is an 
additional L shell due to the sulphur atom. Accordingly: 
KKL(20)*(yo)*(xo)*(w7)4vm ——————— II (ground) 
KR G@e)7(ya) eco) (tir) ee 
The increase in force constant in going to ?Z+ is only 30%, which is somewhat 
lower than in NO, but the above configuration seems the best representation 
of the 22+ state. The upper state of the 8 bands has been shown to be 2A, and this 
cannot be formed by the same electron configuration as given for the 7II excited 
state of NO. The related molecule CO is helpful here. The ground state of CO, 
which has one electron less than NS if the L shell be neglected, is 


KK (e0)*(yo:)?(gom 2)? ee 
The first excited singlet state 4II is given by 
KK(2o)*(yo)?(w)*(xo0)(vm) ————— I 


where an electron has been moved from the xo to a z orbital and in so doing the 
force constant is reduced by about 50%. 
A similar procedure in NS would give 
KKL(2c)?(yo)*(xo)(w7)*(v7)?_ yielding #X+, 2A, 22>, 42 

with one 7 bond, and $c bond and this would imply weaker bonding relative to 
the ground state than in the NO 2II state. It is found, however, that in NS 
there is a decrease of only 39° as compared with 70% in NO. A possible 
explanation is that the NS ?A state has been stabilized relative to the ground 
state by resonance with a triply bonded A state arising from a conversion of a 
sulphur 3d electron into a $ electron, e.g. KKL(s0)?(yo)*(xo)?(w7)4(5). 

Such a process would mean an increased dipole moment in the 2A state as 
compared with the ground state, which might lead to an increased transition 
moment for the ?A—*Ii system relative to the 21111 transition which occurs 
for NO. ‘The above idea is of course only very tentative. By analogy with NO a 
*II-*I1 transition would be expected to occur, and it may be that some of the 
unidentified bands in the NS spectrum arise from just such a transition. 


§6. UNIDENTIFIED BANDS 


There are observed in emission a number of red-degraded bands which 
bear a constant intensity ratio to the 8 and y bands, and which thus appear to 
arise from NS. Measurements were made of the heads of some of these bands 
from a fourth order plate. 


Rotational Analysis of the B-Bands of NS 377 


The four strongest heads measured can be fitted into a scheme as follows: 


43082-72 1203-61 41879-11 


124-34 126-96 
42958 -38 1206-23 41752:15 
e 0 1 


The differences of 1204 and 1206 cm™ agree with the value of AG",), for the 
II ground state of NS. The separation of 125 cm, if the heads are correctly 
assigned, indicates that the doublet separation of the upper state is approximately 
100 cm“. 

An approximate value of 7’ for the unidentified state was obtained from 
measurements of the strongest branch of the band at 2387:1A. Successive 
differences were plotted against a running number, and from the slope there was 
obtained AB= —0-10: this value, in conjunction with the value of B’,, for 
v’=1, gives B’.~?=0-662. If B’.«g® is taken to be approximately equal to B’ 
then 7’ is approximately 1-61,A. The likely assumption, that the unknown state 
is a regular doublet, is made in the above calculation. 

r, and w, for the known states of NS are related empirically according to 
r= 1-829 —2-719 x 10-4 w, (where 7, is in A and w, in cm). Extrapolation 
of this expression to r,=1:61,A gives w.~780 cm. This corresponds to a 
value of the force constant approximately equal to 30% of the value for the 
ground I] state, and it is noteworthy that a similar percentage holds for the 
211 excited and “II ground states of NO. ‘his suggests that the hitherto 
unidentified state in NS may be II, but confirmation of this must await a 
complete rotational analysis. 
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approximation to the solution of many-body problems in quantum 

mechanics. However, the method has associated with it certain short- 
comings which restrict its applicability quite considerably. If, to be specific, we 
consider the important application to isolated atoms, then the following well- 
known defects arise: (i) the electron density at the nucleus becomes infinite as 
3/2, y being the distance from the nucleus, whereas the correct wave-mechanical 
density remains finite; (ii) the density falls off at large distances from the nucleus 
as r ® instead of exponentially; (iii) the method leads to a smooth curve for the 
radial charge distribution in atoms, and thus fails to resolve the well-known peaks 
associated with the various electronic shells. From a practical point of view the 
method is sufficiently attractive to warrant further investigation to ascertain 
whether it is possible to remove any, or all, of these defects, whilst still keeping the 
amount of labour involved down toa very small fraction of that involved in Hartree 
self-consistent field calculations. 

Two generalizations of the TF method which in principle appear to be capable 
of removing some of the defects of the original treatment have been proposed by 
Weizsacker (1935) and Plaskett (1953). Little attention has been given. to 
Weizsacker’s proposal, however, probably because of its somewhat uncertain 
theoretical basis, and as yet no practical application of the method developed in 
the recent paper by Plaskett has been attempted. 

In order to see the general nature of the improvements to be expected from the 
proposed generalizations of the 'I'F method, we have considered the case of the 
linear harmonic oscillator with the first ten levels singly occupied. Curve I of the 
figure shows the exact wave-mechanical density p obtained by summing the 
squares of the wave functions. (The figure is plotted in terms of p/x!? and «12x 
where «=47?my,/h and v, is the classical frequency of the oscillator.) In 
curve IT we have plotted for comparison the results of the simple TF approxi- 
mation. It can be seen that this gives a quite good overall description of the 
density, although the TF density cuts off at a finite distance from the origin and is 
given by asmooth curve. ‘These two limitations in this one-dimensional problem 
can be regarded as analogous to the defects (ii) and (iti) for atoms referred to 
previously. 

We have now studied the results of applying the methods of Weizsicker and 
Plaskett to this problem. Both methods lead to a second order differential 
equation relating the density p to the potential energy V. These differential 
€quations are superficially of very similar form although, as we shall see, the types 
of solution are quite different. 


Y | ‘aE Thomas-Fermi (TF) method provides a very practicable and useful 
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Plaskett’s equation for the density p is 


h2 hi rae 3h2 Pp” 
pk 8 pe eee art) tak EE Ye oil 
ap Ve a er we. Ber alas vals (1) 


and in our case V=27?my,?x? and Ey=19h»,/2. This rather formidable 
looking equation can in fact be handled without great difficulty by making use of a 
result first obtained by Milne (1930) and utilized by Plaskett in his work. In our 
case this tells us that we can write solutions of (1) in the form 


mp=W/pPt+pe) = nn ene (2) 
where ys, and y%, are two independent solutions of the equation 
d* 2m /19 
a a Te (F hvy— dnt?) w= OR ater it: 02.4: (3) 


and W is the non-zero constant f(db,/dx) —,(db./dx). One of these solutions 
can conveniently be chosen to be the usual harmonic oscillator wave function. 
The second can be developed as an even power series from which starting values 
can be calculated, the solution then being most conveniently extended outwards by 
numerical integration. Knowing 4, and %. we can now use (2) to construct a 
solution of (1). However, if 4, is a solution of (3) then so is cy, where ¢ is an 
arbitrary constant, and hence other solutions of (1) are given by 


mp = CW) Ober?) el a Beato (4) 


0 { 2 3 4 
arx 


Densities for harmonic oscillator. 


Curve I. Wave-mechanical. Curve II. TF. Curves III-V. Plaskett. 
Curve VI. Weizsicker. 


All these solutions satisfy equally well the physical conditions of the problem 


~~ 
p'(0)=0, (a0) =0, | pav=l0. 


In other words, Plaskett’s method in its present form does not lead to a unique 


density. This does not mean that it may not be possible to choose c uniquely in 
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the future by some method such as setting up an energy expression* and minimiz- 
ing it with respect toc. Itis, nevertheless, of some interest to consider the kind of 
results that Plaskett’s method in principle can lead to, and to illustrate this we have 
plotted in curves III, IV and V of the figure solutions corresponding to three 
different values of c. It can be seen that the method can yield a quite smooth 
curve III or a violently oscillatory curve IV. Curve V, which is certainly the 
most interesting, shows that with a particular choice of c a very remarkable degree 
of correlation with the wave-mechanical density is possible. Unfortunately, as 
we have said, we see no reason to prefer one value of c rather than another at 
present, although it seems to us that the agreement between curves I and V is so 
remarkable that it is hardly likely to be completely fortuitous. 

In view of this degree of arbitrariness associated with Plaskett’s method it is. 
clearly of interest to enquire whether a similar situation obtains in Weizsacker’s. 
treatment. For the present case, Weizsacker’s equation can be written 

2 2 " 2 12 
& p? + 2n?mr,2x? — i = re us + ye (5) 


The substitution p=w? leads to an equation involving only wand w”. We have 
now solved this equation numerically for a number of different values of £’, and 
in each case we have found that there is only one solution which tends to zero at 
infinity, and hence this is the only one which is physically acceptable. We have 
found that the choice E’ = 10hy, leads to a density which is normalized correctly 
to our numerical accuracy, and this density, which is quite smooth, is shown in 
curve VI of the figure. It is indistinguishable from the TF curve out to «!#x~3. 

These results for the harmonic oscillator are not very encouraging, though it 
would appear that if some information about the energy were forthcoming in the 
future, then Plaskett’s method might be capable of giving remarkably good results. 
Weizsacker’s method, it is true, leads to a unique solution, but our results indicate 
that it is incapable of following the fluctuations in the exact wave-mechanical 
density. 

When we consider the application to atoms, however, a further serious difficulty 
arises in Plaskett’s treatment. First of all, we would have to handle separate 
equations for s, p, d, ... states, which would greatly complicate the numerical 
calculations even if the arbitrariness which would occur in the solutions of each of 
these equations could be resolved. But even more discouraging is the fact that 
for s states the density becomes infinite at the nucleus as 72, and thus Plaskett’s 
method accentuates, rather than removes, defect (i) referred to previously. It is 
clearly then of little value to proceed further in this case. 

With Weizsacker’s treatment we have only to handle one differential equation 
for the total density, and by investigating this it appears that the method is capable 
in principle of removing defects (i) and (ii) of the TF method. Whilst it seems 
clear that one could also obtain a unique electron density by this method (though 
we believe it may be necessary to use the energy expression in this case in order to 
do so), our results for the harmonic oscillator indicate that the defect (iii) will 
almost certainly remain. ‘This, coupled with the rather uncertain theoretical 
basis of the method, leads us to conclude that the results of generalizing the TF 


* Dr. J. S, Plaskett (private communication) has informed us that he has had ideas. 


along similar lines. Like us, however, he has so far been unable to obtain a useful 
expression for the energy. 
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treatment for atoms in this way are most unlikely to justify the heavy numerical 
calculations which would be involved. We have therefore discontinued our 
attempts to improve the T'F method for atoms along these lines. 
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The Approach to Saturation Magnetostriction 


By -E.. W. LEE 


University of Nottingham 


Communicated by L. F. Bates; MS. received 25th Fanuary 1954 


magnetic process is the turning of domain vectors into the field direction 
against the forces of internal anisotropy, the magnetostriction of a polycrystal 
can be expressed as a function of the external field by 


dl 
sibs Ate Bg Ceti ret foe oe Berets (1) 


The coefficient B has been calculated by Riidiger and Schlechtweg (1941) for 
the case in which the anisotropy is magnetocrystalline. One would expect this 
to be the dominant term in equation (1) since both B and C have the same 
origin. However, in a previous paper (Lee 1952a, to be referred to as I) 
experiments were described which seemed to indicate that for nickel the 
H~ term is the dominant one in fields below 600 oersteds. Later work (Lee 
1952 b) showed that in such fields both H~! and H™ terms are needed to describe 
the behaviour completely. It is the purpose of this note to point out the 
conditions under which the H~? term is of real importance. Only the barest 
details will be given of the calculation, which takes as its starting point the 
treatment by Becker and Doring (1939, Section 13a, pp. 167-71) of the 
approach to saturation magnetization. We shall use a number of their results 
and adhere strictly to their notation. 
For a single domain, the magnetostriction is 
] 

ee = 3Aj00(%17B 1? + %p?Bo? + %37Bg” — $) + 3Aq13(%1% 281 Be + %o%5PoBy + % 3% 8A) 
where (1, %, %3) and (f,, Py, 63) are the direction cosines of the magnetization 
vector and the magnetic field with respect to the cubic axes of the crystal. This 


may be written 


|: high fields, where apart from increase in intrinsic magnetization the only 


dl 
Fee’ >Ato9 + 2(Aroo —Aju1) 8 mB? + ory cos’ Ow... (2) 


where cos 6= %«;f;. 
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Following Becker and Doring we express the difference «;—/; as a power 
series in 7, where 7=(H/,)'. ‘Thus 
ops Brey Aa yBi ee ae (3) 
in which A, and B; are coefficients to be are “Using the results of Becker 
and Dena, in particular their equations (9), (12) and (13), we find 


ASD! Bia Ft. o\ bayiacnon eae ake ihe (4) 
Ca i By Ay 4B;>. A? +B; 2. FA ,B;+ A; >. Pip, ..---. (5) 
where F,= —2KB3 
Fi,.= —6KB? (t=k) 
=0 (i¢R) 


K being the crystal anisotropy constant. 
It can be shown (Becker and Doéring, eqn (10)) that cos = 1—3n? XA? and 
hence, to the approximation with which we are concerned, 
cos? 0= 1-9? > AZ eee (6) 
The remaining variable term in equation (2) is 2'a,?6. Using equation (3) to 
eliminate «; we have 


E aht= Tatra D Ase+oA APse +2 DBA) See (7) 

The coefficients of 7 and 7? in equations (6) and (7) can now be evaluated using 
(4) and (5). We find 

>. 4,83 =2K(S,—S,2) >. 42782 =4K%(S,2 + S,—2S,S,) 

> 47=4K*(S,— S,?) > BPP =6K2(3S,3 + 2S,—5S,S,) 

where 5,— 26,7, -€tc.* 1 hus 

cos? 0= 1—4K%(S, — S,”)7? 

> «282=S,+4K(S,—S,2)n +4K2(10S,3 + 7.8, —17S,S,)n? 
Replacing S4, S,, etc. by their mean values, corresponding to a random polycrystal 
we finally obtain from (2) 

v 8 

ea =a 3(2Aqo9 + 3Ay11) + (Aroo — Ara) (= Gis Ss Ke) —Aun ir: Ky?. 
If i magnetostriction is isotropic A,p9=A,,, and the coefficient of the term 
in H™ vanishes. ‘This is the case envisaged in I. 

For nickel Ayo9 = — 46 x 108, A, = — 24 x 10-6 (Bozorth and Hamming 1953), 
K=—6x 10* erg cm, J,=500, and for H<130 oersteds the H~ term is greater 
than the A' term, For iron Ayg)=20%10-* Ay = =2110-* 9 (Caran 
Smoluchowski 1952), K=5 x 10° erg cm™3, /,= 1720, and the H-2 term exceeds 
the H'' term only for H<100 oersteds, i.e. in fields below which the 
approximations used to derive equation (2) may be considered to hold. 

The effect of magnetic interactions between crystal grains has not been taken 
into account. ‘This has been dealt with by Holstein and Primakoff (1941) in a 
related problem. As far as this particular problem is concerned the effect of 


interactions may be included by replacing the applied field H by a total internal 
field H’ where 


(AY A gis + gmat 
H’} 2 * 20 +a) > Ai +ap2 ™ (1+a)¥%—1 


in which 47J,«= H. 
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It follows from the above considerations that the procedure sometimes 
adopted of obtaining the saturation magnetostriction by plotting dl/l against H-+ 
and extrapolating to H=oo is usually valid but ceases to be so when the 
magnetostriction is nearly isotropic. 
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Perturbation Theory for the One-Dimensional Wave Equation 


By, Fe Jo PRICE 
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equation, Makinson and Turner (1953) remark (§ 6) that their formulation 

makes possible a solution of the eigenvalue problem, to second order, explicitly 
in terms of the unperturbed wave function only. The following method gives 
such an explicit solution, for the ground state, to any required order. 

For definiteness, consider the real solutions in (a, 6) 


Hig (x) = Eo to l 
[H+e(x)le(x)=(Aoteye | 

where 7, and % are zero at x=a, 6 and nowhere else in the interval, and 
Heed? (deta Vx). ee SP Saree, (2) 


Then we may find # and « in terms of #/,” and v only, by setting 


b= exp ps Q(x’) ax’ | SS, Remlery: & (3) 


i N arecent paper on perturbation methods for the one-dimensional Schrodinger 


Substituting (3)in(1), 
(e-—04+ 2?) by ty) dQ/dx+2Q dyo/dx=0. — ...... (4) 


If the perturbation v is not such as to alter the character of the solution (e.g. both 
ys and w% tend to zero as (x—a)" and (x—d)”), then Q(a) and (2(d) are finite. 
Hence, multiplying (4) by 4) and integrating, 


(2(x) py (x) = — | fe —0(x!) +.22(6)] pp (0) ae 

ie Senge (5) 

é= | (vw — 22?) py dx 
“a a . 


where Po= igs | Po dx = 1 Fi» 2 ee” Reoa es ee (6) 
a 
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We obtain a perturbation series solution of (5) by replacing v by Av and expanding 
formally : 


= > Ae, A= F A"Q,,() 
1 


oa) n—1 
OFS Z Male. Oa oa 2, Qyons 


Q,,(a), Q,,(b) are finite. J 
Then the solution of (5) is given by 
b 
= J UPo dx O. p= fe [e,— v(x x) |po(x" ) dx" | 
mare a 
0 
= me | (2?) dx Qop9= — k [eg + 27" ]po dex’ | 
b eaeg) 
acta | 22, Q5p9 dx Q3p9= — lh [eg + 20,.Q5 |p dx 
| 


“D x 
en os | 0 ,.Po dx Q.,.Po= a | [e, + On ]ppdx’ 


The restriction on Q then requires (« — a) (« — 5) v(x) to be bounded in the closed 
interval (a,b). The solution (3)-(8) applies equally where the domain is semi- 
infinite or infinite, and also with ‘ periodic boundary conditions’. It is restricted 
to the ground state, where zeros of %, are zeros of % and conversely. For the 
general Sturm—Liouville equation the Ansatz (3) yields equations generalizing 
(4)-(8), but there the interest is normally in the effects of singularities in the 
coefficients. 

The above method may be applied to ‘ perturbations’ of the phase- shifts of the 
waves scattered by a central potential, for example, to the expansion of the S- phase 
6%(k) aboutk=0. Ifthe S-wave function is %°(r), and ¢6 =r, we have 


=O d/or + V (4)o=R7b (Re). eee (9) 
where ¢ is real, 6(k, 0) =0, and for large r 


p=(kryedyo(RF +0"), (10) 
Set ¢(k,r) = 4(0,r) exp | ; Q(x) av | Sia ie (11) 
J0 
(which is now possible for r<R, (k), where the first zero of 6 comes at R,). Then 
(Rk? + QO?) f= —e(Of)/ér, S=P7(Or)— ~ Taree (12) 


Expand Q= a RQ), (r) and define 0, as in (7). Then, integrating (12) from 
O40cK <siys 


Since 
ve dd(k,r)/er  od(0,r)/er 
< f(k,r) e d(0,7) ? 
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equation (13) is equation (7) of Bethe and Peierls (1935), and thus leads to 
the Barker—Peierls (1949) formula for cot 8°. Evidently the latter might be 
generalized, by means of (14) above, to higher powers of k?. In a similar way 
the effect, at fixed k, of perturbations in V(r) may also be calculated in terms 
of $7(k, 7). 
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The Electrical Properties of Indium Antimonide 
at Low Temperatures 
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the magneto resistance coefficients of the semiconducting compound 

indium antimonide over the temperature range 300°kK to 1°x. The 
specimen was of polycrystalline material which had been extensively purified by 
the zone melting technique (Pfann 1952). ‘The dimensions of the specimen 
were about 10mmx2mmx2mm._ ‘The faces were ground and contacts soldered 
directly to the specimen. ‘The results obtained in the intrinsic region at room 
temperature are in good agreement with those reported by other investigators 
(Pearson and Tanenbaum 1953, ‘Tanenbaum and Maita 1953). ‘The Hall and 
magneto resistance measurements at room temperature indicate an electron 
mobility of about 2:-5x10*cm?sec v4. At 90°K the specimen is p-type, 
the hole concentration being about 3x 10!%cm~* and the mobility about 
Seal cm sec > V> > 

At temperatures below 90°x it is found that the conductivity decreases nearly 
linearly with temperature. ‘The Hall coefficient reaches a maximum between 
90°x and 20°k and decreases rapidly at lower temperatures (figure 1). 

The transverse magneto resistance coefhicient at room temperature varies 
nearly quadratically with the field up to 9000 gauss (figure 2) and the longitudinal 
coefficient is only of the order of 1°, of the transverse coefficient. At lower 
temperatures, however, the transverse effect approaches more nearly a linear 
variation with field above 4000 gauss and there is an appreciable longitudinal effect. 

At temperatures below 20°K there is a considerable drop in the magneto 
resistance effect, and at 4-2°K it is so small that it could be measured only in the 


highest field. 


PROC. PHYS. SOC. LXVII, 4-—A 27 


Wee have been made of the resistivity, the Hall coefficient and 
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It is difficult to find adequate explanation for the small magnitude of the Hall 
coefficient and magneto resistance effect at the lowest temperatures. The results 
suggest that, at these temperatures, the dominant conduction process 1s associated 
with a high density of charge carriers of low mobility and it is perhaps possible 
that the conduction takes place mainly along the surface of the specimen or over 
the grain boundaries where the properties of the material may be expected to 
differ from those of the bulk specimen. 
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Figure 1. Variation of resistivity p and Hall Figure 2. Variation of magneto resist 
constant R with temperature T. ance effect Ap/py with field A at 
different temperatures. 
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The Optical Constants of Tin below the Superconducting 
Transition Temperature 


By N. G. McCRUM anp C. A. SHIFFMAN 
Clarendon Laboratory, Oxford 


Communicated by K. Mendelssohn ; MS. received 11th January 1954 
} {‘: SUREMENTS of the high-frequency surface impedance of super- 


conductors indicate that there is a mechanism of absorption of energy 
at temperatures well below the transition point at sufficiently high 
frequencies. The measurements of Fawcett (1953) at 36000Mc/s and of 
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Daunt, Keeley and Mendelssohn (1937) and Ramanathan (1952) in the infra-red 
region have set upper and lower limits to the onset frequency for this absorption. 
Both of the experiments in the infra-red region used calorimetric techniques, 
and it was felt that a direct optical determination would consolidate the position 
at the high-frequency end. Our measurements at 5890A do not therefore 
set a new upper limit to the onset frequency but help to verify the previous 
measurements by an independent method. 

If plane polarized light be incident upon a metallic surface the reflected 
vectors vibrate with a phase difference A’ and amplitude ratio tany’. A know- 
ledge of the angle of incidence, the orientation of the incident plane of polarization 
and the optical constants of the reflector enable A’ and # to be calculated. It has 


_ been shown theoretically (Drude 1889) that the presence of a thin dielectric layer 


causes the ellipse parameters to become A and ¥%, given by 


CHR enh) es eee a a (1 =m? eos*4)(1— ee (1) 


A (cos? d —«)*+ a’? : 


; ce ee | 1 ) 
I ee nr 2 
A (cos? d—«)?-++-«’2 ike (2) 
jee Ss i 2k 
*~ Alpe? “* P+) 


where ¢ is the angle of incidence, , the index of refraction of the film of thickness /, 
and the complex refractive index of the metal n=v(1—zk). By the deposition of 
uniform layers of dielectric on to a polished metallic surface a half shade technique 
has been developed (Rothen and Hanson 1948) which permits very sensitive 
detection of changes in ellipticity. Small resulting changes of ellipticity caused 
by an increase of / in (1) and (2) can be accurately detected. ‘This method has 
been used to measure the helium II superfluid film (Burge and Jackson 1951) 
and the helium II adsorption isotherm (McCrum and Mendelssohn 1954). 
Alternatively, any variation of « will cause A’ and ys’ and A and y to change. 
We have used this method to investigate the optical constants of a superconductor. 

The specimen was a tin film of Johnson Matthey 3921 with a purity of 
99-997. It was evaporated on to a glass optical flat in vacuum. Its thickness 
was 19004, measured by a multiple beam technique (Tolansky 1947). Since 
we were unable to anneal the specimen 7 situ it undoubtedly had a large amount 
of surface strain. However, the measurements of Fairbank (1949) at 9400 Mc/s 
and for different surface conditions indicate that this would make little difference, 
particularly near the transition temperature, where the change in surface impe- 
dance with temperature would be most marked. ‘The measurements were made 
by switching on and off a sufficiently large magnetic field normal to the plane of 
the specimen while observing the position of balance of the analysing nicol. 
This method, while having the advantage of allowing the magnet to be placed 
where it would not interfere with the optical apparatus, made it necessary to raise 
the temperature above the transition point after the application and removal of 
the field because of the large frozen-in moments which were left in the specimen 
on removing the field (Andrew and Lock 1950). Measurements made at different 
temperatures were not compared as the variation of glass strain due to change of 
pressure in the cryostat made the interpretation of the results difficult. 

Barium stearate layers were deposited on the tin from an Adam—Langmuir 
tray (Blodgett and Langmuir 1937). The specimen was mounted in a glass 
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envelope which was thoroughly pumped, filled with helium gas at a pressure of 
2em and then sealed off. The source was a sodium lamp and the incident beam 
polarized at 45° to the vertical by means of a large nicol prism. ‘The analyser 
consisted of a mica quarter-wave plate of 59° retardation and a nicol prism 
mounted on an engraved circular scale. 

The theoretical sensitivity of the experiment has been calculated, using 
equations (1) and (2), on the assumption that the optical constants were v= 1-12 
and «=4-03 (International Critical Tables, V, 248). Our measurements indicate 
that in a transition from the superconducting to the normal state any change in 
the absorption coefficient at 58904 is less than 0-3%, the limit of our accuracy. 
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Volume Changes in a Substitutional Alloy 
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independent of the choice of the two atoms and it therefore follows that one 
would expect volume changes to accompany order—disorder transitions in 
a substitutional alloy. Although Nix and Shockley (1938) have mentioned this, 
the effect does not seem to have been investigated, and we felt that it might be 
worth while to do so. Although a linear chain does not exhibit an order-— 
disorder transition, the main features of the volume change effect can be seen from 
a consideration of such a linear chain and it is this case which is treated below. _ It 
is hoped to treat the more complicated two- and three-dimensional cases later. 
Consider a linear chain consisting of }N A atoms and $N B atoms. In the 
first rather trivial model we assume an A~A pair, an A-B pair and a B-B pair to be 
associated with the constant distances apart r,, 7, and 7, and the constant energies 
V vay Vay and Vp respectively. For simplicity we take 7, equal to 7,. We 
define V by the equation V=1(V, ,+V3,)—V 4p and we assume that V>0 in 
order to obtain the ordered structure ABABABAB..... at the absolute zero. 


Cy would not expect the equilibrium distance between two atoms to be 
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Let O, 4, OQ, and Ox, be the number of nearest neighbour pairs which are 
A-A, A-B, or B-B pairs. The energy associated with a given distribution 


Qaa Qas Ose is E=Qa,Vant+QnsVppt+QanVay From the 
relations Q , 3 =const — 20, , =const— 20, pit follows that E= — VQ, + const. 
Taking the energy of the completely ordered state as the zero of energy, we have, 


since O,4+Q,—3+Qpn=N, 
Pome VIN Ve ei Vee et (1) 
The length of the chain is given by the equation 


L=(QsatQpp)it+ Qaprea=Nr—-Osn(i—72)- 
Substituting the value of O , , given by equation (1) gives finally 
La Ne (Ei 7 ee eee (2) 
In the case of a linear chain F is found to have the value (e.g. Kramers and 
Wannier 1941) 
E=4NV—3NV tanhX, where X=V/2RT. 
Substituting this value of £ in equation (2) we obtain 
L=Nr,+4N(1—tanhX) (74-72), 
which gives us the length of the chain as a function of temperature. Thus the 


rate of change of length with temperature, which in this case is proportional to the 
specific heat, is 


dL/dT= le (7; — 1) X?/(cosh X)?. 


The variation of dL/dT with temperature is shown in figure 1, curve a. 


a 


aLl/dT and Cp 


If — 


Figure 1. 


Since this model, containing two different lengths 7, and r,, cannot be applied 
to the case of a square net, or a three-dimensional lattice, we have considered the 
following slightly different model. If we assume a uniform spacing r between 
successive atoms in the chain, then the value of 7 as a function of T will follow from 
the thermodynamical condition of minimum free energy. Furthermore, we 
assume the energy associated with an A--A or a B-B pair to be 


Vig=V gp=Vo + (7-7) 
and with an A-B or a B-—A pair to be 
Vap=Vpa=VotD (aA 
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This variation of the energies with r was chosen as representing reasonably well 
the lower part of the potential energy function of an atomic pair such as is given for 
instance by a Morse potential. 

We assume r, >7'», corresponding to the experimental evidence that ordering is 
usually accompanied by a diminution of volume (Nix and Shockley 1938, p. 51), 
and for simplicity D’ = D, corresponding to the fact that the frequencies in most 
diatomic systems are of the same order of magnitude. Since, as before, we are 
considering the case where the arrangement of the atoms at the absolute zero is 
ABABABAB..... , it follows that V,’—-V )>D(r,—72)?. To simplify our 
calculations we have assumed the relation V)’—V,=2D(r,—72)?. With values 
of D, 7, and r, to be expected from data about potential energy functions, V,’—V, 
turns out to be (at most) of the order of 0-1ev, which seems a reasonable value 
(cf. Nix and Shockley 1938). 

We shall call the lattice sites occupied by A atoms in the state of complete order 
a-sites and the lattice sites occupied by B atoms f-sites, so that the arrangement of 
sites is aPaBaB..... . We call Ny, the number of nearest neighbour pairs 
which consist of a Y atom on an «site anda Z atom ona f-site. In the case where 
there are equal numbers of A and B atoms the following relations hold (cf. ter Haar 
1954, §X114): Nz,=Ngpp, Nap=Nea Naa =tN—N, p-—The number of 
ways of obtaining a distribution NV, ,,.... is the compound probability 

N! 
| Naa! Ngpp! Nap! Nea ! 
and the entropy of the chain is thus 
S=klnW=kR[Nln N—2(4N-—N,x)In(AN—N,p)—2NaplnNagl- 


The energy of the chain is 
E=NaVant+NoupVuptNapVaptNepaV ea 
=NV aa 2NaglVaa— Vapor (4) 
and for the free energy we have 7 
1 TS=NV iy 4—2N aalV ya V x8) 
—kT([NlIn N—2(4N—N,3)|n(3N—N,4 p)—2NaplnNagl- 


Minimizing F with respect to N , , and r gives finally the results 


W= 


NdV 4,/dr 
TN ec ee 
AB 2(aV,,/dr— aV xp) ary) >. eae (5) 
and 
V ap-V iy, =RTIn (- <a [Ss), 


or, by substituting from (3), 
Xr —1,)*— D(r—r,)? =2D(7,—7,)" =RT [In —7,) I ye ee (6) 
We introduce the quantity m by the equation r=7, + m(r,— ry), and equation 
(6) becomes 
2m —3 


Inm—In(1—m) =x, where x=cT(c=constant). 


We see that m approaches the value 1/2 asymptotically, in agreement with the fact 


that the state of greatest disorder has as many A~A or B-B pairs as it has A—B or 
B-A pairs. 
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The length of chain is given by L= Nr=Nr.+ N(r,—72)m, and its variation 
with 7 is shown in figure 2. Its rate of change with temperature is given by the 
equation 

dL/dT=N(r,—12)(dm/dT) x dm/dx. 


Ff _ 


Figure 2. 


The variation of dL/dT with T is shown in figure 1, curve 6. The energy of 
the chain follows from equations (4) and (5) and is given by 


E=N[V,+4(Vo — 0) (3 —m)m], 
so that the specific heat, C,,, is given by 
C,=H(3—2m)(dm/dx) where H is a constant. 


The variation of C, with T is shown also on figure 1 (curve c). It is seen from a 
comparison of curves a and 6 of figure 1 that there is not a great deal of difference 
between the two models which we have considered and, although C, is no longer 
proportional to dL/dT as was the case in our first model, the two functions are still 
very similar and the maxima of C, and dL/dT occur at approximately the same 
temperature. We therefore expect that in the case of a two- or three-dimensional 
substitutional alloy the expansion coefficient may show a discontinuity at the 
Curie point. 
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CETPERS* FO THESEDITOR 


The Coupling of Angular Momenta in the Reaction 27 Al(p, y)*8Si 


In the reaction ?’Al(p, y)?8Si it is possible to deduce the spins and parities 
of five resonance levels, at proton energies of 404, 503, 630, 652 and 677 kev, 
without considering in detail the angular distribution of the y-rays (Rutherglen 
et al. 1954). At two of the resonances (630 and 652 kev) two ‘channel spins’ 
may produce the resonant state, and thus at each resonance the relative 
contributions of parallel and antiparallel spin states may be deduced from the 
observed angular distribution. These two resonances can provide further 
evidence of the kind considered by Christy (1953) on the type of coupling 
between the angular momenta of the incident proton and the target nucleus. 

Calculations have been made of the angular distributions expected for 
(a) j-j coupling in which only one of the two possible j-values of the incident 
proton takes part, and (b) L—S coupling. The results are given below, where 
F is defined as the ratio 


number of states formed via channel spin 3 
number of states formed via channel spin 2’ 


and the ground state of ?’Al is assumed to be dsj. 
630 kev resonance, J=3(—). The angular distribution of the y-radiation to 


the first excited state (J =2(+)) of *8Si is given by W,,,(0) ~1—0-12cos?8, 
corresponding to F=3/7. The calculated values are: 


IW Jp = 1/2 F=4/)5 W(@) ~ isotropic 
Jp = 3/2 F=5/4 W(0) ~1+0-093 cos? 6 
L-S isis es Fiz) W(@) ~ 1—0-321 cos? 
EAR F=9/ 16 W(@) ~ 1—0-158 cos? @ 
°D; Pe=20 W(@) ~ 1+ 0-477 cos? é 


652 kev resonance, J=2(—). ‘The angular distribution of the y-radiation to 
the 2(+) level of **Si is given by W,,,(0) ~1—0-48cos?@. The best fit is 
obtained with F=0, giving W(#) ~1—0-447 cos?@. The calculated values are: 


iia Jpal[2 0 F=7/2 W(0) ~ isotropic 
Jp =3/2 F=2/7 W(0) ~ 1—0:333 cos? 4 

LS *Si*=8D, = F=14/25 — W(8) ~1—0-259 cos? 
3F,  F=1/14 W(0) ~ 1—0-415 cos? 4 

ID, F=0 W(0) ~ 1—0-447 cos? 4 


At both resonances the j-j coupling calculations are in disagreement with 
experiment, while the 1—S' results provide a good fit (F, and 'D, respectively). 
At the 630 kev resonance the difference between the theoretical (5/16) and — 
experimental (3/7) values of F is not significant. A mixture of M2 radiation, 
with an intensity 6 x 10-* of that of the E1 radiation and in phase with it, is 
sufficient to give agreement with the experimental distribution. This figure is 
consistent with the result at the 652 kev resonance where a mixture of M2 


ee 
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radiation, of intensity 1:5 x 10-% of that of the El radiation and in phase 
with it, provides a fit with the experimental result. This mixture is required 
independently of any assumptions about the coupling of the angular momenta. 
The L—S coupling description of the five resonance levels is: 404 kev, °F ,(—); 
503 kev, 1D.(+); 630 kev, 8F,(—); 652 kev, 1D,(—); 677 kev, °D,(+). 
I would like to thank Dr. K. V. Roberts of King’s College, Cambridge, for 
advice on some of these calculations. 


Department of Natural Philosophy, P. J. GRANT. 
Glasgow University. 
28th December 1953. 
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Spectroscopic Isotope Shifts and Electron Scattering by Nuclei 


Recent experiments on the scattering of 125 Mev electrons by nuclei 
(Hofstadter, Fechter and McIntyre 1953) have indicated that the nuclear charge 
may be concentrated towards the centre of the nucleus. ‘These authors and 
Schiff (1953) have shown that with the use of the Born approximation to calculate 
the scattering the experimental results may be fitted equally well to either of 
the charge distributions 

DED Ouellet a bed eg og 0 1 (1) 


or pas (1 + 4 OP a ag ee ee (2) 


where p is the charge density at a distance r from the centre, and « and £ are 
adjusted to give the best fit with experiment. 

Another method giving information about nuclear charge distribution is 
the study of spectroscopic isotope shifts in heavy elements. In an attempt to 
correlate the results of scattering experiments and those of isotope shift 
measurements, the isotope shift AT due to the nuclear volume effect was calculated 
for the above two charge distributions by the following method. 

The first order perturbation method of Rosenthal and Breit (1932) was used 
as a first approximation. ‘This result was then corrected for the distortion of 
the electronic wave function inside the nucleus by multiplying by the ratio 


AT perturbation 
AT non-perturbation 


given by Bodmer (1953) for a uniform volume distribution of nuclear charge. 
Bodmer’s calculations show that this ratio does not depend very critically on 
the charge distribution. For lead, the ratio for uniform charge distribution 
differs from that for inverse square charge distribution by about 5%. It was 
assumed in the present calculation that « and f£ are proportional to A'*, where 
A is the mass number. The measured value of the isotope shift in lead was 
used to calculate the values of « and f for lead. In the following table these 
PROC. PHYS. SOC. LXVII, 4——A 28 
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results are compared with the values of « and 6 deduced from the electron 
scattering experiments by Hofstadter e¢ al. (1953) and Schiff (1953). 


Values of « and B for lead 


a x 10% Bx 10#* 
Scattering 2:36+0:3 1-3 40:2 
Isotope shift 1:35+0:3 13152053 


It is very difficult to estimate the errors in the isotope shift values of « and f, 
but they are unlikely to exceed those quoted. 

It appears from these calculations that while the results of scattering 
experiments so far can be made to fit either of the charge distributions (1) or (2), 
the consideration of both isotope shift measurements and electron scattering 
experiments discriminates in favour of the modified exponential distribution (2), 
that is, a distribution that is smooth at the origin. 

Clarendon Laboratory, W. R. HINDMARSH. 

Oxford. 
29th January 1954. 
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CORRIGENDUM 


Lens Spectrometer Study of the Disintegration of MsTh,. By the late 
W. D. Bropir (Proc. Phys. Soc. A, 1954, 67, 265). 
P. 271. ‘Table 4, lines 2 and 3 of column 4 should read 


Ly MyMiy 
Ly MyMyy 
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REVIEWS OF BOOKS 


Introduction to Electric Theory, by R. G. Fowier. Pp. xii+390. (Cambridge, 
Mass. : Addison—Wesley, 1953.) $7.50. 


This book is designed as a text appropriate to certain mathematics and 
physics curricula of American universities. Its standard is roughly that of the 
pass degree of British universities. It is generally recognized that there is a 
great need for electricity textbooks of this kind. Simultaneously there is a great 
need for expositions which place theoretical electricity on a rigorous, logical 
footing and are free of the fallacies and pitfalls for which the subject is notorious. 
The * tidying-up ’ of classical electricity, however, still lies largely on the research 
level, and to attempt to combine this with a didactic account at the under- 
graduate level at the present time is a difficult task indeed. This is what the 
author has attempted. It is therefore sufficient commendation that he should 
have achieved a fair measure of success, and although much remains that one 
might criticize, no critic would wish to be unduly harsh—especially one who has 
himself had the experience of teaching such a course. 

Regarding the treatment on its didactic merits, the outstanding characteristic 
is the unparalleled beauty, clarity and simplicity of exposition, making the subject 
not only understandable but alive and fascinating to the student grappling with 
its difficulties for the first time. Points which, as shown by experience, the 
student finds particularly difficult (e.g. the potentiai) are discussed at great length, 
leaving no room whatsoever for uncertainty or misunderstanding. Where 
possible, topics are illustrated by worked examples, and each chapter ends with a 
large number of examples for the student to do, with answers at the end of the 
book. This is in accordance with a plan of the author’s to exploit the application 
to physics of the American student’s parallel mathematical training, but no one 
will deny that its desirability is general. The text is well illustrated, a striking 
feature being the use of beautiful shaded diagrams for depicting complex, 
especially three-dimensional, situations. Vectors are introduced as a_ basic 
concept, but, appropriately so at this level, vector analysis is not used as a method 
of calculation; only vector summaries of results are given. A general system of 
units is used throughout, and is specialized where necessary, as in problems. 

As already indicated, the scope of the book is roughly that of a pass degree 
course, so that a detailed description is unnecessary. ‘The order differs from the 
conventional wherever this is necessary to meet the demands of an improved 
logical continuity. Features of special interest are the thorough use of Kelvin 
cavities for overcoming the difficulties of static field theory in polarized media, 
the introduction of convection and displacement currents at an early stage in 
order to provide a complete, although elementary, idea of the electromagnetic 
field, and the excellent and extensive treatments of special but useful topics such 
as networks and alternating current circuits. 

Unfortunately the book could not serve as a complete text for the type of 
course usually given in British universities since, as indicated by the title, only 
the theory of electricity is treated; the experimental aspects are scarcely touched 
upon. More unfortunate, perhaps, is the fact that the average student may not 
feel able to pay such a high price for a text dealing with a limited part of his 
course. However, in all other respects the book can be highly recommended 
to both teacher and student. A reviewer cannot allow for the individual tastes of 
teachers, but it is a book that the teacher must see and judge for himself. 

R. CADE, 


396 


CONTENTS OF SECTION B 


Mr. H. Myxura. Interference Microscopy at High Wedge Angles 


Dr. B. T. M. Wits and Mr. H. P. Rooxssy. Magnetic Transitions and Struc- 
tural Changes in Hexagonal Manganese Compounds . : ; 


Dr. D. Mapoc Jones and Prof. E. A. OwEN. Experimental Study of the Variation 
of the Degree of Order with Temperature in a Copper—Palladium Alloy 


Dr. M. V. Wirxes. A Table of Chapman’s Grazing Incidence Integral Ch(x, x) 
Mr. J. Dyson and Dr. W. Hirst. The True Contact Area Between Solids . 
Dr. ALAN PowELL. ‘The Reduction of Choked Jet Noise . 


Mr. A. Lempicki and Mr. C. Woop. Observations on a Form of Breakdown in 
Germanium Diodes 


Dr. F. C. RoEsLer and Mr. j. R. A. Pearson. Determination of Relaxation Spectra 
from Damping Measurements : 


Dr. J. L. Rocers and the late Prof. F. C. CHALKLin. A Geiger Counter Vacuum 
Spectrometer and its Use for the Study of Soft X-Ray Lines. 
Research Notes : 


Dr. U. W. Arnpt, Mr. W. A. Coates and Dr. A. R. CRaTHoRN. A Gas-Flow 
X-Ray Diffraction Counter . 


Dr. Ayir Ram VERMA. Interferometric One of Mosaic oT on 
the (111) Face of a Single Crystal of Germanium 


Mr. H. J. Gotpsmip. On the Thermal and Electrical Ceedueon . Semi- 
coniticeors , : : : : : 


Reviews of Books 


Contents of Section A . 


290 


297 
304 
309 
313 


328 


338 


348 


PROC. PHYS. SOC. VOL. 67, PT. 4—a (8. K. GHOSH ef al.) 


Prats 1: Puate II. 


i 


i 


397 


Lens Spectrometer Study of the Disintegration of **Pa 


By THE LaTE W. D, BRODIE* 
Department of Natural Philosophy, University of Edinburgh 


Communicated by N. Feather; MS. received 2nd December 1953 


Abstract. The electron spectrum of ?°%Pa has been studied over the energy 
range +kev to 570kev. ‘The energies of the observed conversion lines agree 
well with those (19 kev and over) of Keller and Cork and confirm the existence 
of the weak 272 kev y-ray. The low-energy spectrum includes L-conversion lines 
of the 28-7 kev y-ray, and M, N and O conversions of the predicted 17-2 kev y-ray. 

The intensities of the observed lines are in good agreement with the 
observations (37 kev and over) of Elliott and Underhill. The main part of the 
continuum consists of three partial spectra with end-points at 568+5, 256+ 4, 
and 140 + 14 kev, and intensities of 5, 57 and 38% respectively. A decay scheme 
is proposed which requires that the partial spectrum of lowest energy is a close 
doublet. 

233Pa yields a total of 2-0 + 0-15 electrons of 4 kev and over per disintegration. 


$1. INTRODUCTION 


was obtained by Meitner, Strassmann and Hahn (1938). ‘Two of these 

workers, namely Hahn and Strassmann (1940), later questioned the 
assignment of the 27-4 day activity to protactinitum and suggested that it 
belonged to a zirconium isotope. ‘The final assignment to an isotope of 
protactinium of mass number 233 was made and verified by other investigators 
(Seaborg, Gofman and Kennedy 1941, Grosse, Booth and Dunning 1941). 

Several workers have studied the radiations from *°%Pa by absorption and 
spectroscopic methods. Haggstrom (1941) and Levy (1947), using 180° constant- 
radius f-ray spectrometers, found that the end-point of the 6-spectrum was 
masked by conversion lines and estimated it to be at about 200kev. Fulbright 
(1944) concluded that there is also a f-component with an end-point in the 
neighbourhood of 700 kev. 

A careful investigation was made by Keller and Cork (1950) who used a 
permanent-magnet type f-spectrograph. ‘The field strengths were chosen so 
that the range from 19kev to 1-5mev could be covered. Keller and Cork 
observed 46 internal conversion lines and three weak K-Auger lines, all having 
energies below 411 kev. They also carried out an absorption experiment, using 
lead absorbers, which revealed no y-ray harder than about 400kev. ‘They 
concluded from absorption experiments using beryllium and aluminium that 
the f-ray end-point was in the 200 kev region and found no trace of acomponent 
of higher energy as reported by Fulbright. ‘The spectrometer used by Keller 
and Cork was a high resolution instrument capable of resolving the L-shell fine 
structure in the lower energy region. ‘They found lines due to internal 


[= first evidence for the existence of a 27-4 day activity in protactinium 


* Dr. W. D. Brodie died on 27th June 1953. "This paper was prepared from his Ph.D 
thesis by Dr. M. A. S. Ross at the request of Professor N, Feather, 
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conversion in the L, and L,, shells, but did not detect any Ly 1 conversion. A list 
of the y-rays found by these workers, showing the observed internal conversions 
is given in table 1. The nuclear level scheme suggested by them required a 
17-4kev y-ray (not observed) to make it self-consistent. ; 

After much of the work to be described below had been carried out, a report 
on 288Pa by Elliott and Underhill (1952) became available. These workers 
used a magnetic lens spectrometer and studied the spectrum above 37 kev. 
They found that the main part of the B-continuum ends at about 260 kev and that 
about 8%, extends to 570kev. They observed internal conversion lines 
corresponding to nine y-rays of energies 76, 88, 105, 298, 310, 339, 398, 415 and 
474kev. The presence of the last of these was deduced from a single very weak 
conversion line. 


Table 1 
y-ray energy Conversion lines y-ray energy Conversion lines 
(kev) observed (kev) observed 
28-9 M, N, O. 301°5 K, L, M. 
40-6 Ly M,N. Sisal K, L, M,N. 
58-1 Loa 342 1 10 MESNe 
US) LeoL, MN, ©: 376°5 Ko 
87-1 Le Le viene): 599-9 Ia ie 
104°5 L,, L,, M, N, O 416-4 Keri 
272°6 Kee 


Some of these y-rays were also found in the external photoelectron spectra from 
silver and gold radiators. Elliott and Underhill carried out a coincidence 
experiment using two lens spectrometers arranged end to end. One was 
focused on the intense K internal conversion line of the 310 kev y-ray, while 
the other was set on selected points in the spectrum. ‘The 76, 88 and 105 kev 
transitions, as well as about 75°%, of the continuum, were found to be correlated 
with the 310 kev transition. ‘These facts, together with the intensities of the 
y-rays in external and internal conversion, led them to suggest the disintegration 
scheme shown in figure 4(5). It will be noticed that the main part of the 
B-spectrum (i.e. below 260 kev) has been divided amongst six f-transitions. 

The objects of the present work were to re-examine the spectrum of 2°3Pa, 
using a lens spectrometer with postfocusing acceleration (Butt 1949, 1950), 
extending the observations below the limit of Keller and Cork’s apparatus. 
Since there are many K- and L-conversion lines in the 7°%Pa spectrum, an 
L-Auger spectrum must be present in the region between 7 and 17 kev. Also, 
if the interpretation of Keller and Cork is correct, some very low energy internal 
conversion lines should be found. In particular, L-conversion electrons of the 
28-9 and 40-6 kev transitions should appear at about 7 and 19 kev, respectively, 
and if a 17:4 kev y-ray exists, M, N and O conversion electrons may be seen. 


§2. EXPERIMENTS WITH SourcE No. 1 


The *°Pa was produced at the Atomic Energy Research Establishment, 
Harwell, by slow neutron bombardment of ®*?Th followed by £-decay (half-value 
period= 23-5 min). It was purified chemically at the Radiochemical Centre, 
Amersham, and delivered in the form of the complex with thenol tri-fluoro 
acetone in benzene solution. The protactinium was extracted with 259%, 
efficiency from the benzene solution by treatment with concentrated HCl, 
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After boiling off the excess HCl one drop of solution was placed on gold leaf 
0-2 mg cm? in thickness which had previously been wetted with insulin solution. 
For extra strength the gold leaf was backed with a nylon film of superficial mass 
20 «4g cm™*. The diameter of the prepared source was 0:4 cm. 


22 


23 
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Figure 1. Electron spectrum of 7**Pa above 16 kev taken with source no. 1. 
Statistica] errors are indicated. 


Figure 1 shows the spectrum in the energy range above 16kev. The 
observations were made at 300 different Hp values selected to give good definition 
of the lines. ‘The statistical error (not constant throughout the spectrum) is 
indicated for chosen points on the curve. An accelerating potential of 7-0 kv 
was used in investigating the lower-energy half of the spectrum, the counter 
window being about 0-1 mg cm ? in thickness. ‘The continuum appears to end 
at approximately 1900 gauss cm. I[t will be shown later, however, that there 
is a weak f-ray continuum extending to a higher energy end-point. 

Since the product nucleus of the f-decay is uranium, the K-L-M.... 
energies to be used in interpreting the line spectrum are those of element 92. 
They were calculated from the term values given in the ‘ Landolt—Bornstein’ 
tables (1950), and are shown in table 2. 


Table 2 
KK ibe Le nt M, M,, Min Miy My 
Beeyy Gal15-85 921-80) 20-99 17:20. 556° 5:19" 4:31 99-73 3-56 
N,; Nu Nin Noy Ny Ny; Nvn 
E (kev) 1:44 1:27 1:04 0-78 0:74 0:39 0-38 


The conversion lines have been analysed in table 3, which shows the 
momenta in gausscm, the energies in kev, the shells in which conversion is 
assumed to take place and the corresponding y-ray energies. ‘The results agree 
well with those of Keller and Cork shown in table 1—except that the weak y-ray 
of 272 kev energy was not observed and the y-rays of 301 and 313 kev were not 
resolved, 
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Table 3 
~ No. of Hp Js; Level of ee of 
line (gauss cm) (kev) conversion y-ray (kev) 
9 472 19-3 L, and L,, ae 
518 23°1 M : 
tt 571 27°9 N 29-3 
12 641-5 35-0 M 40-6 
13 656 36°5 LA 58:3 
14 804 54-0 L, 75°8 
15 811 54-9 i 75-9 
16 839 58-6 Jefe 75-8 
ily 888 65°3 L, 87-1 
18° 895 66:2 i 87:2 
19 i010 83 L, and L, 104-4 
20 et, 99-2 M 104-8 
21 1142 104 N 105-4 
22; 1640 198 K 313-8 
De 1777 227 K 342°8 
24 2073 293 ip 314 
25 ~2185 ~320 It; 342 


An examination was next made of the low-energy region of the spectrum. 
The accelerating potential was maintained at 7-0 kv, and four runs were taken 
between Hp=240 and Hp=550 gauss cm. The first and third runs were 
started at the upper momentum limit and the second and fourth at the lower 
momentum limit. A plot of the ‘raw counts’ was made for each run, and these 
four plots were found to be closely similar, peaks appearing at very nearly the 
same positions in the four cases. In view of this consistency it is very unlikely 
that any of the peaks is due to a chance statistical fluctuation. ‘The averaged 
and normalized low-energy spectrum is shown in figure 2. 


34 5 


= uM 
| 200+ | 28-9) 
MY My n |o, 7(40-7 kev) 
y(I7-2 kev) = Ny 
150 | | | 7('72 kev) %) 
0:4 0:5 0: 0:7 0-8 


6 
Focusing Current (amps) 


Figure 2. The low-energy spectrum of 23%Pa. 


The interpretation of the low-energy lines is rendered uncertain by the fact 
that both Auger and internal conversion lines are present. Moreover, since the 
relative intensities of internal conversion in the three L shells are not known, 
it is difficult to make an estimate of the relative intensities of the Auger lines 
originating in L,, L,, and L,,;. However, an examination of figure 1 and table 3 
indicates that internal conversion in L,,, is low, while that in L,,, although smaller 
than in L), is certainly not negligible. Anticipating the results of table 5 we can 
assume that the relative intensities of internal conversion in the Kk and 
(M+N) shells are approximately as 113:85:14:5. In whatever ratios the 
85 units in the L shells are divided among L,, L,, and Ly, (always remembering 
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that L, >L,, > L,,,) it turns out that ultimately the ionization in L,,, considerably 
exceeds that in L, and L,. The reasons for this are, firstly, that the x-ray 
transition KL, is forbidden, and the K-Auger transition K->L,L, of small 
intensity (virtually all of the K-shell ionization being transferred to L,,, L,,,; and 
the M shells), and secondly that the Coster-Krénig transitions transfer a large 
fraction of the direct L, ionization to the L,,, shell. 

Two calculations have been made using the K x-ray intensities calculated 
by Massey and Burhop (1936) and the Coster—-Krénig coefficient calculated by 
Kinsey (1948). For the first, the initial L-shell ionization was assumed to be 
divided among L,, L,,; and L,,; in the ratios 76:8:1, and for the second in 
the ratios 45:35:5. The final relative L-shell ionization intensities are 
30-4: 35-8: 105-8 and 18-0: 62-8:91-2 for the two cases. Hence, using Kinsey’s 
(1948) calculated fluorescence yields for the three shells, the relative numbers of 
Auger electrons originating from ionization in L,, L,;, and L,,; are 18-3 : 14-7 : 62-4 
and 8-8:25-8:53-8, respectively, corresponding to the two sets of initial 
assumptions. ‘Thus, whatever the true ratio of the numbers of L, and L,, internal 
conversion electrons, most of the observed L-Auger electrons must be due to 
the filling of vacancies in the L,,, shell. Lj - and L,,-Auger lines should also be 
observed, but with smaller intensity. 

With this conclusion in mind, the ten lines of figure 2 have been interpreted 
as shown in table 4. 


Table 4 
shige or mg # Interpretation 
line (gauss cm) (kev) 
1 282 7-0 L, conversion of y-ray 28°8 kev 
2 302 79 Ly, conversion of y-ray 28-9 kev 
3 324 Dey) Auger L,,-M,M,,, (9-3 kev) 
4 335 9-8 Auger L,,-M,yMy (9-9 kev) 
5 365 11-6 M ae: of y-ray 17:2 kev 
: Ly-M,,M (11-7 kev) 
eee! ie Sees i (12-2 kev) 
6 387 es) M conversion of y-ray 17:2 kev 
+ Auger L,>M,,M,,, (12:95 kev) 
7 413 14-8 Auger L,+M,N, (14:8 kev) 
1 IN INI (14-65 kev) 
OE ness Ge NM, (15-0 kev) 
8 438 16-17 N-+O conversion of y-ray 17:2 kev 
+ Auger L,,>+M,,N, (15:8 key) 
9 Sf 469 19-0 L, conversion of y-ray 40°8 kev 
478 197, L,, conversion of y-ray 40:7 kev 
10 5) 23-4 M conversion of y-ray 28:9 kev 


Lines 1 and 2 are due to conversion in the L, and L,, shells of a 28-9 kev y-ray, 
already known from its M and N conversion electrons (see table 3). Lines 3 and 4 
are interpreted as Auger lines corresponding to the transitions Lj,,> My M,,, 
and L,,,~My M,y. The same transitions appeared in the L-Auger spectra of 
RaE and RdTh (Butt and Brodie 1951, Brodie 1954), although in neither of 
these cases were the two lines resolved. Lines 9 and 10 are also easily interpreted. 
The former is due to conversion of the 40-6 kev y-ray in the L, and Ly, shells, the 
two lines being incompletely resolved, and the latter to the M-shell conversion 


of the 28-9 kev y-ray (see also figure 1). 
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Regarding the remaining four lines, if numbers 5 and 6 are due to Auger 
electrons, the most likely transitions appear to be L,; >Myy M; and Ly >My Mu 
and, in view of the conclusions reached above about the relative intensities of 
the L,, and L,,, Auger electrons, the observed intensities seem rather high. 
Further, the shape of the high-energy side of the group of lines 5 and 6 suggests 
that the main contribution to the observed distribution is’ from the conversion 
of a single y-ray in the five M shells. ‘he arrows in figure 2 show the calculated 
positions of M conversion electrons of a 17-2 kev y-ray, and it is clear that this 
interpretation fits the observations. It is assumed that the Auger lines, for 
example those due to the transitions L,,-> Myy M, and Ly My N, which are 
expected on the basis of the results for MsTh,>RdTh (Brodie 1954), are 
submerged in this complex group. 

If lines 5 and 6 are indeed due to internal conversion of a 17-2 kev y-ray, it 
is to be expected that conversion in the N and O shells would also show up. 
The broad line number 8 in figure 2 is very probably due to these conversions, 
together with an Auger line due to the transition Ly,» Myy Ny. The calculated 
positions of these lines are shown on the figure. Finally, line 7 in figure 2 may 
be due to the Auger transition L,»M, Nj, or to a combination of two lines 
resulting from the transitions L,;,—> N,v M, and L,;;~> Nyy My. 

The conclusions to be drawn from this study of the low-energy region of 
the 283Pa spectrum are therefore as follows: 

1. The 28-9 kev y-ray reported by Keller and Cork in M, N and O conversion 
has been confirmed by the detection of its conversion electrons in the L, and 
Ly, shells at 7-0 and 7-9 kev respectively. 

2. L,; and L,,; conversion lines of the 40-6 kev y-ray have been found. 
Previously L,; was the only L-shell conversion reported since the apparatus of 
Keller and Cork cut off at just over 19 kev. 

3. While the existence of the ‘hypothetical’ 17 kev y-ray of Keller and Cork 
cannot be said to have been proved beyond all doubt, strong circumstantial 
evidence for its existence has been obtained from lines attributed to M, N and O 
conversion. 

4. As regards the lines which have been interpreted as due to Auger 
electrons, the transitions postulated agree with those suggested to explain 
similar lines in the spectra of RaE and RdTh. 


§3. EXPERIMENTS WITH SouRCE No. 2 


Because of back-scattering from the gold leaf on which it was mounted, 
source no. 1 could not give satisfactory information about the shape of the 
continuous f-spectrum or about the relative intensities of the internal conversion 
lines. Moreover, the resolving power obtainable with this source was not 
sufficiently good in the high-energy region; in particular, the K conversion lines 
of the 301 and 313 kev y-rays were not resolved. ‘To try to remove these defects 
a new source was prepared with the following objectives in mind: (1) the backing 
to be as thin and light as possible to reduce scattering, (ii) the source to be as 
thin as possible, despite loss of intensity, so as to reduce scattering and 
absorption in the source material, (iii) the area of the source to be smaller than 
before, to improve resolution. 

To ensure that no organic matter was left in the source, it was prepared by 
the following method. ‘The protactinitum compound was dissolved in benzene, 
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evaporated to dryness in a platinum crucible and ignited. The residue was 
dissolved in 12N HCl, evaporated to a small volume and one drop of the solution 
was placed on a collodion film, previously wetted with insulin solution in the 
usual way. The collodion film was about 20 ng cm? in thickness. The drop 
of solution was evaporated under an infra-red lamp, using gentle heat, the 
remainder of the film being protected by a piece of aluminium foil. In colour 
the source was a brownish deposit. Since all organic matter had been removed 
in the ignition process, the residue must have been an inorganic impurity. The 
source was about one tenth as strong as no. 1 and was too weak to be used in 
the very low energy region. Its diameter was 0-3cm. No attempt was made 
to ‘earth’ this source to the spectrometer. With such a weak source the 
conductivity of the collodion can generally be relied on to prevent the source 
from charging up to such an extent that the energies of the lines are measuably 
affected. In fact, no evidence of source charging was found—the energies of 
the observed lines agreed closely with the values found with source no. 1 over 
the energy range covered (i.e. above 23 kev). 

The spectrum obtained with source no. 2 showed considerably improved 
resolving power at the higher energies. ‘he K-conversion line of the 301 kev y-ray 
was Clearly seen. At the lower energies the statistical error was too large for the 
L-shell fine structure to be revealed. ‘The energies of the observed lines are 
given in table 5. They agree well with those in table 3 even at the lower energies, 
-where the effects of source charging are likely to be most serious. 


‘Table 5 
Elliott’s 
Conversion conversion 
Line Energy Level of y-ray line line 
no. (kev) conversion energy intensity intensity 
g* 19=19-7 10; 40-7 5 a 
10 22-9 M 28-6 10 a 
ital PHYS N 28-7 1:5 — 
13 36-4 L 58 4 — 
14 53°8 L ISAS Dl 20 
if; 65:2 i; 87 17-4 24 
18a 70°5 M, N 76 1 5 
19 82°3 L 104°1 10-4 11 
20 99-2 M 104°7 2 3 
JEpEEN 185°8 IK 301-6 4 10 
22 198 Kk 313-8 100 100 
23 228 Ik 343 8 10 
24 292 L 313°8 25 25 
25 319 L 340 47 es) 


* The data for this line were obtained from figure 2. Its intensity was estimated by 
comparison with the M conversion of the 28-7 kev y-ray. 
+ Includes the K conversion of 415 kev y-ray—not resolved. 


A ‘continuous spectrum’ was sketched in under the lines so that an estimate 
of the line intensities could be made. ‘The results of the relative intensity 
measurements, made with a planimeter, are included in table 5, the intense 
198 kev line being arbitrarily assigned an intensity of 100. Keller and Cork 
did not measure the intensities of their lines, but table 5 shows the figures given 
by Elliott and Underhill. Agreement between their results and ours is good, with 
the exception of line 22a (which was not completely resolved) and the weak line 18a. 
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A Fermi plot of the continuous f-spectrum, as far as it could be cee 
in the presence of the internal conversion lines, 1s shown in figure 3. i LEO ms 
points, corresponding to energies between 140 and 210 kev, lie on a snaiere 
line which, on extrapolation, cuts the energy axis at about 252 kev. This 


l | | 
0 0-1 0.2 0-3 0:4 05 
Energy (in. #e? units) 


Figure 3. The Fermi plot obtained from the spectrum of source no. 2. No is the number 
of electrons per unit momentum interval, 7 1s the momentum of the electrons 
in mc units and F is the Fermi function for Z=92. 


agrees well with the value of 260 kev given by Elliott and Underhill for the. 


end-point of the main component of the -spectrum. Below 140 kev the Fermi 
plot curves upwards and, while this curvature may in part arise from scattered 
electrons, it is probably due in the main to the presence of one or more partial 
B-spectra with end-points lower than 250 kev. ‘The two points at the high 
energy end of the plot lie well above the straight line. ‘These points are subject 
to considerable error, but they suggest that the 6-continuum does, in fact, have a 
low intensity component with an end-point considerably higher than 250 key. 


$4, PRELIMINARY DISCUSSION OF THE DECAY SCHEME 


On the whole the y-rays deduced from the observations reported above agree 
well with those reported by Keller and Cork, and some evidence has been found 
for a y-ray of about 17 kev. The 272 and 377 kev y-rays of these authors have 
not been found. This measure of agreement does not necessarily confirm the 
level scheme of Keller and Cork (hereafter referred to as I), as will now be shown. 
The scheme suggested by Elliott and Underhill, reproduced in figure 4 (b) and 
designated II, can accommodate the 29, 41, 59 and 17 kev y-rays, which are 
shown by dotted lines in the diagram as they were not observed by these workers: 
in fact there are two possible 59 kev transitions. Moreover, the presence of these 
y-rays, the first three of which have been confirmed beyond doubt, may remove 
the need for some of the partial B-spectra suggested by Elliott and Underhill. 

Basically there are four levels which are common to the two suggested 
schemes. ‘I'o make this clear, Keller and Cork’s scheme, I, has been drawn 
inverted in figure 4(a), with the energies of the levels suitably reallocated. 
Clearly, apart from the fact that I is inverted, the only differences are that there 
is no level corresponding to B in II, and that levels b and g do not appear in I, 
Level. B is missing from II because Elliott and Underhill did not detect the 
40:6, 272 and 376 kev y-rays, all of which involve level B in I. But to 
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accommodate their 298 kev y-ray, Elliott and Underhill introduced level b and 
fed it directly by a partial 8-spectrum. It is noteworthy, however, that the 
energy difference between b and d is 41 kev, so that one of the ‘missing’ y-rays 
can be accommodated in II. Clearly, to confirm the existence of B it is necessary 
to confirm either the 272 or the 376 kev y-ray. This point will be dealt with in a 
later section. 


Figure 4. A comparison between (a) the inverted level scheme of Keller and Cork and 
(b) the level scheme as given by Elliott and Underhill. 


Turning now to level g, we recall that the existence of a 474 kev y-ray appeared, 
on the basis of Elliott and Underhill’s spectrum, to be a little doubtful. Further, 
since the difference between levels f and d is 76 kev, the transition ge can be 
replaced by fd. As Elliott and Underhill did not observe the 29 kev y-ray 
they could not use the transition f—>d, because it would violate their experiment 
showing coincidence in time between the 76 and 310 kev y-rays. However, 
as the 29 kev y-ray has now been established, it is possible that the 76, 29 and 
310 kev transitions occur in cascade. We conclude, therefore, that further 
experimental evidence is required before the existence of the 474 kev level can 
be accepted as proved. 

The remaining point of disagreement between schemes I and II concerns 
the ultimate P-particle end-point in the **’Pa disintegration. ‘lhe work of 
Elliott and Underhill suggests an end-point at 570 kev, which fits satisfactorily 
into their decay scheme, but the only other report of a high-energy end-point 
places it at 700 kev (Fulbright 1944). The present work, as described so far, 
shows some indication of a f-component with an end-point higher than 250 kev, 
but the precise position of this end-point remains uncertain. 

To provide evidence on the points discussed above, further experiments 


were performed. 


§5,. EXPERIMENTS WITH Source No. 3 
Search for Conversion Electrons of a 272 keV y-Ray 
A much stronger source was prepared from a new and chemically purer 
supply of 73°Pa. It was mounted in the usual way on gold foil 0:-2mgem-? in 


thickness. A search was then made for the 272 kev y-ray reported by Keller 
and Cork. According to these workers the K-conversion line has an energy 
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of 156-6 kev, corresponding to a momentum of 1430 gausscm. In all, ten runs 
were made over the region between 1270 and 1525 gausscm, about 50000 
counts being taken on each point. ‘The curve obtained is shown in figure 5, 
in which the statistical error on each point corresponds to about +0:-4%. The 
only departure from an otherwise smooth curve occurs at about 1430 gauss cm, 
where there seems to be a very weak line. It has about the expected width for 
a line of this momentum, and its energy (156 kev) suggests that it is, in fact, 
the K-conversion line of a y-ray of 272-6 kev. On the basis of this evidence, 
together with the fact that Keller and Cork, using a semicircular spectrometer 
with photographic detection (which is possibly the most sensitive method of 
detecting weak lines), reported finding both K- and L-conversion electrons of 
this y-ray, the existence of this transition may be said to be established. ‘This 
implies that level B of figure 4(a) must be included in the scheme, and so 
favours the level scheme of Keller and Cork, either inverted or as originally 
published. 
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Figure 5. Electron spectrum obtained from source no. 3 in the search for K-conversion 
electrons of a 272 kev y-ray. 
Pa 6. The high energy ‘ tail’ of the B-spectrum of 28*Pa obtained from source no. 3. 
igure 7. Fermi plot of the spectrum in figure 6. 


The Continuous B-Spectrum of ?3Pa at High Energies 


_ In all the experiments so far reported the spectrometer had been set for 
high collecting power, with a source-to-counter distance of about 50 cm. Under 
these conditions the maximum momentum which could be focused was about 
2500 gausscm. With a strong source available it became possible to increase 
the source-to-counter distance to 80cm, allowing the coil to focus electrons 
having momenta up to about 3400 gauss cm. 
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With this arrangement the high energy tail of the B-spectrum was examined 
carefully from about 235 kev upwards. The spectrum so obtained is shown in 
figure 6. ‘The group of lines marked 1 consists of the L- and M-conversion 
electrons of the 313 kev transition, and the L line of the 342 kev y-ray. The 
weak lines 2 and 3 at 2430 and 2500 gauss cm respectively, not previously 
detected in this work, are interpretated as the L-conversion lines of y-rays of 
400 and 417 kev respectively. The K-conversion lines of these transitions are 
in the group of lines 1 and are not resolved from the other lines present. This 
interpretation is in agreement with both Keller and Cork and Elliott and 
Underhill. 

A Fermi plot of the high-energy continuum was made by selecting points 
between the conversion lines. The result is shown in figure 7, from which it 
can be seen that the last ten points lie very nearly on a straight line. ‘The 
end-point, deduced by the method of least squares, is 568 kev, in good agreement 
with the value of 570 kev given by Elliott and Underhill. 

The spectrum obtained with this source down to about 90 kev is shown in 
figure 8, the sharp rise of the continuum in the region of the strong conversion 
lines being evident. The complete Fermi plot obtained from this set of: 
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Figure 8. /-spectrum of *°*Pa from source no, 3. 


observations is shown in figure 9, while the inset on the same diagram shows 
a tracing of the Fermi plot published by Elliott and Underhill. Clearly the two 
are almost identical. The end-points of the three partial spectra in figure 9 are 
565, 256 and ~ 140kev. ‘The first two of these have already been measured in the 
present work as 568 and 252 kev, respectively; the third must be regarded 
as approximate since the Fermi plot might well be distorted on account of 
back-scattering at low energies. 

Assuming that all three partial spectra have shapes which approximate to the 
allowed shape, then the relative intensities deduced from the extrapolated 
Fermi plots of the three spectra, in the order given above, are approximately 
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5:45:50. These ratios are liable to error on account of departures from 
assumed spectral shape and of distortion of the Fermi plot due to back-scattering, 
but the figures may be taken as a guide in an attempt to build up a disintegration 
scheme. 
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Figure 9. Fermi plot obtained from spectrum in figure 8 compared with the 
Fermi plot (inset) published by Elliott and Underhill. 
Search for K-Conversion Electrons of a 474 keV y-Ray 

The K-conversion line of the 474kev y-ray would appear between lines 1 
and 2 in figure 6. A search was therefore made in this region but, because the 
counting rate was low and less than three times the y-ray background, the 
statistical accuracy was only about 3%. No line of intensity comparable with 
the weak lines 2 and 3 of figure 6 was found, and it is estimated that a line 
one-third as intense as line 2 would just have been observed. According to 
Elliott and Underhill the ratio of the intensities of the two lines was roughly 1:3. 

The experiment was therefore inconclusive, so that the existence of a 474 kev 
level in the ?°3U nucleus is still in doubt. 


$6. SUGGESTED Decay SCHEME FOR 233Pa—>233U 
The data which have to be used in building up a disintegration scheme are 
as follows: 


1. The energies of the transitions occurring in the ?%U nucleus, as given in 
earlier sections. 


2. The relative intensities of the internal conversion electrons, as listed in 
table 5 


The end-points of the partial 6-spectra. 

The relative intensities of the partial 6-spectra. 
The internal conversion coefficients of the y-rays. 
The absolute intensity of the 313 kev transition. 


Gn - 


a 
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Items 5 and 6 were taken from the results of Elliott and Underhill, except 
that the intensity of 75°, which they give for the 313 kev transition had to be 
increased to 80°% to make the scheme self-consistent. 

The data on the transitions in the daughter nucleus, 233U, are summarized 
in table 6, the absolute intensities having been deduced from the measured 
relative intensities of the internal conversion lines and the internal conversion 
coefficients, assuming a total intensity of 80° for the 313 kev transition. 


Table 6 
N Transition Intensity of Absolute 
No. of : : : é 
energy internal conversion Remarks intensity of 
file A (kev) electrons transition (°%) 
Rel. Abs. (%) 
1 Lied, i z 
2 28:7 (MandN 4 Allow 2% for L conversion 6 
only) and unconverted y-ray— 
12 based on figure 2 
3 40-7 5 2 Relative intensity from 3 
figure 2 
58 4 2 3 
5 76 22 US Using Elliott's conversion i) 
coefficients 
6 87 17 6 ditto 11 
7 104 12 4 ditto 7 
8 272 _ — Very weak a 
| 9 301 5 2 Using Elliott’s conversion g 
coefficients 
| 10 313 125 43 ditto 80 
al 342 10 3 ditto 7 
| 12 400 — — Elliott’s intensity 2:3 
13 417 — a ditto De 


The end-points of the partial B-spectra are finally taken to be 568+5, 
256+4 and ~140 kev. ‘The accuracy of the third figure is probably no better 
than 10%. ‘The intensities of the three B-spectra are provisionally 5%, 45%, 
and 50%, respectively. 


Figure 10. Suggested disintegration scheme for **°Pa—~?"°U. 


On the basis of these data the disintegration scheme of figure 10 is suggested. 
The levels in the ?°U nucleus correspond to an inversion of the scheme of 
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Keller and Cork; the details of the partial 8-spectra and the relative intensities 
of table 6 forbid its use in the original form. The intensities of the transitions 
sn the 233U nucleus which are shown in figure 10 are those listed in table 6, and 
it can be seen that the scheme adequately meets the requirement that the total 
intensity arriving at any level is equal to that leaving the level. It has been 
necessary to assume that the least energetic of the partial 6-spectra is split into 
two having end-points differing by 17 kev. If this is not done, an intensity 
of 18°% must be assumed for the 17 kev transition. This was not found, and in 
the scheme a value of 5°/, has been suggested as the probable maximum intensity 
for this transition. The intensities suggested in the scheme for the partial 
B-spectra are 5%, 57% and (13+25)%. ‘These show reasonable agreement 
with the provisional values 5%, 45°% and 50%, which were accurate enough 
only to serve as a guide. 

While figure 10 fits the observations satisfactorily, it is not claimed to be 
unique. In particular, the weak 474 kev transition suggested by Elliott and 
Underhill has not been conclusively proved to be absent. If it is present, a 
474 kev level must be included in the ?3°U nucleus, fed by a 8-spectrum having 
an end-point at about 95 kev. As has been indicated in figure 4, such a level 
would allow an alternative position for the 75 kev transition. It would also 
require some modification of the intensities of the partial 6-spectra. 

Further experiment is required to establish a final decay scheme. ‘The 
474 kev transition is, at best, very weak, and the most fruitful method would 
probably be to search for line-to-line coincidences among the 87, 75 and 58 kev 
transitions, using a double spectrometer or electron sensitive nuclear emulsions, 
Figure 10 would forbid all such coincidences, whereas Elliott and Underhill’s 
scheme (figure 4(4)) would show the 76 kev transition in coincidence with 
the 88 kev, and possibly also with the 59 kev transition. Useful information 
might also be obtained by finding the end-points of the partial 6-spectra in 
coincidence with the various y-rays. 


§7. THE CouNTING EFFICIENCY OF =33Pa 


Counting efficiency has been defined (see, for example, Karraker 1951) as 
“the ratio of observed counts to actual disintegrations under specified counting 
conditions”. If a counter insensitive to electromagnetic radiations is used 
under suitable solid angle conditions the counting efficiency gives a measure of 
the total number of electrons per disintegration. This quantity has been 
measured by Karraker (1951) using a direct counting method, and by Seaborg 
et al. (1942), the respective results being 2:7 and 2:3 electrons per disintegration. 
Since the probable error quoted by Karraker is 10°/, he claims substantial 
agreement with Seaborg. 

An estimate of the number of electrons per disintegration can be made from 
the results of the present work with an accuracy of the same order as that 
claimed by Karraker, provided the number of Auger electrons can be assessed. 
As has been explained in § 2, there is not enough information available concerning 
the relative intensities of the L,, L,, and L,,, conversion electrons to enable an 
accurate estimate of the intensity of the L-Auger electrons to be made. However, 
a rough value can be obtained by assuming a value for the total fluorescence 
yield of. all three L shells, 
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From table 6 the total number of internal conversion electrons is 0-73 per 
disintegration. ‘This result is unlikely to be greatly in error in view of the 
satisfactory way in which the intensities fit into the decay scheme. Further, 
it agrees well with the value of 0-72 deduced from the results of Elliott and 
Underhill, although the latter figure ought perhaps to be increased slightly to 
take account of the low-energy transitions which they did not detect. The value 
0-73 +0-08 has been assumed. ‘This figure was divided among the K, L, M 
and N shells according to the measured relative intensities of the internal 
conversion electrons. After taking account of the transfer of ionization from 
the K to the L and M shells by K x-ray emission, the number of L-Auger electrons 
was found to be 0-31+0-08. ‘This assumes a total L-shell fluorescence yield of 
0-52, a value based upon the calculations of Kinsey (1948). The total number 
of electrons emitted per disintegration of *°°Pa is thus 2-0.+0-15. 

In making this estimate no account has been taken of the K-Auger electrons 
since the K-shell fluorescence yield for uranium is very high, nor any account 
of the M- or N-Auger electrons. ‘The M-Auger electrons would have energies 
of about 2 kev and, since Karraker used a windowless counter in determining 
the absorption curve of 78°Pa, it is possible that electrons of 2 kev could have 
been counted. Moreover, the sensitivity of his counter to the soft M x-rays 
could have been appreciable. ‘These considerations may explain at least some 
of the difference between Karraker’s result and the present one. 


$8. CONCLUSIONS 


1. y-rays and internal conversion electrons. In the region above 19 kev 
12 y-rays have been identified from a study of their internal conversion electrons. 
The energies of the y-rays agree well with those given by Keller and Cork (1950) 
who, however, list one additional weak y-ray of 377 kev. The relative intensities 
of the internal conversion electrons have been measured and the results agree 
well with the values given by Elliott and Underhill (1952). 

2. The spectrum at low energies. Interpretation of the L-Auger spectrum 
is complicated by the presence of internal conversion electrons, but the 
transitions suggested to explain those lines definitely identified as Auger lines 
are in agreement with transitions occurring in the spectra of RaE or RdTh or 
both. L-conversion electrons of the 28-7 kev y-ray have been identified in 
the 7 kev region, and some evidence has been obtained for a 17-2 kev y-ray. 

3. The continuous B-spectra. ‘The main part of the primary £-spectrum of 
233Pa ends at 256 kev, but there is a low-intensity partial spectrum extending to 
568 kev. ‘These results agree very well with those of Elliott and Underhill. 
The main part of the continuum has been shown to consist of three partial 
8-spectra, the intensities of which have been roughly estimated. 

4. Disintegration scheme. ‘he energies and intensities of the 6-spectra and 
of the y-rays and internal conversion electrons fit satisfactorily into the decay 
scheme given in figure 10. 

5. The number of electrons emitted per disintegration of ?8>Pa. ‘The number 
of electrons emitted per disintegration of 79?Pa, excluding M- and N-Auger 
electrons, was found to be 2:0+0-15. ‘This is lower than the figures published 
by Karraker (1951) and by Seaborg et al. (1942), but it is suggested that their 
values may include the M-Auger electrons and possibly an appreciable fraction 
of the M x-rays. 
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Emission of Electron—Positron Pairs from Light Nuclei 
II: y-Transitions in *Be, '°B and '°O 


By S. DEVONS anp G. GOLDRING* 
Department of Physics, Imperial College, London 
MS. received 3rd November 1953 
Abstract. ‘The angular correlation of internally produced electron—positron 
pairs has been measured in the y-transitions of several light nuclei. "The measured 


correlation functions are compared with the theoretically predicted values and 
other information regarding the multipole character of the transitions. 


§1. INTRODUCTION 


referred to as I) apparatus has been described for measuring the angular 

correlation of internally produced electron—positron pairs, and its application 
to a study of the monopole transition in the 1O nucleus. ‘The present paper 
describes measurements of the pairs associated with some high energy y-transitions 
in light nuclei. ‘The transitions investigated were: ’ 

“Li(p, y)®’Be (440 kev); °Be(p, y)Be (998kev); 1°F(p, wy)6O (340 kev). 
The energies are those of the bombarding protons. In all these transitions the 
y-transition energy (k, measured in units of mc?) is sufficiently large (>12) 
and the charge of the radiating nucleus (7 <8) sufficiently small for the usual 
approximations, as made for example in the calculations of Rose (1949) and 
Goldring (1953), to be justified. 

For transitions in which the radiating nucleus has the normal, random 
population of sub-states (i.e. isotropic radiation), the probability per quantum 
of pair emission with angle @ between positron and electron, and with positron 
and electron energies wk, w_k(w,+w_=1), can be expressed as y,"(0, w,)Q.,Q_ 
where / denotes the multipole character of the radiation and Q,, (_ are the 
solid angles for detection of positron and electron. y,"(0,w_,) as a function of 
has, for k> 1, a sharp peak around 6=0 which increases with k. One can specify 
this region as 0<4), where 4 is given by 1—cos6,=1/k, and in this range 
y,"(9, w ,) is nearly independent of multipolarity /, but strongly dependent on the 
energy k. On the other hand for large values of 0, 8>6, y,"(0,w,) is nearly 
independent of k but strongly dependent on multipolarity /. Roughly speaking 
the large peak at small angles corresponds to pairs emitted in the radiation zone of 
the transition field, whereas the pairs emitted with large angular separation are 
those ‘ produced’ close to the nucleus. At high energies then, most of the pairs 
are produced with small angular separation, and since this region is inde- 
pendent of / the total pair conversion coefficient is not very sensitive to multi- 
polarity (cf. Rose 1949). The angular correlation on the other hand is sensitive 
to / for all energies, and in particular the integrated angular correlation 

o4,=1—-1/k 


gi'(8) = | if yi (9, w4) dw, 


@+,=1/k 


I: a previous paper (Devons, Goldring and Lindsey 1954, subsequently 
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which is, approximately, the quantity measured in the experiments, is almost 
independent of transition energies over the range of angles used, 0,<0<7, O70, 
The angular correlation functions g," for high energy transitions of the 
electric 2'-pole and magnetic 2'"'-pole are very nearly, but not exactly, identical, 
so that it is convenient to refer, for the present purposes, to an ‘order’ A of a 
transition. A=I for electric E/, and /+1 for magnetic M/ transitions. 


§ 2. EXPERIMENTAL 


The difficulties and sources of error arising in measurements of angular 
correlation of the pairsin a monopole (radiationless) transition have been described 
in detail in I. Some additional difficulties are encountered in y-transitions. 

(a) The diffuse electron radiation in the vacuum chamber is relatively more 
intense, because, apart from scattered electrons it contains electrons produced by 
y-radiation in the walls of the chamber. In particular, there will be a background 
of ‘stray’ coincidences counts due to these externally produced electrons, the 
most important process being the passage of such an electron right through all 
four counters when these are approximately collinear, i.e. in the region 6&7. 
For angles appreciably different from 7, this process, as well as the background 
effects discussed in I, are negligible. 

(6) External pairs produced in the target or target backing distort the 
correlation function. This distortion is roughly of the same order of magnitude 
as that caused by scattering, which as indicated in I, is negligible for the aluminium 
foils (approximately 0-2 mg cm™?), which were used as target supports in all cases. 

‘In all the y-transitions investigated, the yield of internal pairs was very much 
smaller than in the case of the transition measured in I, and the statistical accuracy 
of the measurements was correspondingly lower. ‘To the accuracy of the present 
measurements then, the distortion due to both scattering the pair production in 
the target and supporting foils, was quite negligible. 

(c) The geometrical correction due to the finite angular aperture of the 
counters is a function of the angle 0; for small @ the correction rises rapidly with 
decreasing 0, and a limit is set in this way to the smallest angle that can be usefully 
employed. Inall our measurements (apart from one case which will be mentioned 
specifically) the smallest angle was 7/4. With the counter geometry used, the 
largest correction, that at 7/4, could be estimated to better than 2%. With the 
limited. statistical accuracy obtained the errors involved in estimating the 
geometrical correction were insignificant for angles between 7/4 and =. 

‘The apparatus was set up so that the axis, about which the counter telescopes 
rotated, coincided with the axis of the proton beam. This was most convenient 
for practical reasons; in addition it is the most advantageous arrangement for 
investigating anisotropic transitions (Goldring 1953). 

The experimental arrangements were not particularly suited to measurements 
of the absolute pair-coefficient (i.e. the relative probability of pair and y-emission). 
Uncertainties in the beam current (due to scattering), the counter telescope 
efficiencies, and absolute y-flux measurements resulted in absolute intensity 
measurements of overall accuracy between 10% and 20%, which is inadequate 
for unambiguous assignment of multipolarity of high energy transitions. 
Consequently only the correlation functions are discussed below. In all cases 
the absolute intensities were estimated and were found to be consistent (to 
within the above accuracy) with the information that could be derived from the 
angular correlations. 


Emission of Electron—Positron Pairs from Light Nuclei: II 415 


§ 3. MEASUREMENTS 
3.1, *Lifp, vy)? Be 

LiH was used as a target. This substance is unstable in air, and was there- 
fore evaporated in situ. The measurements were carried out with two different 
separations between the inner and outer counters: (a) inner counter 7cm and 
outer counter 10cm from the target, (b) inner counter 7cm and outer counter 
12-5cm from the target. The correlation curves obtained were found to be 
identical within the statistical accuracy. As in I, this is taken as a confirmation 
that ‘stray’ background coincidence counts, if at all appreciable, are due to the 
causes listed above and can be ignored except near?=7. ‘The number of ‘stray’ 
coincidences at 6=7 can be estimated on the basis of the shadow measurements 
described in I. 

The results of both sets of measurement, arbitrarily normalized, are shown 
in figure 1. WN is proportional to T/}(F+M), where T is the number of total 
coincidences, and F, M are the number of counts in the fixed and moving telescopes 
respectively. 


10 
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Figure 1. Angular correlation of pairs from ‘Li(p,y). The curves are theoretically 
calculated for A=1 and A=2, normalized to be equal at 7/2. 


The radiation consists mainly of two components of energies k= 28-2 and 
k=34-5 (Hornyak et al. 1950). ‘There has been some uncertainty about the 
parity of the excited level in *Be in which these transitions originate. The 
anomalous scattering of protons in ‘Li at 440kcv can be interpreted as due to 
p-wave scattering (Hornyak e¢ al. 1950). Since the ground state of 7Li has odd 
parity, this means that the resonance level in *Be has even parity. On the other 
hand, the near-isotropy of both y-radiation components at resonance is most 
naturally accounted for by the assumption that the level is produced by s-protons 
(Devons and Hine 1949). Devons and Lindsey (1950) have pointed out that 
a p-wave excitation will result in isotropic radiation, if the channel spins are mixed 
in a certain definite ratio. In particular, such a mixture may be due either to a 
pure pjj. proton wave, or to the *Be state being an S, state (Christy 1953). All 
the evidence about the state is consistent with the assumption that its angular 
momentum is equal to one. ‘The two final states after y-emission, 1.e. the ground 

30-2 
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state and the first excited state of ®Be, are assumed to be O+ and 2 (Hornyak 
et al. 1950). If the J=1 state has odd parity (1-), the transitions will be Fl, 
and if it has even parity (1+), they will be M1 and M1 + E2. The pair emission 
will therefore be of the order A=1 for odd parity, and of the order A=2 for 
even parity. In both cases the angular correlations for the two y-tay compo- 
nents are nearly the same, and it is sufficient to evaluate the theoretical curve for 
the more intense component (k= 34-5). The appropriate theoretical expressions : 


| eS 388(0,c0,)dw, — (I->El, E2 or M1) 
2-5/34-5 
have been evaluated numerically and are also shown, suitably normalized, in 
figure 1. The ‘cut-off’ energy w,=2:5/34:5 (corresponding to an electron 
kinetic energy of 0-75 Mev) has been introduced to represent the reduction in 
sensitivity of the telescopes at low energies (see I). ‘The y-transitions are slightly 
anisotropic; strictly speaking, the outgoing electromagnetic waves do not 
even have well-defined angular momenta or parities, because of the interference 
between the two *Be levels (Devons and Hine 1949), but the effect on the correla- 
tion functions is expected to be negligible compared with the statistical accuracy, 
and isotropic correlation functions have been used in calculating the curves 
in figure 1. The dotted line represents the contribution due to ‘stray’ back- 
ground counts (as a correction to the A=2 curve). 

It is seen that the results quite definitely establish the order of the transition 
asA=2. This result confirms the conclusion that the *Li-+ p reaction is produced 
by p-wave protons, and that the y-radiation is magnetic dipole (M1). 

The pair-emission calculations on which our discussions are based assume 
that all the pairs are created outside the nucleus. ‘This assumption is not strictly 
true, since some of the pairs are created inside the nucleus in a manner similar 
to the monopole pairs; the relative number of these pairs (in the region of large 
angles) increases with k. For k=34-5, and with reasonable assumptions about 
the electromagnetic field inside the nucleus ‘Be, the number of these pairs at any 
angle is estimated to be of the order, or less than, 1:5(1—cos@)°% of the total 
number observed. ‘The error due to neglect of this factor is therefore much 
smaller than the statistical accuracy of the measurement. For the other transi- 
tions investigated , the transition energy, is smaller, and the production of pairs 
inside the nucleus should be relatively less important than in the ‘Be case. 


| 3.2. F(p, «y)%O 

Thin evaporated targets of both CaF, and LiF were used. For a given 
proton current a Lif’ target provides a higher yield of pairs. This advantage was 
partially offset by the fact that lower currents had to be used with LiF targets, 
since the current density was determined by the highest current that the target 
material could stand without destruction, and the dissociation temperature for 
LiF is much lower than that for CaF,; the maximum yield per unit area of target 
determined in this way is slightly higher for LiF than for CaF,. 

In early experiments rather thick targets were used. By examining the 
angular correlation, it was found that a large fraction of the pairs was due to 
a monopole transition. On varying the proton bombarding energy, it was 
established that whereas the y-ray intensity dropped to a very small value outside 
a certain voltage range, the electron intensity (measured in the fixed telescope) 
remained at a finite and almost constant value. This was attributed to an 
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appreciable cross section for the reaction F(p,«e,e_)!®O, even at these low 
proton energies. In later experiments care was taken to produce targets not 
much thicker than the level thickness (1-7 kev). With these targets the monopole 
pair background, inferred from the difference in the excitation curves for counts 
in a y-counter and in a single electron telescope, was as low as 2°% of the total 
number of pairs. Since both the target thickness and the bombarding energy 
were liable to vary with time, the monopole pair background was frequently 
checked. ‘The measured values were corrected according to the background 
found in the corresponding time interval. 

In figure 2 two sets of measurements (with arbitrary normalization) with 
different counter geometries are shown. ‘The point at 6=0-27 is outside the 
range where accurate geometrical corrections can be applied, but the calculated 
correction which has been applied at this angle is believed to be accurate to better 
than 10%. 


© (@) | Geometrical 
eth) Arrangement 


° Mean 


-- 
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Figure 2. Angular correlation of pairs from '°F(p, wy). ‘The two theoretical curves are 
for A=3, 4, normalized to be equal at 7/3. 


The transition in 16O is of energy k= 12-06; this transition had already been 
established as E3: 3--+0+ (Seed and French 1952). The present. results 
confirm this assignment. The ‘E3’ curve in figure 2 has been drawn as 
0-96E3 + 0:04E1, in order to take into account the weak 7:1Mev componen 
(Seed and French 1952, Hornyak et al. 1950). The difference between the 
combination and the pure E3 is almost negligible; only near 9=7 is the contri- 
bution from E1 appreciable. | 
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It has so far been assumed that the approximation using plane wave functions 
for both electrons gives an accurate representation of the pair formation process. 
A very rough estimate of the relative error « involved by using this approximation 
is e~10-8Z irrespective of energy (for k>2), where Z is the atomic number. 
This estimate is valid in the large angle region. Of all the nuclei investigated 
in the present work, 16O has the largest Z, but even in this case « is less than 1%, 


and may be ignored. 


3.3. °Be(p, y)!°B 


Evaporated Be metal was used for the targets. The targets were, at first, 
consistently found to contain traces of F (the monopole pairs were conspicuous 
in the angular correlation). The impurity was completely eliminated by inter- 
posing a mica shield between the evaporating boat and the aluminium foil. The 
shield was withdrawn only after the mica had started to show signs of a Be deposit. 

A large number of counts was registered in the inner counters and was 
ascribed to x-rays excited in the target material. Although these counts did not 
affect the telescope counting rates, they were harmful because they drove the 
counters into multiple discharges and eventually completely choked the coinci- 
dence circuit. Tin foil, 13mgcm- thick, covering the front of the inner 
counters, stopped almost all of these counts. 

At a proton energy of 1000kev the plain Al foils were found to emit a pair 
radiation which was about 8% of the Be pair radiation. ‘These pairs are probably 
due primarily to radiation from the ?°Si resonance level excited by protons of 
energy 986 kev, and the yield did in fact drop to about 15% of that at 1000 kev 
when the proton energy was reduced to 950 kev. In order to avoid this radiation, 
care was taken to prepare Be targets thick enough (some 50 to 100 kev) to reduce 
the proton energy to less than 950 kev after passing through the Be layer. The 
narrow resonance level at 1087 kev proton energy can easily be avoided by keeping 
the bombarding voltage low enough, and in any case the yield from this level is 
so small that, even if it were included in the measurement, the effect would 
hardly be discernible. 

Since the results of this measurement were rather surprising (see below), 
some check measurements were made; it was established that: 

(i) The variation of the y-ray yield with energy was in satisfactory agreement 
with the expected curve. 

(11) The angular correlations with and without the tin foil absorbers were 
quite consistent. 

(1) The angular correlation was shown to be independent of bombarding 
voltage over a range of 90 kev in the neighbourhood of the resonance. 

The experimentally observed correlation is shown in figure 3. The transition 
has been reported as El: 2+-+3~ (Devons and Hine 1949). The angular distri- 
bution of the y-radiation is also given by these authors as /() ~~ 1+0-09 sin2@. 

The theoretical curves for E1 and E2 transitions shown in figure 3 have both 
been calculated with the correct anisotropic terms as explained in detail in 
Goldring (1953). The difference between the correct and isotropic functions 
for these pure multipole transitions is not more than a few per cent. Neither 
theoretical curve separately fits the results. ‘The constant value of the experi- 
mental correlation function at large angles clearly indicates that E1 radiation is 
present, since the correlation functions for all other orders decrease rapidly in this 
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region. If we draw the complete theoretical E1 curve to fit the experimental 
values at large angles, and examine the difference between this and the actual 
experimental values, we find that a mixture of A=1 and A =3 is consistent with 
the results. 


3 
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Figure 3. Angular correlation of pairs from ‘*Be(p, y)#9B. The theoretical curves 
A=1, A=2 have been normalized to fit the experimental values at large and small 


angles respectively. 


One can try to interpret this departure from a simple correlation function in 
several ways: (a) a background radiation of intensity comparable to the 1B 
radiation is present, (b) cascade y-transitions occur from the resonance level of 
0B in competition with the direct ground state transition, (c) the transition to 
the ground state is a mixed E1, E3 or M2 multipole, (d) interference between 
components of a mixed multipole together with the anisotropy of the y-radiation 
gives rise to effects of uncertain magnitude. None of these possibilities is free 
from difficulties. 

(a) This interpretation appears very unlikely in view of measurements (i) 
above and the check experiments with blank aluminium foils. 

(b) The only intense y-component of sufhcient energy from the 998 kev 
resonance level seems to be the 7-5 Mev transition to the ground state of !°B 
(Hornyak and Coor 1953, Ajzenberg and Lauritsen 1952). Measurement (ii) 
above further indicates even if any pairs from cascade y-radiation were present, 
the radiation would have to contain one component of energy comparable with 
7-5mey. Such a transition, starting from the resonance, would, if of higher 
multipolarity than the E1 transition to the ground state, be as difficult to interpret 
as(c) below. Ifthe transition followed a low-energy transition from the resonance 
level, then we would be faced with the difficulty of explaining the roughly equal 
competition of two transitions of very unequal energy and the higher energy 
one El. 

(c) The absolute y-radiation width can be deduced from the yield of y-radiation. 
If half the radiation is attributed to El the width for this component is quite 
reasonable, about 0-03 of the width predicted by the single particle model (Blatt 
and Weisskopf 1952), but the width for E3 or M2 (both A=3) would be about 
10° times larger than that predicted by either the single particle or liquid-drop 


model. 
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(d) It has been shown by Goldring (1953) that no interference in the electron- 
pair correlation is to be expected in a mixed E/’, MI/ transition if both electron 
momenta are at right angles to the beam of bombarding particles, and if the 
energy-sensitivities of the two detectors are identical. In mixed EJ, E/’ transitions, 
there are however finite interference terms proportional to the correlation functions 
for pure E(/+J')/2 transitions. There is, therefore, some uncertainty in the 
theoretical correlations arising from the limited accuracy with which the 
anisotropic terms can be deduced from the experimental angular distribution 
of the y-radiation, and also from the unknown strength of the interference term. 
Moreover, if the population of the various substates of the radiating 20B, were 
to be very different from the random one, an additional uncertainty will be intro- 
duced due to the fact that the detectors are not strictly confined to the equatorial 


plane. 
§ 4. CONCLUSIONS 


The measurement of the angular correlation of electrons and positrons, as a 
means of studying y-transitions, by the method described above, is of limited 
applicability. It is necessary for the spectrum of the y-radiation to be reasonably 
simple, so that either the average correlation, or that of the highest energy 
y-component can be studied and interpreted ; in addition the intensity of radiation 
must be sufficient for reasonable statistical accuracy to be obtained. Using the 
type of target support described, bombarding currents are severely limited, and 
as a result a yield of the order 10° y-transitions per proton, or more, is necessary. 
Many reactions in light nuclei, particularly deuteron induced reactions, have 
y-yields far in excess of the above figure, but the y-spectra are usually quite 
complex. ‘The introduction of reasonable energy resolution into the apparatus, 
without loss in detection efficiency is quite feasible and should extend the scope 
of this type of measurement quite considerably. 
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Abstract. ‘The lack of agreement between different estimates of the cosmic 
radiation ionization intensity under similar conditions at sea level is pointed 
out, and arguments supported by experiment are advanced in favour of J. Clay’s 
procedure for interpreting high-pressure ionization chamber data. An average 
specific ionization is obtained from the ionization intensity and a recently 
published value for the absolute particle intensity. The significance of the result 
is discussed and compared with the value computed from formulae for the energy 
loss by ionization. 


§ 1. INTRODUCTION 
HE values quoted in the literature for the cosmic radiation ionization 
| intensity in air are based on early experiments, and there is, unfortunately, 
a wide measure of disagreement between them, as is shown in table 1. 
Johnson (1938) and D. J. X. Montgomery (1949) have both concluded that little 
reliance can be placed upon ionization-chamber determinations. 


Table 1 


(All measurements were carried out in the Northern Hemisphere 
at a geomagnetic latitude of 41° N or greater) 


Investigators Filtration They Tea, 
Millikan (1931) 11cm! Pb=- 
0-3 cm Fe (min) INS 7s) 
0-3 cm Fe (min) 2-48 
Compton & Turner 10-7 cm Pb+ 
(1937) 2:1 cm Fe 122 
2:1 cm Fe 192 
Millikan & Neher 0-8 cm Fe (av) 2-88 (modified by 
(1936) Neher (1952) 
to 2:74) 
Clay & Clay (1938) 1-3 cm Fe (min) 1-697: 0-055 198 
Author (1952) 0-62 cm Fe (min) Leg SEOs hy 1:88 
1-1 cm Fe (min) AS cea 1-94 


I= Ionization at sea level (76 cm Hg) ion pairs cm~* sec~!, standard air; [= Tonization 
in free air (see text). 


* The published result has been reduced to standard air and a further correction of 
—14°% applied for the barometric coefficient: For an unshielded chamber this was 
assumed by Clay and Clay to be —5°%, per cm Hg and the observations were made at 
an atmospheric pressure of 77-0 cm Hg. Measurements by the author (Burch 1952) 
with an ionization chamber under a light roof and ceiling and by Duperier (1944) with 
lightly shielded G-—M counters show that this correction is, on the average, about 
—34% per cmHg. Clay and Clay will therefore have over-corrected for the barometric 
coefficient by 14%. 

+ Semi-independent measurements with two different groups of chambers. Errors 
quoted are estimated standard errors. 
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Apart from the physical importance of this quantity, it is also of some interest 
to the biologist when deriving the normal background radiation dosage to living 
organisms. Under typical sea-level conditions cosmic radiation is responsible 
for about a quarter of this dosage in human beings. 


§2. INTERPRETATION OF IONIZATION-CHAMBER DaTA 


Pressurized ionization chambers were used in each of the above deterninations, 
and the discrepancies noted reflect the lack of an agreed procedure for interpreting 


results obtained in this way. 
The salient factors which must be considered are as follows. 


2.1. Ionization Recombination 


The types of recombination which may be encountered in this kind of work 
are intra-track recombination and volume or general recombination. Preferential 
recombination is only likely to occur at higher pressures than are usually employed 
(Wilkinson 1950). 

Volume recombination is usually negligible at background intensities as 
indicated by the following experiment: The phenomenon was investigated in 
a large cylinderical ionization chamber of 20-6cm internal diameter with a fine 
central electrode of 0-1mm diameter; the chamber was filled with commercial 
nitrogen at a pressure of 45 atmospheres. A collecting voltage of 640 was applied 
to the chamber wall and the decay of a radioactive source (74Na) was observed. 
This appeared accurately exponential over a wide range of ionization intensities, 
but at the highest intensities a departure was observed. It may be shown that 
the fraction of ions recombining, 7 = az?/(1 + a7”) where a is a constant and 7 the 
ionization current. ‘Thus for small values of recombination the percentage 
recombination is proportional to 72. The maximum recombination obtained 
was 5% and, putting y=ci”, the exponent x was found to be 2:04+0-19, by a 
method of least squares analysis. 1° volume recombination occurred at 54 
times the background intensity, hence volume recombination at the background 
ionization rate would be only 1/54%°%. Starting at the point on the decay curve 
at which volume recombination was 0-17°%, the remaining corrected points at 
lower intensities, extending over 3-7 half-lives, were analysed by the method of 
least squares to obtain the half-life of °*Na. This was found to be (14-973 + 0-015) 
hours; the standard error of +0-015 includes both statistical and systematic 
errors. ‘This result is in complete agreement with the most accurate 
recent determination (Lockett and Thomas 1953) of (14:97 + 0-02) hours. 

There has been some dispute as to whether intra-track recombination should 
be treated by the columnar theory (Jaffé 1913, Zanstra 1935) or by the cluster 
theory (Lea 1934). J. Clay and his co-workers (see numerous papers in Physica 
from 1935 to 1940) and ‘Taylor and Singer (1940) applied with apparent success 
the Jaffé—Zanstra (JZ) theory of columnar recombination to their results, which 
involved altogether various gases and x-, y- and cosmic radiations. The validity 
of this approach was however questioned by Kara-Michailova and Lea (1940) 
who suggested that the Jaffé theory, intended originally to deal with the pheno- 
menon of recombination in heavily ionizing tracks («-particles, slow protons, etc.), 
was generally inapplicable to sparsely ionizing tracks such as those produced by 
high energy y-radiation or cosmic rays. ‘They assumed that ionization occurred 
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in widely separated clusters, for which Lea (1934) had evolved a theory of 
recombination. In the 1940 paper Kara-Michailova and Lea applied this theory 
to published experimental data, and found that, where this was suitable for 
testing, fairly consistent results were obtained. In reply, Clay and Kweiser 
(1940) applied both cluster and columnar theories to a wide selection of their 
experimental results and showed that the JZ theory invariably yielded the better 
results although differences were seldom very marked. Both extrapolation 
procedures involve constants for which there are insufficient data to permit an 
accurate independent derivation, and in practice these contants are adjusted 
to yield linear extrapolation curves. The Lea theory (as adapted by Clay and 
Kweiser) involves two such contants and the Jaffé theory only one. 
Further consideration will be given to this problem in §3. 


2.2. The Effect of the Chamber Wall 


2.2.1. ‘ Multiplication’ processes. The relation between 7,, the saturation 
ionization, and p, the gas density, is usually of the form shown in figure 1 (curve 


Saturation lonization Current i, —~> 
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Figure 1. Theoretical relationship between saturation ionization current and gas density 
(atomic number of chamber wall >atomic number of gas). 


ODAB). Under the appropriate conditions (atomic number of wall material > 
atomic number of gas) this characteristic is exhibited by cosmic, x- and y-radia- 
tions. Indeed, investigators (Millikan 1931, Compton and Turner 1937) have 
used the more easily observed (7,,p) curves for radium y-radiation to convert 
the cosmic radiation ionization found at a high gas pressure to the ionization at 
atmospheric pressure. (Any «-particle contamination of the material of the 
chamber complicates the interpretation of the background ionization at low 
pressures). Because of the complex spectrum and behaviour of the cosmic- 
ray flux, it is easier to consider the way in which the (7,, p) curve is built up for 
quantum radiations. 

In the region of p or p=0 the chamber may be regarded as a ‘ cavity chamber’, 
providing the source-to-chamber distance is very much greater than chamber 
dimensions; di,/dp in this region may be obtained from the Bragg—Gray principle 
(see, for example, Gray 1949 for a comprehensive treatment) which states that 
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i,,, the ionization per unit mass of gas in the cavity, is related to E,,, the electronic 
energy dissipated per unit mass of the medium immediately surrounding the 
cavity by : EX di, 
(imp xo= Sw o (=) : 
p=0 

STV is the mean value of the product of S, the mass-stopping power of the solid 
relative to the gas, and W the energy required to form one ion pair.* 

Under ideal cavity conditions ionization is caused entirely by those electrons 
which originate in the wall material (as the result of the absorption of quanta there) 
and cross the gas cavity ; the direct absorption of quanta in the gas is infinitesimally 
small. At high gas pressures the situation is reversed, and nearly all the ionization 
is caused by the direct absorption of quanta by the gas. Hence, 


. ~ Es (Hs 
(Cale me Ah dp p large 


where E, is the electronic energy dissipated per unit mass of gas and W is the 
average energy required to form one ion pair. 
For radium y-radiation, a chamber wall of steel and a nitrogen or air filling, 


Eo be but 5 << low tence 
ela) 
dp sah dp places! 


that is, slope OD>+slope AB, and there will be an intermediate region of inter- 
mediate slope. When we require the ionization and energy absorption by the 
gas we are therefore concerned with the AB portion of the curve of ionization 
against density (or pressure, for perfect gases). Although the absorption of 
radiation is exponential in form, the percentage absorption in the gas is usually 
so small that it is virtually linear with pressure; we should find, then, that the 
portion of AB well beyond the ‘knee’ is linear. 

For cosmic radiation, the phenomena are more complex and the wall multi- 
plication effect may be regarded as the ionization-chamber analogue of the shower 
or Rossi transition curves obtained in counter experiments. 

The magnitude of the wall multiplication effect at a given pressure depends 
on the nature of the radiation, the gas, the wall material and the dimensions of the 
chamber. In the case of x- and y-radiations it increases with the divergence of 
the radiation beam through the chamber. 

2.2.2. Attenuation. ‘The wall will absorb those low-energy particles (e.g. 
6-tracks branching from high-energy particles passing near, but not through the 
chamber) whose range is less than the wall thickness. It is difficult to make an 
accurate allowance for this wall-attenuation effect because the soft-electron 
differential-range spectrum rises sharply for filtrations less than 10 gem, and 
previous investigators have apparently avoided this correction. If we try to 
approach the problem experimentally by reducing the wall thickness, a point 
will be reached where we begin to decrease the wall multiplication effects. To 
determine these effects we need to carry out (d,, p) tests over a large density range, 
and for vanishingly thin walls this becomes impossible. It may be thought that 
G—M counter-telescope absorption results would afford a way out of this dilemma, 
but the issue is far from clear. As we reduce the total filtration with such an 


*'The theory of the ionization in integrating chambers will be discussed in detail elsewhere. 
The formula for SW obtained by the author differs from that given by Gray (1949) ; in 
most cases the difference will be quantitatively unimportant. 
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apparatus, we begin to count more and more low-energy 5-tracks as individual 
particles, and indeed a completely rigorous (if impracticable) extrapolation to 
zero filtration would result in counting every ionizing event as a single particle! 
If this reasoning is accepted then it is evident that some standard condition other 
than zero filtration should be used for the expression of cosmic-radiation particle 
intensities. ‘The figures in the last column of the table were based on what should 
be a reasonable extrapolation of Clay’s (1936) cosmic radiation absorption 
measurements using steel ionization chambers and steel absorbers. Account 
has been taken of the curvature of the chamber walls. 


2.3. Radioactive Contaminations of Chamber and Surroundings 


These effects may be analysed by well-established methods and raise no special 
points of contention (see, for example, Compton and Hopfield 1932, Hess and 
Vancour 1949). 


§ 3. CONCLUSIONS REGARDING INTERPRETATION OF IONIZATION-CHAMBER DaTA 


We may sum up §§2.1 and 2.2.1 by considering the following requirements 
which must be met by a treatment of experimental data: 

(a) At pressures high enough to avoid the wall multiplication influence the 
slope of the (z,, p) curve must be linear for x- and y-radiations. (Strictly, it should 
be exponential, but the percentage absorption of radiation in the gas is usually 
so small that departures from linearity are negligible.) Linearity at high pressures 
is also observed with cosmic radiation. 

(6) The slope of this linear portion must be of the correct value. This is 
perhaps most conveniently tested by obtaining the saturation-ionization rate 
produced per unit mass of gas at different pressures by a standard y-ray source 
for which the energy absorption may be predicted, e.g. a known quantity of Ra 
or of, say, ®°Co, calibrated by B~y coincidences. ‘This was done by Clay and Tijn 
(1937) and by Taylor and Singer (1940) ; the latter paper contains some extremely 
accurate and convincing proofs of the validity of the Jaffé—Zanstra extrapolation 
procedure, both for Ra—y, and 300kv x-radiations. 

(c) The magnitude of the wall effect must be correctly indicated. ‘This 1s 
difficult to calculate precisely, but in special cases (e.g. distant y-source of 
known spectrum or known composition and mass electronic stopping powers 
of wall and gas) a fairly reliable estimate may be made. ‘Thus fora steel chamber 
with a nitrogen or air filling and a distant source of radium it is calculated that 
at a density p,, where the direct absorption of radiation by the gas accounts for 
5% of the total ionization, the ratio of the gradients of OD and OC should be 
approximately 1-2, (see figure 1). 

In figure 6 of Clay and Kweiser’s (1940) paper this ratio is 1:33 on the JZ 
extrapolation and 2-0 on the Lea extrapolation. From figure 9 of the same 
paper the ratios are 1-49 (JZ) and 1-75 (Lea). ‘The experimental conditions were 
not specified in either case, but short source-to-chamber distances would account 
for the values being greater than theoretical. 

The author found that when a carnotite source (radium + uranium y-radiation 
with rather high internal source absorption) was placed at right angles to the 
long axis of a cylindrical chamber, the ratio was 1-28 for a ratio of (source distance 
from chamber centre) to (chamber radius) of 5-6; when this latter ratio was 
reduced to 2:0, the ratio of the gradients of OD and OC was raised to 1:52. 
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Where the interpretation of cosmic radiation ionization curves is concerned, 
several possibilities remain for the introduction of small errors. ‘Thus when the 
gas density is raised, particles in the cosmic-ray spectrum of low enough energy 
will fail to penetrate the gas space completely and the ionization per unit mass of 
gas will diminish slightly with increasing density. ‘This will produce a slightly 
exaggerated wall effect and an underestimated slope for AB. Judging from the 
differential momentum spectrum of all particles (Glaser et al. 1950) and from 
absorption experiments, this effect will be trivial. ‘There is also a possibility 
that the wall will produce a multiplication of high-energy particles and, therefore, 
an increased ionization which would not be revealed by the wall effect as deduced 
above. Although very high-energy particles are found in showers, this transition 
effect is not likely to be very important for the usual experimental arrangement 
and the above method of interpretation. 


§ 4. PROCEDURE ADOPTED FOR DERIVING THE COsMIC-RADIATION 
IONIZATION INTENSITY 


The experimental work was not aimed primarily at a determination of this 
quantity, and the corrections made necessary are larger than those which would 
normally be encountered in a direct attack on the problem. Two groups of steel 
cylindrical chambers were used, one set consisting of seven chambers, 165 cm 
overall length and 20-6cm internal diameter, the other group of four, of 215cm 
overall length and 29-2cm internal diameter. All chambers were fitted with 
0:1 mm diameter stainless steel electrodes and filled with commercial nitrogen. 

At pressures above a few atmospheres it was impossible to use field strengths 
high enough to achieve the low f(x) values needed for an accurate extrapolation 
with the Jaffé—Zanstra plot. However, it was possible to utilize the conclusion 
of §3 (a) to arrive at a fairly reliable value for the saturation current by the following 
trial-and-error method: A trial value was adopted for the percentage columnar 
recombination at the highest pressure and the JZ theory was used to calculate 
the recombination at the lower pressures. ‘This process was repeated until the 
derived 7, values, when plotted against pressure, gave the best straight line over 
the pressure range above the knee caused by the wall effect (figures 2 and 3). 

The experiments were performed within a water-shielded cavity and the 
intensity (20°) of the residual local y-radiation background was determined from 
independent experiments with a small high-pressure ionization chamber and lead 
shielding. Corrections for the attentuation of cosmic radiation by the shielding 
above the apparatus were based on Clay’s (1936) curves, and the y-radiation 
intensity from the vertical overhead direction was investigated with the small 
chamber. Despite the rather complex derivation, involving a fairly wide margin 
of error, the results are in good agreement with and are probably sufficiently 
accurate to confirm the value obtained by Clay and Clay (1938). 


§5. CONCLUSIONS REGARDING COsMIC-RADIATION IONIZATION INTENSITY AT 
Sea LEVEL 


J. Clay and his co-workers were the first to provide an adequate treatment of 
the factors discussed in §§2.1 and 2.2.1, and results prior to that of Clay and 
Jongen (1937) are consequently unreliable. Although the lower three results 
of the table are in excellent harmony, differences of up to a few per cent at the same 
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atmospheric pressure are to be expected with changes in atmospheric temperature, 
etc. ‘The estimated ‘free air’ values in the last column, although less reliable 
than the directly determined values of the previous column, are unlikely to be 
as much as 10% in error. 


Derived Saturation Background-lonization Current (arbitrary units) 
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theory of columnar recombination to observed non-saturation values) plotted 


Figure 2. Saturation background ionization current (from application of Jafté—-Zanstra 
against gas pressure. Cylindrical chamber 20-6 cm internal diameter. 
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Figure 3. As figure 2. Cylindrical chamber 29-4 cm internal diameter. 
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§6. AvERAGE SPECIFIC IONIZATION OF Cosmic-Ray ParTICLES AT SEA LEVEL 


If we know J the omnidirectional particle intensity referred to unit sphere 
(particles sec-!cm™? projected area), and J the ionization intensity (ion pairs 
cm-3 sec~?) caused by the same particles, then N an average specific ionization may 
be defined by N=J/J ion pairs cm. a 

The precise significance of N is not immediately apparent for it is difficult 
to decide what upper energy limit of 5-tracks is involved. In cloud-chamber 
observations a ‘probable specific ionization’ N,, is adopted in which an upper 
limit of energy transfer of the order of 10 ev is usually imposed, because of the 
impossibility of resolving individual ions in large clusters. On the other hand, 
the ‘total specific ionization’ N, of a particle will involve all 6-tracks associated 
with it, and for high-energy particles large energy transfers are possible. N; may 
be obtained from theoretical calculations of the ionization energy loss. 

As far as the present problem is concerned, if the energy transfer to the 
secondary and its angular spread from the parent track are both large enough, 
then in counter observations we shall be dealing with two particles and N will 
be less than N;. J and J have been calculated for a planar filtration of 5-5 gcm™*, 
thus secondary particles capable of penetrating this filtration (that is, electrons of 
rather more than 10 Mev) will usually appear as independent particles. 

Value for J. The most recent and probably the most accurate measurement 
of the omnidirectional particle intensity is that of Palmatier (1952). This 
result has been corrected to sea level and, by using the absorption results of 
R. A. Montgomery (1949), reduced to a planar filtration of 5-5gcm-?. This 
gave the value 2-17x 10-? particles sec tcm™*. The standard error is here 
assumed to be +3%. 

Value for I. This was obtained from the weighted mean of the last three 
results of the table. ‘These results should be corrected for that ionization 
caused (a) by the quantum component which produces secondary electrons with 
a range less than 5-5 gcm™%, and (6) by short-range heavy particles produced in 
nuclear interactions (‘stars’). Cerenkov radiation will introduce a small error 
in the opposite direction. ‘There are insufficient data on which to base an 
accurate estimate of these effects but the net correction is probably about —2%. 

The corrected value of J corresponding to that of J above is 1-77 + 0-06ion 
pairs cm™’sect. Thus N=J/J=81-5+3-5 ion pairs (cm! standard air) for 
sea-level cosmic-ray particles with an upper limit of &-track energy of the order 
of 10 Mev. 


§ 7. ‘THEORETICAL VALUE OF AVERAGE SPECIFIC IONIZATION 


If the types of particles in the cosmic-radiation flux and their energy or 
momentum spectra are known, it is possible to calculate the average ionization 
energy loss per centimetre of track dE/dx from theoretical formulae and then to 
deduce the average specific ionization. This calculation was performed using 
the following data: (a) the differential momentum spectrum for ju-mesons was 
taken from figure 2 of Glaser et al. (1950); (b) the energy spectrum for electrons 
(>10Mev) was obtained from Palmatier (1952); (c) Sternheimer’s (1952) 
density ’ (polarization) effect correction was applied to the ionization energy-loss 
formulae quoted in his later paper (Sternheimer 1953); the ‘average ionization 
potential ’ for air occurring in these formulae was taken to be 80-5 ev and the rest 
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mass for u-mesons to be 107 Mev; (d) it was assumed that knock-on electrons 
(6-tracks) of energy greater than 10 Mev arriving at the counter telescope would 
be recorded as individual particles. This means that the value calculated for 
dE/dx is slightly less than the average total ionization loss, which involves 
knock-on electrons of all energies up to the maximum. 

The average value obtained for (dE/dx)/p was 2-09 Mev g! cm?. 

Now NV =(d&/dx)/W where W is the average energy required to form one ion 
pair. Reviewing the available evidence, Gray (1949) concluded that W for energetic 
electrons (>8 kev) is (32:5 + 1-0) ev per ion pair. The recent work of Valentine 
(1952) is in disagreement with some of the evidence used by Gray and suggests 
that W at 46-7 kev is not less than 33-3 + 0-5 ev and may be as high as (35-0 + 0-5) ev, 
the value found by Valentine for electrons with an average energy of 2-61 kev. 

There are theoretical grounds and experimental evidence for believing that 
W for argon W, 1s constant with respect to the velocity of the ionizing particle. 
If we avail ourselves of this property we may obtain a crude value for W,,;, 
by comparing the ionization produced by cosmic radiation in air and in argon 
and then substituting in the following approximate relationship: 

Ty is (dE/dx) Wis 
Tax (dE/dx) ain Wa 

From the experimental results of Clay and Jongen (1937) and Clay and 
Oosthuizen (1937) for the cosmic radiation ionization intensity in air and argon 
and assuming W, =(27.0 + 0-5) ev (Valentine 1952) we find W,,,= (33-2 + 1-8) ev. 

The position is obviously unsatisfactory, but calculating N for the ‘extreme’ 
W,,;, values of 32.5 and 35-0ev we obtain 83-2 and 77-3 ion pairs (cm~! air) 
respectively. ‘These agree with the experimental figure of 81-5 + 3-5. 

Alternatively, we may use the experimental average specific ionization in 
conjunction with the semi-theoretical value of dE/dx to determine W approxi- 
mately. We obtain W=(33-2 + 1-6)ev. 


§ 8. CONCLUSIONS REGARDING AVERAGE SPECIFIC IONIZATION OF 
Cosmic-Ray PARTICLES 


Johnson (1938) gives a summary of experimental determinations of specific 
ionization. Even when the methods are similar and the same significance may be 
attached to the result, there are often large discrepancies. When specific ionization 
is derived from separate ionization and particle intensity measurements it is 
obviously important to ensure that it is the ionization of the recorded particles 
which is being obtained. ‘The mean filtration in both experiments must be the 
same, and the average specific ionization will depend upon the magnitude of this 
filtration, which determines at what energy 6-tracks appear as independent 
particles. ye 

For a mean filtration of 5-5 g cm? the value of N given by the most reliable 
ionization and particle intensity measurements is 81:5+3-5 ion pairs (cm™! 
standard air) at sea level. It is shown that this is well supported by considerations 
of the theoretical energy loss of particles by ionization. 

Under rather similar conditions of filtration (6-2 gcm-*) Neher (1952) gives 
N=114 ion pairs cm from [=2:-74 ion pairs cm, and J=0-0241 particle 
cm? sec! (sea-level conditions). J is almost certainly too high (by about 10%) 
for the conditions under which J was measured, hence it may be concluded that 
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the latter has been considerably overestimated. This discrepancy in N is 
regarded as constituting further strong evidence in favour of Clay’s basic procedure 
for interpreting high-pressure ionization chamber data. 
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Abstract. A theoretical analysis of the statistical errors in cylindrical integrating 
ionization chambers is carried out, attention being given to the different types 
of ionizing particles encountered at background intensities. ‘The conclusions. 
are compared with experimental data and used to derive a parameter related 
to the specific ionization and ‘shower’ properties of cosmic-ray particles. 
Independent considerations show that the value obtained for this parameter is 
satisfactory. Some practical suggestions are made concerning the minimization 
of statistical errors. 


$1. INTRODUCTION 


ITH the recent and extending use of large cylindrical high-pressure 

ionization chambers in the measurement of the y-radioactivity of the 

human body (e.g. Sievert 1951, Spiers and Burch 1952, Burch and 
Spiers 1953, Henriques and ‘Taylor 1953) a theoretical guide is needed to predict 
the magnitude of the statistical fluctuations which impose a limiting factor upon 
the performance of such an apparatus. ‘lhe most comprehensive and rigorous 
analysis performed so far (Evans and Neher 1934) was applied to a spherical 
ionization chamber, which, unlike the cylindrical chamber, is insensitive to the 
directional distribution of the penetrating cosmic radiation particles and 
consequently presents a simpler problem. 

In this paper, the case of cylindrical ionization chambers with hemispherical 
ends is treated, with attention to cosmic-ray shower phenomena (after Evans) 
and the ‘soft’ components of the background radiations. Predictions are 
compared with experimental results obtained with a differential form of 
apparatus. When balanced appropriately this experimental arrangement ensures 
that the differential current is not appreciably affected by systematic variations 
in the cosmic radiation intensity such as those which accompany changes in 
atmospheric or geomagnetic conditions. 

Because statistical fluctuations depend not only upon the number and 
distribution of tracks, but also upon the amount of ionization along them (and 
therefore upon the energy and type of particle), it follows that, in considering 
the errors of any particular apparatus, one must first possess a knowledge of the 
distinctive components of the background ionization. ‘These will normally 
consist of (a) radioactive contamination of the chamber wall (mainly an 
g-particle effect), (b) residual y-radiation transmitted through the apparatus 
shielding and arising from presence of the natural radioactive species in the 
environment, (c) cosmic radiation, with a complex particle and photon energy 
spectrum. 

In high pressure chambers component (c) will generally contribute the greater 


part of the statistical fluctuations. 
31-2 
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$2. THEORETICAL ANALYSIS OF STATISTICAL ERRORS 


2.1. Internal «-particle Contamination 


We use the following notation: EF, ,, is the r.m.s. energy (in ev) of tracks in 
the sensitive volume of the chamber (i.e. allowing for partial absorption of 
x-particles by wall), 7, is the fraction of ions undergoing recombination, 7, the 
ionization current (in amps) contributed by «-particles at the pressure concerned, 
and W,, the average energy (in ev) required to form one ion pair. ‘The electronic 
charge is taken as 1-6 x 10-1® coulomb. 

‘Then it is easily shown that the value of the standard deviation observed 
from this source for exposures of t seconds duration is 


1-61,E, rms(1 —7,) x 10-19) 12 
paar int ina ce Ue ae 


At atmospheric pressure and typical collecting fields, 7, is usually small 
(up to a few per cent), and z, may easily be very much larger than the ionization 
current from all other background sources. With gases such as air or commercial 
impure nitrogen, 7, increases rapidly with pressure; thus, with large diameter 
chambers (20 to 30 cm) a fine central electrode and collecting potentials in the 
region of 200 volts, 7, rises from a few per cent at one atmosphere to about 
0-8 (80%) at 15 atmospheres and to 0-9 at 30 atmospheres. 

If we neglect the small amount of recombination at one atmosphere and 
call the «-particle ionization current at this pressure 7,’, the standard deviation 
at any pressure for which the fraction of ions recombining is 7, is 


(eee ms(1 — 1)? X su 1/2 
as a LE ee amp. 


cis - 
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Whereas this quantity decreases with increasing pressure, the standard 
deviation for radiations (b) and (c) (expressed in terms of current) increases with 
pressure. ‘Therefore, by raising the pressure sufficiently, errors caused by 
z-particle contamination may be made negligibly small compared with other 
statistical errors. 

2.2. Residual y-Radiation 


Similarly, if F,, 45 18 the r.m.s. energy loss of the secondary electron tracks 
in the sensitive volume of the chamber arising from the absorption of quanta, 
using a notation similar to that in the previous section, the standard deviation 
arising from the y-component is 


e et —r,) x 10°19) v2 
Wt } amp. 


E, ys 18 not constant with pressure, for at low pressures most tracks will 
be cut short by the chamber walls. At high pressures most of the ionization 
will be caused by the direct absorption of quanta in the chamber gas, and only 
a small proportion of these will be terminated by the walls. At intermediate 
pressures the ionization contributions of electrons originating in the wall and 
those originating in the gas will be of the same order of magnitude, and an 
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appreciable proportion of tracks will be shortened by the wall. Under these 
conditions it would be difficult to calculate E, ins. 

in § 3.2 an experimental value for F,, ,,,, under fairly high pressure conditions 
is compared with the calculated value. 


2.3. Cosmic Radiation 


Cosmic radiation presents a much more complicated problem than the 
two previous radiations and in an apparatus designed for high sensitivity it will 
be responsible for the major proportion of the overall error. Both quanta and 
particles, each with a complex energy spectrum, are involved. (Only about 1% 
of the equilibrium ionization results from the low-energy quantum component.) 

At this stage the assumption is made that particles (mainly mesons and 
electrons) have sufficient energy to traverse completely the gas space of the 
chamber. ‘The complication caused by ‘showers’ or genetically related 
simultaneous particles is treated later in this section. Where cylindrical chambers 
are involved, it is necessary to know the directional distribution of these particles 
and it is assumed that at sea level the intensity follows the ‘cos?’ law (the small 
azimuth effect may be ignored). ‘The calculation is performed for a cylindrical 
ionization chamber with hemispherical ends and with the long axis horizontal. 

As in the cases of the local gamma- and alpha-particle components, if we 
neglect ‘shower’ phenomena, the standard deviation of the cosmic-ray component 
over a given period is given by (number of particles through apparatus)"? x (r.m.s 
ionization per particle). For a high-energy particle the amount of ionization 
produced in the ionization chamber is, on the average, proportional to the 
length of track. Hence, ignoring for a moment the rather small variations in 
average specific ionization with particle energy, statistical fluctuations are 
approximately proportional to (track length),,,.. 

The analytical difficulty in calculating directly the (track length),,.,, for a 
cylindrical chamber is severe, and the following more tractable course is adopted: 
(a) Calculate the total path length through the sensitive volume of the chamber 
per unit time for all tracks. (5) Calculate the total number of particles intercepted 
by the sensitive volume of the chambers in unit time. (c) Dividing (a) by (8) gives 
the algebraic average path length: an approximate value for the standard 
deviation may be obtained from (total number particles)!” x (average track 
length x average specific ionization). (d) We are concerned with the r.m.s. 
ionization per particle and the approximate value for the standard deviation 
given in (c) should be multiplied by a correction factor to allow for the difference 
in r.m.s. and algebraic averages. ‘This correction factor has two components: 
the first follows from the fact that the r.m.s. track length will be slightly greater 
than the algebraic average track length, while the second arises from the 
variability in energy loss of a particle as it traverses the chamber. The first 
component amounts to 1-04 for a cylinder and 1:06 for a sphere. As far as the 
second component is concerned, since the larger energy losses involving 
‘knock-on’ electrons are accounted for by the ‘shower factor’ (see below), this 
correction will be only very slightly greater than 1. In principle, it could be 
calculated from an appropriately modified version of the Landau theory. (e) So 
far the radiation has been regarded as being purely random in character. 
The effect of the frequency and multiplicity of genetically connected ionizing 
events is considered. 
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(a) Total track length per second. 

Cylindrical section. Let Jy be the vertical intensity of particles on a plane 
normal to direction of incidence (unit solid angle)tcm™*sec*. Then for 
particles from a direction making an angle @ with zenith, J,=J, cos? 6. Other 
symbols are as in figure 1. It may be shown that the total track length per 
second is 


m/2 p22 
4rJ ol? | | sin 6 cos? 6 cos? ¢ dé dé =377J gir”. 


40 —n/2 


Zenith 


Particle 


Hemispherical ends. These ends may be brought together to form a complete 
sphere for analytical purposes. The total track length per second traversing this 


sphere is 
-n/(2 c7/2 


472J gr? | | sin 6 cos? 6 cos? ¢ dé db =372J or. 
0 0 


Thus the total track length per second in the chamber is 


aed Ge 


) 


(61+ 8r) = 1-096 Jyr2(61 + 87). 


(b) Total number of intercepted particles per second. 


The effective sphere always presents the same projected area normal to the 
particles irrespective of zenith or azimuth angles. 

Thus it may be shown that total number of particles entering both 
hemispherical surfaces per second is 


sm]! 


2 
Qn yr? | sin 0 cos? 0 d0 =372J yr? =657 Jor. 


“0 


In the case of the cylindrical portion the analysis is rather more complicated 
but reduces to 
n/2 Qn 


2J lr | | sin 6 cos® 6 (1 —sin? 0 sin? 4)? dé dys 
0 0 
70/2, 


on/2 
= 8J lr ‘i | cos? 6 (1—sin? @ sin? 4)? d (cos 0) dif. 


0 
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w is the azimuth angle measured from a line at right angles to the major axis of 
§ g g J 
the chamber. Now n/2 
(1—sin? @ sin? os) db 
J0 


for constant 6 is a complete elliptic integral of the second kind and its values for 
different sin? 6 were obtained from tables, multiplied by the appropriate value 
for cos? 6 and plotted against cos @. In this way, the solution to the above double 
integral was obtained graphically, giving 0-459x8J,lr. Hence the total 
number of particles intercepted by chamber per second is J9r(6:57r + 3-67/). 


(c) Approximate standard deviation. 

For t seconds exposures the approximate standard deviation is 
is {1-096rs(61+ 8r) 
~ | 6:57r+3-671 

where s is the r.m.s. specific ionization at the gas pressure in the chamber (taking 
recombination into account). 


} {J rt(6-57r + 3-671)} ¥? ions 


This is Jort 1/2 
+ 1:096rs(6/+ 87) ae ions 
or, in terms of current (putting electronic charge = 1-6 x 10-18 coulomb), 
hes 1/2 ete 
+1 615rs(6/+ 87) lam cm x 10 amp. msec ey) 
For the ‘cos? distribution’ of particles it may be shown that 
3 
Jo= 7 Ix antioriell 4) 
where /, is the omnidirectional particle intensity (particle sec"! cm™ projected 
area). Further, yi 
ee ee ee ers 3 
ia ©) 


where J is the ionization intensity (ion pairs sec! cm?) and N the average 
specific ionization (ion pairs) cm! both at chamber gas pressure. 
From equations (1), (2) and (3) 


re 1/2 
Approximate 5.D.= + 1-615rs(6/+ 87) ae er x 10-19 amp. 
mt N(6:57r + 3-671) 


(d) Correction factor to (c). 


Since s, the r.m.s. specific ionization, will be only slightly greater than N 
we may treat s=WN in the above equation, and regard s as a parameter to be 
determined experimentally. ‘That is, 


1-5Jrs 1/2 
Approximate 5.D.= + 1-6157(6/+ 87) \earesrem} x10 -2amp. (4) 


Turning now to the problem of the r.m.s. track length, consider first the 
correction necessary for particles in planes at right angles to the long axis of the 
cylinder. Let the particles be of vertical incidence, there being m particles per 
second crossing each square centimetre of horizontal area. 

If we perform the approximate type of analysis used in § 2.3 (c) above, then 
the algebraic average path length of the particles is }ar. 
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The total number of particles passing through the cylinder per second is, 
1/2, 
Arnr?l | sin? 6 db =mnr*l. 
0 


Hence for 1 second intervals, the approximate S.D.= + (nl )?sr32/ V/ 2. Now 
consider the rigorous analysis. "The standard deviation for particles passing, 
through the strip PQRS for 1 second intervals (figure Z)as 


+(nrl sin d dp)'?2rs sin ¢ 


and S.D. for whole chamber is 
m 4 
+ (4nr9s21 | _sin® 6 dy! = a (nl) 782 


Rigorous S.D. 4//3 — 1-04 
Hence, Approximate S.D. a m[/2 


Vertically 
Incident 
Particles 


Figure 2. 


If the plane of the particles is now inclined at an angle @ to the zenith, 
remaining at right angles to the vertical plane through the long axis of the 
chamber, the track lengths are all multiplied by sec 6, and the same correction 
factor still applies. 

If we now consider the correction factor for particles in planes parallel to the 
long axis, then for the cos? distribution law the factor is again found to be 1-04. 
Thus 1-04 may be regarded as the correction factor for the cylindrical section. 
Similarly, it may be shown that in the case of a sphere, the correction factor is 1-06. 

If therefore we are concerned with a chamber in which />7, the approximate 
formulae in 2.3(c) should be multiplied by 1:04. When /=r, the correction 
factor is 1-05. 


(e) The effect of ‘showers’ or simultaneous, genetically related ionizing events. 

J, and /, are quantities measured in G—M telescope experiments and we 
may consider the latter quantity to give the total number of particles (independent 
and genetically related) per unit sphere per second. Palmatier (1952) shows 
that with his telescope (which is typical) the correction which should be applied 
to his results from the simultaneous travel of two genetically related particles on 
parallel tracks is negligibly small. 

Suppose the number of single particle events (in the same units as J,) is J,, 
the number of simultaneous genetically related double events is J,... etc., 
then Ty =J +2] ot coved nt oo 
1.€. Sg Sad i 
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We have shown in § 2.3 (c) that when shower events are ignored 
(S.D.)? <J 4s? (from equations (1) and (2)) 
where s is taken to represent the r.m.s. specific ionization of a single track.’ 
When we take into account genetically related events 
(S.DjttsiJ +4Jo- It...) 

(A single event comprising a double track, each track with a r.m.s. specifi 
ionization s is the equivalent for analytical purposes of an event with a r.m.s. 
ionization of 2s.) 

That is (S.Do)A ces 
und, 

Lined 
The factor &n?J,,/XnJ, by which it is necessary to multiply J, may be 
described as the ‘shower factor’ F. 

(The magnitude of F will be a function of the shielding and the size of the 
apparatus. For an infinitesimal apparatus F¥+1. It is shown in §4 that an 
F value of approximately 1-9 derived from cloud-chamber observations appears 
to apply reasonably well to the ionization chamber apparatus described in the 
next section.) 

Incorporating corrections (d) and (e) in equation (4) we have 


1-5] F rs ae 
t(6:57r + 3-671) 


or CoH BR cer wim 


S.D.= + 1-687(61+ 8) x 10-19 amp. 


§ 3. EXPERIMENTALLY OBSERVED ERRORS 


The layout of the differential apparatus used for measurements of body 
y-radioactivity is illustrated in figure 3 and the block circuit arrangement in 


Scaleion Wie) garsess Om 7a cele 9p No rest, 


Water Tank 


2" Steel Plate 


Backing-off 
lonization Chambers 


End View 
(Section) 


Floor Level 


! Water Tank 
Side View 


(Section) 
: | Water || Water 
Dank [a 
5 Register lonization ; 


if 


Figure 3. Layout of differential ionization chamber apparatus and shielding. Details 
of lead and water shielding at sides and ends of backing-off chambers omitted. 
(Designed for measurement of gamma-radioactivity of human beings.) 
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figure 4; a detailed description will appear elsewhere. ‘The disposition of chambers 
is not ideal for a comparison between experimental and theoretically predicted 
errors because, with the overlap between the two layers of the upper group of 
chambers, some degree of randomness in the penetrating cosmic-ray particles 
is lost ; this is however counteracted by the overlap between the upper and lower 
groups and it is considered that these two opposing effects will very nearly cancel 
each other. 

Two methods have been used for observing the differential background 
current. 
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Figure 4. 


(The automatic gear device gives average current when the grid-resistor input 
to the vibrating reed electrometer is used.) 


3.1. Rate-of-Drift 


Here the final pen-recorded display consisted of a series of dots printed at 
334 second intervals, the distance between successive dots representing the 
voltage increment during that interval. ‘The mean current was positive and 
when a dot was printed above 0:9 f.s.d. the input to the vibrating-reed electrometer 
was short-circuited for an instant and the potential of the central-electrode system 
returned to zero indicated volts. ‘This record was exceedingly tedious to analyse, 
but in all 2086 intervals were measured. It was found (both with this method 
and the grid-resistor method) that the vast majority of points fell on a smooth 
gaussian distribution (see figures 5 and 6) but that occasionally a point fell outside 
the normal error limits. These points, representing an energy dissipation in the 
chamber of the order of 10° ev, were caused, presumably, either by nuclear 
disintegrations (‘stars’) or by dense extensive showers affecting one group of 
chambers predominantly. Such an energy absorption would occur for 
approximately 500 meson or electron tracks, for example, at the normal average 
specific ionization for fast particles. ‘These ‘anomalous’ points were excluded 
when determining the standard deviation. For an average gas pressure of 
28:6 atmospheres of commercial nitrogen in the upper chambers and 
17-9 atmospheres in the lower group, the standard deviation was found to be 
+ (2:69 + 0-11) x 10° amp for intervals of 331 seconds. The error of +0-11 
(the *S.D. of the S.D.’) applies to the randomness of the sampling procedure 
only ; the actual error may be slightly greater. Thus, although the atmospheric 
pressure was nearly constant for the period of the analysis, chamber gas pressures 
were such that a small change in differential current did accompany changes in 
atmospheric pressure. Systematic changes in cosmic-ray intensity uncorrelated 
with atmospheric pressure (e.g. atmospheric temperature effects) would tend 
to produce an exaggerated standard deviation. 
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Figure 5. Histogram of 10 hr 20 min of differential background current record (rate- 
of-voltage-drift method). Potential increment in 334 sec, AV/At, plotted against 
frequency of occurrence N(AV/At) per potential-rate. interval. Smooth curve 
represents gaussian error distribution. 
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Figure 6. Histogram of 23:5 hours of differential background-current record (grid 
resistor method). Instantaneous current 7 (at regular 334 second intervals) plotted 
against frequency of occurrence N(i)A7. Smooth curve represents gaussian error 
distribution. 
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3.2. Grid Resistor 


In this method, a 102 ohm grid resistor was used and the printed record 
gave the ‘instantaneous current’ at 334 second intervals. It was obvious that 
the spread of these current indications was a function of the ‘effective time 
constant’ of the whole apparatus, although it was not clear to what time interval 
(by analogy with the rate-of-drift method) these fluctuations corresponded. 

Accordingly, the following independent time constants were determined 
experimentally: (i) that involved by the slow mobility of ions in the chambers. 
(separately, for each group of chambers), (ii) the ‘C-R’ time constant of the 
input circuit to the vibrating-reed electrometer (with the 10! ohm grid resistor 
in circuit), (iii) the time constant of the recorder. 

An ‘effective time constant’ for the whole apparatus under differential 
background conditions was computed from 7,¢@=(277)1?. 

The assumption was made that the current fluctuations were of the magnitude 
which would be observed under rate-of-drift conditions taken at intervals of 7. 
This was tested in two ways: (a) At a pressure of 14-9 atmospheres in the lower 
chambers and 28-6 atmospheres in the upper group, it was found from the 
analysis of 2513 current indications that the standard deviation for a 334 second 
interval on the above assumptions was + (2:36 + 0-08) x 10-14 amp. On the basis. 
of the rate-of-drift record (obtained at slightly different pressures), the expected 
standard deviation was calculated to be + (2:45 + 0-10) x 10-4 amp. (6) Statistical 
errors were observed firstly for the normal background radiation (c,), and then 
with a radium needle placed outside the shielding so that the current in each 
group of chambers was approximately doubled (c,). ‘The difference in standard 
deviations, (o,?—«,”)? was caused by the radium y-radiation and was used to 
obtain a value for the r.m.s. energy of the secondary electron tracks. This was 
found to be 0-82+0-08 Mev. Cormack and Johns’ (1952) calculations were 
used to obtain the r.m.s. value of the secondary electron tracks produced by the 
radium y-spectrum in water, and this procedure gave 0:86,;™Mev. The low 
atomic number filtration introduced by the experimental arrangement caused 
some degradation of the quantum energy of the beam as a result of scattered 
radiation entering the chambers, and about 10° of the ionization was caused 
by secondary electrons from the wall (of a lower r.m.s. energy). Both these 
tactors will cause the measured value to be less than 0-86, Mev. 

Thus within the limits of experimental error we may conclude that where the 
grid-resistor technique is used to determine the ionization current, the spread 
of the statistical variations is characterized by the ‘effective time constant’ of 
the apparatus as defined above. 


§ 4. COMPARISON OF ‘THEORETICAL AND EXPERIMENTAL ERRORS 


The composition of the background radiation was investigated with the aid 
of lead shielding and a small high-pressure ionization chamber developed by 
Spiers (1949). At the pressures used for the observations of statistical error, 
z-contamination effects were negligibly small. The experimental standard 
deviation for a 333 second interval, assumed to be (2:40 + 0-08) x 10-4 amp, 
was equated with the theoretical expressions and after taking out the errors 
caused by the local y-radiation, the product sF was derived and found to be 
119-;+9 ion pairs cm atm“! (nitrogen). For air, we would expect sF to be 
126 + 10 ion pairs cm atm}, 
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It is in principle possible to obtain F the ‘shower factor’ from random 
cloud-chamber exposures under similar filtration conditions, the apparatus 
covering a similar area. ‘There does not appear to be a really comprehensive set 
of data available which would give a reasonable statistical accuracy. Combining 
all the results quoted by Evans and Neher (1934), representing 1010 exposures, 
F=1-8,, whereas using Anderson’s observations alone (815 exposures), made 
under very similar conditions of filtration to those used here but over a smaller 
area r= 1:9... 

Taking F=1-9, we obtain in the case of air, s67 ion pairs cm atm™}. 

This corresponds to the specific ionization which would be found along 
the average cosmic-ray track involving all 5-tracks up to about 10° ev and is the 
kind of result we would anticipate. 

A similar result was obtained by Evans and Neher (1934) who concluded that 
their analysis dictated an upper limit for s of 70+ 10 ion pairs cm™ air. Johnson 
{1938) estimates from their data that s is probably a little greater than 65. 

It is assumed here and in Evans’ treatment that the individual tracks described 
in the cloud-chamber observations would have sufficient energy (in the present 
case <1-:5Mev) to traverse completely the gas space of the ionization chambers. 
The existence of the wall ‘multiplication’ effect (Burch 1954) shows that this is 
not always the case, and the neglect of this aspect will cause s to be under- 
estimated. On the other hand, the larger area covered by this apparatus should 
involve an F value greater than the 1-9 given by the cloud-chamber experiments. 
For practical purposes however we are concerned only with the product sF; 
this will vary with filtration, but for air, under the conditions described here, the 
value 126+ 10 ion pairs cm™! would appear to be justified. 


§5. Some PrRacTICAL CONSIDERATIONS 


It is useful to compare the relative magnitudes of the statistical errors 
contributed by the different radiations. The table applies to the apparatus 
considered in this paper. 


% total pay 8 


Chambers Radiation component ioniza- (arbitrary (S.D.)? 
tion units) 
4x (12 in. outside Local y-radiation 20 a 
; z : sy) 35) 
diameter) Soft quantum-component, cosmic 1 
Penetrating cosmic ES 16-1 259 
7 x (9 in. outside Local y-radiation 26mn a) 
é s 5:9 30 
diameter) Soft quantum-component, cosmic 1 
Penetrating cosmic 73 WS) 27/ 246 


Under these conditions it is clear that the penetrating component of the 
cosmic radiation is by far the most important contributor to statistical error. 


Minimization of Errors 
Since the minimization of errors is of some practical importance, the 
following suggestions may be made concerning their reduction. 
(a) With suitably designed shielding (e.g. 5 to 6 feet of water) there would 
be little difhculty in reducing the local y-radiation intensity to very low 
proportions. 
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(b) By the use of gases with high recombination coefficients (air or impure 
nitrogen) and a suitably high gas pressure (say, above 10 atmospheres) the effects 
of «contamination of the chambers may be made negligibly small. 

(c) Cosmic radiation presents the most obtuse problem, and while theoretical 
considerations point to the desirability of an underground situation, there are 
few such sites which are sufficiently attractive for semi-routine measurements 
on human subjects who may, for example, be suspected of radioactive 
contamination. One possible method of minimizing the effects of penetrating 
particles would be to use an ‘anti-coincidence’ technique with specially 
constructed chambers (figure 7). 


fu! 


g =] 
lonization Chamber B ke 


Figure 7. Ionization chambers in “‘ anti-coincidence ’. 


Two similar box-shaped chambers with a high breadth-to-depth ratio may be 
placed one above the other with sufficient shielding (e.g. 2 to 3 in. Fe) between 
them to attenuate the y-radiation from a source S, so that chamber B would be 
almost unaffected by S. The majority of penetrating particles (e.g. , in figure 7) 
would then produce roughly equal amounts of ionization in A and B, and the 
statistical fluctuations from these particles would be reduced. Such an 
arrangement would have little influence on fluctuations arising from the soft 
component (apart from compensation for systematic variations) and the 
ionization from penetrating particles such as ,.’ would be uncompensated. 
With a well-shielded apparatus, the standard deviation should be reduced by a 
factor of from 2 to 3 by the use of the ‘anti-coincidence’ technique. : 
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Abstract. ‘The energy of the proton beam from an air insulated Van de Graaff 
generator was measured absolutely by an electrostatic analyser, and the resonant 
energies for proton capture by **Mg and **>Mg were determined by observing 
the positron yields. ‘The following resonances were observed: 

4Mig (p, y)®Al 225-5+0-3 and 418-4+0-4kev of half widths 6-0+1-0 and 
2:5 +0-5 kev respectively. 

SMe(p.7) Al 316-7 .0-7, 9 391-5: 0-5) | 495:6-4.0-6,9 -513-4-20-7 Vand 
5304-07 kev. of half widths, 12-04 1-0, 8-02:1-0, 5-01-0593-0 31-0 “and 
3-0 + 1-0 kev respectively. 

The half lives of the positron decay of Al and 26Al were measured as 
7-62 + 0-13 and 6-68 + 0-11 seconds respectively. 


$1. INTRODUCTION 


N irradiating an unseparated magnesium target with protons both 
4Mig and Mg produce aluminium isotopes which decay by positron 


emission : 
*4VMig+p>Al+y, %Al>8Mg+et 
eee p> Alera Al eMo-per. 
Magnesium targets were irradiated with protons of energy accurately 
determined by an absolute electrostatic analyser (Hunt 1952) and the positron 
yields were measured as a function of the proton energy. In the energy range 
where the presence of a mass 2 beam could cause confusion, a deflecting magnet 
was placed after the electrostatic analyser to select the proton beam only 
(Hunt and Jones 1953). 
The half lives for the decay of ?°Al and ?*Al are comparable so that in order 
to distinguish between resonances due to the two isotopes, targets of separated 
*4Mig and Mg were irradiated. 


§2. "TARGETS 


Unseparated magnesium targets of thickness in energy units of 0-5 to 3-0 kev 
were prepared by evaporation 7m vacuo (Hunt and Jones 1953). In order to 
prevent the deposition of carbon during irradiation the targets were heated and 
a liquid nitrogen trap was placed immediately in front of them (Hunt 1952). 
Carbon deposits are undesirable in that they produce displacements in the 
apparent position of the resonance and also high positron background counts 
in the region of the 456-8 kev carbon resonance. 
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It was impossible to heat the large disc targets used for the continuous 
irradiation method to a sufficiently high temperature because of their proximity 
to the Geiger—Miiller counter, and some increase in background in the carbon 
resonance region was observed. It was shown, however, by repeated determina- 
tions of the 418-4 kev resonance that the rate of carbon deposition was less than 
0-05 kev per hour. 

Separated Mg and Mg targets were prepared by mass spectrographic 
deposition of the materials on to copper backings by the Isotope Division, 
Atomic Energy Research Establishment, Harwell. As it was impossible to 
estimate accurately the thickness or uniformity of these targets, they were used 
only to assign the resonances to the correct isotope. 


§3. DETECTION 


The target and counter arrangement is shown in figure 1. The end window 
type counter was found to operate satisfactorily in vacuo. ‘The two following 
methods were used to measure the positron yields. 
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Figure 1. Target and counter assembly. 


(1) Decay Method 


A small area of the disc target was irradiated for 30 seconds, in which time 
95% of the equilibrium activity was builtup. The target was then rotated through 
180° so that the active portion of the target was about 0-25 inch from the counter 
window. ‘The electrostatic generator was automatically shorted to cut out 
x-ray background and counts occurring in the following 20 seconds were 
recorded. After an interval of 30 seconds the counts occurring in a further 
20 seconds period were used as a background correction, since by this time the 
activity due to the aluminium isotopes had become negligible, whilst that due 
to 3N produced by proton capture in "C contamination had not decayed 
appreciably. ‘Target currents of about 10a were used and the uncertainty in 
target current readings produced an error of approximately +5° in the yield 
estimations. 

The optimum counting time is discussed in the Appendix. 

For the present resonance determinations 20 seconds was sufficiently close 
to this optimum. d 
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(ii) Continuous Irradiation Method 


In this method the disc was rotated and irradiated continuously. An active 
ring was thus built up on the target and positrons coming from a sector (figure 1) 
were counted. The lead shield reduced bremsstrahlung from the target and 
the counting rate due to x-ray background from the generator and y-rays from 
stronger **Mg(p, y)?’Al resonances. It can be shown that after near equilibrium 
target activity has been built up the relative cross section for the reaction is 
proportional to the number of true counts recorded per unit beam charge, if 
the time of the irradiation is long compared with the half-life of the activity. 
Counting times of about one minute were therefore used after an initial 
irradiation of 30 seconds. 

The background due to bremsstrahlung, y-rays and positrons from the 
decay of N was estimated by irradiating a stationary target with the same total 
charge in approximately the same time. A period of 30 seconds was allowed 
for the original aluminium positron activity to fall to a negligible level between 
the irradiations with the target rotating and those with the target stationary. 


(111) Comparison of Decay and Continuous Irradiation Methods 


In the continuous irradiation method the aluminium activity was always 
observed near its equilibrium value and irradiation and observation were 
simultaneous, whilst in the decay method the activity fell during observation 
from near equilibrium level to approximately one eighth of this, and the 
irradiation and observation was done consecutively. However, in the former 
method it was possible to observe only one quarter of the active ring at any 
instant, whilst the whole active portion of the target could be observed in the 
decay method. The number of true counts observed in a given time was about 
50% higher when the continuous irradiation method was used. ‘The relative 
usefulness of the two methods depended on the respective background counting 
rates. In general the continuous irradiation method was preferable except very 
close to the 2°Mg(p, y)?’Al resonances and in the region of the strong *C (p, y)®N 
resonance. ‘lhe requirements in the constancy of the beam current were also 
less stringent. 

It was necessary to use the decay method for the separated isotope targets 
since these could not be deposited over the larger target surface required for the 
continuous irradiation method. 


§ 4. DETERMINATION OF THE MEAN LIVES 
(1) Method 


Separated “Mg and *Mg targets were irradiated for about 30 seconds by 
beams of energy 419 kev and 392kev respectively. ‘The target was then rotated 
so that the activated part was presented to the counter as described in §3(1). 
An automatic switch (§4(ii)) connected the counter successively to scaling 
circuits for nine equal periods of two seconds. 

Peierls (1935) has shown that the most rigorous method for determining 7 
(the mean life) is from the formula: 


1—- Sir= (T/7) [exp (T/T) af 1] 
where S is the mean time of the pulses counted reckoned from the beginning of 


the total counting time T. 
PROG: PHYs. SOG. LXVII, 5——A : 32 


446  §. E. Hunt, W. M. Jones, }. L. W. Churchill and D. A. Hancock 


A block diagram of the equipment is shown in figure 2. The timing circuit 
was controlled by the frequency of the mains supply and the paralysis and delay 
signals guarded against incorrect operation due to a count indicated during the 
change-over period between scalers. The statistical accuracy achieved in the 
counting experiments was within about 3%, and as the drifts in supply 
frequency were found to be an order less than this, their effects on the accuracy 
of the timing were ignored. A more detailed description of the circuits is 
reported elsewhere (Churchill and Evans 1954). 
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Figure 2. Block diagram of equipment for determination of mean lives. 


The irradiations were repeated until the required statistical accuracy was 
obtained and mean lives were determined by Peierls’ method. 


(11) Results 


One hundred and ninety irradiations were carried out on *4Mg and three 
hundred on Mg. ‘This gave a total number of recorded counts in each case of 
approximately twenty thousand. 

The results are summarized in figure 3 for the two aluminium isotopes. 
The computation of the mean lives yielded values of 11-:00+0-19 seconds for 
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Figure 3. Graph of results for the decay of aluminium 25 and aluminium 26. 


Al and 9-64+0-16 seconds for Al. These correspond to half-lives of 
7:62 +0-13 seconds and 6:68 + 0-11 seconds respectively. 
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§5. THE RESONANCE MEASUREMENTS 


The resonance measurements are summarized in the table, together with 
those obtained by angen (1946). The y-ray yield of the 418-4kev resonance 


‘Tangen Present work 
Resonance Half width Resonance Half width Identification 
Lyre mil <1 kev 22 5-5221022 AOE Ih AMI g 
81043 SOE OM PaaS il 25 Mg 
392+4 391:5+0°5 8:0+1 25. Vi 
417+4 418:-4+0-4 Desa es 3M gs 
4924+5 495-6+ 0-6 Sar il 2VMeg 
508+5 513:-4+0°7 Sse il >Mig 
525+6 530:-4+0°7 320 1 25M g 


has been measured (Hunt and Jones 1953). It was found to be one two thousandth 
of that of the strong °F (p,y)?®Ne resonance at 340-4kev, which has been 
estimated to have a yield of 0-174 quantum per 10° incident protons (Ajzenberg 
and Lauritsen 1952). The relative yields of other resonances are shown in 
figure 4. It should be noted that this curve refers to the yield from natural 
magnesium targets so that the yield of the ?>Mg resonances should be multiplied 
by approximately seven because of the lower abundance of this isotope. 
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Figure 4. Magnesium resonances observed by continuous irradiation method. 


By irradiating a thick magnesium target with protons of energy 220kevy it 
was shown that no resonance of yield greater than one five hundredth of that of 
the 418-4 kev resonance existed below this energy. 


$6. Discussion oF RESULTS 


Of the present resonance measurements only the 225-5kev and 316-7 kev 
values disagree with those obtained by angen by more than the combined 


222 
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limits of error. angen initially ascribed all the resonances to the *Mg isotope, 
but subsequently Grotdal et al. (1950) observed resonances at 222 and 417 kev on 
separated *4M¢g targets. 

The present work confirms Grotdal’s results. Russel et al. (1952) have 
observed resonances on separated Mg targets at 386, 489 and 508 kev. ‘The 
errors associated with their measurements appear to be about 10kev (Taylor 
et al. 1952) and their results are therefore consistent with the assignment of 
the 391-5, 495-6 and 513-4kev resonances to **Mg in the present work. The 
316-7 and 530-4kev resonances have not previously been assigned to the 
25M g¢ isotope. 

Tangen measured the half width of the lowest energy resonance only and 
obtained a value of less than 1 kev, which does not agree with that obtained in 
the present work. ‘The other half widths have not been measured previously. 
Frisch (1934) first measured the half life of ?8Al as 7-0 seconds. It has since 
been determined by Bradner and Gow (1948), who obtained a value of 
6:3 seconds, Perlman and Friedlander (1948) 7-0 seconds, Allan and Wilkinson 
(1948) 7:0+0-2, Waffler and Hirzel (1948) 7-2 seconds and Katz and Cameron 
(1951) 6:5+0-1 seconds. ‘The present value is in good agreement with the latter 
precise determination. 

Before separated isotope targets were used the proximity of the half life of 
25A] to that of ?6Al led to some confusion, as it was not possible to separate the 
two activities (White et al. 1939). The only other measurement of the half life 
of Al is that of Bradner and Gow (1948) who obtained a value of 7:3 seconds. 
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APPENDIX 


Calculation of the Optimum Counting Time in the Decay Method 


The number of true counts recorded in ¢ seconds is EN[1—exp (—2/7)] 


where F is the efficiency of detection and N the initial number of radioactive 
nuclei. 


Assuming gaussian errors, the fractional statistical error S in the true counts 
is given by: 


S=[EN{1— exp (—?/r)} + 28¢]}?/EN[1 — exp (—t/r)]. 
Differentiating we obtain: 
dS /dt =[ —4t/r —2{1 — exp (t/r)} — Ro{1 — exp (—2/7)}/B]P 


where P is a finite positive term for t/r>0 and Rj is the initial true counting rate, 
Bf is the background counting rate. 
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It may be shown that dS/dt=0 is satisfied for only one finite positive value of ¢/7 


and that this value corresponds to a minimum in S. The equation dS/dt=0 


10° iz Alp T ai | 


t/t 
Figure 5. Graph of R,/B against t/7. 


is not analytically soluble for t/7 but may be solved for R,/8 and the function 
obtained is plotted in figure 5. The optimum value of ¢/7 can be read from 
figure 5 for values of R,/B in the range 1 to 10+. 
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Abstract. The spectrum of calcium was excited in a hollow cathode tube cooled 
with liquid hydrogen. The use of a sample of calcium enriched in the isotope 43 
allowed hyperfine structures to be resolved in the arc line 46103 (4s4p ®P,—485s 95,) 
and the spark lines A3933 (482S,j.-4p ?P3/2) and A3968 (487Sj).-4p *Pj)2), from 
which an approximate value of —1-2 nuclear moments (n.m.) for the nuclear 
magnetic moment was derived. he intensity ratio of the components of the arc 
line was found to be affected by self-absorption due to the metastability of the 
lower term. After correction for this effect, the measured intensity ratio agreed 
best with a value of 7/2 for the nuclear spin. After publication of the value of the 
gyromagnetic ratio by Jeffries, the measurements of the width of splitting of the 
spark lines a lowed the nuclear spin to be determined conclusively as J=7/2, in 
agreement with the predictions from the shell model and the value deduced from 
the strength of the nuclear resonance signal. The splitting of the ground term, 
0-109 + 0-002 cm}, is 4°% smaller than the value calculated from the gyromagnetic 
ratio by the use of the formulae of Goudsmit, Fermi, Segré, Breit and Racah. 


$1. INTRODUCTION 

ATURAL calcium consists almost entirely of even isotopes, of which that of 
N mass number 40 is the most abundant. The only stable, odd isotope, of 
mass number 43, has an abundance of only 0-15°%. When the Atomic 
Energy Research Establishment at Harwell kindly supplied a sample of 2 mg of 
calcium containing 75 % of the odd isotope, the investigation of hyperfine structures 
in the optical spectrum was undertaken in order to determine the nuclear spin 7 
and magnetic moment » of Ca43. After approximate values of both these 
quantities had been found, and experiments to obtain more definite results were 
nearly finished, Jeffries (1953) published the results of nuclear resonance 
experiments on Ca43, giving a very accurate value of the nuclear g-factor 
£7=ph/L= —0-3758 n.m. The value of J, which by this method must be deduced 
from the amplitude of the signal, was found to agree with the value 7/2 predicted 
by the nuclear shell model (Schawlow and Townes 1951, Davidson 1952). In 
the later stages of the present work it was possible to use the resonance value of the 
nuclear g-factor to determine the spin from the hyperfine structure by an 
independent method and to compare the observed term splitting in the ground 

state of the ion with that calculated from the value of p. 
The smallness of the splitting in all the lines made it necessary to cool the 

discharge in liquid hydrogen. 


§ 2. ExprRIMENTAL Mernops 
(a) The Choice of Lines 
The widest hyperfine structure was to be expected in the term 4s5s3S,. 
Provided the value of J is greater than 4, this term consists of three components 
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(F=I+1, J, and J—1). The transition from this state to the structureless term 
4s4p°P , 46103, should therefore form a triplet (see figure 1), It should be 
possible to determine the nuclear spin, either from the ratio of the two intervals or 
from the ratio of the intensities of the components. ‘The middle component, is, 


4s 5s 3S, 


4s 4p 3P, 


Soe ON SCM sam 
va 


Figure 1. "Term diagram of 46103. 


however, blended with the line produced by the residual even isotopes; thus the 
interval rule can only be used if the position of the even component and the 
isotopic composition of the sample are accurately known. A separate series of 
experiments was carried out to determine the isotope shift in this and other lines of 
the calcium spectrum, using a sample of calcium highly enriched in the isotope 
48. These experiments have been described in an earlier paper (Pery 1954). It 
was found that in the line A6103 the normal mass effect is almost exactly cancelled 
by the specific mass effect, and the residual shift is negligible. 

Once the intensity and position of the even isotope component are known, it 
should be possible to find the spin from the interval rule. Unfortunately, how- 
ever, the chance combination of a term with J = 1, a line of negligible isotope shift 
and a sample of calcium enriched to 75 °% is found to give rise to a pattern which, 
whatever the value of J, appears as three equally spaced components. The 
determination of J from the interval ratio was therefore impossible. 

A promising method appeared to be the measurement of the intensity ratio of 
the two outer components; this ratio is equal to (27 + 3)/(27—1), and thus should 
have the values 3, 2, 1-67 and 1-50 for the spin values 3/2, 5/2, 7/2, and 9/2 respec- 
tively. A reliable measurement of intensities is, however, not possible unless the 
lines are well resolved so that the correction for overlap is small ; this could be 
achieved only by cooling the light source with liquid hydrogen. 

The structure of the lines of the alkali-like spark spectrum appeared of special 
interest because it is possible to calculate the nuclear magnetic moment from it. 
The resonance lines A3933 (4s 7S,).-4p ?P3j.) and A3968 (4s ?S,).-4p ?Pjj/.) were 
expected to show a resolvable hyperfine doublet, due to the splitting of the S term, 
with a third line between them caused by the even isotopes. In principle, it is 
possible to use these lines, too, to find /, but for large values of J, the measurement 
of the intensity ratio in a hyperfine doublet is not a sensitive method for this. The 
same objection applies to the determination of J from the ratio of the distances of 
the components from their centre of gravity, as derived from the position of the 
even isotope line. The latter method also involves the influence of the unresolved 
splitting of the P terms. 
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In conjunction with the known value of the gyromagnetic ratio, however, the 
measurement of the splitting of the spark lines offered a simple and reliable means 
of determining the spin. Cooling with liquid hydrogen again proved necessary 
to achieve sufficient resolution. 


(b) The Light Source 


The calcium spectrum was excited in a hollow cathode discharge tube which 
was a modified form of that described by Kuhn and Woodgate (1951). It was. 
specially designed for work with enriched isotopes; the cathode block 
containing the isotope can be easily and quickly lifted in and out without displace- 
ment of the discharge tube, good thermal contact is assured and the precious 
material is easily recovered. Since no metal parts protrude through the surface of 
the coolant, the tube is well suited for use with liquid hydrogen; the consumption 
of hydrogen was, in fact, found to be almost entirely due to the electric power 
consumed by the discharge. The technique of cooling with liquid hydrogen was 
similar to that described by Kuhn and Series (1950). 


SSS oA 


SY 
SP 


RS Hoos 


SSAA SS 


PSS s 


SASAAAAAAAAAAAAAAAARARARARNNNNAG 


N 
N 


LLL LLL 


N 


Figure 2. Hollow cathode. 


Figure 2 shows the details of the cathode. Inside the upper cylinder of a 
commercial copper—glass seal is soldered a copper sleeve, machined to fit the 
conical part of a removable cathode piece. The bottom of the cathode is bored 
and tapped so that it can be screwed down on to a steel bolt with a rectangular 
head. The bolt is then free to tip but not to turn, and the cone can be pulled 
down into really good thermal contact with its socket. A two-pronged screwdriver 
fits into a pair of small holes in the top of the cathode piece for the screwing 
operation, and two threaded rods can be screwed into a second pair of holes to lift 
the cathode piece in and out of the discharge tube. 

The cathode piece itself was made of beryllium, which appears to sputter 
rather less than aluminium. ‘The main cavity, 10 mm deep and 5 mm in diameter, 
contained the calcium. Experiments with ordinary calctum showed that even 
spread of the material over the walls of the cavity was most important. This was 
achieved by spreading a concentrated solution of the chloride around the cavity 
while the cathode was gently heated until the water had evaporated. With this. 
technique it was found possible to perform long series of experiments with a 
filling of only 3 mg of the isotope. A glass sleeve, whose lower end is shown in the 
figure, was placed over the cavity; for recovery of the material, only the cathode 
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block and the glass sleeve need be removed. Neon, ata pressure of about 1 mm Hg, 
was used to carry the discharge and was kept clean by a few pieces of charcoal in a 
side tube which was cooled with liquid air. 


(c) The Spectrograph and Interferometer 


An autocollimating spectrograph of focal length 1 metre and aperture 1/13 
was used for separating the calcium lines from those of neon. With a 30° prism, 
the dispersion was 13 A per mm for violet light. For exposures in the red, the 
dispersion was increased to 22 A per mm by the addition of a 60° prism. 

The Fabry—Perot interferometer had silica plates 6 cm in diameter. In the 
final experiments, these had silver coatings of 89% reflection and 8 °% transmission 
in the red, and aluminium coatings of 79 °%% reflection and 10°% transmission in the 
violet. ‘These values were chosen to make the instrumental width, with the 
spacers finally used (2-5 and 3cm respectively) about half the Doppler width. 
In view of the long exposures, it was necessary not only to control the temperature 
of the room, but also to eliminate the effect of changes in atmospheric pressure by 
enclosing the etalon in an airtight box. 


(d) The Filter Etalon 


In the investigation of the line at 6103 A an additional problem was presented by 
a strong neon line at 6096 A, which was so overexposed as to spread into the neigh- 
bouring calcium line. The difficulty was overcome by introducing a second 
etalon to act as a high-order interference filter (Edser-Butler plate) in suppressing 
the neon line. With the comparatively large spacing (0-15 mm) required to pro- 
duce a maximum of transmission at 6103 A and a minimum at 6096 A, the permis- 
sible variation of the angle of incidence is very small. ‘The etalon could therefore 
not be used in front of the slit, like an ordinary interference filter, but was placed in 
the collimated beam immediately in front of the main etalon. In contrast to a 
double etalon, however, the centre of the ring system of the filter etalon was made 
to coincide with the centre of the slit, not with the centre of the ring system of the 
other etalon. ‘The arrangement is thus intermediate between a double etalon and 
an interference filter combined witha single etalon. With very light silver coating 
on the filter etalon, the intensity of the neon line was reduced by a factor of about 
50, and that of the calcium line by just over 2. Ilford Rapid Process Panchromatic 
plates proved to be most suitable for the red line, on account of their fine grain and 
comparatively high sensitivity. Their threshold value was raised by pre-fogging. 

Intensity marks were made on each plate by photographing a neutral step 
filter close to the image of the slit. ‘Ihe densities of the filter steps were measured 
by means of a microphotometer whose response was known to be linear. 


§ 3. RESULTS 

When the discharge tube was cooled in liquid oxygen and operated at currents 
of 20 ma, with a voltage drop of 200 to 300 volts, the hyperfine triplet was resolved 
in the line A6103 (see figure 3(a)), but it was clear that intensity measurements 
would require considerable corrections for the overlapping of the components. 
In the spark lines, the even isotope line was not properly resolved from the long 
wavelength component of the hyperfine doublet. 

The advantage gained by cooling with liquid hydrogen is shown by comparing 
figure 3 (a) with figure 3 (b) which is the tracing from a 9 hour exposure with liquid 
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hydrogen cooling, at a current of 20 ma. Lower currents would probably have 
reduced the line width still further but would have made the time of exposure too 
long. The resolving power of the etalon in figure 3(b) is slightly larger than that 
in figure 3 (a) owing to the use of a larger spacer, but most of the gain in resolution 
is certainly due to the reduction in Doppler width. 
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Figure 3. Photometer tracing of A6103 (4s4p °Py—4s5s 3S,), (a) with liquid air cooling, 
(6) with liquid hydrogen cooling. 


As expected, the blend forming the central component was found to be exactly 
half-way between the outer components whose separation was found to be 
0-115 em +. 

For the measurement of the intensity ratio, the photometer tracings were 
converted into plots of intensity against wave-number. The effects of overlapping 
of the wings and of scattered light were calculated from the intensity between 
orders, i.e. from the empirically determined intensity distribution in the outer wings 
of the two outer components. Eleven fringes from four photographs gave very 
consistent results, with an average of 1:52 for the corrected value of the ratio 
(uncorrected 1:42). It was noticed, however, that the lines were wider than ex- 
pected, and the presence of self-absorption was suspected. At such small current 
densities, self-absorption is not usually observed except in resonance lines; but 
the term 3P, is highly metastable, owing to the rule forbidding transition of J from 
0 to 0, and moreover the reduction of Doppler width increases the effect of self- 
absorption. 

The fact that the term P, is not metastable made it possible to test for the 
presence of self-absorption in the line 46103 (4 3P,—5 3S,) by measuring the ratio 
of its intensity to that of the line A6122 (4 3P,—5 3S,), in exposures taken without 
any etalon. At a current of 10ma the intensity ratio was found to be about 
3-0, in agreement with the intensity rule for a triplet ; at 20 ma, however, the value 
rose to about 3-35, indicating self-absorption in the line connected with the 
metastable term. From these results, an estimate of the influence of self-absorp- 
tion on the hyperfine structure components could be made and was found to raise 
the value of the intensity ratio from 1-52 to about 1-64 (with a lower limit of 1-60 
and an upper limit of 1:68). Though the intensity ratio is thus found to support 
the value 7/2 for the nuclear spin (see § 2 (a)), the presence of self-absorption makes 
the method rather unsatisfactory. 

The hyperfine structure in the spark line 43933 was just resolved and that in the 
line 3968 well resolved with liquid hydrogen cooling at currents between 13 and 
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10 ma, and the splitting of the outer components, i.e. the doublet components of 
the odd isotope, was measured in eleven fringes from two plates for each of the 
lines. ‘The mean values found were 0:104cm™! for A3933 (?S,j—-*P3/.) and 
0-114cm™ for A3968 (75,).—-2P,)2). ‘The exposures lasted 8 to 18 hours. 

The difference between these two values is due to the unresolved splitting of 
the P terms. It is easy to calculate the influence of this splitting from the known 
ratio of the splittings of two doublet terms ?P3). and ?P,). (Jackson 1934) and one 
finds that the splitting of the S term is exactly the arithmetical mean of the widths 
of splitting of the two lines. We thus find AS,,,.=0-109+0:002cm. The 
values of the splitting of the P terms estimated from the difference of the splittings 
of the two lines agree well with those calculated from the value of g;. 

The width of the hyperfine structure of a *S,/. term of an alkali-like atom can 


be written as 
> jek = Boe eiel 
Av= 5p gl2l+ Y= ape eiletaleielrs (1) 


where H,, the magnetic field strength at the nucleus, can be calculated by means of 
the well-known formulae of Goudsmit, Fermi, Segre, Breit and Racah (see, for 
example, Kopfermann 1940). From numerous applications, these formulae are 
known to be accurate to about 5%. 


32 Ye 5 S 


vo —> 
Figure 4. Photometer tracing of A3968 (47S,/.—4?P,).). 


Equation (1) shows that Av, when expressed as function of ,, depends little on J, 
for not too small values of the latter. Even without an exact knowledge of /, 
an approximate value of », could thus be derived from the observed width of split- 


ting. The value found, ,.= —1:2n.m., agreed well with the prediction from the 
nuclear shell model (Schawlow and ‘Townes 1951, Davidson 1952) in sign and 
magnitude. 


When the value of g, was known, the observed splitting Av could be used for 
determining J by means of (1). For the spin values 5/2, 7/2 and 9/2, the calculated 
values of Av are 0-085, 0-113 and0-142cm™. Any value except /=7/21is thus found 
to give a splitting whose value differs from the experimental result by far more than 
the errors of either experiment or calculation. 

Figure 4 shows a photometer tracing of the line 13968 from an exposure with 
liquid hydrogen cooling, with an etalon spacer of 3cm. ‘The bracketed arrows 
indicate the doublet components belonging to the same order; the three vertical 
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lines give the positions of the long-wave component, relative to the short-wave 
component s, calculated for different values of J. ‘The smaller peak between the 
doublet components is due to the even isotopes. 

The difference between the observed value of the splitting Av = 0-109 cm“, of 
the ground term, and the value of 0-113 cm™! derived from g; is of similar magnitude 
and the same sign as that found in other alkali-like spectra. In the iso-electronic 
spectrum of K, the calculation gives the value 0-0165 cm™, while direct measure- 
ment gives 0-0154cm"?. 

The effect of the volume distribution of the nuclear carge on the width of 
splitting (Rosenthal and Breit 1932) is included in the values quoted for Ca* and 
K; it is less than 1°% of the splitting. The effect of the volume distribution of the 
nuclear magnetic moment (Bohr and Weisskopf 1950) is entirely negligible. The 
correction factor (1—do/dn) was calculated by means of the method described 
by Crawford and Schawlow (1949). It appears that the formula of Goudsmit, 
Fermi and Segré gives systematically slightly too high values for the splitting. 
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Abstract. ‘The variational method is used to obtain approximate wave functions 
for the 2pz, and 3dz, states of H,+. ‘Their accuracy is assessed by comparing the 
values of various quantities computed from them with the corresponding values 
computed from the exact wave functions. ‘The dependence of the total kinetic 
and potential energies on the nuclear separation is briefly discussed. 


$1. INTRODUCTION 


HIS paperis the second of a series in which it is intended to determine by 

the Rayleigh—Ritz variational principle approximate molecular orbitals 

and to use them for the evaluation of various quantities which have been or 

can be exactly determined. It is hoped, with this comparison available, that these 

approximate molecular orbitals will provide a convenient basis for the development 

of analytic approximations to other more complex molecules. Paper I (Dalgarno 

and Poots 1954, to be referred to as I) was concerned with the Iso, and 2po, 

states of H,*+; in the present paper the 2pz, and 3dz, statest are dealt with 
analogously. 


§2. CHOICE oF WAVE FUNCTIONS 
The problem of obtaining approximate molecular orbitals for the 2p7 and 3dz 
states of H,* has received much less attention from theorists than the similar 
problems for the 1so and 2po states. ‘The simplest approximations which take 
account of the symmetry are 

Y (2p7) =r, sin 8, cos ¢, {exp (— 47,) +exp(—4r,)}  ...... (1a) 

Y’ (3d) =r, sin 8, cos¢, {exp(—47,) —exp(—47,)} ...... (16) 
where r, and rj, are the position vectors of the electron relative to the nuclei A and 
B respectively. This linear combination of atomic orbitals (LCAO) approxima- 
tion has been applied to the 2pm state by Lennard-Jones (1929) and by Dooling 
(1953), who has considered also a linear combination of the orbital (1 a) and the 
next higher excited orbital. No attempt seems to have been made to improve 
(1a) and (16) by including a screening parameter 

(2pm) =r, sin, cos, {exp (—Jur,) +exp(—Jary)}, .-----(2a) 

¥ (3dr) =r, sin 0, cos ¢, {exp (—4ar,)—exp(—4ar,)} ...... (2) 
and minimizing the energy. 

For small internuclear separations one may write 
SE (20m) eS ULCOS EXD, (=F) 9 6 UPL: (3 a) 
YF (3dar)=7? sin 8 cos@cospexp(—#r) __...... (3 d) 


+ In the separated atoms notation these are designated 7(2px) and 7*(2px) respectively. 
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where r is the position vector of the electron with respect to the centre of charge of 
the nuclei Aand B. The energy matrix element derived with this approximation 
includes the zero order and first order terms in the energy series obtained by 
applying perturbation theory to the wave functions of the united atom (the atom 
to which the molecule reduces at zero separation of the nuclei). Dooling (1953) 
found that the energy series converged much too slowly when he sought to 
improve the energy by including terms of higher order. The functions (3 a) and 
(3b) can, of course, be improved by the inclusion of a screening parameter 
(cf. Matsen 1953). 

Of the various wave functions mentioned only (2a) has the correct form for 
both zero and infinite separations, R, of the nuclei. ‘This desirable characteristic 
may be achieved (following I) by taking 


5 1/2 
(2p) = (son) 7, sin 6, cos ¢, exp{ — 4 (7, +7%p)} 


5 5p ela 
tpl sect rsys} Tosinlcosds [exp (— YB) +exp(~4Bn)} 
Nie (4a) 


7 1/2 
(Od m) = (son) 7, sin 6, cos dy (7, COS 9, — 7p COS ,,) exp{ — $a (7, +7p)} 
2 


ns Paces Bs 1 1 if d 
abet 1a (1- = r, sin 8, cos d, {exp (— 3Ar,) — exp (— 3hr»)} 


cicicsuc#¥ 3. Jp "4. allegra aa el ce (43) 
1 1 
Nee {24 (@R)+ 5 (RP + 55 (eR) exp(—12R), 
ioe 1580 se 
N.2= aig7 (874+ 1458 (aR) + —— (aR)? 
135 36 1 ie tee 
iol + (aR)? + 35 (aR)*+ 35 OR) exp (— 4aR) 


if 1 7} : 
S= {1+ 5(BR)+ 5 (PR) + 735 (PR! exp (— 182) 


so that ‘f’(2p7) and ‘I’ (3dz) are normalized for p=0 and p= © at all internuclear 
distances R. 


$3. DESCRIPTION OF CALCULATIONS 


: Values of the parameters «, 8 and p over a wide range of R have been deter- 
mined by minimization of the electronic energy E of the system 


; 2 2 
i 2. | UPR ae ve p 
E | | (v Ager -)% aki ah ef beer (5) 
where ‘t” is the normalized wave function. The functions studied were of the 
type (4a) and (44) with 

(1) p= 0, B =1. 

(ii) p= oo, B variable. 
(i) p= Ole = 2; 
(iv) p=0, « variable. 
(v) «=2, B=1, p variable. 
(vi) « as determined by (iv) and B by (ii), p variable. 
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No study has been made of the function with «, f and p all variable since it appears 
unlikely from the work of Dalgarno and Poots that the improvement over (vi) 
would justify the extra labour. Exact values of F are provided by Bates, Ledsham 
and Stewart (1953). 

Theintegrals X?= | ee eat de eands Ze | Ease Ctwape Wes ve (6) 


where (x, y, 3) are the cartesian coordinates of the electron referred to the mid- 
point of AB with the s-axis lying along AB, occur in the evaluation of the quadrupole 
moment and depend upon the wave functions at distances from the nuclei greater 
than those which effectively determine the energy. ‘They have been evaluated 
using functions (i) to (vi) and the exact wave functions of Bates, Ledsham and 
Stewart. Comparison of the results provides a severe test of the approximations. 

A further test is to evaluate the 2p7—3dz transition integral Q with functions 
(i) to (vi) in the dipole length form 


Oz t= (PA (2pn)n¥i3da)dr: sees, tee a (7) 
and in the dipole velocity form 
2, ~ 
Ont = mee privat decree ene, (8) 


where -\F is taken as the exact value of the vertical excitation energy and t is some 
unit vector, and compare with the exact value of O given by Bates, Darling, Hawe 
and Stewart (1953). 

Orbitals such as (i) to (vi), which have been derived in such a way as to minimize 
the total energy, naturally reproduce the potential energy 

V=—| ee iat heer Oho (9) 
Va Tp 

much less accurately. Exact values of V can be derived from the exact values of F 
by use of the quantal virial theorem (Slater 1933) and, besides providing comparison 
data, are useful in themselves in that the variation of V with R gives some insight 
into the mechanism of molecular bonding. 


$4, RESULTS 

The values of ~, 8 and p obtained for (ii), (iv), (v) and (vi) are given in tables 1 
and 2 for the 2pz and 3dz states respectively. ‘lables 3 and 4 compare the total 
energies derived using the functions (1) to (vi) with the exact energies, a similar 
comparison for the potential energies being rendered in tables 5 and 6. ‘The 
integrals X? and Z? are found in tables 7 and 8, and 9 and 10 respectively, whilst 
table 11 gives the 2p7—3dz transition integrals. All quantities are measured in 
Hartree units (the unit of energy being e?/2ap, i.e. one rydberg). 


$5. Discussion 


It can be seen by referring to the tables that the usual LCAO approximation 
given by function (i) is, in general, unsatisfactory, except for very large values of 
the internuclear distance R. ‘The introduction of a screening parameter f as in 
function (ii) gives rather better results, especially in the case of the 2pz state, for 
which the function has the correct asymptotic form both for small and large values 
of R. However, for the 3dz state, function (ii) fails to give the true total energy at 


R=0 and, furthermore, the values of the X2and Z? integrals at R = 0 are in error by 
as much as 30%. 
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Table 1*. Parameters of the 2p7 Wave Functions 
R 0:0 0:4 0:8 ie, 1:6 2:0 3-0 4-0 5-0 
Functi 
4a B 2-0000 1-9802 1:9312 1:8663 1:7942 1:7203 1:5484 1:4088 1-3009 
(iv) ~ 2:0000 1:9805 1-9341 1-8772 1°8184 1:7615 1:6348 1-5302 1-4433 
(v) pt oe) 75:45 20°55 9-983 6-093 4-190 2:144 1:333 0-922 
(vi) pt a 3-903 3:795 3-614 3-423 3-229 2:752 2°317 1-937 
Table 2*. Parameters of the 3dz Wave Functions 
R 0:0 0-4 0:8 1:2 1:6 2-0 3-0 4-0 5-0 
Function 
(ii) B -0:8571 0:-8637 0:8799 0-9012 0-9253 0:-9504 1:0094 1-:0536 1-0800 
(iv) a 2:0000 2:0044 2:0168 2:0357 2-:0590 2-:0841 2:1407 2-:1719 2-1752 
(v) pe (or) 102-6 24:65 10°41 SoA 3-294 1-208 0:°6106 0-4831 
(vi) jee &e 116-4 30-25 13-70 7°847 5-103 2:299 1-201 0-7285 


*The charge parameters « and f, obtained as solutions of the equations ¢E(«)/é«—=0 and 
dE(B)/eB=0 (where E(B) refers to function (ii) and E(«) to function (iv)), are accurate to the 
figures given. Due to the lack of sensitivity of the energy to « and f, these determine the 
minimum in the E(«) or E(B) curve to many more figures than are given in tables 5 and 4. 
p was similarly obtained as the solution of 0E(p)/¢p—0 with « and f as given in this table 
and E(«) and E(f) as given in tables 3 and 4. 


Table 3. Total Electronic Energies —E of the 2pm State 
R 0:0 0-4 0:8 ily 1-6 AD) 3-0 4-0 5-0 
Function 
(i) 0:75000 0:74803 0:74237 0-73363 0-72248 0-70954 0:67270 0-63376 0:59587 
(ii) 1:00000 0-98989 0-96393 0-92917 0-89076 0-85181 0-76152 0-68645 0-62577 
(iii) 1:00000 0-98983 0-96326 0-92695 0-88614 0-84416 0-74468 0-65957 0-58904 
(iv) 1:00000 0-98992 0-96433 0-93058 0-89380 0-85683 0-77109 0-69832 0-63754 
(v) 1:00000 0-98987 0:96378 0-92891 0:89067 0-85229 0-76469 0-69278 0-63461 
(vi) 1:00006 0-98993 0-96436 0-93070 0-89409 0-85736 0-:77254 0-70104 0-64182 
Exact 1:00000 0-98993 0-96439 0-93078 0-89422 0-85755 0:77289 0-70165 0-64277 
Table 4. ‘Total Electronic Energies — EF of the 3dz State 
R 0:0 0-4 0:8 te) 1:6 2:0 3:0 4:0 5-0 
Function 
(i) 0-41667 0-41954 0-42578 0-43302 0:-44002 0:-44613 0-45623 0:-45938 0-45732 
(ii) 0:42857 0:43008 0:43344 0:-43782 0:44254 0-44715 0-45627 0:-46025 0-45912 
(iii) 0:44444 0-44489 0-44614 0:-44799 0-45018 0-45243 0:45690 0-45818 0-45575 
(iv) 0:44444 0-44489 0-44617 0:-44813 0-45053 0-45312 0-45869 0:46071 0-45826 
(v) 0:44444 0-44489 0-44617 0-44813 0-45052 0-45306 0:45835 0-46008 0-45780 
(vi) 044444 (44489 0-44618 0:44818 0-45066 0:45336 0:45926 0:46175 0:46009 
Exact 0-44444 0-44490 0-44618 0:44819 0:45069 0-45340 0:-45937 0:46191 0-46023 
Table 5}. Electronic Potential Energies — V of the 2p State 
R 0:0 0-4 0:8 1-2 1-6 2:0 3-0 4-0 5-0 
Function 
(i) 1-000 0-997 0-990 0-978 0-964 0-947 0-900 0-852 0-808 
(ii) 2-000 1-961 1-865 1:747 1-625 oat 1-274 1-103 0-980 
(iti) 2-000 1-980 1-927 1-854 Wer (Ihe 1-688 1-489 1-319 1-178 
(iv) 2-000 1-961 1-867 1:754 1-639 USS 1-304 (lonssit 0-997 
(v) 2-000 1-970 1:893 12792 1-681 LOS L327 1-140 1-002 
(vi) 2-000 1:961 1-867 1-752 1-636 1:526 1-296 1-123 0-991 
Exact 2-000 1:961 1-868 1:754 1-641 1-534: 1:312 1:145 1-019 


ft It is believed that ail quantities are correct to 0-1% but, due to the difficulty of assessing 
precisely the sensitivity of these quantities to p, the error may occasionally be as much as OOF 
in the case of function (vi). This applies also to tables 6-11. 


R 
Function 


(vi) 


(vi) 


Exact 


R 
Function 
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Table 6. Electronic Potential Energies —V of the 3dz State 


0-0 


1-000 
0-857 
0-889 
0-889 
0-889 
0-889 
0-889 


0-0 


18-00 
4-50 


0-4 


0-998 
0-863 
0-889 
0-891 
0-890 
0-891 
0-891 


0-4 


18-0, 
4-6, 


0-4 


12-95 
17-2, 
13-5, 
13-4, 
NBsosy 
13-45 
13-4, 


0:8 


0-993 
0:875 
0-888 
0-896 
0-892 
0-895 
0-896 


ihe) 


0-984 
0-890 
0-887 
0-903 
0-894 
0-902 
0-903 


1-6 


0-974 
0-904 
0-885 
0-911 
0-897 
0-911 
0:912 


2:0 


0-961 
0-917 
0-883 
0-919 
0-899 
0-919 
0-921 


Table 7. X? for 2p7 State 


0:8 1:2 
18-0, 18-0, 
4-8, 5-25 
4-5, 4-6, 
4-8, 5-2. 
4-8. 25 
48, 5.2, 
4-85 5-2, 
Table 8. X? 
0-8 1:2 
12:9, 13-0, 
16-6, 15:9, 
13:5, oS, 
1374 13-0; 
13S ear 13:5: 
(35320 a3? 
i347) 134, 
Table 9. 2? 
0-8 1:2 
6-1, 6:2, 
174 1-9, 
1:5; 1-6, 
1-6; 1:8, 
1-6, 1:8, 
1-6, 1-8, 
1-6, 1-8, 
Table 10. 
0-8 1:2 
13:0, . 13-24 
16-7, 16-1, 
13-5, 13-6, 
eae es 
13°56 ms, 
137A, oh 13-34 
{3A 13-8 
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1-6 


2:0 


for 3dz State 


1-6 


13-1, 
1527 
TOES) 
12-8, 
13555 
13-0; 
12-9, 


1-6 


16 


13-4, 
15-64 
13-8; 
13-0, 
13-7, 
13:2. 
3327 


2:0 


13-25 
14-6, 
13-6, 
12-5, 
13-5, 
12-8, 
12-7, 


for 2pz State 


2:0 


Z for 3dm State 


2:0 


13-8, 
15-1, 
13-9, 
12-9, 
13-9, 
13-25 
13-2, 


3-0 


0-925 
0-933 
0-872 
0-930 
0-895 
0-931 
0-932 


4:0 


0-887 
0-926 
0-855 
0-921 
0-874 
5923 
0-925 


S 


a « 


o 


PRRONDCO pA 
FPONAZOD 
‘S & 


oo 
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Table 11. ‘Transition Integrals Q for the 2pr—3da ‘Transitiont 


R 0:0 0:4 0:8 1-2 1:6 2-0 3-0 4-0 5-0 
Functi 

RAS Or; DA 2204 20 220 eS 2:38 2°55 2°78 3:06 

Oy 0°81 0°82 .0°85 0-90 0-95 1-01 1:18 1-36 1:54 

(ii) Or, 1:01 1-04 1:13 1:25 1-39 1:55 1:99 2-43 2°85 

Oy 1:04 1:06 1:11 1:18 1-25 1°32 1:47 1°57 1:64 

(iii) Or 1:06 1:07 1-08 1:10 1-13 1-16 1:27 1-40 1:54 

Ov 1-06 1:08 113 1:21 1-30 1:41 1:75 2-18 2°71 

(iv) Or 1-06 1-09 1:15 1:23 1-32 1-42 1:67 1:90 2-12 

Oy 1-06 1-08 1:15 1-23 1-33 1-45 1:78 2:15 2°58 

(v) Or; 1:06 1-09 1:15 1-24 1-35 1-47 1-78 2-12 2°47 

OF 1-06 1:08 1-14 1:21 1°31 1-41 1-68 1:95 2:23 

(vi) S Oy 1:06 1:09 1:15 1-24 1:34 1-46 1-76 2:07 2:38 

Oy 1-06 1-08 1:14 1°22 1:32 1-42 1-70 1-98 2:26 

Exact On=OF 1-06 1-08 1-14 1-22 1-32 1-43 171 2:01 2:32 


+ Qy, is evaluated using the dipole length expression and Qy using the dipole velocity expression 
(with the exact energies). 


Functions (iii) and (iv) are both satisfactory in the neighbourhood of R=0, but 


at R=5 function (iii) results in an error of about 40% in the X? and Z? integrals for 
the 2pz state. However, function (iv), in view of the relative ease with which it 
enables all the quantities considered in this paper to be evaluated, is remarkably 
accurate even for quite large values of R. ‘Thus the total electronic energy is in 


error by not more than 1% at R=5 for both the 2pz and 3dz states. ‘The X? and 


Z? integrals impose a much more severe test upon function (iv). For the 2pz state 
the error at R=5 is about 10% for the former and about 15 % for the latter integral, 
the corresponding errors being rather less for the 3dz state. 
~ Due to the higher orbital quantum numbers of the 2pz and 3dz states it is to be 
expected that the results obtained with functions (iii) and (iv) for these states would 
be superior to those obtained for the lso and 2po states respectively. This is 
indeed found to be the case. 
The values of the transition integral O corresponding to the dipole length and 
dipole velocity formulae for the various functions (i) to (vi) are displayed in table 11. 
The results are less sensitive to the details of the wave functions than are those for 


the X* and Z? integrals. It can be seen that the dipole velocity formula is usually 
more accurate than the dipole length formula, but that the correct value of the 
transition integral lies nearer to the mean of QO, and Qy than to either. Further, 
the exact value of Q falls between the approximate values calculated by using the 
functions (i) and (iii) or (ii) and (iv). It is worth noting that in general this is 
also true for the X? and Z? integrals. 

The variation with FR of the potential energy, V’=V+2/R, and the kinetic 
energy 7’ of the 2pz and 3dr states is illustrated in figures 1 and 2. Essentially 
the same features as were found for the 1so and 2po states by Dalgarno and Poots 
appear. Although neither extremum lies in the range of R covered, it is clear that 
in the case of the attractive 2pz state 7 must pass through a shallow minimum and 
V’ through a maximum; but for the repulsive 3dz state there is, in contrast, a 
maximum in 7'andaminimumin V’, ‘This adds further weight to the hypothesis 
(cf. Slater 1933) that an initial decrease in kinetic energy as the nuclei approach is a 
decisive factor in the formation of a one-electron bond. 
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0 2 4 6 8 10 
R (Hartree units) 


Figure 1. Potential energy V’’, kinetic energy 7, and total energy E’ (in rydbergs) as 
functions of R in Hartree units for the 2pz state. 
The minimum in the E’ curve is at R=7-:93a) and the depth of the potential well is 


0-0190 rydberg, i.e. 0-259 ev. The kinetic energy tends to 0:25 rydberg at R=o while at 
R=10a, T=0-238 rydberg. 


-9.4b 


Figure 2. Potential energy V’, kinetic energy 7, and total energy E’ (in rydbergs) as 
functions of R in Hartree units for the 3d7z state. 
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computed the magnetic susceptibilities of metallic Li and Na, emphasizing 

in particular the need for including exchange and correlation effects in 
calculating the spin paramagnetism which appeared to be the dominant contri- 
bution in determining the resultant susceptibility. Two possible criticisms of 
their treatment which might be put forward concern the use of (a) the Wigner 
correlation energy formula in calculating the spin paramagnetism and (6) the 
Landau value for the diamagnetic susceptibility. 

Considerable progress in dealing with correlation effects in a free electron gas 
has been made recently (see especially Bohm and Pines 1953, Pines 1953). The 
work of Pines leads to a correlation energy in agreement with Wigner’s result to 
well within the accuracy of the two treatments, and it would therefore seem that the 
spin paramagnetism calculated by SS (at absolute zero) cannot be seriously in 
error, and we shall assume this here. | 

As we pointed out previously (March and Donovan 1953) there are, however, 
several points in connection with the diamagnetism which warrant further 
discussion. ‘The effect of exchange was considered in some detail by SS, who 
showed that at low temperatures the susceptibility became very large and positive, 
with a logarithmic singularity at T=0. SS believed it unlikely that the effect 
of correlation would entirely remove the singularity. As the free electron 
diamagnetism was quite small anyway in the neighbourhood of room temperatures, 
and since no correlation correction could be made at the time, SS finally adopted 
the Landau value. However, in the case of Na, the magnitude of the Landau 
diamagnetic contribution is about one third of the total susceptibility, and it is 
clear that any marked departure from it may impair the quantitative agreement 
obtained in this case. 

‘The main purpose of the present note is to show that correlation effects do in 
fact oppose the effects of exchange in such a way as to restore the diamagnetic 
susceptibility to the neighbourhood of the Landau value at T=0. The procedure 
of SS can thus be justified to a certain extent since it is clear that the temperature 
dependence will be negligible up to room temperature. The diamagnetic 
susceptibility may readily be derived from the Peierls-Wilson formula (cf. SS, 
footnote 7) when the one-electron energy «(k) is known. Thus, using Pines’ 
results, one can obtain an expression demonstrating the effect of the long-range 


S OME years ago Sampson and Seitz (1940, subsequently referred to as SS) 
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correlations on the diamagnetism (cf. Pines’ discussion of specific heat){. The 


result for T7=0 is 
1 
X = XLandau |1- 6a Gree -{2 Ing =a 5B | eceeee (1) 


where ky is the maximum momentum of the electrons (in atomic units), 8 is as 
defined by Pines, and values for the alkali metals can be taken from table 1 of his 
paper. ‘The square bracket in (1) has the following values : 


Li Na K Rb Cs 
1-10 Es 1-16 13h7 1.19 


The experimental results for the susceptibilities of the alkali metals are so 
diverse that there is little point in making a detailed comparison at this stage. 
We shall therefore merely summarize briefly a few points which seem to be of some 
interest. 


(1) The quantitative agreement for Na obtained by SS is unimpaired. _It is 
actually slightly improved by the small increase in the diamagnetic susceptibility, 
though this has probably little significance in view of the neglect of the short-range 
correlations in calculating the diamagnetism and of possible errors in the spin 
paramagnetism. 

(ii) For Li, SS obtained a susceptibility which was considerably higher than the 
(very inconsistent) experimental values, and the small change in the diamagnetism 
is quite negligible. ‘There is some doubt, however, about the best value to take for 
the effective mass m* in this case, Silverman and Kohn (1950), Parmenter (1952) 
and Schiff (1954) having obtained values of 1-38m, 1-24m and 1-80m respectively. 
Using Parmenter’s value, the agreement with experiment is improved very 
considerably, and this seems satisfactory since his calculations appear to us to be 
the most reliable yet made for this metal. Accurate experimental results would 
be very valuable in clarifying the position. 

(iii) For K, with m* =m, the susceptibility appears to be rather larger than the 
experimental value, and reducing the effective mass somewhat would improve the 
agreement. ‘he value m*=0-58m calculated by Gorin (1936) seems to be too 
low, however, the susceptibility becoming diamagnetic. 
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Energy Levels in '°B and “Be 


By G-’C.AREID 
Department of Natural Philosophy, University of Edinburgh 


Communicated by N. Feather; MS. received 23rd November 1953 


Cohen and Dainty (1948), has been employed in a partial investigation 

of the energy spectra of neutrons from the reactions °Be(d,n)*°B and 
*Li(d,n)*Be. The spectrometer consists of a triple coincidence proportional 
counter telescope recording those recoil protons from a thin film of polythene 
[(CH,),,] which are projected in the same direction as the neutron beam, and thus 
have the full energy of the incident neutrons. Aluminium absorbers can be 
inserted between the first and second counters of the telescope, and the heights 
of the pulses appearing on the second counter when a coincidence occurs can be 
measured. Since this is a specific ionization method, it possesses high resolution 
only over a fairly small range of recoil proton energy, but by varying the amount 
of absorption a large energy range may be covered in successive runs. The 
amplified output of the second counter is applied to the Y-plates and the coinci- 
dence output to the grid of an oscilloscope, so that only those pulses causing a 
triple coincidence are made visible. ‘These pulses are photographed on a moving 
film. A series of runs carried out with different absorbers can then be pieced 
together to form the complete recoil proton spectrum. From this the spectrum 
of the incident neutrons can be obtained by correction for the variation of the n—p 
scattering cross section. 

The instrument has been calibrated by examining the neutrons from the D—D 
reaction at 110° to the deuteron beam, using the value obtained by Livesey and 
Wilkinson (1948) for the energy release, viz. 3-25+0-02mev. The pulse- 
height distribution obtained is shown in figure 1. 

Figure 2 shows the neutron spectrum obtained from the reaction *Be (d, n) !°B 
at an angle of 0° to the deuteron beam of 750 kev provided by the University of 
Edinburgh Cockcroft-Walton (Philips) generator. There are seen to be six 
neutron groups, of respective energies 1-50, 2-12, 2:78, 3-16, 4:34 and 4-86 Mev 
(estimated probable error +0-10mev), and a broad group at about 3-6 Mev 
attributable to the D—D neutrons. When a small correction is applied for the 
finite thickness of the polythene radiator, these observations yield Q-values of 
0-86, 1-47, 2-14, 2:52, 3-73 and 4-28 ey, respectively. The first, third, fifth and 
sixth of these groups are well known (Staub and Stephens 1939, Powell 1943, 
Ajzenberg 1951), and the second and fourth provide confirmation of groups found 
by Ajzenberg 1951 and by Dyer and Bird (1953). The second group, somewhat 
doubtful from figure 2, was also found in observations at 90° to the beam. 

If the Q-value for the ground-state transition be taken as 4:35 Mev, as deduced 
from the nuclear mass values, the group of Q-value 1:47 Mev shows the existence of 
a level in 'B at 2:88+0:10 Mev. The existence of such a level was previously 
suspected from the observation of a gamma-ray of energy 2856kev in this 
reaction (Rasmussen, Hornyak and Lauritsen 1949), 


A NEw type of fast neutron spectrometer, based on an earlier design of Kinsey, 
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Runs with three different absorbers have been carried out on the reaction 
7Li (d, n) 8Be covering the neutron energy range from about 9 Mev to about 11 Mev, 
again at an angle of 0° with 750 kev deuterons. Previous work on this neutron 
spectrum had yielded some evidence for the existence of a level in “Be at 4-9 Mev 
excitation (Richards 1941, Green and Gibson 1949), and this was supported by the 
discovery of a 4-9 mev gamma-ray from the same reaction (Bennett e¢ al. 1941) 
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The existence of this gamma-ray would imply that the level is of odd parity, since 
even parity states of *Be break up directly into two alpha-particles. Recent work 
by Titterton and others (1953), however, has shown evidence of a broad level at 
about 5-3 Mev of even parity, and no evidence for the 4-9 Mev level. 
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Our results (see figure 3) show a broad neutron group centred at about 9-9 Mev, 
giving a Q-value of 9-60+0:10mev. Taking the Q-value for the ground-state 
transition as 15-04 mev, the value obtained from the nuclear masses, this implies 
the existence of a level in 8Be at 5-44+0-10mev. As can be seen, there is no 
significant indication of a level at 4:9 mev, which would appear as a neutron 
group at about 10-4 Mev. 
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Whilst these results cannot be regarded as decisive evidence in favour of the 
new level, since no other neutron groups are present to afford a check on the energy 
allocations, they are in line with the results of Titterton. A further experiment is 
being planned to examine the gamma-ray spectrum in the region of 5 Mev. 
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Cross Sections for the Reaction 7Li(yp)°He at 17-6 and 14-8 MeV and the 
First Excited State of “He 


By E. W. TITTERTON anp T. A. BRINKLEY 


Australian National University, Canberra 


MS. received 25th Fanuary 1954 


emulsions by Titterton (1950). Recently the excitation function in the 

range from threshold to 20 Mev has been measured in this laboratory 
(Titterton and Brinkley 1953) and shows a typical giant resonance centring on 
15-6 Mev. In order to normalize these relative cross section measurements an 
experiment has been performed to determine the cross sections at 17-6 and 
14-8 Mev using the resonance radiation from the reaction ‘“Li(py)*Be. As in 
the earlier experiments, Ilford Type E1 emulsions loaded with lithium sulphate 
and 2004 thick were employed. The number-energy histogram for the 
160 events (which are identified by the usual methods of energy and momentum 
balances and the scattering of the tracks) which are wholly contained in the 
emulsion is given in figure 1(a). Because of the short range of the *He recoil 


[= reaction ‘Li(yp)®He was first observed in lithium loaded photographic 
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Figure 1. (a) Number-—energy histogram; (6) Difference between fitted curve and 
histogram. 


the resolution of the experiment is not as good as could be desired, the 
experimental half-width being I’.,,=1:5 Mev. The Walker-McDaniel (1949) 
experiment shows the main components of the ‘Li(py) spectrum to be a narrow 
line at 17-6 Mev and a line having I'=2 mev at 14-8 Mev. Corrections were 
made for the variation of cross section over the width of the 14-8 mev line 
using the measured excitation function and for the geometrical losses of events 
from the emulsion, and a fit to the distribution was calculated. It is given as 
the full line in figure 1(a) and it will be seen that, in the region of 16 Mev, 
there is an excess of events over the computed value. If differences are taken 
between the histogram and the calculated curve the events group about 16 Mev, 
as is indicated by figure 1(b). This behaviour is what would be expected if, 
in some of the events induced by the 17-6 Mev y-ray, the recoiling °He nucleus 
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is left with an energy of 1-6+0-2 Mev which it loses by y-ray emission. The 
first excited state of "He has been identified by Dewan et al. (1952) as lying 
at 1:71+0-01 mev from a study of the reaction 7Li(t«)*’He, but more recently 
Crews (1952) has given the energy as 1:94 +0-08 Mev. The result given above 
would be compatible with the measurement of Dewan et al. but not with that 
of Crews. 

This indication, that the 1-71 Mev state of “He de-excites by y-ray emission, 
if correct, is surprising since, in the absence of a selection rule against it, the 
state would be expected to lead to disintegration into either (« + dineutron) 
or («+n-+n), the disintegration (“He+n) being excluded on energy grounds. 
The experiment precludes the first of these possibilities for, if it occurred, there 
could be no momentum balance; the proton and the recoil would not, in general, 
be collinear as is observed. The three-body break-up, where only a small 
amount of energy is available for sharing among three particles already moving 
in the recoil, could, however, lead to events with two collinear tracks (p+) 
which might satisfy the selection requirements for ‘*Li(yp)*’He events. For 
these reasons the indication that the first excited state of *He de-excites by 
y-ray emission should be treated with reserve until it can be verified by an 
ay coincidence experiment using the reaction ‘Li(t«)®He. 

Taking the experiment at its face value and accepting the Walker-McDaniel 
figure for the intensity ratio of the 17-6 and 14-8 Mev lines at resonance as 
2: 1, cross sections can be calculated in terms of the cross section for @C(y3«) 
taken as 2-4 x 10-25 cm? at 17-6 Mev (Glattli, Seippel and Stoll 1952). They are: 

O14. ‘Li(yp)*He (ground state) = (2-2 + 0-25) x 10-27 cm? 
017-6 ‘Li(yp)*He (ground state) = (6-8 + 0-9) x 10-28 cm? 
17-6 ‘Li(yp)*He (1-71 Mev state) = (5-44 + 0-9) x 10-78 cm?. 

These values, although they confirm the general trend of the excitation 
function, cannot be compared with it directly. If the 1-71 Mev level de-excites 
by y-emission and the probability of its formation is energy dependent (as the 
present experiment suggests), then the excitation function, which is derived by 
determining the number of events corresponding to a y-ray energy of 
BE, = Evy. + £, + 10-1 Mev, would contain events to which an incorrect E,, had 
been assigned; this would tend to sharpen the curve. Recently the 
Saskatchewan betatron group (Katz 1953, private communication) has 
determined the excitation function for 7Li(yp)’He by examining the 
*He $ emission as a function of peak machine energy. The measurement 
obtained by this method, although it also shows a maximum at 15 Mev, is 
somewhat broader than that obtained by the photographic plate method as 
illustrated in figure 2, where the curves are matched at their maxima. The 
discrepancy on the high-energy side qualitatively supports the idea that a 
state of °He de-exciting by photon emission is formed, the probability of 
formation increasing with incident y-ray energy. On the low-energy side the 
rapid rise of cross section observed by the Saskatchewan group would be 
difficult to observe by the photographic plate method as, with very little energy 
in the °He recoil, its identification would be impossible. 

Tucker and Gregg (1953) recently determined the excitation function for 
the reaction “Li(yp)*He. Their result disagrees with both the Saskatoon and 
Canberra measurements as shown in figure 2; they find the cross section rising 
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rapidly in the region between 17 and 19 mev, where the other two experiments 
show it to be falling.* 

Their cross section at 17-6 Mev is approximately twice the value of 14-8 Mev, 
which is in sharp disagreement with the present measurement, where the 
cross section at 14-8 Mev is found to be larger than that at 17-6 Mev. 
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Figure 2. Excitation function. 


A. Canberra result. 
B. Saskatoon result. 
C. Case Institute measurement. 


* Note added in proof. in a private communication Dr. B. L. Tucker states that 
re-evaluation of their earlier data showed the monitoring to be subject to some question. 
‘The experiment was repeated along with a comparison **Cu(yn)**Cu run. The new result 
is similar to the earlier one up to 16 Mev, but a resonance peak appears at 17-5 Mev, ~2 
Mev higher than in the Canberra and Saskatoon results. 
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Some Remarks on Radiative Capture and Stripping Reactions 


By G. R. SATCHLER 
Clarendon Laboratory, Oxford 


MS. received 8th February 1954 


or stripping reactions when the nuclei obey j-j or L—S coupling rules 
have been published (Satchler 1953, to be referred to as S). We now give 
explicitly the absolute magnitudes of the parameters used in S and indicate 
how we may treat intermediate coupling. ‘The angular distribution depends 
on nuclear structure through the relative amounts taking part of the two possible 


F ORMULAE for the angular distribution of y-rays following nucleon capture 
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incoming ‘channel spins’ (spins of target and nucleon parallel or antiparallel), 
or alternatively of the two possible total angular momenta of the captured particle 
(j=/+4). The extreme j-j model, for example, would require only one value 
of j to take part. Information from this source+ may then be correlated with 
that from energy levels, magnetic moments, etc. (Inglis 1953, Lane 1953). 

In practice only a moderate number of direct capture processes are of use, due 
to the high excitation produced and the complexity of the ensuing decay scheme. 
In stripping reactions, however, nucleons may be introduced directly into low- 
lying excited levels. The angular correlation between the y-rays and outgoing 
particles gives similar information about the coupling. 

The differential cross section for single-level resonance capture of a nucleon 
with wave number k is (summing over /, 7’, J, l’, and v) 
do 2I,+1 ECE) 


Fm SE ECE TT DIU BMGT AGI ELLIS IP, (6080) 
i ee en, a ae (1) 


where I'(L) is the radiative width for 2’-pole y-emission. We use the notation 
of S; suffixes i, e, f refer to initial, excited, and final nuclear states. The 7, are 
tabulated in S, the /’, by Biedenharn and Rose (1953). The mixture parameters 
Bcjl) (‘reduced matrix elements’ in perturbation theory) are simply related 
to the partial reduced widths y?(jl) for nucleon emission, and are real apart 
from the coulomb and ‘potential’ phase, exp7&, (Blatt and Weisskopf 1952, 


Ch. VITT): Bj) = £ exp #6, (JD)? = exp i (2k RY), vee (2) 


v, is the penetration factor evaluated at the nuclear surface, r= R. 

When the capture goes via a stripping process (say (d, p) for definiteness), 
besides the intrinsic neutron capture probability we have factors dependent on 
the emission direction of the proton. In the simple stripping theory (using the 
notation of Bhatia et al. 1952) these are the ‘ availability’ G(K) of a neutron of the 
required energy and momentum in the incident deuteron, and the probability 
of order 7,(kR) of this neutron reaching the nuclear surface, 7,=R. Apart from 
constant factors, G%? gives the proton angular distribution; curves for many 
cases have been published. ‘The arguments of these factors depend on the 
angle ,, between k, and k, (both centre-of-mass system), the wave vectors of 
incident deuteron and outgoing proton; if the target nucleus has mass A, 


Sees ‘ A \2 2A 
Kea tke +k — RR c0s.0,; R2= kat (753) k,?— Day Poka cos 9 


The p-y correlation cross section is then 


US bs 0) alate i 
Ab» = Fa Re apa CUM ZBUDBUGT ii Td )F (LI eI )P, (cosy) 


summing over y, j,J',4,U. y is now the angle between the y-ray and the recoil 
axis k=k,—{A/(A+1)}k,, the dependence on 6, being contained in k and K. 
The reduced matrix elements are real, and in Born approximation (Bhatia et al. 
1952) given by (summing over M,, m, p) 


BN =jRRD Cj _; MM.—M)CBj; mp) f|V |ilmpy; 


t Emission of «-particles (since spin-less) is as useful as y-emission provided they carry 
away only one value of orbital angular momentum. 
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hence we see that A)j?>(RR) =(2J,+1)h,B%(jl). In the Butler (1951) formalism, 
with y?(jl) the reduced width, they become 


BUD) = tegR®)PyGOU(R/ Raia (RR) — F(R (Ry R)/AMRpR)] vee (4) 


which is approximately equal to («,R°)!*y(jl)j,(RR) for a tightly bound capture 
state with neutron binding energy ¢«,= —fh?k,?/2M,*. The Born approxi- 
mation expression reduces to an analogous form. 

The angular dependent G(K) only affects the overall magnitude of the cross 
section, whereas the spherical Bessel function j,(kR) depends also on /, the orbital 
momentum transfer. This is important when mixtures of / are investigated ; 
the relative contribution of one component can be raised or depressed by suitable 
choice of the proton counter position. If the admixture is small it is the inter- 
ference term depending on the amplitude of mixing which is important in the 
p-y correlation experiment; the relative intensity of this varies with 6, as 
FARR) Ij (RR). 

If we use the channel spin s (vector sum of initial spins, s=J,+4o)) then 
X,,BB*n, in (1) and (3) has to be replaced by 


> A(s1)A*(sl')( — RCA yea 
There are relations similar to (2), (4) between A(s/) and the reduced width 


y*(sl). ‘The Z functions are tabulated by Biedenharn (1952). The two repre- 
sentations are related by 7 of S: 


y=>.(—)>-27[(27 + 1)(2s + 1)]427W ALS, ,; 7s) A(sl). 


If extreme j-/ ne held we should find only one non-zero B(j/), with the 
reduced width for an n-nucleon excited state configuration : 


Vil) = (ni /2MRYu(R)Te Si. vee (5) 
u(R)/R is the single-particle radial wave function evaluated at the nuclear surface, 
y=R, and <|}) is the coefficient of fractional parentage appropriate to the initial 


and excited states (Flowers and Edmonds 1952). 
On the other hand, extreme L—S coupling for these two states would give 


jl) = (1) (27, + 1)(2 + 1)(2L, + 1)(2S, + 1)}22X(T LoS; JiLiS;; j1R) .. (6a) 


or 


(sl) =y(I[(2F, + 1)(2s-+ 1)(2L, + 12S, + )P2W(L,S 9}; 8.) WSL; LJ.) 


where Y(l) =u( R)(nh?|2MR)!2¢T|} SL). 
The coefficient of fractional parentage is now that appropriate to L—S coupling 
(Jahn and van Wieringen 1951). Expressions analogous to (5) and (6 6) have 
been given independently by Lane (1953). 

It seems the coupling actually realized is intermediate between these two 
extremes. In that case we may follow Lane (1953, to which reference should be 
made for further details) and expand the actual nuclear wave functions in terms 


of L—S eigenfunctions 
| JM) => isal JM, LSa)<{ LS«||J). 


We then have a sum of factors like (6) weighted with the expansion coefficients 
for initial and excited states. 
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The expressions from the simple stripping theory given above are modified 
by the coulomb field and any ‘scattering’ interaction of the outgoing proton with 
the nucleus. These effects will be dealt with in a future communication. 
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Note added in proof. The author is indebted to Dr. A. M. Lane for comments 
on this paper. It should be stressed that the extreme ‘one-level approximation’ 
has been used in the interests of simplicity, so neglecting the distortion of the 
simple relation between observed and reduced widths due to far-away levels 
(Thomas and Lane 1954). Similarly the level-shift variation with energy has 
been ignored in equations (2) and (4), although its effect may not be small 
(Thomas 1952). However, these corrections only alter the magnitude and 
energy dependence of the B(jl) ; their relative values, which are of interest for 
the y angular distribution, remain unaffected. 
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Pressure Broadening in the Spectrum of NO and its 
Photodissociation 
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MS. received 22nd January 1954 


the y system of NO show an abnormally large pressure broadening, and 

Wulf (1934) suggested that this might be due to induced predissociation. 
This suggestion has recently been repeated by Moore, Wulf and Badger (1953) 
who have shown that there is some photodissociation on exposure to light in 
the region of the y bands. Naudé stated that with nitric oxide in nitrogen at 
44cm pressure “ every rotational line is broadened so much that the absorption 
becomes complete ’’. ‘This seems at variance with studies (Gaydon 1944) of 
the y bands in emission in an ozonizer discharge through nitrogen containing 
a trace of oxygen at atmospheric pressure. ‘This emission showed normal 


I has been reported (Lambrey 1929, 1930, Naudé 1930) that the bands of 


Oy ae 
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rotational structure, and one of the old plates, taken on a medium quartz 
spectrograph is enlarged and reproduced in strip a of the plate. The true 
width in emission and absorption should obviously be the same under similar 
conditions ; the emission was actually at higher pressure and similar temperature. 
In view of this discrepancy we have now made an examination of the absorption 
spectrum of nitric oxide. The subject is of considerable importance because of 
its bearing on the dissociation energies of NO and N,. Most recent evidence 
(Gaydon 1953) favours the high value of 9-76 ev for D(N,), but, if proved, the 
induced predissociation would require the low value 7-38 ev. 

Preliminary observations were made with a medium quartz spectrograph 
using a xenon high-pressure arc as background source. With a 15 cm absorption 
tube and the spectrograph in good focus it was found that the (0, 0) and (1, 0) 
y bands could be observed with about 2 mm pressure of nitric oxide (see strip 5 
of the plate). On adding pure nitrogen to bring the pressure up to 1 atmosphere 
the NO absorption appeared to be strengthened (strip c) but the rotational 
structure of the bands still appeared sharp. Photographs were then taken of 
this same absorption using a large two-prism Littrow-type quartz spectrograph 
having a dispersion of 1:1 A/mm at 22694. ‘These show that the NO absorption 
lines are quite sharp (see strip d). In an absorption spectrum of this type it is 
difficult accurately to estimate the true half-breadth of a line, but from study 
of the less heavy lines we can say that it is less than 0-025A or 0:5 cm. Nitric 
oxide is a paramagnetic gas and Professor J. O. Hirschfelder (private 
communication) has suggested that it might have a relatively large collision cross 
section. Anyhow it 1s clear that there is no abnormally large pressure broadening. 

The divergence between our observations and those of Naudé are no doubt 
mainly due to the excessive amount of absorbing gas which he used—about 
60 times our optical path of NO. His long exposure times of 6 to 12 hours 
may have contributed to some loss of definition. For a more detailed under- 
standing of the divergence and for the explanation of the apparent increase in 
strength of absorption when nitrogen is added, we must consider the change in 
line contour due to pressure broadening. It is well known that with pure 
Doppler broadening the lines have comparatively narrow ‘wings’. With 
pressure broadening there is some increase in the half-breadth of the line, but 
the main change is a strengthening and extension of the ‘wings’. With limited 
resolving power it is difficult to observe in absorption the very fine lines of a 
cool gas with pure Doppler broadening, and to obtain a record of the spectrum 
it may be necessary to use enough gas to get appreciable absorption in the weak 
‘wings’ even though the absorption in the line centre may be extremely strong. 
Slight pressure broadening, by strengthening the ‘wings’ and weakening the 
centre, will then cause an apparent increase in absorption. 

If we are to reject the induced predissociation, then it is necessary to 
re-examine the interpretation of the photodissociation. Flory and Johnston (1935) 
studied the photodissociation using a mercury arc and metal sparks. ‘They 
found that the active region was at short wavelengths and was probably mainly 
located in a band of the 6 system at 1830A. Gaydon (1953) failed to detect any 
action in the region of the y bands. In this experiment nitric oxide was exposed 
through quartz to an iron arc at a distance of about 2 in. for two days, and no 
NO, formation was detected. Moore, Wulf and Badger point out that the 
iron arc is weak in this region, but this does not seem to be so to the extent their 
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plate might lead one to think. Our iron arc, on 220 volts, was adequately 
exposed in one minute using a fine (0-009 mm) slit on the large quartz 
spectrograph (strip d of plate). ‘The iron lines at 2259-511, 2267-080 and 
2267-465 A coincide fairly well with lines of NO. The experiments of Moore ef al. 
using N,O, to detect photochemical action are probably more sensitive, and we 
do not doubt their results in this respect. It does however seem clear that the 
action in this region of the spectrum must be very slight and have a low quantum 
efficiency. It seems that this small amount of dissociation can easily be explained 
by the secondary reaction 

NO+ hy=NO* 

NO*+NO=N,+ Og. 
This is similar to the explanation put forward (Gaydon 1953) for the 
photodissociation of carbon monoxide. Now that it is established that there is 
no abnormal pressure broadening and therefore no induced predissociation in 
nitric oxide, it seems that this weak photodissociation is not important in the 
discussion of the dissociation energies of NO and Ng. 
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The Absorption Spectrum of Thulium 
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MS. received 4th March 1954 


HEN the absorption spectrum of lutetium was examined (Bovey and 

Garton 1954) it was noted that some fifteen lines of thulium were 

apparently present. In order to confirm this, a sample of thulium 
oxide was used in the King furnace and the absorption spectrum taken in the 
range 2500-6000 A on a 3-metre Hilger spectrograph. 

Some eighty-five lines were obtained and are detailed in the table; absorption 
lines from lutetium and ytterbium were also present. Most wavelengths were 
assigned by reference to the M.I.'T. Wavelength Tables or to the series of charts 
by Gatterer and Junkes (1945). A few of the weaker lines were accurately 
measured, 
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Absorption Lines of Thulium 


Wavelength Strength Wavelength Strength Wavelength Strength 
2601-09 W 3416-61 M 3887°35 VS 
2622-27 VW 3425-08 W 3896-62 S 
2660-10 VW 3428-62 VW 3916-47 5 
2854-15 M 3429 -34 VW 3949 -27 Ss 
2907-17 VW 3441:51 VW 4007-75 VW 
2914-83 M 3453-67 VW 4044-47 VW 
2932-97 M 3462-21 WwW 4094-18 VS 
2973-23 r) 3487-40 W 4105-84 VS 
3015-30 VW 3499 -97 VW 4138-36 M 
3046-87 M 3500-92 M 4187-62 VS 
3081-13 W 3514-06 M 4203:75 5 
3107-16 W. 3517-62 VW 4222-66 VW 
3122-54 W 3563-89 S 4359-93 S 
3131-26 W 3567-36 S 4386°43 iS) 
3133-89 VW 3568-13 ) 4394-42 VW 
3151-04 VW 3624-20 VW 4599-00 S 
3172-82 M 3638-42 Vw 4724-25 S 
3179-84 W 3646-71 Vw 4733-32 S 
3180-54 WwW 3700-27 Vw 5060-89 NS) 
3233-75 M 3701-36 VW 5113-96 S 
3241-53 Vw 3717-92 VS 5307-12 W 
3246-96 W 3744-07 VS 5631-41 VS 
3299-12 M 3751-82 S 5675-85 VS 
3302-45 VW 3761-33 VW 5764-29 M 
$323°22 VW 3761-91 VW 5895-63 S 
3349-99 WwW 3781-14 S 5971-27 ‘S) 
3362-61 W CIOS ia VW VS=Very Strong 
3380-60 W 3807-72 M S=<Strong 
3385-03 WwW 3826-36 S M=Medium 
3410-05 M 3848 02 W W = Weak 
3412-61 VW 3883-13 VS VW= Very Weak 


The term analysis of thulium is very incomplete but the ground state level is 
thought to be 2F° (Meggers 1942) with a doublet separation of 8771:3cm™!. All 
the lines arising from the lower level (?F°,/.) were observed in absorption but 
only two (the strongest in emission) from the upper level (?F°,/.) were found. _ It is 
possible that at the furnace temperature (approximately 2400°c) insufficient 
atoms were available in the upper level to give rise to absorption. Indirect 
evidence for this assumption can be based on the experimental observation that 
the absorption lines of iron, present as an impurity and shown on the same 
spectrum, arose entirely from levels below about 7000 cm‘. 

The frequencies corresponding to the absorption line data were examined 
for sets of constant differences. No sets with more than three equal differences 
werefound. Until further experimental information is available it is not proposed 
to attempt the term analysis. 


This work was partly carried out whilst one of us (W.R.S.G.) was acting 
as a University Vacation Consultant. 
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Isotope Shifts in the Atomic Spectra of Tin and Cadmium 


Isotope shifts in the optical spectra of elements near the middle of the periodic 
table are generally small, and therefore difficult to measure, but the occurrence 
of large numbers of isotopes in many of these elements offers possibilities of an 
extensive study of the relative values of the shifts within one element and, in some 
cases, of the comparison of relative shifts in iso-neutronic isotopes of different 
elements. 

The isotope shifts were measured in the line 5s?6s7Sj).—5s?6p?P3jp, A 6454, 
of the spark spectrum of tin with the use of highly enriched samples of all the even 
isotopes. By due attention to the uniform illumination of the Fabry—Perot 
etalon it was possible to obtain results whose accuracy was better than + 0-001 cm}, 
as judged by the consistency of the results for different etalon spacers. After 
corrections for isotopic impurities, the following results were found. 


Isotope mass numbers 112-114 114-116 116-118 118-120 120-122 122-124 
Isotope shifts (“)jgnt—Vheavy) 6:7 6-1 4-4 4-4 1-2 1e7 
S10? Gi 


Owing to the lack of a mass analysis for Sn, 5, the difference between the shifts 
given for the last two pairs is not claimed to be genuine. 

In cadmium, isotope shifts have so far been observed only with the use of 
the natural element (Schtiler and Westmeyer 1933, Brix and Steudel 1950). 
The published values are therefore confined to the abundant even isotopes 110, 
112, and 114. In the spark line 4d! 5p ?P3). — 4d® 5s??D,)., A4416, the component 
due to Cd,,, has been observed (Steudel, private communication), and the 
spacing 114-116 found to be smaller than 112-114. The unknown positions of 
the components due to the odd isotopes made any quantitative data unreliable. 
With the use of highly enriched isotopes the following isotope shifts were 
measured in the line 14416: 


Isotope mass numbers 110-112 112-114 114-116 
Isotope shifts x 10?cm™! — 53-3 — 47-9 — 34-4 
The accuracy is to + 1:5 x 10-8cm“!. 


In the following table the normal mass shift has been subtracted and the 
shift between isotopes with neutron numbers 62 and 64 defined as unit. 


Neutron numbers 62-64 6466 66-68 68-70 70-72 72-74 
Isotope shifts: Tin 1-00 0-93 0-72 0-72 0-32 0-39 
Cadmium 1-00 0-90 0:63 


The specific mass shift, which would not cause ‘jumps’ in the isotope shifts, has 
been ignored. 

It is seen that the relative shifts between iso-neutronic pairs of isotopes show 
marked similarity. It is tempting to associate the irregularity after neutron 
number 66 with the completion of the 5g,/. shell of neutrons and the beginning 
of the 6hj,). shell in the level scheme quoted by Flowers (1953). A similarly 
simple interpretation of the irregularity observed in tin after neutron number 70 
cannot be given. Shifts for the neutron numbers 68-74 have been reported — 
in tellurium by Murakawa and Ross (1952); they do not agree with those measured 
in tin, 
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The isotope shift constant C was calculated for tin, assuming that the shift 
in the line A 6454 is due to the 6s electron in the lower term, and using the measured 
value of the hyperfine structure of the odd isotopes (Tolansky 1934) in conjunction 
with the nuclear resonance value of the nuclear magnetic moment (Proctor 1949) 
to evaluate the atomic wave function. ‘The value found was C=44 x 10-3cm + 
for the pair Sn,,. and Sn,4q. 

Work is now in progress on the remaining stable isotopes of cadmium and tin. 


We are indebted to the electromagnetic group and the mass spectrometry 


group of the Atomic Energy Research Establishment, Harwell, for the provision 
of samples of separated isotopes and their mass analyses. 


The Clarendon Laboratory, W. R. HINDMaRSH. 
Oxford. H. Kuun. 
25th February 1954. S. A. RAMSDEN. 
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Measurement of the End Point Energy of Positrons from Al 


Aluminium 25 was produced by irradiating thick natural magnesium targets 
with protons of slightly greater energy than that of the lowest *4Mg(p, y)?°Al 
resonance at 225-5kev. ‘The yield of ?*Al, which is also a positron emitter of 
comparable half-life, for the irradiation energy used is negligible (Hunt et al, 
1954). 

The level of activity of the targets was estimated by feeding the target current 
into a microammeter which was shunted by a resistance—capa7ity circuit of 
time constant equal to the previously measured mean life of the ?°Al activity 
(Churchill et al. 1953). After the required activity had been built up the irradia- 
tion was stopped and positrons from the decay of °Al were detected by Geiger— 
Muller counter of window thickness 7mg cm? mounted close to the target 
inside the vacuum system. 

Aluminium foils of known thickness were placed in front of the Geiger 
window and the counts recorded for a given target activity were plotted as a 
function of foil thickness. It was necessary to repeat the irradiations ten or 
twenty times for each foil thickness in order to obtain a sufficiently high statistical 
accuracy, and as a check on the reproducibility of the results irradiations with 
zero foil thickness were repeated several times during the experiment. 

The absorption curve obtained is shown in figure 1, and has been analysed 
by the method proposed by Katz and Penfold (1952). ‘This method involves 
the assumption that y, the fractional transmission, is related to Ey, the end point 
energy, by the equation y!/" = K,(E, —£) where n is a positive number and EF the 
energy of a positron just absorbed by a foil thickness for which the fractional 
transmission for the spectrum under investigation is y. "The number 7 is deter- 
mined by plotting log y against log(£)’ — ) where E,’ is an initial estimate of 
the end point energy by inspection of the absorption curve, and the final value of 


' E, is obtained by a process of successive approximation (figure 2). 
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The value giving the best fit was 3-17 Mev with a probable error + 0-15 Mev 
due to statistical uncertainties. This value is in good agreement with the value 
3-1mev due to Van Patter quoted by Goldberg (1953). The slight upward 
curvature of the graph near the low energy end may indicate the presence of a 
positron group of lower energy. Efforts were made to confirm the presence of 
a lower energy group, corresponding to a transition to an excited state of ®>Mg 
by measuring the coincidence rate between positrons and y-rays. The result 
indicates that the abundance of a low energy positron group producing isotropic 
y-rays in the energy range | to 2:5 Mev was 9 + 8%, but, due to possible coincidences 
from annihilation radiation, this figure must be taken as an upper limit. 
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} Second Rur e Second Run 
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Figure 1. Absorption curve for positrons Figure 2. Plot of y/3? against 
Be ) 
from *°Al. E for positrons from **Al. 


Using the mass values for Al and Mg given by Goldberg (1953) and Li 
(1952) the end point of the positron spectrum for a transition to the ?>Mg ground 
state would be 3-23 +0-10 Mev. ‘The closeness of this value to the one observed 
indicates that the measured end point energy corresponds to a transition to the 
25Me ground state. 

In order to check the accuracy of the end point determination, the target was 
replaced by a **P source and an absorption curve taken, keeping the same geometry. 
The end point determination of 1-80 +0-1 Mev was in essential agreement with 
published results (Hollander et al. 1953). 


The authors wish to acknowledge the help of Dr. A. J. Salmon and Messrs. 
D. A. Hancock, W. W. Evans and M. Kerridge. ‘Thanks are also due to Dr. T. E. 
Allibone for permission to publish this letter. 


Research Laboratory, Dp otUN Be 
Associated Electrical Industries Ltd., W. M. JONES. 
Aldermaston, Berkshire. J. L. W. CHURCHILL. 


19th February 1954. 
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Polarization of the 10-4 Mev Gamma-Ray in the Reaction 7’Al(py)*Si 


The polarization of the 10-4 Mev gamma-ray from the transition between 
the 12:23 Mev and 1-80 Mev levels in 28Si, excited at the 652 kev resonance in the 
reaction ?’Al(py)*’Si, has been measured by the method of photodisintegration 
of the deuteron in nuclear emulsions (Wilkinson 1952). 

200 and 300 micron G.5 emulsions were loaded with heavy water and exposed 
to gamma-rays produced by the bombardment of thin (10 kev) aluminium 
targets with 660 kev protons. The plates were scanned over areas where the 
gamma-rays were approximately at normal incidence to the plane of the emulsion 
and at 90° to the proton beam, this being the most favourable arrangement for 
detection of the polarization. 110 proton tracks were found having a range 
corresponding to disintegration of a deuteron by the 10-4 Mev gamma-ray, 
and the distribution of the azimuthal angles of these tracks was measured relative 
to the plane of the gamma-ray and the proton beam. 

The results of Rutherglen et al. (1954) showed that the gamma-radiation 
was of the dipole type with an angular distribution W(6)~1-—0-48 cos?@._ By 
adopting the shell-model assignment of even parity to 2’Al it was deduced that 
the radiation was from an electric dipole transition. 


Number of Tracks 


0 30 60 90 
Azimuthal Angle (deg) 


In the figure the full-line histogram, drawn in 30° intervals for comparison 
with the experimental results, shows the expected distribution in azimuthal 
angle of the photoprotons at polar angle 0=90° for an electric dipole transition. 
For a magnetic dipole transition the distribution would be given by the dotted 
histogram. 

The experimental points enable a clear choice to be made in favour of the 
electric dipole transition and thus help to confirm that the shell model is correct 
in assigning even parity to ?’Al. 


Department of Natural Philosophy, I. S. HuGueEs. 
Glasgow University. Pa) GRANT: 
11th February 1954. 
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REVIEWS OF BOOKS 


Flames: Their Structure, Radiation and Temperature, by A. G. Gaybon and 
H. G. Wotruarp. Pp. xi+340. (London: Chapman and Hall, 1953.) 
305: 


Physicists, physical chemists and engineers can find common ground in the 
field of flame studies, which is bound up with both widespread industrial 
applications and fundamental problems of gas flow and chemical reaction. In 
any such field the literature in the form of published papers is both voluminous 
and widely scattered, which makes very welcome the appearance of a monograph 
such as this one. Its particular merit lies in the fact that both authors are actively 
engaged in research in the most promising aspects of the subject, which has 
given the book a most useful experimental approach. 

It is broadly limited to a discussion of burner flames, which fall into the two 
main classes of premixed flames, where the fuel and oxidant are well mixed before 
burning, and diffusion flames, in which the fuel, emerging from the burner, 
mixes with the oxidant in the body of the flame. The first class has a well- 
defined reaction zone, usually conical in form, and is associated with a charac- 
teristic parameter of burning velocity. A useful account is given of the 
photographic study of the flow pattern in such cases, and of methods of measuring 
the burning velocity. This leads to a theoretical discussion of the reaction and 
preheating zones in the light of thermal and diffusion hypotheses. ‘The more 
difficult topic of diffusion flames is then dealt with, including an excellent account 
of the elucidation of the chemical reactions in flat diffusion flames by 
spectroscopic methods. 

The latter part of the book contains a most valuable discussion of the radiation 
from flames and flame temperatures. ‘The various methods of measurement of 
temperature, in particular the line-reversal method, are very adequately described, 
and there is a useful account of thermodynamic calculations of temperature and 
of composition of flame gases. Lack of equilibrium and departures from 
equipartition are also discussed, and possibly should have been treated at greater 
length. ‘This is, however, by far the best account of flame temperatures known 
to the reviewer. 

The book also includes a short section on ionization in flames, which is rather 
obscure, and ends with a stimulating account of some unusual flames and some 
current problems. It cannot be recommended too highly for any research 
worker on flames or cognate subjects. T. M. SUGDEN. 


Tables of 10° (Antilogarithms to the base 10). NatioNaL BurREAU OF STANDARDS 
APPLIED Matuematics Series, No. 27. Pp. viii+543. (Washington : 
U.S. Government Printing Office, 1953.) $3.50. 

The main table gives values of 10° to 10 decimal places, at intervals of 

0-00001, for the complete range from 0 to 1. 

There is a subsidiary table, by help of which it is possible to compute anti- 
logarithms to 15 decimal places. 

The table was compiled by correcting Dodson’s table of 1742, and is printed 
from typescript. Differences are not tabulated. J. H. AWBERY. 
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Les Applications de la Mécanique Ondulatoire a Etude de la Structure des 
Molécules. Pp. 223. (Paris: Editions de la Revue d’Optique Théorique 
et Instrumentale, 1953.) 1600 fr. 


This is a collection of some eleven lectures arranged in a series, and given 
under the general presidency of L. de Broglie in 1951. Some of the papers are 
essentially experimental, others entirely theoretical. As might be expected, the 
styles of the essays are different for different authors, and so also is the level of 
difficulty. But there are one or two common threads which link the individual 
contributions together. Among the experimental papers the full account of 
Mme Ramart-Lucas on steric effects in ultra-violet spectra is quite outstanding. 
And the discussion of dipole moments, particularly in terms of the difficulty of 
distinguishing the various elements which contribute to their calculation, is well 
brought out by Trinh, Lumbroso and Laforgue. It is inevitable that in a series 
like this some of the contributions should be largely didactic. So far as these are 
concerned the gap of 2} years in publication is not very serious. But for the 
original work, such as that of Ramart-Lucas and Pacault, it is rather a pity. 
This collection of papers is a useful—if not terribly thrilling—addition to the 
available literature on the subject. C. A, COULSON. 


Structure Reports for 1945-1946, Vol. 10, edited by A. J. C. WiLson. Pp. viti+ 
325. (Utrecht: Oesthook (for International Union of Crystallography), 
1953.) 45 Dutch fl. 84s. 


This volume is one more welcome contribution to filling the gap in recording 
crystal structures between the last issue of the pre-war Strukturbericht and the 
later volumes of the new Structure Reports which are now fast catching up on 
current researches. ‘The decision was taken by the International Union of 
Crystallography, at the start of the new venture, to work backwards from that 
date as well as forwards. ‘This accounts for volume 10 appearing after volumes 
11 and 12, in what is apparently the wrong order in time. ‘This publication is 
of the greatest importance to all those who are concerned with the crystalline 
state and is an essential part of any serious library of reference. It is also a fine 
example of book production. Dap. RILEY. 


Static Electrification: a Symposium held by the Institute of Physics in London, 
25th-27th March, 1953. British Journal of Applied Physics Supplement 
No. 2. Pp. iv+104. (London: Institute of Physics, 1953.) 25s. 


Those who are concerned with static electrification, either from interest 
or because of its nuisance value, find the literature scattered through a great 
variety of journals, and going back many years, if, indeed, they find it at all. 
The symposium held on the subject by the Institute of Physics in March 1953 
brought out the importance of its various ramifications and led to valuable 
discussions arising from different points of view. ‘This is reflected in the papers 
now published in book form, covering the hazards of static, useful applications, 
what little is known about the physics of the phenomena, and the design of 
electrostatic machinery. ‘Turning over the pages of this admirably produced 
book, one can hardly fail to find something of importance for any immediate 
problem, and the references to earlier work, though far from complete, form the 
most useful collection available. W. R. HARPER. 
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The Inertia of Heat Flow in Liquid Helium II 


BYoH ME SHALL 
Royal Society Mond Laboratory, Cambridge 


MS. received 25th January 1954 


Abstract. Measurements have been made of the mechanical reaction on a 
source of heat in liquid helium II. On the two-fluid model this reaction is due 
to the inertia of the fluids. The results are consistent with the predictions of 
the two-fluid model, although the conditions of the experiment were chosen 
so that dissipative effects were present which are not given by that model in its 
present form. ‘This result gives experimental justification for retaining the 
two-fluid model under such conditions. 


$1. INTRODUCTION 
To two-fluid model (Landau 1941, Tisza 1947) of liquid helium II has 


proved adequate to explain periodic phenomena such as second sound 

and the Andronikashvili (1948) experiment and, with the addition of a 
critical velocity for superfluidity, flow in the film and in very narrow slits. But 
for steady state phenomena in the bulk liquid such as heat conduction (Keesom, 
Saris and Meyer 1940) and capillary flow (Atkins 1951) the two-fluid theory, 
if it is to be used at all, must be supplemented by further hypotheses such as 
the force of mutual friction postulated by Gorter and Mellink (1949). The 
extension of the Andronikashvili experiment to larger amplitudes (Hollis-Hallett 
1952) and the rotating cylinder viscometer (Hollis-Hallett 1953) show that while 
such a force may be necessary it is certainly not sufficient. On the other hand 
the absence of appreciable attenuation of second sound (Osborne 1951) makes 
the inclusion of mutual friction an embarrassment in this case. In such a 
situation it must be considered whether any extension of the two-fluid theory 
is justifiable. For it is quite conceivable that, under conditions such that the 
simple two-fluid model is no longer adequate, the internal structure of the 
helium changes in such a way that the division into two fluids becomes 
meaningless. Alternatively the two fluids might persist, but with quantities 
such as p, profoundly modified. 

The obvious way to check this point experimentally is to measure, under 
conditions where the simple two-fluid theory is known to be inadequate, some 
quantity which depends only on the division into two fluids and is unaffected 
by any extra terms we may add to the equations of motion. Such a quantity is 
the mechanical inertia associated with flow of heat. It can be measured by the 
momentum flux pv.v associated with each fluid. ‘Thus in a linear flow of heat 
there is a reaction pressure p,v,?+p,v,” on the source due to the inertia of the 
fluids. Both fluids give positive contributions as positive momentum is 
associated with a positive velocity and negative momentum with a negative 
velocity. Using the relations of two-fluid theory: heat flow per unit 
area=w=pSTv, and p,v,+p,0,=9 for no flow of matter, we obtain 
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For comparison of theory and experiment it is convenient to use the 
velocity of second sound as a lumped constant given by 
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The function 1/u,20CT is shown in figure 4. 

The mechanical reaction on a source of heat has already been measured in 
the pioneer experiments of Kapitza (1941). The heat left a thermally isolated 
bulb via a capillary tube, and the flow was shown to be a well-defined jet by 
means of a small vane placed across it. The reaction on the source was equal 
to the force on a sufficiently large vane. His results are disquieting in that the 
power dependence is nearly linear rather than quadratic, and the size of the 
effect decreases monotonically with increasing temperature from 1:7°K to 2-1°K. 
An apparatus in which contraction at the end of the capillary was carefully 
avoided gave forces about twice as large at high power and a rather more nearly 
quadratic power dependence at lower power flows. The pressure was always 
less than p,v,2+p,2,2 except possibly at the lowest power used, where it 
approached equality. Thus it seems that the shape of the capillary mouth may 
be critical. From a quantitative point of view Kapitza’s geometry is subject to 
the criticism that while the force on the vane indicates.a jet of normal fluid, the 
superfluid flow pattern is not clear. A jet of both fluids cannot be stable in the 
presence of dissipative forces, as a temperature gradient would be required 
inside it but not outside, giving rise to lateral forces on the two fluids. Variations 
in the superfluid flow combined with possible mutual friction terms can give 
rise to an unknown difference in hydrostatic pressure between the interior of 
the jet at emergence and the bath. This adds on to the reaction pressure 
calculated above. In view of the importance of this experiment as a test for the 
validity of the two-fluid theory it was decided to repeat the experiment with a 
geometry not subject to these criticisms. 

The quantity p,v,?+p,v,2 is also measured by the thermal Rayleigh disc 
(Pellam and Hanson 1952). But for second sound at their frequency (about 
100 c/s) the two-fluid theory is already known to apply, and it would indeed 
have been surprising if any other result had been obtained. It may well be, 
as Pellam and Hanson remark, that the result in the form w?/u,2o0CT can be 
derived merely from the existence of second sound, without explicit reference to 
a two-fluid model. But for the steady state (zero frequency) the equations of 
propagation of second sound are known experimentally not to apply, so there is 
probably no special significance in expressing the result in the form w?/u.20CT. 


§2. APPARATUS 


Figure 1 shows in section an idealized apparatus to measure the force of 
reaction on a heat source emitting heat in one direction. The source is mounted 
on a flat plate impermeable to heat, suitably suspended at the end of an insulated 
tube which guides the heat flow. The thermally isolated chamber at the back 
of this plate serves only to transmit hydrostatic pressure. This arrangement 
has the important difference from Kapitza’s that there can be no flow of matter 
or heat to the helium round that part of the suspended source which is not 
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emitting heat. Consequently dissipative forces cannot give rise to a pressure 
difference between the isolated chamber and the region of heat flow, but the 
possible effect of Bernoulli forces must be considered. The equations of motion 
without any dissipative terms may be written: 


_ 5 grad p—p, S grad T- an grad ae Us)? = Pr =e a Pal Va D grad) Yn 
athe (2) 
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The third term in these equations, the kinetic energy of relative motion, appears 
only in the derivations of Landau (1941) and Zilsel (1950), and is controversial. 
However, it disappears on adding and integrating to obtain the Bernoulli equation 
for a stationary flow: 


— * grad pt+p,S grad T+ grad (v,—v,)*=p, 


2p Ot 


P+ 4pntn? + $p,022 - (ems x curl v, +p,V, x curl v,).ds=const. .... (4) 
where the integration is from some fixed point to the point under consideration. 
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Figure 1. Geometry of the experiment. 


To calculate the force on the plate in figure 1 pressure and momentum flux 
are summed over some convenient control surface such as that shown by dotted 
lines in the figure. Whatever the detailed flow patterns, equation (4) shows that 
any pressure difference between the isolated chamber and the region of heat 
flow must take the form ap,v,?+bp,v,”, where the velocities are average values 
over the cross section of the tube, so that with momentum flux added the net 
force is seen to be of the form 

Vee" 
ap.v," + Bpyd,? = («fa + pet) op. ees) elie e (5) 

If the flow patterns of the two fluids are identical «=f. ‘T'wo special cases 
will be considered here: 

(a) Heater filling the end of the tube, so that flow is completely uniform with 
a velocity discontinuity between the stream and the liquid in the isolated 
chamber. Provided the discontinuity surface is plane, the integral in 
equation (4) just cancels the }pv” terms, so that the pressures are equal. Thus the 
net force is A(p,v,2+p,0,”) where A is the area of the tube. This has the 
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advantage that Bernoulli pressures do not affect the result, but on the other hand 
the postulated plane discontinuity surface may well not be realized in practice. 

(b) Heater smaller than the end of the tube, and a curl-free flow as shown 
in figure 1. In this case there is a stagnation line at the corner between tube and 
suspended plate, so the pressure in the isolated chamber is greater than 
that in the uniform stream by 4(p,0,2+p,%,2) giving a net reaction force of 
1A(p,v2+ppv,2). This arrangement has the advantage that the ideal flow for 
a tube closed at one erd is not likely to be appreciably perturbed by the gap 
between tube and plate, as this is situated at a stagnation point. 

With a viscous fluid there is also a tangential force on the control surface 
of figure 1 from the boundary layer at the edge of the tube. But with a viscosity 
of 10-5 poise this force is less than 1% of the expected force at the largest power 
used even for a boundary layer as thin as 10°? cm. 

The actual form of apparatus used is shown in section in figure 2(a). Forces 
are measured by observation of Newton’s rings formed between the suspended 


Icom 


[Imm (b) 
Figure 2. (a) The apparatus. (6) Suspended plate with heater. 


glass plate and a convex lens. The main body of the apparatus is constructed 
from bakelized paper (a sufficiently good thermal insulator) and the isolated 
chamber behind the heater is closed off by the weak convex lens required to 
form the interference fringes, which is secured with spring clips and cemented 
with shellac. ‘This joint only needs to be sufficiently tight to present a thermal 
resistance much greater than the short tube used to guide the flow. This tube 
has a 7 mm square cross section. Figure 2(5) shows the construction of the 
heater. It is wound of 50 s.w.g. eureka on a square of stiff paper, opposite edges 
of which have been nicked at about 4 mm intervals with a razor blade. The 
wire is entirely on the front of the paper except for the short turns that go just 
round the edge through the nicks. Leads of 48 s.w.g. copper, which act as a 
suspension, are soldered on and taken behind the paper. This heater is secured 
to a glass plate about 9 x 9x } mm by spots of Durofix at the centre of the paper 
former and at the points where the leads leave the plate. The completed heater 
is suspended by soldering the leads to two relatively thick copper wires passing 
through the top of the isolated chamber. To facilitate levelling of the apparatus 
it is suspended from three micrometers in the cryostat cap. It is also necessary 
to take fairly elaborate precautions to avoid vibration, despite the fact that the 
small gap between lens and plate gives some viscous damping. The glass plate 
was prevented from sticking to the lens by taking precautions to avoid the 
condensation of frost on the apparatus during pre-cooling. 
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The advantages of interferometry for force measurement are high sensitivity 
and small displacement of the heated plate. The technique of measurement is 
to view the fringes by reflected sodium light through a telescope and measure 
the heater power required to displace integral numbers of fringes. As this merely 
requires the pattern of rings to be restored to its original appearance distortion 
caused by viewing through two dewars is unimportant, and it is easy to count 
the fringes as they appear at the centre of the pattern. It is easily seen that the 
application of a horizontal force F (<mg where m is the mass of the suspended 
plate with heater) is equivalent to tilting the force of gravity through an angle 
F/mg, and will therefore produce the same displacement of the plate relative to 
the lens as tilting the apparatus through this angle. So the apparatus can be 
calibrated by tilting smoothly through a known angle while counting fringes. 


§3. RESULTS 


The first experiments used a heater consisting of a layer of Aquadag painted 
on a 1 mm thick glass plate and over the suspending wires, which passed right 
round the ends of the plate for mechanical strength. This gave the unexpected 
result that the heater was pulled into the heat current, in the opposite sense to 
the expected force, and with a force proportional to W at low powers and 
increasing rather less rapidly at high power. The heat input was only about 
10 mw and the force varied from } dyn/mw at 1-4°K to % dyne/mw at 2°k with 
no marked rise near the A-point. A similar effect, but only about 5% of the 
magnitude, was later found with a wire heater which, on becoming loose, had 
been stuck down firmly all over with Durofix and acetone. In view of the 
qualitative discrepancy with the other experiments with wire heaters, these 
results are attributed to some of the heat leaving the heater via the isolated 
chamber behind it. In helium I, under a pressure greater than the vapour 
pressure to avoid boiling on the heater, similar results were obtained with 
subsequent wire heaters. ‘This is the form expected for the radiometer effect 
in normal liquids. It was to make quite certain that no heat flowed via the 
isolated chamber that the heater form of figure 2(d), in which the heater wire is 
totally surrounded by helium, was adopted. 

With the wire heaters various heater areas were tried with the edge of the 
guide tube at 1-3 mm and 0-3 mm from the suspended plate, and without a 
guide tube. With the largest heater one run was made with the heater 
surrounded by a paper guard projecting about 1 mm from the glass plate, so 
that the isolated chamber was connected to the heat stream by a slit nearly 1 mm 
in front of the heater. This modification produced no significant change in the 
result. Experiments were also tried with a heater of very small area consisting 
of a strip of pencil lead 14 mm long and + mm diameter, suspended from its 
leads in front of the glass plate. But this heater merely produced unsteadiness 
of the plate with no definite deflection. It is possible that boiling on the heater 
set in, as the heat current at the heater surface was quite large. Measurements 
using the heater form of figure 2(6) were made up to about 0-4 w cm in the 
temperature range from 1:5°K to the A-point. At higher powers it was difficult 
either to count fringes accurately or to control the temperature. Near the 
A-point a sudden instability set in at powers corresponding to v,~10 cm sec? 
but this may have been due to a thin layer of helium I on the heater rather than 
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to a critical velocity. In helium I under its vapour pressure boiling on the 
heater occurred at the smallest heat inputs. At lower temperatures the apparatus 
became more susceptible to vibration, partly because it was more directly coupled 
to the pump via returning gas when the control valve was wide open. Also it 
became difficult to control the temperature sufficiently closely in the presence 
of a changing heat input. 

Two important generalizations can be made from the results of these 
experiments. 

(1) The heater is repelled from the heat current with a force proportional 
to W?. A specimen set of results illustrating this is presented in figure 3. Such 
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Figure 3. Dependence of the force on heat flow. a/A=0°55. 
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Figure 4. Dependence of the force on temperature. Full curve: 1 (ug? pCT). 
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a power dependence is characteristic of the counterflow mechanism of heat 
transport. 

(2) The temperature dependence of the force follows closely that of the 
function 1/u2oCT. Figure 4 shows the temperature dependence of the 
observed force for all measurements with a guide tube. Results for different 
heater areas have been brought to a common curve by means of an arbitrary 
scaling factor k of order } which is discussed further below. In computing the 
theoretical curve, the second sound velocity measurements of Peshkov (1948) 
and the specific heat measurements of Kramers et al. (1952) have been used. 
This temperature dependence contains the ratio p,,/p, showing that such a quantity 
is still significant in a steady heat flow. 

Both these features of the results differ from Kapitza’s, but are in agreement 
with the predictions of two-fluid theory. 

‘The dependence of the force on geometrical factors is shown in figures 5 and 6. 
Here A=tube area, a=heater area. Figure 5(a) shows k=(FA/W2)uy2pCT 
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* For these measurements the suspended plate was 1:3 mm from the end of the guide tube; 
otherwise the distance was 0:3 mm. 
Figure 5. Dependence of the force on geometry and temperature. 
(a) With guide tube. 
(b) Without guide tube. Broken line: results for same heaters with guide tube. 


plotted as a function of p,/p for the measurements using a guide tube. 
Equation (5) shows that for a given geometry the result should be a straight 
line, horizontal if «=$. With the possible exception of the results for a/A =0-50 
it appears that «=f=k for these measurements. ‘This indicates a tendency 
for p,V;+PnV,=0 to be satisfied everywhere rather than as an average over the 
cross section. It is probably due to the fact that this relation must be satisfied 
for each part of the heater separately and to the dominance of inertial forces. 
Figure 5(b) shows (Fa/W?)uy2oCT as a function of p,/p for the measurements 
without a guide tube, in which a direct comparison of steady state and second 
sound conditions was made by repeating the measurements with the heater 
current chopped on and off for equal periods at about 30 c/s by means of a 
commutator. There is no substantial difference between the results based on 
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the average value of W2in the two cases. But there is distinct evidence that when 
the guide tube is removed « Af, i.e. the flow patterns are different for the two fluids. 
The trend of the corresponding measurements with a guide tube is also shown 
in the figure, and shows that the order of magnitude of the effect is unchanged. 
These results are important in showing the correspondence between steady heat 
flow and second sound, but further discussion of the absolute magnitude of the 
effect will be confined to the measurements with a guide tube. Unfortunately 
it was not possible to compare steady state and second sound conditions in these 
measurements, as chopping of the d.c. heater current merely caused the 
suspended plate to vibrate irregularly, at larger amplitudes as the power was 
increased. 

The effect of altering heater area and the gap between guide tube and 
suspended plate is summarized in figure 6. It is seen that the primary 
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Figure 6. Dependence of the force on geometry. Supended plate 
at 1:°3mm and at 0:3 mm from end of guide tube. 


geometrical factor is the heater area, and the dependence on this is roughly 
represented by k(=(FA/W7?)u,20CT) =0-22 A/a, i.e. 

Fa 0-22 

W?  uy*pCT’ 

It was shown in §2 that k=+4 for a curl-free flow; therefore such a flow 
certainly does not hold at the larger heater areas and possibly not at all. Fora 
well-defined jet equal in area to the heater, inverse proportionality to heater area 
is expected but with a constant 1-0 rather than 0-22. In any case, as was 
mentioned in the discussion of Kapitza’s results in §1, a jet of both fluids is 
unstable. So it becomes necessary to consider more general flows in which 
the integral term of equation (4) must be evaluated. As the flow patterns of the 
two fluids are experimentally the same, equation (4) permits the motion of a 
single fluid to be considered instead. The Reynolds number of the flow is large 
compared with unity (indeed so large that laminar flow may not persist far 
beyond the heater), so that the contribution of dissipative forces to the pressure 
distribution in the interesting region near the heater can be neglected and the 
equation of motion becomes that of an ideal fluid: 
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As the velocity is necessarily parallel to the insulating boundaries v x curl v 
must be perpendicular to them so that p+ 4pv? is constant on these boundaries, 
as may also be seen from the fact that the boundary is a limiting stream line. 
Consider for convenience the case of a cylindrical tube and suppose that when 
the stream lines have become parallel to the axis, the velocity is of the form 
vgt+yr*. For parallel stream lines equation (6) shows that the pressure is constant 
in a plane normal to the stream lines. So adding up pressure and momentum 
flux over the control surface of figure 1 gives the net reaction force on the 
suspended plate for a general flow as: 


F = (po®— }pv,2)A = hp(@PA 


where the bar denotes averaging over the cross section of the tube and 7z, is the 
velocity at the edge, but outside any viscous boundary layer. For the special 
velocity profile under consideration it is possible to put vp = v(1—~«), v, =v(1+4), 
giving k=}—x— x" where x(=(v,—v,)/2v) is a convenient parameter to 
represent the vorticity of the flow. 

It is plausible that when the heater area is small the velocity should be greater 
at the centre than the edge, giving k>4 but it is less easy to see how a larger 
velocity at the edge, as required for k<4 can arise. A possible cause is the method 
of winding the heater shown in figure 2(b), which necessitates about 10% of the 
wire being along the nicked edges of the paper former. The consequent increased 
source strength at the edge of the heater might give rise to a stronger heat current 
at the edge of the tube when the heater nearly filled the end, as vorticity generated 
by the heater will be practically conserved throughout the interesting region owing 
to the predominance of inertial forces. If the change of velocity at the edge is 
more rapid then the parabolic form assumed above a smaller difference between 
axial and peripheral velocity is required for a given change in R. 


$4. CONCLUSIONS 


It must be borne in mind when considering these results that the accuracy 
is not high, about 10°% for a single value of F/W? under good conditions. ‘There 
is a further possibility of a systematic error of this order in the results of a single 
run due to uncertainties in the calibration. Also geometrical constants such 
as the heater area cannot be very precisely defined. Within these limits of 
accuracy the following conclusions can be drawn: 

(i) The power dependence, temperature dependence, and order of magnitude 
of the observed force are in agreement with the predictions of the two-fluid theory. 

(ii) Where simultaneous observations with steady heat flow and with second 
sound have been possible no appreciable difference has been found between the 
force in the two cases. 

(iii) The dependence on heater area and other geometrical factors shows that 
the flow is not curl free, but can probably be accounted for in terms of the 
distribution of heat source over the heater. At any rate the geometrical 
dependence appears to be explicable in principle. 

The essential point that emerges is that the observed power and temperature 
dependence and reasonable absolute magnitude of the effect, supported by the 
direct comparison with second sound, show that the division into two fluids 
remains a meaningful concept in steady heat flow, with p, and S substantially 
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unchanged. This gives some experimental justification for retaining the two-fluid 
model in dealing with irreversible phenomena, and attempting to describe them 
by the addition of dissipative terms to the equations of motion. 
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Abstract. It is shown that many of the properties of liquid Hes, including its 
two changes of state, are predicted semi-quantitatively by a model in which 
one applies corrections of van der Waals type to the free energy of a perfect 
Fermi gas. Various other models are also discussed in the light of available 
experimental evidence. 


§ 1. INTRODUCTION 


ARIOUS writers, Buckingham and Temperley (1950), Pomeranchuk 

(1950), Lifshitz (1951), Singwi (1951), Chen and F. London (1953), 

have suggested that liquid He, may behave like an ‘imperfect Fermi 
gas’, and there is some experimental support for this view. For example, the 
viscosity of the liquid is of the order of magnitude, and has the trend with 
temperature to be expected for such a gas (Buckingham and 'Temperley 1950), 
and the entropy of the liquid, calculated as if it were a perfect Fermi gas of the 
observed density, is reasonably consistent with existing data on the vapour 
pressure of the liquid (Weinstock et al. 1953a, equations (7) and (10), Lifshitz 
1951, Singwi 1952). 

In this paper we study the properties of a model obtained by applying 
corrections of van der Waals type to the perfect Fermi gas model. It turns out 
that a surprisingly complete and accurate picture of the properties of He, can be 
given, it being possible to choose the van der Waals parameters so that many of 
the properties of the liquid, including its two changes of state, are reproduced, 
some accurately, while others are of the correct order of magnitude. It is 
suggested that the available evidence is consistent with the view that the 
nuclear spins are aligned antiparallel in the solid as well as in the liquid. By 
‘aligned antiparallel’ we mean primarily that the wave functions can be 
regarded as ‘one-particle’ ones with reasonable accuracy, and that they are 
mainly occupied in pairs, one of each pair being associated with each spin 
direction. Apart from this hypothesis of virtually complete antiparallel 
alignment in both solid and liquid, there are at least two other possible 
views, one being that, at ‘helium’ temperatures, there is a random distribution 
of spin directions in both solid and liquid (a situation that has not yet been 
explored theoretically). Another idea is the ‘hybrid’ one that the spins are 
aligned antiparallel in the liquid but less markedly so in the solid. ‘The 
evidence discussed by Chen and F. London (1953), and by Weinstock et al. 
(1953 a), did not enable us to decide whether at, say, 0:2°K the entropy of the 
liquid is still kln2 per atom, or whether it is approaching zero, as would be 
expected for a ‘nearly perfect’ Fermi gas. Further definite evidence on this 
point has recently become available from measurements of the heat capacity of 
the liquid, of the vapour pressure at lower temperatures, and of the magnetic 
susceptibility. We now put on record some of the consequences of the 
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hypothesis of nearly complete antiparallel alignment in both solid and liquid. 
It is possible to develop these in more detail than the consequences of either of 
the last two. 

§2. THe ‘ Gas-LIKE’ MopeL 


The justification for trying a ‘gas-like’ model seems to be that the potential 
barriers in the liquid are probably small or non-existent (due to its low density). 
For not too strong interactions we make the familiar assumption that the new 
energy levels are distributed like the perfect gas ones but that, due to the 
attractive forces, they begin at a lower energy and that they may have a different 
energy spacing (that is, the excitations may have an ‘effective mass’ that 
differs from the atomic mass). Finally, we suppose that the volume accessible 
to a typical atom is less than the total volume of liquid, and thus we take account 
of the repulsive portion of the interactions between atoms. In the Appendix 
we show that the two-atom distribution for a perfect Fermi gas at low temperatures 
strongly resembles that for a classical liquid. 

We therefore assume the following form for the free energy of the assembly 
(for T small) by modifying the standard formulae for a Fermi gas: 


3 522 (RT\2 at (kRT\4 aN? 
P= 3Nio| 1-5 (=) +E) +. ]- Var x ae (1) 
h? 3N . \2/8 
lee Deca ae) : 


§ 3. CHOICE OF THE CONSTANTS 

We have now three adjustable constants, a, b and m*, and we choose these 
in the following way. The term aN?/V? represents the effect of inverse-sixth 
power interactions between the atoms. Assuming spinless He, atoms and 
various types of lattice arrangement, F. London (1936) estimated this energy 
to be 7—10 x 10-**N2/V? calories/mole. For He, we shall assume the smaller 
value 2—2:5 x 10-“4N?/V? calories/mole, the reduction being made in an attempt 
to allow for the fact, pointed out by Pomeranchuk (1950), that the attraction 
between a pair of atoms whose spin functions are antisymmetrical should be 
nearly the same as that between spinless atoms, but that there is likely to be 
less attraction, perhaps even a repulsion, between a pair of atoms with a 
symmetrical spin function. 

By differentiation of (1) we get the following equations: 


2 Ni). NRT 2n? 2aN3 
SS Vab Oe ee S Bie upaltente (2) 
*kRT ot (RT \3 
s=Na| 5-5 (—) sel he 
2 hy 20 \ Hy i 
_ PRT? ot(RT! © 3aN 
Pree (Tapio oe a oar il ©) 


Choice of the Constant a 


To determine the vapour-pressure curve we equate 4, given by equation (4) 
to the partial potential of a perfect gas of He, atoms, a step justified on p. 500. 
This potential is (see Chen and London 1953, equation (2)) 


Hide =RT {In CPx Te) = 5-325} 
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where P,, is the pressure expressed in millimetres of mercury. The vapour- 
pressure equation is then 
: 13 
Bz) —— Ds 5 eee (0 =F(}s 3 
logy (P,/T?) =2:313 T 0-072T — 0-0042T antag Waalerties ee (5) 
This is to be compared with the equation obtained empirically by Weinstock 
et al. (1950) from their measurement: 
0-978 
logy (Pm/T?”) = 1-916 — Sayre — 0-0003 T3 ‘WAQ? Ct (6) 
and with the equation proposed by Chen and London (1953), on the basis of 
the same measurements, together with the hypothesis that the entropy vanishes 
as T—0. (Coefficients in (6) and (7) have been ‘rounded off.’) 
: 17156 
logy (Pm/T?”) = 2-313 — wee 0-253 T — 0-0067T? +.0:0527 7? —0-0121 7% 
CL oc (7) 


It is known (Chen and London 1953) that both equations (6) and (7) agree 
very closely with the experimental data between 1° and 2-5°x. Further powers 
of T would be required as one approaches the critical region. Between 1° and 
0-47°K, it has very recently been reported (Sydoriak and Roberts 1953) that 
equation (7) agrees much better with the data than does equation (6). 

The constants in equation (5) were arrived at as follows. It was first assumed 
that the degeneracy temperature p)/R was the same as that for the perfect 
Fermi gas of an equal density (4:85°K), which fixes the terms in T and T?. The 
reason for this choice will be explained in a moment. The coefficient of T~1 
was then chosen so that equations (5) and (7) should agree at 1°K, which choice 
calls for an assumed interaction energy of 2:1 x 10-*4N?/V? calories/mole, which 
is of the calculated order of magnitude as noted above. Equation (5) gives too 
high a vapour pressure at ‘high’ temperatures, but this is to be expected, since 
we are approaching both the critical and the degeneracy temperatures, so it is 
no longer correct to treat the vapour phase as ‘ideal’. 


Choice of the Degeneracy Temperature [1o/R 


The expression (3) for the entropy, if we assume py =R x 4:85°, gives us 
INR =1- (ayi9 2 

S/Nk=1-02T—0-04377... Se Tanls: 

which has to be compared with the following two estimates. One was arrived 

at by Weinstock et al. (1953a) from their vapour-pressure data, together with 

the hypothesis that the entropy is proportional to Tas 7-0. ‘Their equation (7) 

reads ; 


‘INR = 0- a: 2 

S/Nk=0-978T —0-053T (WAQ? ct ( 
while Chen and London (1953) calculate from their vapour-pressure equation 
(our equation (7)) that 


S/NR = 1:1637+ 0-04677—0-4857%+0-1397%... cop? oc 


Equation (8), having been arrived at by assuming that py is the same for the 
perfect Fermi gas of the same density, is in satisfactory agreement with (9) 
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and (10). Sydoriak and Roberts (1953) represent their measurements of the 
specific heat of the liquid by an empirical formula equivalent to 


S/Nk = 1:-41T —0-787T? + 0-22T? eS Ce (11) 


Measurements of the specific heat in approximate agreement with Sydoriak and 
Roberts have also been reported by de Vries and Daunt (1954) and by Weinstock 
et al. (1953b). (The decision to use the ‘perfect Fermi’ degeneracy temperature 
was originally made on the basis of the close agreement between equations (8) 
and (9).) There is also qualitative agreement with equations (10) and (11), but 
these are hard to interpret on a ‘Fermi-like’ model because of the presence of 
termsiin 7°. 

This assumption about the degeneracy temperature calls for the following 
relationship between the effective mass m* and the van der Waals constant 8, 


(m*/m)2=V/(V—b) where V~125cm?g? ...... iB 
§ 


as can be easily checked from equation (1). 


The Melting Curve 


We notice that equation (2) is still of van der Waals form even at 7=0. We 
may treat it exactly like this equation by suppressing any portion for which 
dP/OV is positive, then assuming that the two remaining portions correspond to 
distinct phases and then determining the equilibrium value of P by the use of 
the rule of equal areas. This is automatically equivalent to equating partial 
potentials, since both portions of the curve are derived from the same free 
energy (1). 

Provided that the attractive forces are not too great, we are led to the prediction 
P=P,+ AT? as the limiting form for the transition curve as 70, this form 
following that of the first two terms in equation (2), and this is just the type of 
law reported for the melting curve of He, by Weinstock et al. (1953b). The 
values of a and jy that we have just chosen seem to be just about on the borderline 
at which such a transition ceases to be possible, but there is no difficulty in getting 
agreement with the observed P, if one makes the not unrealistic assumption that 
the power law of the attractive term in (2) varies as the volume diminishes (and 
it is often claimed that attractive forces of van der Waals type need more than 
one term to describe them properly). As an example, if we replaced the V-* type 
law in (2) by a V“ type law, there is no difficulty in getting a P, of the observed 
25-30 atmospheres if we assumed 4 to be approximately 12 cm?/mole (which 
would imply a melting density of about 20 cm*/mole), but these results are so 
sensitive to the precise assumptions made that they can only be regarded as 
qualitative. Further progress must await actual knowledge of the density of 
liquid and solid along the melting curve, together with the form of this curve 
itself below 0:5°K, which is still unknown. It seems fair to claim that an 
expression for the free energy of the type (1) is capable of giving qualitative 
predictions of both the melting and vapour-pressure curves, though it is almost 
certainly not possible to describe all the data quantitatively with any one choice 
of the constants. ‘T’his is almost always what happens with a van der Waals type 
theory. 

If we assume provisionally that the melting curve can be derived from an 
equation of the type (2), it would mean that, near the melting curve, the solid, 
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as well as the liquid could be approximately described by an energy spectrum of 
‘one-particle’ type (though the wave functions may well differ considerably 
from ‘gas-like’ ones). This suggestion is due to Chen and London (1953, also 
private communication). A not dissimilar situation exists for Fermi particles 
in metals and nuclei, where crude models of ‘one-particle’ type give useful 
results even in the presence of strong interactions. 


Choice of the Constant b 


The constant 6 was actually estimated by an intuitive argument which seems 
worth putting on record for a reason that will appear ina moment. If we assume 
that the relative change of density of liquid between melting and boiling points 
is of the same order of magnitude in He, and He,, we may guess a melting 
density of 0-1 g cm~3, which would call for a value of 5 of the order of 25 cm3/mole. 
In turn, this would call for a value of m*/m of about 3 for the liquid, in order 
to get a yy equal to the ‘perfect Fermi gas’ value (see equation (12)). This 
estimate was made on the basis of the melting and vapour pressure curves, before 
the magnetic measurements reported by Fairbank et al. (1953) had been begun. 
These workers find that the susceptibility departs considerably from that 
expected from the perfect Fermi-gas model, their observed points still following 
a Curie law down to 1-25°K, at which temperature the discrepancy with the 
perfect Fermi-gas model is a factor of approximately 3. ‘This can be interpreted 
as evidence against a ‘Fermi-like’ model, but the discrepancy would be almost 
exactly removed if m* ~ 3m, as was concluded on quite other evidence. It 
seems entirely reasonable that this ratio should slowly rise (from a value of 
unity in the vapour) as the density increases and the potential barriers in the 
liquid become higher. ‘This would certainly mean that the ‘liquid’ wave 
functions do differ very considerably from ‘ perfect-gas’ ones. 

A variation of m* with density may be helpful for another reason (p. 501). 


$4. COMPARISON OF CALCULATED AND OBSERVED CRITICAL CONSTANTS 


We have stated that our model predicts two distinct transitions. ‘The first 
was obtained from an equation of the type (2), and would be between two dense 
phases. ‘The existence of a second transition can best be established by replacing 
equation (2) by the corresponding result for ‘high’ temperatures. This is, 
again, modifying standard formulae appropriately : 


NkT 2aN? 
Vaught + 0:177y — 0:0033y?.. J — s5a- nae (13) 
with y = Nh3/2(27m*kT)3(V —b). 


Let us first neglect the terms in y, y?....in (3), which then becomes practically 
the same as the classical van der Waals equation and can be treated in the same 
way. We can allow for the effect of these neglected terms by successive 
approximation, a process which seems to converge rapidly even near the 
predicted critical region, so equation (13) can be used safely to calculate the 
‘high-temperature’ portion of the vapour-pressure curve and, in particular, 
to predict the position of the critical point. As with the classical form of 
van der Waals’ equation, one of the phases never differs greatly from a perfect 


gas. 


P= 


500 H. N. V. Temperley 


We have to justify the derivation of the ‘low-temperature’ portion of the 
vapour-pressure curve by equating, as we have done, expression (4) for the 
partial potential of the liquid at ‘low’ temperatures with the partial potential 
of a nearly perfect gas. As noted above, our constants were chosen in order 
to reproduce this part of the observed vapour-pressure curve. Equation (13) 
is the correct consequence of the model near the critical point, where the 
densities of the two phases are the same, but, as we travel down the vapour- 
pressure curve, the liquid becomes denser, which means that, at some stage, 
equation (2) becomes more appropriate for the liquid than equation (13), while 
the vapour phase approaches nearer to perfection as we go further from the 
critical point, as happens with ordinary vapours. Equation (13) therefore 
describes the isotherms, and can correctly be used to obtain the vapour-pressure 
curve, for a short region below the critical point, but at the ‘low-temperature 
end’ the, simplest method of determining the vapour-pressure curve is to 
equate p, given for the dense phase by expression (4), to the partial potential of 
a nearly perfect vapour. 

The theoretical vapour-pressure curve is thus obtained by applying the rule 
of equal areas to equation (13) in the ‘high-temperature’ region, while in the 
‘low-temperature’ region it will be practically identical with equation (5). 
Since this curve passes through (P=0, T=0) it is quite distinct from the 
phase-boundary obtained from an equation like (2), which begins at a finite 
pressure at T=0. 

By the process used by van der Waals we can calculate the critical constants 
from equation (5), and after inserting the values of m*, a and b that we have 
already chosen we compare in the table the calculated and observed critical 


Calculated Observed 
P,, (atmospheres) 2:8 Ihe NS: 
T, (°K) 2-0 3-34 
(Gera) 18 24 


constants, the observed values being those of Grilly, Hammel and Sydoriak 
(1949). ‘This comparison reveals a familiar situation. Using a theory of 
van der Waals type, it has proved possible to reproduce some observed features 
(the ‘low-temperature’ part of the vaporization curve) quantitatively, while 
others are predicted qualitatively and are of the right order of magnitude (the 
melting curve and the critical constants). (As a matter of fact, no possible 
choice of a, b and m* could fit all three critical constants, but they were actually 
chosen in the manner explained above.) 

We have thus shown that the imperfect Fermi gas is capable of at least two 
transitions of the first order, and it is extremely tempting to identify the two 
corresponding (P, 7) curves with the melting and vaporization curves of Hes. 

We must not let the undoubted successes of a simple model in reproducing 
many of the facts obscure what we have already mentioned above, namely that 
there are other assumptions which seem equally capable, in principle, of 
accounting for the observed facts. 

The first possible assumption is that the effect of the interactions is strong 
enough to destroy completely the ‘Fermi-gas’ behaviour of the assembly and, 
in particular, to prevent any appreciable alignment of spins in both the solid and 
liquid at ‘helium’ temperatures. The ‘entropy of spin disorder’ NkIn2 
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would then persist down to ‘magnetic’ temperatures. Weinstock et al. (1953 a) 
showed that such behaviour, assuming similar behaviour for the entropy of the 
solid, was perfectly compatible with what was then known about both the vapour 
pressure and the melting curves, but it now seems practically ruled out by the 
extension of the vapour-pressure measurements to lower temperatures (Sydoriak 
and Roberts 1953). 

A ‘hybrid’ assumption, due to Pomeranchuk (1951), is that the solid loses 
spin entropy more slowly with falling temperature than does the liquid. 
Pomeranchuk made this assumption in an extreme form, namely that at 
‘helium’ temperatures the solid preserves its spin entropy intact while the liquid 
is losing it rapidly. Weinstock et al. (1953) showed that this last assumption 
cannot be reconciled simultaneously with the melting and vapour-pressure curves, 
though the milder assumption (that the solid has lost some of its spin entropy) 
would still be permissible. 

Let us assume, for the moment, the approximate validity of treating the 
solid as an imperfect Fermi gas. If the effective mass, m*, were the same for 
solid and liquid, the Fermi temperature of the solid would always be higher 
than that of the liquid, because of the higher density, and the entropy at a given 
temperature and pressure would always be smaller for the solid. If the effective 
masses are not the same, and vary with density, see p. 499, it is then, in principle, 
possible for the liquid to lose entropy with falling temperature faster than does 
the solid, which would result in there being some point on the melting curve 
at which the entropies were equal, the melting curve having a minimum at this 
point. Such a result, though peculiar, is by no means thermodynamically 
impossible. As an example of a transition curve behaving in a similar way, we 
may mention the mixing curve of nicotine and water. This system has a closed 
solubility curve so that, for a given composition, it may be possible to find two 
temperatures, at one of which heat has to be supplied to cause a break-up into 
two layers, while, at the other, cooling is necessary for this. 

It should be mentioned that the experiments of Weinstock e¢ al. (1952) on 
the melting curve are quite compatible with the existence of such a minimum. 
Since they were using a ‘ blocked capillary’ technique it follows that, at a pressure 
corresponding to that at the minimum, the capillary would still block, not now 
in the bath, but at some point between the bath and the gauge at room temperature. 
Such a situation was indicated by their original experiments (1952), and they 
state (private communication) that further experiments, using greatly improved 
heat contact, confirm it. 

It is instructive to discuss the argument that led Pomeranchuk (1950) to 
believe that, as in other solids, there is no appreciable nuclear alignment in solid 
He, and yet at the same time to accept a ‘ Fermi-like gas’ model for the liquid. 
The discussion throws some light on the question whether such a model is likely 
to succeed for the solid. Pomeranchuk’s argument runs as follows: (a) ‘The 
liquid cannot solidify until the amplitude of the vibrations of an atom about its 
equilibrium position is small compared with the lattice distance. (5) If this 
ratio zs small, exchange effects cannot occur in the solid to any marked extent, 
and the distribution of spin directions will therefore be nearly random down 
to ‘magnetic’ temperatures. 

Unfortunately, both of these points, though they are probably valid for 
other substances, seem to be suspect for He;. Point (a) is certainly incorrect 
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for He,. A simple calculation by Domb (1953) shows that the ratio of amplitude 
to lattice distance is of the order of 0-3 on the melting curve of He,, which means 
that close encounters between neighbours would be very frequent. (For most 
other solids the ratio is only about 0-1.) Even if we could grant point (a), it 
must be remembered that He, and He, differ from other solids in that the de Broglie 
wavelength, associated with the motion of an atom of helium at the freezing 
temperature, is comparable with the lattice distance. This opens up possibilities 
of spin exchange effects that do not exist for other solids because of the larger 
masses and higher temperatures. 

This combination of exceptional circumstances, large amplitudes of oscillation 
and large de Broglie wavelength, probably combined with rather low potential 
barriers, make it possible that a ‘Brillouin zone’ type of treatment might be 
more appropriate for solid or liquid He, than for other liquids and solids, the 
effects of the interactions being taken care of by the van der Waals constants a 
and b, and by the effective mass m*. If we allow for the possible effect of higher 
potential barriers in the solid, m* might be significantly larger in the solid than 
in the liquid, which could conceivably over-compensate for the effect of the 
higher density. If m* varied strongly enough with density, we could get a 
crossing of the entropy curves and thus a melting curve of the kind predicted 
by Pomeranchuk (1950). ‘Thus this effect, too, if its existence is finally confirmed, 
receives a natural interpretation on the basis of the ‘imperfect Fermi gas’ 
treatment, though we must emphasize once again that the possibility that the 
interactions are strong enough to invalidate such a treatment of either or both 
phases has by no means been ruled out. However, it is known that extremely 
crude models of other assemblies of ‘fermions’, e.g. atomic nuclei or electrons 
in metals, give worth-while results, so thzs crude treatment seems of interest also. 


§5, CONCLUSIONS 


(2) The assumptions that He, can be treated as a ‘van der Waals—Fermi’ gas 
seem capable of correlating all that is at present known about the equilibrium 
properties of this substance, including the melting curve. The treatment will 
not be invalidated should existing indications of a minimum in the melting curve 
be confirmed. 

(5) ‘The assumption that spins are oriented at random in both liquid and 
solid at helium temperatures seems not quite as capable as (a) of accounting for 
the facts as they are at present known. 

What is now known about the vapour pressure and specific heat of the liquid 
is difficult to reconcile with assumption (), but the magnetic data are easier to 
interpret on that basis. 

A tentative explanation of the magnetic data on the basis of assumption (a) is 
available. One can only await the extension of the magnetic work to lower 
temperatures. 
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APPENDIX 

Tue ‘ Two-AtomM’ DisTRIBUTION FUNCTION FOR A PERFECT FERMI Gas 

The following result, showing that, at very low temperatures, the Fermi gas 
would approach a structure very similar to that of a classical quid does not 
seem to have been explicitly noted before. We make the one-dimensional 
calculation explicitly, but it is readily extended to three dimensions without 
introducing any new physical features, and could be extended to any Fermi 
assembly described by ‘one-particle’ wave functions. 

Consider 2N +1 atoms in a ring of length L. For simplicity we only allow 
each level to be occupied once, that is we neglect spin effects. ‘The elementary 


wave functions are a (2r7x/L), (r integral), so that the ground-state wave 
function for the whole assembly is 
ein (2744) ), sin(4rx,/0), sin(6mx,/L).... cos(27%,/L) a... 


ie sin (27x,/L), sin (47x,/L), Ne ieee ae COS 2TNS La) ates (Al) 
| sin(2mx,/L), sin (47x,/L), at at alee Oo dinie ee) salle. 


We expand this determinant from the first row, square, and then integrate with 
respect to x, from 0 to L. The cross terms contribute nothing because of the 
orthogonality, and we have 


2 fh 
— l 2 = 
an A? dx, 
sin(47x,/L), sin(67x,/L)....|2 sin(2nx,).L), sin(67x,/0)....|* 
sin (47rx/L), ade .oe-] +] sin(2mx,/L), sin (67x,/L).... 


ae ti a re a eee (A 2) 
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Further integrations can be carried out on the squared determinants in (A2) 
by the same process. We repeat over the coordinates of all except two particles 


(p and q, say). We find 


L N ON 
| eta Ma 35 
0 


s=0 t=0 


sin(2smx,/L), sin(2srxg/L)? +...+..- 


sin (2tmx,/L), sin (2tmx,/L) ---(A3) 


In forming the wave function (Al) we need 2N+1 different elementary 
wave functions corresponding to the smallest possible total energy. ‘These are 
obtained by letting r run from 0 to N for the cosine functions, and from 1 to NV 
for the sine functions. In passing from (A 1) to (A2) we shall have one minor 
determinant corresponding to each of these 2N+1 functions, each of which 
gives rise to 2N further minors when integrated with respect to x,, and in (A 3) 

2N+ 1 
we have ( 7 
selecting two states out of 2N+1, each term being repeated (2N—1)! times. 
Expression (A 3) is, by definition, proportional to the probability that two particles 
will be simultaneously found near the points x,, «,, after averaging over all possible 
locations of the remaining particles. ‘This is identical with the two-particle 
distribution function often used to describe liquid structure. ‘The summations 
in (A3) are understood to run over both sine and cosine types of function. No 
harm is done by letting s=t¢ because such determinants vanish. Performing 
these summations we find 


) different types of term corresponding to all possible ways of 


1 {sin [(2N + l)n(%—aq)/L]  .)2 
8(%py Xq) ¢ 2(N + 1)2— 3 ae Ee +1 ...(A4) 


which is an ‘upside down’ version of the function describing the intensity of 
light diffracted by a slit, intensity maxima in the diffraction pattern corresponding 
to minima in the distribution function, and zeroes in the diffraction pattern to 
cusp-like maxima in the distribution function. At finite temperatures the 
cusps will ‘round off’, and we have a function vanishing for Xpq =O and, for 
xq large oscillating with diminishing amplitude and period L/(2N+1) about a 
constant value, thus reproducing qualitatively all the properties of the 
distribution function of a classical liquid. 

Result (A4) depends only on the interparticle distance x,, and similar 
results hold in two and three dimensions, as long as we use periodic boundary 
conditions. ‘The results for ‘particles in a box’ are much more complicated 
because the wave functions have to vanish on the walls, and the simple physical 
interpretation that can be given to (A4) is not nearly so apparent. 


Note added in proof. ‘The three-dimensional version of (A4) is given by Wigner 
and Seitz (1933). g(r) still oscillates with 7, but with a relatively small amplitude. 
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Abstract. Calculations are made of the first anisotropy coefficient K, and of the 
spectroscopic splitting factor g for nickel, based on the collective electron theory of 
the corresponding effects due to Brooks and the calculations of the author of the 
N(£) curve for the 3d electrons in nickel. Brooks’ theory is reviewed, the under- 
lying assumptions and approximations examined, some minor errors are corrected 
and it is extended to provide a formula for the gyromagnetic ratio g’. The value 
of —5 x 10° ergcm’? obtained for K, is considerably larger than the best available 
experimental value of — 8 x 10° ergs cm? for nickel at 0°K and Brooks’ estimate of 
—8x10°ergem™*. The values of 2:14 and 1-84 are obtained for g and g’ 
respectively as compared with experimental values of 2:19-2:42 and 1-93. 
Possible reasons for the discrepancies are discussed. Finally Brooks’ theory is 
formally extended to remove one of the major approximations. 


$1. INTRODUCTION 


HE problem of ferromagnetic anisotropy has been treated theoretically by a 
number of authors, the early work being critically summarized by Van Vleck 
(1937). ‘The experimental results, showing that ferromagnetic crystals are 
generally magnetized more easily along certain crystal directions than others, can 
be interpreted formally by assuming that the free energy per unit volume of a 
cubic crystal has the form 
Pa Fy tei (70g? tite tae tt 05°04") + Koy Beta", . 5 aialar (1) 
where (%,, %», %3) are the direction cosines of the direction of domain magnetization 
relative to the crystal axes and K,, K, are termed the first and second anisotropy 
coefficients respectively. ‘To explain their experimental values some mechanism 
must be found for coupling the atomic spins in a metal to the crystal axes. Bloch 
and Gentile (1931) first suggested that this might be provided by spin-orbit 
interaction together with the coupling of the electronic orbits to the crystal by the 
crystal field. The only treatment indicating clearly how spin-orbit interaction 
can provide the requisite coupling and lead to anisotropy coefficients of the correct 
sign and probably the right order of magnitude is that of Brooks (1940). Briefly 
the crystal field in a ferromagnetic is sufficiently strong to maintain a definite 
orientation of the orbital momenta of the d electrons, which are mainly responsible 
for ferromagnetism, relative to the crystal axes even in the presence of an external 
magnetic field. Due to spin-orbit interaction the electron spins are also affected 
slightly by the crystal field so that the energy of the electrons in a magnetic field 
is not quite independent of spin orientation and anisotropy results. Quantita- 
tively the anisotropy would be far too large if the degeneracy of the d electrons in 
the free atom were not largely removed in the metal by the crystal field. 
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Unfortunately Brooks was unable to carry his theory, which is based on the 
collective electron model, through to a satisfactory quantitative conclusion owing 
to lack of available data on the energy distribution of d electrons in the ferro- 
magnetic metals. Since such data have recently been provided by the author 
(Fletcher 1952) in the case of nickel, it was decided to evaluate Ky for this metal, 
utilizing Brooks’ theory, thereby providing also a further test of the calculations 
involved in the author’s previous work. The main assumptions in the theory are as 
follows : 

(i) Spin-orbit interaction can be treated as a small perturbation compared with 
the effect of the crystal field and exchange forces. 

(ii) Matrix elements of this interaction between Bloch functions are approxi- 
mately the same as those between the corresponding free atom wave functions. 

(iii) Interatomic exchange effects can be treated by the usual approximation of 
an additional energy +58 per electron according to the direction of the electron spin, 
i.e. non-diagonal elements of the relevant operator are ignored and the wave 
functions are assumed unaltered. 

(iv) For the anisotropic effect for the whole crystal summation can be carried 
out over the occupied states of the Fermi distribution without spin-orbit inter- 
action, i.e. the latter is assumed not to alter this distribution of states. 

(v) The two atomic d functions 


by=(x2—y*)f()/2® and $= (322-1 )f(7)/2/37? 


can be ignored and the calculation based on the [’; band derived from the other 
three. ‘This assumption is not fundamental to the theory as is demonstrated in § 9. 
In carrying out the calculation these assumptions have been critically surveyed. 
Suggestions of possible explanations of the large temperature variation of A, are 
made in § 10 but no attempt is made to consider K, for iron, the second anisotropy 
coefficient K, or the variation of K, in alloys, points considered by Brooks. 

Brooks also considers the related effect of ferromagnetic resonance measured 
by the spectroscopic factor g. This and the gyromagnetic ratio g’ (which Brooks 
purports to calculate rather than g) depend on the magnetic moment and total 
angular momentum of the metal in a magnetic field. The spins of the electrons 
concerned are almost completely free to reorient themselves in such a field whereas 
their orbital momenta are almost unable to do so owing to the crystal field main- 
taining their orientation. If the spins were quite free and the orbital momenta 
completely fixed, g and g’ would both have the value 2. Owing to spin-orbit 
interaction, however, the reorientation of the spins reorients the orbital momenta 
slightly also and, conversely, the reorientation of the spins is not quite free. As is 
seen in § 6, this makes g slightly more than 2 and g’ slightly less, as is found experi- 
mentally. As for Kj, these effects would be much too large if the crystal field did 
not largely remove the degeneracy of the free atom d functions. 

For the same reasons as above it was decided to calculate g for nickel, utilizing 
Brooks’ theory, and it was also possible to provide a theory of g’ on the collective 
electron model and to evaluate g’ for nickel. A similar assumption to (iv) above is 
made in both cases, i.e. that to calculate g, g’ for the whole crystal summation can 
be carried out over the states occupied when there is zero magnetic field. This 
very drastic assumption is considered in §§6 and 8. 

In order to indicate clearly the approximations of the methods used and for 
comparison purposes between the original theory and its extension in §9, it has 
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been necessary to reproduce, with some modifications and corrections, Brooks’ 
derivation of the secular equation (8) and expressions (9), (10) and (22). 


§2. THE HAMILTONIAN OF THE PROBLEM 


The Hamiltonian involved in the problem will first be considered in order to 
clarify the method of procedure. For a single electron in the metal subject to an 
external magnetic field ®, vector potential A, it may be written in the form 

H = —(h?/2m)V? + U(r) + V(r) — U(r) + € + O-(teh/mc)V .A 

+-(e/mc) B.S -+:(e7/2me)A2- - nv eee (2) 
where U is the potential for the free atom, V is the electrostatic potential in the solid 
metal, &, O are operators representing exchange and spin-orbit interaction 
respectively and S is the spin of the electron. ‘The effects of V—U, & and O 
are considered successively as perturbations of the free atomic energy levels, and 
this procedure will be discussed briefly. Consideration of the remaining terms in 
(2) will be deferred to § 6. 

(i) The atomic functions which form the starting point of the present calcu- 
lations were obtained by the Hartree self-consistent field method (Hartree and 
Hartree 1936, see Fletcher 1952). In this spin-orbit interaction was neglected 
but the effect of intra-atomic exchange was included. ‘The corresponding states 
are completely degenerate and are characterized by n, 1, m,, s and m,. 

(ii) The first perturbation considered, V — U, represents the effect of the crystal 
field, for which the approximations have already been given in detail (Fletcher 1952). 
The corresponding states are largely non-degenerate and are characterized by 
n, l, k, s and m,, being still degenerate in m,. 

(iii) ‘The second perturbation & represents interatomic exchange only, if it is 
assumed that (11) has not affected the intra-atomic exchange considered in (i). 
This is valid provided the interatomic forces are insufficient to destroy the quanti- 
zation of the spin of each atom (Van Vleck 1932, Ch. XII), as has been assumed 
in (ii), where the calculation was made independent of spin direction. ‘The inter- 
atomic forces can only affect the spin of each atom through the spin-orbit coupling, 
and it is seen in § 7 that the effectis verysmall. 6 is therefore assumed to represent 
interatomic exchange only, and for this the usual approximation has been made here 
of assuming that these exchange forces in the metal may be formally represented by 
an additional energy contribution per electron of +6= +k6'C according as the 
electron’s spin is antiparallel or parallel to the total spin of the crystal (Heisenberg 
1928, Stoner 1938), which itself will be antiparallel to the field H. Here @ is the 
relative magnetization //J, (J,=saturation intensity) and 0’ a parameter of 
dimensions temperature, giving a measure of the exchange energy of the d electrons 
in the metal. 

The corresponding states will be unaffected in n, 1, s and k, but nows will be 
quantized along the field direction. 

(iv) The third perturbation O represents the spin-orbit interaction. Dirac’s 
relativistic theory of an electron in a central field, potential U, leads, subject to one 
approximation which has little effect on d states, to a term 


(2m2cr)-(AUar)S « L=E(r)S.L 


in the Hamiltonian, where L, S are the orbital and spin angular momentum 
operators for the electron and obviously €(r)~r-*. Condon and Shortley (1936, 
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p. 120 ff.) show that an additional term of the form &,7(r,s)S . L,, summed over 


all other electrons of the free atom, should be included. It has the effect of 


reducing the nuclear field U in the original term, being unimportant except for 
s states, so that for d electrons an operator &(r)S.L, where &(r) falls off rather 
more rapidly than 7°, should be accurate enough. In the metal the spin of an 
electron on a given atom will also interact with the orbital magnetic fields of 
electrons on other atoms. Near any atom the field due to a complete shell of 
electrons on another atom will be zero; the field due to incomplete shells on other 
atoms will also be small owing to their symmetrical arrangement about the atom 
considered. Since d electrons spend most of their time in orbits around the atoms. 
in a metal, it therefore seems a valid approximation to neglect any such interaction 
in their case; the point is discussed further in §8. Using Bloch-type wave 
functions, however, it is necessary to allow for the fact that the electron may be 
located on any atom at a given instant by forming the operator (Brooks 1940, 


equation 13) 
Weed cle « Lir al)... las Wes (3) 


where L(r—al) is the angular momentum operator about the atom at al and 
operates only on that part of a wave function representing motion about that atom. 


$3. Sprn—OrBIT SECULAR EQUATION 


The first step in Brooks’ theory is to obtain the matrix elements of O in the 
system of representation in which the band + exchange energy is diagonal, i.e. 
with respect to the crystal wave functions %,(k;r) with spin quantized along the 
field direction. Here 


2 (k;r) = 2Xa,,(k)d,,,= N-V?da_,(k)X exp (zal.k)¢,(r—al) ...... (4) 


(cf. ‘Y’,, in Fletcher 1952), where ¢,, do, ...., 6; are the atomic d functions. O has 
the period of the lattice and is hence rigorously diagonal in k (Mott and Jones 
1936, p. 59); also it is easily shown that 


(nkm,|O|n’km,’) =¥ exp (— ial .k) | $,*(r—al)é(r)S.Ld,(r) dr. ee... (5) 


Without the factor €(r) the integrals for 140 would be non-orthogonality integrals 
such as have already been neglected in considering the perturbation V — U, i.e. 
in the energy band calculation of Fletcher (1952). Since é(r)~7-° it therefore 
seems justifiable to neglect all integrals here except that for 1=0, i.e. the matrix 
elements of O with respect to the Bloch functions ¢,,;, are assumed to be the same 
as between the corresponding atomic functions ¢,. Thus 


(nkm,|O}n’km,)~ | $,*(n)&r)S.Lb,.(r)dr=A(nm, |S. L|n’my) (6) 


where A is the spin-orbit ir teraction parameter for an individual electron in the 
free atom, corresponding to a; in Goudsmit’s notation (Goudsmit 1928). 
The derivation of the requisite secular equation then proceeds as follows: 


(a) The matrix elements (nkm,|O|n’km,’) with spin quantized along the z axis. 


are obtained in terms of A by (6). (b) The elements (rkm,|O|7’km,’) with respect 
to the crystal wave functions y,(k;r) are deduced in terms of the coefficients a,,. 


(c) Similar elements, but with respect to wave functions ¢,(k ; r) having their spin. 
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quantized in the direction («,%,«3) or (,¢) relative to the crystal axes, are 
obtained by a spinor transformation. (d) With Brooks’ assumption that only the 
three wave functions ¢,, f. and 4, need be considered and 4,, 4; ignored, the result- 
ing expressions can be greatly simplified by defining a new set of rectangular 
Cartesian axes 


i’ = (@q1, @19; @43) ; J’ = (4g1; Gg2, Gog) 3 k’ = (431, Gg) 43g) eee +> (7) 


for each wave vector k. If the direction of quantization of spin relative to these 
aXeS iS (a1, %',%3') or (0’,d’) and the directions (cos @cos¢, cos @sin¢, —sin 6) 
and (—sin4¢, cos 4, 0) similarly become (,’, Bs’, Bs’) and (71', ye’, v3’) respectively, 
the secular equation for the energy, including the effect of the crystal field, exchange 
and spin-orbit interactions, appears finally in the form 


EOE iA ds =7Ag,' 0 Aes = 18s) Als +16.) 
—1Aas,’ E,4+8— EF iAo,’ A(ys' +183’) 0 Ay — 18) 
iAas —iAa,’ E;+8—E A(—y2'—iBe’) Alyy’ +181’) 0 = 
) A(ys’—iBs’) A(—y2’+iB.’) E,—8—E —i Aas’ iA a’ pis 
A(—ys' +7’) 0 A(y1/ —iB’) iA,’ | ey —iAa,’ 
A(y2’ —iB2’) A(—y1/+iBy’) 0 —i Aas! iA,’ E,—8=E 


Here Ej, E,, E; are the energies obtained from the band calculation, i.e. including 
the effect of the crystal field but not exchange or spin-orbit interaction. They and 
the matrix {a,,,} are functions of the wave vector k and hence all elements of (8) are 
also. In carrying out the simplification in (d) Brooks implies that cos @cos¢ 
becomes cos 6’ cos ¢’, cos@sin¢ becomes cos @’ sind’ and so on, but this will not 
in general be true. Also the phase factors exp (+/¢ ) in his formulae (17) should 
be exp(+7¢), but in any case they may be dropped as they have no effect on the 
physical results obtained. ‘The differences in sign between (8) and Brooks’ 


secular equation appear to be caused by his definition of (rkm,|O|7’km,’) as 
| b-(m,)Oob,(m,) dr. 


Since for most wave vectors the off-diagonal elements of (8) are small compared 
with the differences between diagonal ones, the solutions of the secular problem 
may be expanded in powers of the spin-orbit parameter A by successive orders of 
perturbation theory. For certain values of k, however, two or more of the energies 
E,+6 are degenerate or nearly so; such cases will be considered later. 


§4, DERIVATION OF ANISOTROPY COEFFICIENT K, 


Using the collective electron model, only information about an ‘average atom’ 
is available, e.g. one with 9-46 electrons and 0-54 hole in the d band in the case of 
nickel. For a physical quantity referring to the whole crystal or to unit volume 
the contribution from an average atom is simply mutiplied by the number of atoms 
in the crystal or per unit volume respectively. An equation such as (8) will give 
the contributions from individual electronic states, and these must be summed 
over all occupied states in the Fermi distribution to obtain the contribution from an 
average atom. With cubic symmetry there are 48 wave vectors k with the same 
set of band energies E,, Ej, E;. Any set of 48 states with such equivalent wave 
vectors and the same energy £, will be termed equivalent states. ‘Then it is easily 
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shown that the average value per state for such a set of a term such as 
o,/*f(E,, Ey, Es, 5) is H(E,, Ey, 3, 5) and that the average values of terms involving 
ar;", 0,0," oj’, of;'2o;’ OF Ay'%y'%y are ZETO. 

For this reason, on applying perturbation theory to the secular equation (8), 
the fourth-order correction to the energy of an average atom is the first to exhibit 
anisotropy. If the fourth-order correction to the band energy level F,(k) +6 1s 
considered, the average correction per state for the corresponding set of equivalent 
states then proves to be 

BAP > Ai (1ST yp)(O1709" + HpPorg? + 047037) sn wee (9) 
pe<v 
where 


lgeenet 1 iS pgoi awe 1 1 ) 
4s-{5-4-cop tamil a aoe tase 
eae eta 1 fe 
1 (aise cae 
1 1 Tina eed fla? 
4n= {2-5 + 3+ +—uha- axa} 
: 1 1 i, 1 1 ve 
A= te aos eo apie aeatl 
«,=£;—E,; <,=£3,—E;; J yy = LAs yi 
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Expression (9) must now be summed over all occupied states of the Fermi distri- 
bution to obtain the first anisotropic energy term for an average atom. But, if all 
states were occupied, this would involve for any given k all six states FE, +6, and 
by the diagonal sum rule the sum of their energy corrections to any order is zero. 


Hence =X (occupied states) = —X (unoccupied states). 


Hence the first anisotropy coefficient for a cubic metal is finally given by 


n 
= — 44 = =e 
K,== 34 2 2 Ay(1 So Pere cine = i eee (11) 
ux 
where n is the number of atoms per cubic centimetre, A and the e, are expressed in 
ergs, and &,, denotes summation over the unoccupied states of the Fermi distri- 
bution. 
$5. EvaLuaTION oF K, FOR NICKEL 


To obtain a numerical value for nickel the calculations of Fletcher and 
Wohlfarth (1951) and Fletcher (1952) of the 3d energy band for nickel were utilized. 
Since (8) has been obtained by ignoring the atomic wave functions 4, and ¢,, it 
appeared most consistent to consider all the holes in the d band as occurring in the 
I’, band obtained by a band calculation using ¢,, 45, 43 only, i.e. one obtained from 
the solutions of the cubic secular equation of Fletcher and Wohlfarth (1951). 
Argyres and Kittle (1935) have recently pointed out that the usual assumption of 
0:6 holes per atom in the d band for nickel is open to criticism since this value has 
been deduced from saturation magnetization data, assuming the effects to be 
entirely due to electron spin and unaffected by the orbital motion of the electrons. 
Due to spin-orbit interaction this is not so, as is demonstrated by the deviation of 
g, g from the value 2 (see §6). On the theory of ferromagnetic resonance due to 
Kittel (1949 a) and Van Vleck (1950) the value 0-6 should be multiplied by 2/g, and 
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Argyres and Kittel obtain 0-54 effective magnetic electrons per atom, correspond- 
ing to g=2-22, for nickel, and this value has been used here. K, for nickel was 
therefore calculated by summation over the 0-54 highest energy states in the I’; 
band. ‘To avoid numerical integration in three dimensions it was considered 
sufficiently accurate, in view of other approximations, to adopt a summation pro- 
cedure over the wave vectors, for which EF, E,, E; were already known, instead. 

In so doing it was found that for certain wave vectors the energy levels FE, +6 
were degenerate (<,=0 say) or nearly so (e,+25<A). In such cases formulae 
(10) must be replaced by others deduced by degenerate perturbation theory 
(Condon and Shortley 1936). In the first case, however, it may be noted that, 
if «, =0, the two states corresponding to the energies F, and F, will either both be 
occupied or both unoccupied and may therefore be considered together. Also 
such cases only occur on the (100) axis of the Brillouin zone, for which Fy=9. 
It is then found that the total contribution to K, from both states #, +6, #,+6 is 
the same, whether non-degenerate or degenerate theory isused. ‘This justifies the 
use of (10) in cases where ¢, is small, the contributions from the two states being 
separately large but of opposite sign. 

In order finally to evaluate K, for nickel it was necessary to estimate values of 
the exchange energy 6 and the spin-orbit parameter A. For consistency with 
the remainder of the work it seemed best to estimate 6 from the author’s I’; band. 
A calculation of the type made by Stoner (1938) for a parabolic band and Wohlfarth 
(1951) for a rectangular band was considered impracticable at present. On plotting 
4 against E for the [; band, where gis the number of states between E and the top 
of the band, the graph proved to be very nearly a straight line. It would 
be exactly so for a rectangular band and therefore Wohlfarth’s formula 
(Eop/k0’) = 1 —exp(— Eop/k0) for such a band was used, where @ is the Curie 
temperature and Lp the energy difference between the top of the band and the 
paramagnetic Fermi limit (0-27 holes of each spin). With @=631°K and assuming 


C=1, this gave SS he Oa 02 lSev, «= TE Poiana (12) 


which value was therefore used. It may be remarked that this is much larger 
than Wohlfarth’s estimate of 0-lev. In fact a value almost identical with this is 
obtained from the most accurate band calculated by the author (Fletcher 1952), 
involving all five atomic d functions, but use of this value would neither be consistent 
with the remainder of the present calculation nor with the assumption that ¢=1, 
since the unfilled portion of the I’; band in the ferromagnetic state is of width 
0:4 ev >2 x 0-1 ev, i.e. there would be occupied states of one spin of considerably 
higher energy than unoccupied ones of the other. 

Goudsmit (1928), in a consideration of the effect of spin-orbit interaction on 
atomic spectra, outlined a method of estimating the parameter A for particular 
electrons of a given atom from spectroscopic data. Using these methods and the 
latest available data (Moore 1952), values of A were estimated for a 3d electron in 
nickel in ene configurations 3d74s3, 3d°4s? and 3d%4s, and by extrapolation a value 
of 590 cm“! was’ deduced for the ‘ configuration’ 3.946450 54, which value was used. 
By so doing some allowance was made for the location of ae atom in the metal since 
for a free nickel atom the normal configuration is 3d°4s?. Further justification for 
this procedure is afforded by the fact that addition of 4s electrons to a given 
configuration 3d” scarcely alters the relevant value of A for the 3d electrons at all, 
so that the completely different distribution of the 4s electrons in the metal is 
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unlikely to have any noticeable effect. Finally, as already stated, the 3d electrons. 
spend most of their time in orbits round the atoms in the metal, so that the above 
value of A should be a good approximation to that relevant to the present problem. 

Using the above values for 8 and A and m=9-25 x 10” atoms cm~°, the value 
obtained for K, for nickel at 0°K was 


‘Keo erg cir yn eee (13) 


§6. THEORY OF g AND g’ ON THE COLLECTIVE ELECTRON MODEL 


Consider a specimen of material, for which the Hamiltonian H, and eigen- 
functions 7, are known, placed in a magnetic field %, vector potential A. The 
Hamiltonian may be written 


H = Hy+(e/2mc).(L+ 2S) + (e2/2me2)A2 (14) 


where L, S are the total orbital and spin momenta of the specimen. Since no- 
effect of O(%2) is observed in normal fields, the last term may be ignored, and 
for the same reason the changes in energy levels due to the field will be given by 
the diagonal matrix elements (¢/2mc)(n|Ly+2Sy|n), where the sufix H 
refers to the field direction. Similarly the changes in total angular momentum 
in this direction are given by the elements (”| Ly +Sy|”)=(n|Jq|7). 

Hence, if AM,, AJy are the changes in magnetic moment and angular 
momentum of a specimen, initially in the state %,, observed in a gyromagnetic 
experiment, then the gyromagnetic ratio 


&’ =(2mc/e)(AMy/AJ gq) =(n| Lg +2Sq|n)/(n| Ly+Syq|n). .....- (15) 


Obviously g’ < 2 if there is a positive contribution from L. 

If a small alternating field h is applied to a ferromagnetic specimen subject 
to a large constant field ® perpendicular to h, it is found that for given ® there 
is a critical value of the frequency v of h, for which the energy adsorption by the 
material exhibits a large peak. The spectroscopic splitting factor g is defined by 
v = g(e/2mc)®’, where ®’ is the effective field in the material corresponding 
to ®. (Kittel 1949) describes the effect as being due to the quantum of energy 
hv becoming equal to the separation between adjacent eigenvalues of the energy 
of the specimen in the field H. Van Vleck (1950) puts this another way when 
he says that such experiments determine g in the formula E = Ey + ©” y g(e/2mc)® 
for the Zeeman energy states, ce’, being the total spin of the specimen. Hence 


one obtains £=(7| die 2590 er a aeons eee (16) 


and g>2 if there is a positive contribution from L. 

On the collective electron model, as explained in §4, values of My, Ly, Sq 
for the whole crystal will be simply N times the values for an average atom, 
if there are N atoms in the crystal. From the one-electron Hamiltonian (2), 
ignoring the last term for the reasons given above, the first-order contribution 
to M;, of the average atom, for instance, from an electron in the state Y_ will be 
(2/H)(7|-chV .A+®.S |r) where ¥, is an eigenfunction of the Hamiltonian 


Ay = —(h?/2m)V2 + Vi(r)+ & +0, 


i.e. ¥, is obtained by solution of the secular equation (8). Then M,, for the 
average atom is found by summation over all occupied states of the Fermi 
distribution. 


n> 
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With regard to this argument it is to be noted that the vector potential A is 
linear in the coordinates and cannot therefore be treated as a small perturbation 
throughout the crystal, i.e. the zero-field energy levels and wave functions 
given by (8) are so altered by the field that they should not be used to calculate 
Jy and M,, in the way outlined. Since, however, it is only M, for the whole 
crystal which is required, Peierls (1933) has shown that under certain conditions 
use of the zero-field levels and functions gives a good approximation. ‘Thus 
the Bloch functions ¢,,, of the original band calculation should be replaced by 


Pnz~ =N-'?D exp (ial . k) exp [—(ze/hic)A,. r]¢,(r—al) ...... (17) 
1 
where A, is the value of the vector potential at the lattice point al. It is easily 


shown that ; i ; 
P| ti, +) ae oe ie ec (18) 


where H,’ now represents a small perturbation but, of course, (17) is no longer 
a Bloch function. Assuming, however, the conditions given by Peierls (see § 8), 
the phase factor exp [ —(ze/hc)A,.r] may be dropped and (18) reduces to 


Ad ni, = (Ho an Fy’) b nx 


which is equivalent to saying that the solutions of the zero-field problem may 
be used to calculate the quantities required as explained above. 


§7. CALCULATION OF g AND g’ FOR NICKEL 


Applying perturbation theory to equation (8), the first-order approximation 
to the wave function arising from the energy level £,+6, for instance, is 


iAdy, ,  tAay ,  Alys’'—iBy), | Ala’ —iBy’) , _ 
as = tren ee ier 5 te ee (le) 


where the y, are the wave functions (4) obtained from the band calculation and 
the suffixes + are an obvious spin notation. ‘Taking (a, %», «;) as the direction 
of the field ®, it is easily shown that 


12, 12, 
(3+ | Ly |3+)=2Ak (= + i) OAT ea eel gt 2 (20) 


(r+ [Su |r*)= 34+ 0(A); (| Sq |7-)= — M+ OL). ee. (21) 
In summing over the Fermi distribution it is again simpler first to average these 
results over equivalent states as before. Also it can again be shown by direct 
calculation that 

x (occupied states) = — X (unoccupied states). 
Finally it is obvious that for the average atom 
F y= D(z |S |7)=0-54(H/2) 

so that, cancelling the factors N which now occur in (15) and (16), 


Lees 710" a 
gett or AD ( 4 =) O42) honitnlatecd st (22) 
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In his paper Brooks purports to calculate g’ but, by comparison with the 
above, he actually calculates g. However, he obtains g<2; Van Vleck (1950) 
considers that this is caused by taking A as positive when summing over the 
unoccupied states, arguing that the spin-orbit parameter is of opposite sign for 
a nearly full electron shell as compared with a nearly empty one. However, 
Brooks stresses that his parameter A is for a single electron and not for a shell, 
so that it is essentially of the same sign in either case. His error arises simply 
from a mistake in sign in his formula for AE, corresponding to (20) above. Another 
point is that in his final formula for g—2 he obtains a factor 2/3 whereas it should 
be 4/3 (see (22)), so that his final value for g—2 should be doubled. 

As in the calculation of K,, cases of degeneracy in the energy levels EF, +56 
arise and must be dealt with by degenerate perturbation theory. Again, however, 
it is found that the total contribution to Ly or Sq for the average atom from two 
degenerate states LE, +5, E,+6 is the same, whether calculated by non-degenerate 
or degenerate theory. ‘This justifies the use of the non-degenerate formulae in 
cases where «, is small. 

Since it was found that the results obtained gave g — 22 — 9’, in disagreement 
with experiment, it was decided to extend the above theory to include terms 
of O(A?). The functions Y’, were therefore calculated to this order, and it is 
then easily shown that 


4 oy? ot? 
(Sel |S =e) —— 
€1 €9 
he 2 a,'2 Naar 
DAA), (eS a eee 
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(3+ | Sq |[3+)=4%— AH (ess: a! aaa) 
: (+259 * (e+ 25p/) 
Again summation may be carried out over unoccupied states, and the non- 
degenerate formulae may be used in cases where e, is small. 
For the actual numerical evaluation of g and g’ for nickel the I; band derived 
from the calculations of the author was used with the same assumptions and 
summation procedure as for K,. With the same values of 5 and A the final 


] : 
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§ 8. CONSIDERATION OF RESULTS 


The best available experimental figure for the first anisotropy coefficient for 
nickel at 0°K is —8 x 10° erg cm™? (Kittel 1949 b), so that the value obtained here 
is about 50 times too large. Possible reasons for this will be considered later. 
Brooks obtains a rough estimate for K, of —8 x 10° erg cm™%, assuming that 
(i) 4,,=6,, 80 that 1—5J,,=1, (ii) A= 630 cm“, (iti) 8=4000 cm-, (iv) ¢, =e, 
an average value for either being 10000 cm~!. Strict comparison with the present 
value for K, is rendered impossible by Brooks’ final assumption, which entirely 
alters the character of expressions (10) for the A,,. It is worth noting, however, 
that his estimates of 6 and the average value of ¢, are based on the energy band 
for nickel calculated by Slater (1936), which has twice the width of that used here. 
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His 6 is therefore about twice the value (12), which would explain part of the 
discrepancy in K,, but on the other hand 10000 cm~? is rather a low value for the 
average value of e,. 

The respective experimental values for g and g’ for nickel are 2:19-2:42 and 
1-93 (Kittel 1949 a) so that fair agreement has been obtained here for g but not 
for g’. Both Kittel (1949) and Van Vleck (1950) have obtained the result 
g—2~2-—g', admittedly by very approximate methods, whereas this is not 
confirmed by experiment. If the first-order effect of spin-orbit interaction 
gives g=2+a, then on either treatment g’ =(2+a)/(1+a)=2—a if a is small, 
as it is in practice. Since the theory used here is the same as that of Kittel, 
modified to fit the collective electron model, the results were bound to give 
g—2~2-—g'. The second-order effect of spin-orbit interaction is probably 
considerably larger than Van Vleck expected but, as he pointed out, it acts in the 
wrong direction, decreasing both g and g’. Brooks made a rough estimate of 
g—2 as A/(‘mean bandwidth’), using values of 500 and 20000 cm for A and 
the ‘mean bandwidth’ respectively. Allowing for the mistakes in sign and 
numerical factor mentioned, this gives the value g~2:-05, considerably less than 
the comparable value (24a). Apart from the fact that Brooks’ estimate is avery 
rough one, the main reason for the discrepancy is that his ‘mean bandwidth” 
is based on Slater’s wider energy band. 

The approximations and assumptions made in arriving at the value (13) 
for K, for nickel will now be considered. 

(i) The validity of the assumption that the operator & represents interatomic 
exchange only depends on the magnitude of the spin-orbit coupling. It is seen 
from (21) that the effect of spin-orbit interaction on the quantization of spin 
of an atom is very small and hence the interatomic forces are unlikely to affect. 
the intra-atomic exchange already considered in calculating the free atom wave 
functions ¢,. Thus this assumption regarding & appears valid. 

(ii) For certain wave vectors two band wave functions y,, /,, are very similar 
linear combinations of the atomic functions, e.g. 2~"(4,+4,), so that the 
off-diagonal elements of & would be comparable with the diagonal ones. ‘The 
effect of neglect of the former will not be large, however, since in such cases. 
E,~E,,>6, but will be comparable with the spin-orbit effect since ’~A. ‘These 
cases are infrequent, however, and contribute little to A, (since again 
A<E,~E,), so that the usual diagonal approximation to the exchange energy 
seems reasonable. 

(iii) The neglect of terms of the form 


exp (—ial . k) | bo r—alje(r)s ~Ld,'(r) dr 


in calculating the matrix elements (xkm,|O | n’km,’) should introduce a similar 
error to that caused by the neglect of non-orthogonality integrals in the author’s. 
band calculation (Fletcher 1952), viz. ~8°%. Also the diagonal elements of O 
would no longer be zero, although small, if these terms were included. 

(iv) With regard to the order in which the various perturbations are 
considered, both A and 6 are much smaller than the free atom energy level 
separations and would therefore not affect these levels or the corresponding 
wave functions appreciably. Since only summations over the Fermi distribution 
are of physical interest on the collective electron model and since = (occupied 
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states) = — (unoccupied states), & and O may be regarded as small perturbing 
operators compared with V — U, since the effect of the latter is much larger than 
8 or A for all unoccupied states. Finally, although A~6, O may be considered 
as a smaller perturbing operator than & since it has zero diagonal matrix elements. 
The cases where this argument breaks down, i.e. «,=0 and e, + 26~0, have been 
dealt with; the latter is considered again in (vil). 

(v) The effect of using the [’; band for all calculations and the assumption 
that all 0-54 holes occur in it will be discussed in §9. 

(vi) The spin-orbit interaction parameter A used here corresponds to an 
electron having spin-orbit interaction energy AL.S when travelling in its 
orbit in the free atom but not interacting with other orbits (Russell—-Saunders 
coupling). In fact the energy will be less than this due to such interaction; 
also the field, in which the electron moves, will be smaller in the metal than in 
the free atom, both due to increased screening by the conduction electrons and 
because the electron moves from atom to atom. ‘These points have been discussed 
in §§ 2 and 5, and it is considered that the relevant value for A for a 3d electron in 
the metal will only be slightly less than the value used here. 

(vii) If a metal is only just magnetized to saturation, states with the same 
wave vector, of opposite spin and with very nearly the same energy (ignoring 
spin-orbit interaction), seem bound to occur near the Fermi surface, i.e. one just 
occupied and one just unoccupied. ‘Then spin-orbit interaction is sufficient 
to cause transference of electrons between these states. In other words, although 
the effect is small, it may distort the Fermi surface considerably, as indicated 
by the fact that on the treatment used here the wave functions become of the 
form 2-1[y,+— exp (—ty)%,], i.e. with spin no longer quantized along the 
direction of magnetization. Spin-—orbit interaction could not be included in a 
band calculation as would seem desirable, however, without also including the 
exchange effect, and aseparate calculation would have to be made for each direction 
of domain magnetization. 

All the above remarks apply also to the calculations of g and g’. In addition 
a serious approximation is involved in the use of Peierls’ method of gauge 
transformation. Peierls points out that the zero-field energy levels may be used 
in such a calculation if (a) the field ® is small and the temperature not too low 
and (6) the zero-field energy surfaces in k-space have not too great a curvature 
anywhere. His treatment applied to diamagnetism and its application to a 
ferromagnetic, where effective fields are large, is dubious. Also in all calculations 
here there is the implicit assumption of very low temperature, e.g. it is assumed 
that the energy band of one spin is full and the other contains all 0:54 holes. 
Condition (6) is necessary because of the movement of an electron between 
atoms, and the effect is small for tightly bound electrons. Although the relevant 
curvature is fairly large at certain points of the region of the Brillouin zone 
considered in the present case, these large values are sometimes positive and 
sometimes negative, and the effect is considered far less important than (a). 


§9, EXTENSION OF THEORY TO COMPLETE d BAND 


One of the worst approximations in the above theory, as Brooks remarks, 
is the neglect of the atomic wave functions ¢, and 4;. This is unnecessary for 
an analytic solution of the problems, as will be shown. The same procedure is 
adopted as in §§3, 4 and 7 except that no simplification by redefining of axes 


o 
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(cf. (7)) is possible as {a,,,} is now a 5x5 matrix. Putting 
SD 3 = (A172 — G,98,) + 2A, 30,14 — A, 44,3) 
Bop = — (A173 = 8,391) — (42074 — 4,442) + V3 (A, 2095 — By 54,2) 
6 =~ (O45 — 0,441) — V3 1A y'5 — A 55471) + (4,283 — A,34,/2) 
Cop het BoA + C325 Hyp by BrA + By eE yd + Ch 2 
1), = 070, + BiB, + 6,726 Mie = AA + By Bey t €,,6,, 


, 
TT 


eee 


and, for instance, 
N. 12 34 =P 19A 94S 345A 13+ By Boy BB 3 + C12 € 4 © 34 © 13 
Py34= 2 MypMo4+ MgM y+ MMe MigM ge EE gt Mis Moy 


—MyMy MyM ~ MyM 5Naaaa— 5Nag 9 + 5Visia| 
2334 34 14 14 13 


14 24 23 34 
the average contributions to K, from the 48 We aiett states of energy F,+8 is 


gal y 2 I Lf 1 1 1 
A 2X (2G;,*— 10H,,) ses Ban cia ot 5 
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pen (511, —G,,G,, reali Ay(= = 3) (= ii <3) 
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where «,=F,—E,. It is easily shown that when three energy bands only are of 
interest, as in §4, this expression reduces to (9). As regards cases of degeneracy, 
some consideration has been given to the case of «,=0, although the application 
of fourth-order degenerate perturbation theory proves extremely complicated. 
As before, the two states corresponding to the degenerate levels E,+5, E,+5 
may be considered together as they will be both occupied or both unoccupied. 
The sum of their contributions appears to be the same on use of degenerate or 
non-degenerate formulae as was found before provided their wave vector lies 
along the (100) axis, but not otherwise. ‘The «,+25=0 type of degeneracy has 
not been investigated. 

In a similar manner the a ae expressions may be obtained for g and g’: 


24 QB 
be 25 TL *4+@ 1" + O(A?) 


r=2 €, 


| (25) 


(0: 54+ 2A> , pal dete Bye + 1 i) 


ee ee ee Oe ee (26) 
0-27+34y & Meat Balt @1°)/€,} 


It proves permissible to use ie formulae for degenerate and near-degenerate 
states («,=0) as before; since the theory has not been extended to terms of O(A?), 
near-degeneracy of the type «,+26<A has not been investigated. 

The possible effects of the use of (25) and (26) on the numerical values of 
K,, g and g’ for nickel will now be considered. 
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(i) The Fermi surface occurs at a considerably higher energy value in the 
complete (quintic) energy band (Fletcher 1952) than in the [; band used in 
§§5 and 7, so that the relevant value of 4 is of the order of 0-1 ev, i.e. less than half 
the value used before. 

(ii) A greater proportion of the unoccupied states than before occur in the 
highest constituent energy band, for which all «, >0 and hence €,+26>A. 

(iii) Apart from actual degeneracy (e,=0) on the (100) axis of the Brillouin 
zone, such as occurred before, cases also occur now for other wave vectors, and 
there are other states where «,<A. Otherwise the «, for the unoccupied states 
will generally be rather larger than before, owing to the general ‘spreading’ 
effect on the eigenvalues observed in the exact solution of the quintic secular 
equation of Fletcher (1952) as compared with the approximate one. 

It seems possible that use of (25) might reduce the calculated value of K,, 
since factors of the form 1/e,—1/(e,+ 28) will be reduced by a factor of the order 
of 3 by virtue of (i) above, although there will be far more terms involved than 
in (9). For the latter reason it seems most likely that the calculated values of 
g—2 and 2—g’ would be increased to O(A). It is worth noting that the greatest 
contribution to all these quantities arises from degenerate and nearly degenerate 
states, and more of these would be involved than before if the full quintic band 
was used. No numerical calculation involving (25) and (26) has been attempted 
owing to the formidable computational labour involved, but evaluation of these 
formulae for certain special wave vectors, e.g. on the (100) axis of the Brillouin 
zone, would seem worth while. 


$10. SumMaRY 


The calculations described here were carried out for two reasons. Firstly 
some test against experiment of the calculations of Fletcher and Wohlfarth (1951) 
and Fletcher (1952) was desired, apart from those which could be made directly 
from the N(£) curve obtained for nickel. Secondly it seemed of interest to 
carry the only theory of ferromagnetic anisotropy so far proposed on the collective 
electron model through to a quantitative stage, since suitable data for so doing 
were not available to Brooks when he formulated the theory, and similarly for his 
theory of the spectroscopic splitting factor g. In so doing a few minor errors in 
Brooks’ original derivation have been corrected, and it has been possible to consider 
the gyromagnetic ratio g’ also and to extend the theory formally to remove one of 
the major approximations. ‘The assumptions involved in the theory and 
difficulties which arise in its quantitative application have been considered in detail. 

The numerical value of —5<10’ ergs cm-* obtained for the first anisotropy 
coefhicient K, for nickel is rather large compared with experiment. A possible 
reason for this is that a large proportion of this value arises from degenerate and 
nearly degenerate states (c,=0). The usual diagonal approximation to the 
exchange energy does not separate these states and a more rigorous treatment of 
exchange might modify this result considerably. ‘The question of the order in 
which the various perturbing effects are considered seems vital, as has already 
been indicated, and both these points would be even more important if the full 
quintic energy band were used for computation. It is worth noting that if the 
band, as calculated by the author, is too narrow, as suggested by recent work by 
Howarth (1953), then the above value would be reduced by a factor of about 
(2:7/3'4)Pook 
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Regarding the temperature variation of K,, one consideration is that =k6’¢ 
is a function of temperature and the value of K, is fairly sensitive to variations 
in 6 owing to the states where «,+28 is small. This effect, however, appears 
inadequate to explain the very large decrease in — K, for nickel between 0°K 
and room temperature for instance. On Brooks’ theory the facts seem explicable 
only if most of the degeneracy and near degeneracy is removed by an increase 
of temperature above 0°K. The use of Fermi—Dirac statistics at finite temperature 
would have a similar effect by reducing the importance of these degenerate states, 
since they are mainly the states of highest energy. 

As regards the numerical values obtained for g and g’ for nickel, there seems 
no reason to ignore O(A?) terms, so that agreement with experiment is not 
particularly good. The calculations have not led to any suggestion of an 
explanation of the difference between g—2 and 2—g’; the fault here appears 
to lie with the general theory of the two effects, although in their interpretation 
on the collective electron model the straightforward use of Peierls’ method of 
gauge transformation seems open to strong criticism. 
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Abstract. A method has been developed for estimating traces of light water 
in heavy water. The transmission of slow neutrons through a sample of the 
water is compared with that through a standard sample. The method gives 
an accuracy to 0:006% in the heavy water content after 3 hours’ counting. 


§1. INTRODUCTION 
C Jeo: to the comparatively high value of the neutron—proton capture 


cross section, traces of light water in the moderator of a heavy water 

reactor have a pronounced effect on the performance of the reactor. 
With the advent of this type of reactor the estimation of traces of light water 
in heavy water has assumed some importance. Several methods are available 
for carrying out such an estimation (Kirschenbaum 1951), The present paper 
describes a further method based on the difference in the total cross sections 
of light and heavy water for slow neutrons. ‘The number of neutrons that pass 
undeflected through a sample of water can be made a measure of the amount of 
light water present. 

Denote the fraction of heavy water molecules in a mixture of light and heavy 
water by « and the mean total cross section per molecule by o. Consider a 
sample with « close to unity and suppose that when slow neutrons are incident 
on the sample a fraction ¢ passes through, the rest being scattered and absorbed. 
The value of ¢ depends on the value of « and the length of the sample. 

The present method does not entail the measurement of ¢ itself. Instead, 
the procedure adopted is to measure the ratio p of the number of neutrons that 
pass through the sample to the number that pass through a roughly equal length 
of standard heavy water. It can readily be shown that « is obtained most 
accurately by this method when the length of the sample is so chosen that ¢ = e~2, 
and that, when this condition is satisfied, a change Ax in « gives rise to a change 
in p of Fp Ax, where F=(2/c)do/dx. 'The fact that the cross section of light 
water is much larger than that of heavy water results in a high value for F 
when « is close to unity, and makes the slow neutron method of determining « 
a very sensitive one. For «=1 and neutrons of wavelength 7A the values 
of o and do/dx are about 22 and 210 barns respectively. These values give 
F~20. Therefore to measure « to, say, 0:01% it is only necessary to 
measure p to 0-20°%%. 

In considering the accuracy of p we may distinguish between the error due 
to statistics in counting neutrons, and other errors. The latter, which will be 
called E errors, arise from the following effects: (i) the counting of stray 
neutrons, i.e, neutrons that have not passed through the sample, (ii) variation 


i 
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in effective length of the sample, (iii) variation in sample density due to changes 
in temperature, (iv) moisture collecting on the ends of the sample holders, 
(v) variation in counting efficiency due to effects either in the neutron counter 
itself or in the associated electronic circuits. The design of the apparatus and 
the procedure for making measurements are largely governed by the need to 
eliminate these errors or to reduce them to such an extent that they are small 
compared with the statistical error. 


$2. DescrIPTION OF METHOD 


The neutron beam was obtained by placing a cylinder of lead shot (A in 
figure 1) in a flux of thermal neutrons in the Harwell pile, BEPO. Neutrons 
with wavelength less than 5-7A were scattered out of the beam, and the average 
wavelength of the neutrons emerging from the lead was 7:04. The beam was 
collimated by the cadmium discs B. 


08) Beam of 
[eee] $= Thermal Neutrons 
A 


BEPO 


(S%] Lead Shot VA Paraffin Wax Mixture of Paraffin Wax 
and Borax Glass 


Figure 1. Arrangement of apparatus. 


A quartz glass vessel C, containing 15 cm? of the sample to be analysed, was 
placed in the filtered beam, and the neutrons that passed undeflected through the 
sample were counted by the BF; counter D. The length of C, about 3 cm, was 
chosen so that the fraction of neutrons transmitted was close to e-?. After a 
period of 100 seconds, during which about 100000 neutrons were counted, 
C was removed and replaced by the standard sample which was contained in 
a vessel S similar to C. Neutrons were again counted for 100 seconds. ‘The 
counting periods were timed by means of a crystal controlled oscillator with 
a frequency of 10 kc/s. ‘The process of counting with C and S alternately in the 
beam was repeated several times. 

The ratio p of the two sets of counts is a measure of the difference in « 
between the samples in C and S. If the same sample is kept in S and different 
samples are placed in C, the relation between p and the « value of the sample 


C38 ioe Peed ee Bk te bulel tuner oT (1) 


The two constants A and B may be determined by measuring p for two or more 
known values of «. ‘The value of an unknown « in C is then obtained by 
measuring its p. The linear relation between log p and « only holds if the 
mean total cross section per molecule varies linearly with «. he results shown 
in figure 2 demonstrate the validity of equation (1), at least for « greater 


than 0-99. 
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In effect the basis of the method is the correlation of the number of neutrons 
that pass through C with the « value of the sample in C. The purpose of the 
sample in S is to reduce the E errors. Provided C and S are kept in proximity 
and treated alike, e.g. placed in the same container when not in position in the 
scattering apparatus, effects due to changes in temperature and to moisture on 
the end-plates of the sample holders are negligible, for any effect they have on 
the transmission of C is almost duplicated in S. Further, provided C and S 
are placed in the beam with a repetition time + short compared with the period 
of fluctuation of counting efficiency—a condition fairly easily satisfied—effects 
due to such fluctuations are negligible. It may be noted that the value of « for 
the sample in S must stay constant but need not be known. 

Variations in the length of the sample must be kept to a minimum. Variations 
in length due to temperature changes have little effect, for they are almost equal 
in C and S. However, the effective length may vary for another reason. The 
sample is placed in the beam many times and a variation of its position with 
respect to the neutron beam may give rise to a variation in path length. This 
error was reduced by rigidly mounting each sample vessel in a brass support 
with guide bars that fitted into corresponding slots in the scattering apparatus. 
Thus the vessel was always in the same position relative to the cadmium discs B 
that defined the neutron beam. In addition, the two end-plates of the vessels 
were effectively parallel, so that even if the beam had passed though a different 
part of the vessel the difference in the thickness of sample traversed would have 
been small. 

Finally, the effect of stray neutrons was reduced by surrounding the scattering 
apparatus with an inner shield F, 4 in. thick, consisting of a mixture of paraffin 
wax and borax glass, and an outer shield G, 6 in. thick, consisting of paraffin wax 
alone. In these circumstances the number of stray neutrons recorded by the 
counter was 0-01°% of the total count. 

Originally, a separate neutron counter was used to monitor the incident 
beam, but it was discovered that for periods of the order of an hour the flux of 
neutrons from the pile varied very little. ‘The flux was therefore assumed 
constant and the monitor discarded. This was only permissible because the 
repetition time 7 was short compared with the period of fluctuation of the incident 
neutron flux. 


§3. RESULTS AND DIscussION 


Known samples of different « were made by mixing and were placed in C; 
p was measured as a function of « for eleven such samples. The results are 
shown in figure 2 where logp is plotted against «. The ‘best’ linear relation 
between logp and « was found by a least squares analysis. From the ‘best’ 
line and the measured p for each sample the value of « given by the method 
was obtained: and compared with the known value. Denote the difference 
by Aw. The r.m.s. value of Ax was found to be 


Avy =o: Sc 10> 


obs 


The calculated r.m.s. value of Ax due to statistical error alone was 
Atsac= 3-1 x Ome: ‘sie jel ean: (3) 
Before considering the significance of the difference between the observed value 


of Ax and the calculated statistical value we shall describe a further set of 
measurements that were made. 


: 
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A third sample S’ was employed. Like S, it was filled initially with heavy 
water and remained unchanged. Neutrons were counted with C, S and S’ 


successively in the beam. Thus, in addition to p, a second quantity p’, equal 
to the ratio of the number of neutrons that passed through S’ and S, was 


010 


0-09 


tel e Experimental Point 


‘Best’ Line 


0-06 


~ 4 1 | 1 4 
0:992 0-994 0-996 0:998 
a 


Figure 2. log p plotted against a. 


Note. Experimental points are obtained after 3 hours’ counting. 


obtained. At the same time that p was measured for each sample in C, p’ was 
measured also. As the samples in S and S’ were the same throughout, differences 
in the eleven values of p’ were due solely to errors, both statistical and type E. 
The r.m.s. value of the difference between each p’ and the mean value of p’ was 
found and translated into a difference in «. ‘The value of the latter, which we 
denote by Az’, was found to be 


Nee 90 xsl ph ie a dpe eee eae (4) 
The calculated r.m.s. value of Ax’ due to statistical error alone was 
Noro lix 10S he © Ae eee ce (5) 


The difference between Aa’,,,, and Ax’,,,, is due to E errors. Equations (4) 
and (5) show that the difference is less than 20°, and this is reasonably small. 

Returning now to equations (2) and (3), we may remark that the only difference 
between the measurements of p and p’ lay in the fact that the former was 
obtained with a sample that was changed and the latter with one that was not. 
Thus the difference between Ax,),, and Ax’). may be attributed either to errors 
in mixing the sample or to contamination of the sample while it was being 
mixed and introduced into the holder C. ‘The contaminant may have been 
light water or some neutron-absorbing impurity. The contribution to A«,). 
from errors in mixing the samples is estimated to be about 1 x 10°. 

The overall accuracy of the method is summarized by the relation 


= 1/2 
Ra = (25 - 4) PiC eee oe en De (6) 


where Az is the r.m.s. error in « obtained after making measurements for ¢ hours. 
The error is the total observed error. 80°, of the time ¢ represents counting 
time and the remaining 20%, the time taken to record the counts and change 
the samples. Equation (6) indicates that an accuracy to 0-02°, can be obtained 
after a period of 6 minutes and to 0-006% after 3 hours. Comparable figures 
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for the accuracy of other methods of measuring « are 0-01% for the mass 
spectrometer (Reynolds and Loveridge 1953) and 0-003 %, for infra-red absorption 
methods (Gaunt 1953). 

The advantages and disadvantages of the neutron method may be stated 
briefly. The chief advantages are accuracy and simplicity. No preliminary 
treatment of the sample is necessary, and the neutron measurements can be carried 
out by an unskilled operator. The method can be adapted to enable a supply 
of heavy water to be monitored continuously. 

The chief disadvantage is that neutron-absorbing impurities in the heavy 
water result in the measured value of « being too low. In the particular 
application of the method to the analysis of heavy water in reactors this is not 
a serious disadvantage because separate measurements are made to determine 
the concentration of these impurities, and their effects can be allowed for. 
Alternatively, the slow neutron measurements may be regarded as giving an 
overall check on the suitability of the heavy water as a moderator. 

Slow neutron measurements can be used generally to estimate the amount 
of deuteration in deuterated compounds. With some compounds it may be 
difficult to obtain samples of known deuteration for calibration purposes, in 
which case it is preferable to use neutrons with energies of a few electron volts. 
For such neutrons the cross section is simply the sum of the cross section for 
each nucleus in the molecule. (This is not the case with the very slow neutrons 
used in the heavy water estimation, for their wavelengths are of the order of 
the distance between the nuclei in a molecule, and interference between the 
scattered neutron waves occurs.) From the measured cross section and the 
published data on free atom cross sections the average cross section per hydrogen 
atom is calculated and is assumed to vary linearly with the percentage deuteration. 
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The Magnetic Susceptibility of Nitric Oxide in 
a Clathrate Compound 


By Ash. (GOOKE AND: Hat) ¢DUKEUS* 
Clarendon Laboratory, Oxford 


MS. received 23rd February 1954 


Abstract. ‘The magnetic susceptibility of nitric oxide enclosed in a f-quinol 
lattice has been measured at temperatures from 10°K to 300°xK. The suscepti- 
bility, which obeys Curie’s law at room temperature, approaches a temperature- 
independent value at low temperatures. This behaviour is compared with that 
predicted for the free gas by Van Vleck. 


compound over a range of temperature from 10°K to 300°k, using 
the Faraday method. 

The structure and chemical preperties of a number of adducts formed by 
quinol with molecules or atoms of suitable dimensions have been described by 
Powell (1948) and his collaborators. In these clathrate compounds each trapped 
molecule is totally enclosed in a cage formed by the molecular arrangement of 
the f-quinol lattice. Of the common paramagnetic gases, oxygen and nitric 
oxide are the only ones having molecules of suitable size which do not react with 
quinol. Evans and Richards (1952) synthesized clathrate compounds of these 
gases and found their room temperature susceptibilities to be very nearly those 
of the free gases. ‘They then proposed that the clathrate compounds might offer 
a means of examining the susceptibilities of ‘free’ molecules below the tempera- 
ture at which they would normally liquefy. We have therefore extended the 
measurements on the nitric oxide clathrate to 10°k. Measurements are also 
being made on the oxygen compound. 

Measurements were made on a powder specimen of nitric oxide clathrate 
sealed in a glass phial in order to delay chemical decomposition of the nitric oxide. 
To cover a large range of temperatures we used a Sucksmith ring balance 
adapted for work with liquid helium, hydrogen or oxygen. ‘The specimen was 
connected by a quartz rod to a phosphor-bronze ring whose deflection was 
magnified by a beam of light reflected from two plane mirrors attached to it. 
Because the compound was so weakly paramagnetic it was necessary to increase 
the sensitivity of the balance by using a split selenium photocell to show the 
position of the light beam. ‘To avoid error from changes in the elastic modulus 
of the system a null method of measurement was used, the magnetic field at the 
specimen being varied until the force on the specimen exactly balanced the effect 
of removing a 4mg rider from the balance. An absolute calibration of the 
balance was obtained by comparing the susceptibility of the clathrate with that of 
three ‘standard’ specimens of manganous ammonium sulphate, ‘The dia- 
magnetic deflection due to the glass phial and Perspex specimen mount was 


\ ; J have measured the magnetic susceptibility of a nitric oxide ‘ clathrate’ 
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measured, and that due to the quinol was calculated, taking the specific suscepti- 
bility of quinol to be — 0-60 + 0-02 x 10-5 e.m.u./gm (Evans and Richards 1952). 
Analysis of our sample showed that 38-5°%, of the available holes were filled with 
nitric oxide molecules. T'wo observations of the susceptibility of the specimen 
at 20°c gave 0:87 x 10-%e.m.u./gm and 0-95 x 10-%e.m.u./gm, corresponding to 
a susceptibility per gramme of nitric oxide of 45 x 10-e.m.u. and 47x 10° 
respectively. ‘This is slightly less than the value 51-6 x 10-* e.m.u./gm obtained 
by Evans and Richards using the Gouy method, though it is close to the values 
found for free nitric oxide gas by various observers, viz. 47:2 x 10-6 (Burris and 
Hause 1943), 48-7 x 10-6 (Bauer, Weiss and Piccard 1918) and 48-8 x 10-® (Soné 
1922). ‘The value calculated for nitric oxide by Van Vleck (1932) is 47-7 x 10 
e.m.u./gm at 20°c. In view of the difficulty of making absolute measurements 
of susceptibility on such a weakly paramagnetic substance we do not attach any 
significance to this discrepancy. Our measurements could not easily be repeated 
because the analysis to determine the percentage of holes filled entails the 
destruction of part of the specimen. Furthermore, the clathrate compound is 
difficult to synthesize, and decomposes slowly even when sealed in a capsule. 

The results of the measurements, corrected for the diamagnetism of the glass 
phial, the Perspex mount, and the quinol lattice, are shown in the diagram, in 
which the square of the effective magneton number n is plotted against the 
absolute temperature. 7 is defined from n?=3ykT7/Nf?, where y is the molar 
susceptibility at an absolute temperature 7, k is Boltzmann’s constant, N is 
Avogadro’s number, and £ is the Bohr magneton. 


0 100 300 


200 
T (°K) 


Dependence of effective magneton number on temperature, for nitric oxide in a 
clathrate compound. 


The normal state of the nitric oxide molecule is known to fall under Hund’s 
case a as a *II doublet of separation A = 120-9 cm~ (Jenkins, Barton and Mulliken 
1927). ‘The lower doublet component has © = —4 and A=1, and is therefore 
diamagnetic. If the susceptibility of the gas could be observed over a sufficient 
range of temperature it would exhibit a gradual transition from a susceptibility 
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inversely proportional to temperature to a susceptibility independent of tempera- 
ture. Wan Vleck (1932) gives the following formula for the dependence of the 
effective magneton number on temperature: 

Mea Weve -aer eee) 

ane x ven 8 


n2 


where x=A/RT. Inthe diagram are given graphs of this equation for A/k = 173° 
(4 =120-9 cm“) and for A/k= 82° (to fit the low temperature end of our experi- 
mental curve). It will be seen that no single value of the parameter A will fit 
the experimental curve, though it must be noted that small changes in the dia- 
magnetic correction would alter the shape of our curve at high temperatures. 
Despite the quantitative discrepancy, it is evident that nitric oxide in the clathrate 
behaves magnetically very much as would a free gas, but over a range of tempera- 
ture well below the liquefaction point of the free gas. The diamagnetic level 
x= —4, A=1 is clearly lower than the paramagnetic level D=}4, A=1, but 
there may be an interaction between the orbital moment of the nitric oxide mole- 
cule and the electric field of the quinol cage which decreases the doublet separation 
relative to that of the free molecule. Further information on this point would be 
obtained from measurements on single crystals, but at present it is not possible 
to grow sufficiently large clathrate crystals to study the magnetic anisotropy. 
Attempts to observe paramagnetic resonance absorption in a powder specimen 
have given no result. 
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The Ultra-Violet Emission Spectra of the Gaseous Monofluorides of 
Gallium and Indium 


By R. F. BARROW, J. A. T. JACQUEST anv E. W. THOMPSON 
Physical Chemistry Laboratory, University of Oxford 


MS. received 26th February 1954 


Abstract. The emission spectra of GaF and InF may be excited conveniently in 
hot hollow-cathode tubes, the cathode containing a mixture of the respective 
metal with aluminium trifluoride. The emission spectra are similar to those 
observed in absorption, but many more bands of the *II—'S systems of InF have 
been observed. The Ga isotope effect in GaF has been resolved, and improved 
constants are derived for the two molecules. 


$1. INTRODUCTION 


HE strongest features in the ultra-violet spectra of GaF and of InF consist 

| of three band systems, c 1IJ-x12* and a®II,+, B°II,-x1Xt. These were 

first observed and analysed from plates of the spectra taken in absorption 

(Welti and Barrow 1952). The successful production of the emission spectrum of 

AIF in hot hollow-cathode discharge tubes (Rowlinson and Barrow 1953a) 

suggested that the examination of similar discharges for the excitation of the 
emission spectra of GaF and InF might be fruitful. 


§ 2. EXPERIMENTAL 


Discharge tubes in which vertical high-temperature steel cathodes which could 
be filled with mixtures of Ga+ AIF, or In+ AIF, were used. Additional, external 
heating of the cathode was provided, and dry hydrogen was used as carrier gas 
to start the discharge, which was run from 1000 or 2000v d.c. generators. The 
GaF spectrum was photographed on a large quartz Littrow instrument (Hilger 
E478): the InF spectrum was also photographed in a first order of a 2-4m 
grating instrument giving a reciprocal dispersion on the plate of about 7:4 A per 
mm, and ona Hilger small quartz spectrograph. 


§3. RESULTS 
In general, the emission spectra were similar in appearance to the absorption 
spectra, but the ®I1,, *II,-'S systems of InF were much more strongly developed, 
and many more bands of these systems were observed. The emission sources 
proved also to be more convenient to operate, so that it was possible touse higher 
resolution than in the case of the absorption spectra. 


The results are summarized in tables 1-6. The following comments may be 
made: 


(1) The observation of the vibrational isotope effect between Ga®F and 
Ga‘'F satisfactorily confirms the analyses. 


(2) No pre-dissociation was observed, either in GaF or in InF. 
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(3) In the emission spectrum of InF there appears a weak system of apparently 
double-headed bands degraded to longer wavelengths: the strongest heads are at 
2185-8 and 2187-1 A (table 6). Unfortunately it has been possible to observe only 
two sequences of this system. ‘The most plausible arrangement of the bands 
leads to AG"). = 610, AG’yj.=550cm™. ‘They may arise froma transition between 
two excited states of InF not yet known; other possible emitters are InO, or some 
unidentified fluoride. Against the latter possibility is the fact that the system was 
not observed in the experiments with GaF, so it is likely that the emitter contains 
In. It is noteworthy that there are other emission systems which have not yet 
satisfactorily been explained in the spectra of other molecules of this group, for 
example in GaCl (Levin and Winans 1951) and in TIC] (Miescher 1941). _ 


Table 1. Band Heads of the a?II,-x1X System of GaF 


v(Ga °F) —1(Ga"!F) 


v’, v0" Ante Vion obs. calc. 
0, O 3018 -90* 33115-0 — +0-1 
ee 15-14* 156-3 — +0:2 
De? 11-41 197-4 +0:9 = 098) 
Sha 08 -07* 235-4 — +0-4 
4, 4 04-82* 270-2 — +0:5 
10 2960-52 768:0 +1:4 +20 
Dra i 57:58 801-6 +1-6 +2:-1 
Sha 54°75 834°5 +1:-5 +2°2 
rs byl oss) 871-1 _ +2:3 


Note: The measurements refer to P heads: an asterisk (*) indicates that only an 
unresolved blend of the bands of Ga®*®F and Ga’!F was measured. 


Table 2. Band Heads of the B?II,-x1X System of GaF 


v(Ga**F)—v(Ga™F) 


Aa Nee Boor Av(Q-—P) obs. cale. 
Ont 3044-84 32832-9 9-1 —1°5 —1°:8 
i? 40 -22* 880-7 7:9* zoe P46 
D3 35-98* 928-7 9-2* _ 1.5 
3, 4 31°85* 973-1 7:8* = —13 
Os 9G 2988 -79* 33448 -6 11-0* se = Ost 
Nl 85-05* 491-0 Ted ie +02 
Up ae) 81-50* 530-4 (Miter: zd 3303 
es: 77°87 571-3 12-4 +1:7 +0-4 
4, 4 Thsyhl hes 602-3 — aoe Od 
fe 6 T77* 628-9 51% — +03 
Ha 31-18 34106-0 14-0 +2-4 IH 
Pry ih 28-23 140-4 14:3 +2-0 aa | 
eee 25°48 172°9 15-0 +2:2 +2-1 
4, 3 23-18 199-3 11:3 aD sh =) 
5, 4 21:86* 214°8 ose = A) 
OG, 5 20:95* 225-5 — has Beis 


- 


Note : The measurements refer to Q heads; an asterisk (*) indicates that only an 
unresolved blend of the bands of Ga®®F and Ga’!F was measured. 


530 R. F. Barrow, Ff. A. T. Facquest and E. W. Thompson 


(4) The discovery of a number of band systems in the absorption spectrum of 
AIF at wavelengths lower than the system a1II-x'&+ (Rowlinson and Barrow 
1953 b) prompted a re-examination of the absorption plates of GaF andInF. In 
the latter case two weak bands degraded to the red were found at 2103-0 and 
2126-6 A which are separated by the ground-state vibrational interval for InF. It 
seems likely that these bands constitute the 0,0 and 0,1 bands of a new system 
p-x iat, 

Table 3. Band Heads of the c!II-x1X System of GaF 


re ) 5 Degrad- Av, R-Q v(Ga®F)—v(Ga™F) 
sled air Nee ation’ ore OS obs. calc. 
Deak 2094-56* 47727°5 R 11-8* _ +0°9 
g. 2 2100-76* 586:7 R 7-4* — +0:2 
4, 3 08 -10* 421-0 R 5-4* — —0-6 
0; © AST 32561 R 46:5* — —0°5 
ial 16:64* 229°7 R 26 -6* — —0°5 
DB, BD 21-70 117°1 R 15:9 —0°8 —0:9 
Bic 27-80 46982-0 R 10-4 —1:3 —1:5 
4, 4 SoEOll 823-4 R 6°5 —2-4 —2-4 
Ont 40-28 708°1 V — —2-2 —2:-0 
DS 43-69 633°8 R (4:3) (—4-3) —3°-3 
fear 44-34 619-7 R 35-6 —2-6 —2:3 
23 49-24 513-4 R 21:4 —2°8 —2-7 
3, 4 55:16 385-6 R 12-5 —3-0 —3-3 
4, 5 62:28 232-9 R 79 —5-1 —4-0 
@), 2 68:58 098-6 V 20-0 —3:8 —3:8 
5, © 70-65 054-6 R (4:7) — —4-7 
lieues 72:19 022-0 R — —3:-8 —4-1 
tS 72:42 017-1 V — —43 —4-1 
2, 4 TIM 45917:-2 18 31-4 —4-2 —4-4 
S55) 82-92 795°8 R (7fei| —5:-1 —49 
4, 6 89-98 648-2 R 9-4 —5°8 —5:-7 
a, 98-59 469°5 R 6:2 —7-0 —6:7 


Note: The measurements refer to Q heads; an asterisk (*) indicates that only an 
unresolved blend of the bands of Ga®*F and Ga‘!F was measured. 


Table 4. Band Heads of the a*II,-x!X System of InF 


Oe Nein Vvac Ue Asir Vac 

O, 2 3400-05 29402 -9 Led 3278-35 30494-4 
Wy, 8 3394-51 450:9 Pie oA 74-64 528-9 
2, 4 89°27 4960-4 Sats 71:14 561-6 
3735 84-30 539°8 4, 4 67:75 593-3 
4, 6 79-54 581:4 Als 40) 22:59 31022:0 
S527 74:86 622-4 el 19-38 052-9 
Th cats) 66°52 695°8 See, 16:54 080-4 
Oe al 40-34 928°5 4, 3 INS Y39/3) 107-5 
ly D 35-66 970°5 5, 4 Le2S 131-8 
Dire i} Sirs 30011 +2 OWS 19-94 154-0 
3, 4 26°95 048-9 TiN: 06:78 174:9 
4, 5 22-84 086-1 yy Vi 04-90 193-2 
Dy © 19-04 120-6 9, 8 03-32 208-6 
(Oy, 7 15°35 154:1 NO, Y) 01:95 222-0 
Thy 11-93 185-2 aly WO) 00-91 232°1 
0, O 328250 455°8 1%, ital 00-03 240:7 


Note : The measurements refer to P heads. 
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Table 5. Band Heads of the B°II,—x1X System of InF 


wf uf Nair Vvac Av,Q—P U0" Nair Vvac 

25 5 3354-87 29798 -9 = DO & 3243-13 30825°-5 
SO 49-17 849-6 --- 3, 4 39°15 863-4 
yam 43-80 897°5 — 4,5 35530 900-1 
See 38-76 942-6 — Sh (9) 31-80 933-6 
oa AY 34°35 982-3 — Oy. 2 28-48 9605-4 
wotO 30-36 30018 -2 — Wh, 25°83 990-9 
O72 08-37 DIET 5-1 0, O 3196-93 31271-0 
3 03-21 264-9 — Liao 93-17 307°8 
2, 4 3298 -20 310-9 4-9 Pe Ps 89-54 343-4 
Aes 93-61 SII 5-4 ths 40-04 837-5 
4, 6 88-95 396°1 6:0 Del 37-04 868-0 
ps7 84-85 434-0 5:6 4, 3 BIOS 922°8 
Oni 1 51-75 743-8 6-4 5, 4 29-34 946-4 
: ae 47-37 7853 6-4 Oe © Dis 967-9 


. 
. 


SL 


Table 6. Unidentified System Observed in the Emission Spectrum of InF 


Nair Vac Int. Seen Aair Vvac Int 
222719 44885 -7 2 aS 2196-19 455 191 4 
24-49 940-2 ez 3, 4 Ot, 538-1 2 
21-65 997-6 2 aS Oyen) 586-4 7 
19-22 45046°8 1 Le2 92-03 605-4 3 
18-49 061-6 1 ? 89-99 648-0 9 
16-66 098-8 1 Ol 88-86 OVMES 4 
2199-54 449-9 2 4,4 Q 87-06 709-1 10 
98-72 466°8 0 4,4R 85-77 736-1 5 


Note: All bands are degraded to longer wavelengths. 


$4. DiscussION 


Suggested 
assignment 
ah ey KO 
By @) 1B 
2, 2) 
Dp D2, IR 
il, i @ 
il, al 1k 
0,,0'Q 
ORZOMR: 


The values derived for the molecular constants are collected together in table 7. 
The most interesting question relates to the determination of the energies of 
dissociation of these molecules. In the case of GaF we have to rely on the 


Table 7 
Constants for Ga®F 
State T5 We XeWe VeWe 
elt 47325°1 542°8 9-7 —0:56 
By kL 33448 -6 663 1:8 —0:-4 
A ®II9+ 33126°6 661 3-4 — 
x 1+ 0) 623-8 3-4 — 


Constants for InF 


State To We Seals Vee 
D (47536) 535 _ _- 
co MT 42771°6 463-9 OBS —0°5 
BL BZ 70 les 2:63 —0-095 
A *ITo+ 30463 9 W/SYOr 3-66 — 


xe Dae 0 534°7 2:56 — 
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extrapolation of the vibrational constants for the state c'IT. ‘The new values for 
the constants of this state lead to D,(c I) =3915 cm“, corresponding to a dis- 
sociation limit at 51240cm™! above v’=0. The arguments (Welti and Barrow 
1952) which lead us to believe that this state probably dissociates into 
Ga (2P32) + F (2P) need not be rehearsed here. If this view is correct, there is 
obtained D,” (GaF) =50210 + 203 cm + (where the figure + 203 cm 1 corresponds 
to uncertainty in the state of F between ?Ps. and ?P,js). This is equivalent 
to D,’ = 1435 + 0-6kcal. 

The constants for c!Il of InF are unchanged. Extrapolation gives 
D,(ct1)=3500cm"!, corresponding to a limit at 46270cm above v’=0. 
Subtracting the excitation energy of In(#Ps).), we obtain, as _ before, 
D*, nF) =43.850.+ 203.cm or 125-44 0-6 kcal. A much longer extrapolation 
from B °II, gives a limit at 43 700 cm 4, suggesting that this state dissociates into 
In(?P,j.)+F(?P). No reliable value can be obtained from a#IIo, in view of the 
uncertain, but probably by no means negligible, head—origin separations. 

It has been pointed out previously that the true values for the dissociation 


energies of these molecules may be somewhat lower, for there may be maxima in | 


the potential energy curves for these states c'II (Rowlinson and Barrow 1953 a). 
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Properties of the Hydrogen Molecular Ion 


IV: Oscillator Strengths of the Transitions Connecting the Lowest Even 
and Lowest Odd o-States with Higher o-States 


By D. R. BATES, R. T. S. DARLING, S. C. HAWE anp A. L. STEWART 
Department of Applied Mathematics, The Queen’s University of Belfast 


MS. received 3rd February 1954 


Abstract. ‘The oscillator strengths associated with the 1so,-3po,, 1so,4po,, 
1so,—4fo,,, 2po,-2sc,, 2po,-3sc, and 2po,—3de, transitions of H,+ are computed 
from the exact two-centre wave functions. It is found that some of the transition 
integrals vary rapidly with the internuclear separation. The significance of this 
in connection with the calculation of relative intensities in band systems is briefly 
discussed. A comparison is made with the values of the oscillator strengths 
obtained using the l.c.a.o. approximation. 


§ 1. INTRODUCTION 
f ‘ue oscillator strengths of a number of the transitions of the hydrogen 


molecular ion have already been calculated from the exact two-centre wave 

functions (Bates 1951, Bates, Darling, Hawe and Stewart 1953). ‘Table 1 
lists the transitions which have been treated describing them in the united atom 
designation (which is used hereafter as in the case of H,* it is especially appropriate : 
cf. Herzberg 1950) and also in the separated atoms designation (which is favoured 
in the chemical literature: cf. Coulson 1952). 


Table 1. Transitions of H,*+ investigated previously 


United atom designation Separated atoms designation 
1sog—2pou o(1s)—o*(1s) 
1sog—2p7ru o(1s)—7(2pz) 

2poy-3d7rg - o*(1s)-7*(2pz) 
2p7u-3 dig m7(2px)-7*(2pz) 


As can be seen, all are either of the so-called charge-transfer type (Mulliken 
1939) or tend to strong atomic transitions in both the united and the separated 
limits. Because of this the associated oscillator strengths are in general rather 
large. They are also comparatively slowly varying functions of R, the inter- 
nuclear separation. ‘Their computed values are, moreover, not unduly sensitive to 
the precise form of the wave functions adopted (Bates 1951, Dalgarno and Poots 
1954, Moiseiwitsch and Stewart 1954). The transitions are thus representative 
only of a restricted class. ‘lo provide further accurate information on molecular 
oscillator strengths a study is made in the present paper of the transitions shown in 
table 2. Apart from the general interest attached to them, the oscillator strengths 
of these transitions are required in connection with a certain collision problem 
(cf. Bates, Massey and Stewart 1953). We wish to thank Professor H. S. W. 
Massey for many helpful discussions on this aspect of the investigation. 
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Table 2. Transitions of H,* investigated in present paper 


United atom designation Separated atoms designationt 
1sog—3pou a(1s)—o0*(2s, 2pz) 
1soe—4pou o(1s)-0*(3s, 3pz, 3dz) 
1soe—4fou a(1s)-0*(2s, 2pz) 
2poy-2soeg a*(1s)—-o(2s, 2pz) 
2poy-3seg a*(1s)—o(3s, 3pz, 3dz) 
2poy-3dog o*(1s)—o(2s, 2pz) 


+ T'he symbols within the brackets represent the atomic orbitals which 
of course belong to both nuclei. Odd (u) o states are indicated with an 
asterisk and even (g) o states are left plain. (The reverse is done for 
odd and even 7 states.) 


§ 2. CALCULATIONS 


Taking ‘the nuclei as stationary, the oscillator strength connecting a lower 
electronic state A to an upper electronic state B is 


_ f(A-B[R)=4E(A-B[R)G(A-B)|Q(A-B|R)P (1) 


where £(A-B | R) is the vertical energy difference (or photon energy) measured in 
rydbergs, G(A-B) is the orbital degeneracy factor and Q(A-B | R) is the transition 
integral (Mulliken 1939). ‘This transition integral is given by 


Q(A-B|R)t= | x*(r|R)rx, (r|R) dr (length) a (2) 
2 : 
SS TET) | xt Vix(e|R)}dr (velocity)... (3) 
4 


Sere Pa | xe (rR) V {V(r | R)} x, (t | R) dr (acceleration) 


where t is some unit vector, r is the position vector of the electron, y, (r |) and 
xn(r | R) are the wave functions of the states indicated and V(r | R) is the potential 
of the electron in the field of the nuclei, all in atomic units (Chandrasekhar 1945). 
The three expressions are of course not identical if approximate wave functions 
areused. When necessary the Q’s and /’s derived from them will be distinguished 
by the superscripts L, V and A respectively. 

The exact two centre wave functions of the o-states of the hydrogen molecular 
ion may be written in the form : 


x(n. | RS ACA | FIM Ga.) 7), Se ei ee (5) 


where A and » are the usual elliptical coordinates (cf. Mott and Sneddon 1948) and 
A and M (both of which are real) are expressible in terms of parameters tabulated 
by Bates, Ledsham and Stewart (1953). With the aid of these functions the 
required matrix elements may readily be evaluated. The dipole length formula 
(2) is much the most convenient to use. As may readily be seen (cf. Bates, Opik 
and Poots 1953), the double integration entailed reduces to single integrations over 
A (which must be done numerically) and single integrations over »« (which may be 
done analytically). ‘The severe cancellation occurring in many cases causes the 
results to be disproportionately affected by small numerical errors. It was desir- 
able therefore to obtain some check on the computational work. This was 
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achieved by re-calculating the majority of the matrix elements from the dipole 
acceleration formula (4)} which, when expressed in elliptical coordinates, becomes 


O(A-B|R)= BP if [_AwMs {ae A,M, dX dp ...(6) 


for o—o transitions. ‘The M’s are normally represented by a sum of the Legendre 
polynomials, but this sum can of course be converted to the power series 


M= 2c) ee =(7) 
the c’s being known constants for a given state and a given internuclear 
separation. Substitution in (6) yields 


87 s: 
mretas f: Anh > ¢a (ty) Cp(te) X(t, +t) dA... (8) 


eC =e 
a(n) = sda eee 2 vane emmneelt €or 9 
(7) fo { =p be ( ) 
which may be evaluated using the recurrence relation 
2(1—A?)/n = nodd 


2(n)=2da(n—1)—Ma(n—2)+] cay ee ray ee os (10) 


Q(A-B|R)= 


where 


and noting that 
“(0)= —6L+(98— Tin (F), a(1) =2—10A?+ (5A3— syyinf =}. GL) 


The integration over A must be carried out by numerical methods. In all cases 
the agreement with the results obtained by the alternative procedure (using 
formula (2)) was found to be essentially perfect. 

For comparison purposes the oscillator strengths associated with the transitions 
to the states which have principal quantum 2 in the separated atoms limit were also 
evaluated, taking for the wave functions the appropriate l.c.a.o. approximation : 
that is, taking 


X, = {P(r | 1s) + P(r, | 1s)} (2425S), S=(1+R+ gR*)exp(—R) ..... (12) 
Xp =4s{$(ri|2s) + d(r2|2s)}+a,{P(ri[2p)+A(r2[2p)} wees (13) 


in which the upper signs are adopted for the even states and the lower for the odd 
states; the ¢’s are normalized hydrogenic wave functions based on nucleus 1 or 2 
as indicated (the polar angles 0, and 0, being measured in opposite senses from the 
molecular axis); and a, and a, are parameters determined using the variational 
theorem (Gilbert 1933). Only the dipole length and velocity formulae were 
applied, the dipole acceleration formulae being of less interest since the heavy 
weighting it gives the region near the nuclei renders particularly doubtful whether 
any conclusions which might be drawn from the results for the special case of Hy* 
would be valid for complex molecules (for which in any event it is not commonly 
employed). The final expressions obtained for O" and O* are rather cumbersome 
and need not be presented since they may easily be recovered, the integrals 
involved being simply combinations of the J-functions of Coulson (1942). 


+ The dipole velocity formula (3) could of course also have been used and is rather 
simpler. However, it provides a less exacting test of the wave functions themselves. 
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§3. RESULTS 
Sk 


Figures 1, 2and 3 give the transition integrals Q as functions of the internuclear 
separation R for the six transitions investigated. As may be seen, the fractional 
variation may be very marked. Thus in the case of the 1so,-3po,, 1so,-4po, and 
2po,,-3so, transitions Q is of different sign in the united and separated limits and 
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Figure 1. 1sog—4poy and 1so,—4foy transition integrals calculated from the 
exact wave functions. 
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Figure 2, 2poy-2sog and 2po,-3do, transition integrals calculated from the 
exact wave functions. 


passes through zero at some intermediate value of R; and in the case of the 1sc.—4fo 
transition, which is forbidden in the united limit but allowed in the separated imine 
O increases extremely rapidly with R, as would be expected. Such variation is of 
importance in connection with the calculation of the relative intensities in band 
systems, 
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The spontaneous transition probability between the levels v, and v, of two 
electronic states A and B is given by 


A = Cv (2, B—v, A) G(B-A)| { P(R| 2A) Q(A-B|R) P(R |p, B) drp (14) 


_ where C is an atomic constant which need not be specified, v is the frequency of the 


radiation emitted, G(B-—A) is the orbital degeneracy factor and the P’s are the 
vibrational wave functions (cf. Mulliken 1939). It is customary to assume that Q 
is a slowly varying function of R and to take it outside the integral sign so that (14) 
becomes 

A=~Cv (vp, B—v,, A)? G(B-A) O(A-B)? p(w, B—v,, A) ...... (15) 
with 

P(e, B—2,,A)=|[ P(R]e,, A) P(R |e, B) aR]. 

The dimensionless quantity p appearing in (15) is sometimes referred to as the 
Franck—Condon factor} of the band concerned. 


03 
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Internuclear Separation 


Transition Integral (atomic units) 


a= 2 


-04 
Figure 3. 1so,-3po, and 2po,y—3seg transition integrals calculated from the 
exact wave functions. 

In recent years much effort has been devoted to the computation of the Franck— 
Condon factors of the bands of many systems. It is clear, however, that caution 
must be exercised before using these in deriving relative intensities. For though 
the value of the integral in (14) is not so sensitive to the dependence of O on R as it 
might at first be thought to be (cf. Bates 1949, Poots 1953), nevertheless a variation 
such as occurs for some of the H,* transitions would certainly make (15) a very poor 
approximation. In particular the passage of Q through zero in the R-range of 
relevance would render the approximation almost worthless. As Shuler (1952) 
has emphasized it is desirable that consideration should be given to the possible 
variation in all detailed calculations on relative intensities. Special care is 
required with transitions which are forbidden in either the united or separated 
limits (or in both) since with these the variation is likely to be rapid: for example, 
naive use of Franck—Condon factors appears to lead to quite erroneous relative 


- intensities in the case of the a”X*+— x?II transition of the hydroxyl radicle (Shuler 


1950). 

+ The phrase relative transition probability is also sometimes used but is not altogether 
satisfactory since (vj, B—v,, A) also depends on v(vp, B—v,, A); and in addition, by its 
descriptive nature it gives the number p a significance which may be misleading. 
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The oscillator strengths based on the exact wave functions and on the I.c.a.o, 
approximation} for them are displayed in table 3. 

A striking feature of the exact values is that when R is close to 2a, all those asso- 
ciated with transitions from the 1so, state are abnormally small. This feature 
is an immediate consequence of the fact that the oscillator strength of the 1so,-2po, 
transition is here almost } (Bates 1951), which is the value given by the Thomas— 
Kuhn rule for the swm of the oscillator strengths of all 1sc,—nlo, transitions. It is 
interesting to note that the required smallness of the oscillator strengths is achieved 


_ by the corresponding (Q, R) curves crossing the zero line. ‘This crossing 


phenomenon may well be a characteristic of many spectral series and would seem 
particularly likely if a member has an oscillator strength near the maximum 
possible. 

Since the oscillator strength of the 2po, — so, transition is negative, its large 
magnitude when R equals 2a, does not necessitate that the oscillator strengths of 
the upward transitions 2po, —nlo, be small. On the contrary it necessitates that at 
least certain of them be considerable since their sum must be almost 2 for the 
Thomas—Kuhn sum rule to be satisfied. 

Inspection of the tables reveals that the results obtained with the l.c.a.o. 
approximation are sometimes not even of the right order. ‘The dipole velocity 
formula is usually (but not always) rather more successful than is the dipole length 
formula. On the limited evidence available it would of course be unwise to assume 
that the same is true in the case of complex molecules. With either formula the 
l.c.a.o. approximation yields correct predictions as to whether or not a particular 
transition integral passes through zero, but this may be fortuitous. 
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Abstract. 'The electron-capture decay of ?°7Bi has been studied by scintillation 
counter coincidence techniques. Gamma-rays of energy 0-57, 1:07, 1:76 and 
2:47 Mev were found in the relative abundances 1:57:1:0-16:0-0072. ‘Prompt’ 
coincidences were observed between the three former and the K-capture x-ray. 
The following percentages of the gamma-rays were prompt: 0:57:19%; 
1:07:6%; 1:76:7%. There is some evidence for a prompt gamma-ray of 
1:-46mev. The 1:76 and 1:07mev gamma-rays are in coincidence with the 


0:57 Mev gamma-ray. The results are discussed in relation to the level scheme 
OI Pb: 


$1. INTRODUCTION 


X PERIMENTAL information about the energy levels of stable ?°’Pb comes 
in a variety of sources which are quoted in detail in §2. The greater 

part of this information was available to Pryce (1952), who constructed ~ 
a level scheme using the shell model to make definite spin, parity and orbital 
angular momentum assignments to many of the levels. 

The present work is an extension of that on 7°’Bi (which decays to ?°’Pb by 
electron capture) reported earlier (Grace and Prescott 1951) and was designed 
to clarify details of Pryce’s level scheme. For this reason it will be an advantage 
first to summarize the existing experimental data ($2). In §3 the results of the 
present experiments are given. Discussion is presented in § 4. 


§2. Previous WorK ON THE LEVELS OF 2°7*Pb 
2.1. Experimental 

(1) The spin and magnetic moment of the ground state of ?°’Pb show that 
it has the configuration p,j. (Klinkenberg 1952). 

(11) The short-range alpha groups from 2"'Po, which decays to 7°’ Pb, indicate 
levels at 0:54+ 0-04; 0-88 +0-04 and 1:11+0-06mev (Neumann and Perlman 
1951, Spiess 1951). However, the 6-34 Mev alpha-particle corresponding to the 
level at 1-11 Mev is not found in a more recent investigation by Hoff and 
Asaro (1953). 

(iii) A weak gamma-ray of energy 0-870 Mev is found by Surugue (1946) in 
the decay 2° lstos24Pp, 

(iv) Neumann and Perlman (1951) also find gamma-rays following the 
electron-capture decay of ?°7Bi (from conversion electron measurements in the 
beta-ray spectrograph) of energy 0-565, 1-063, 1-46, 2:05, 2-20, 2:33 and 
2:49 Mev and one of low energy, either 0-137 or 0-064 Mev. Wapstra (1953) finds 
conversion electrons for gamma-rays of energy 0-565 and 1-063 mev and identifies 
Neumann and Perlman’s low-energy electron as the KLL Auger line. Scintillation 
counter measurements have been made by Grace and Prescott (1951) and Wapstra 
(1953) showing gamma-rays of energy 0:56 and 1:06mev. At least some of these 
are in coincidence. 


* Now at the Physics Department, University of Melbourne. 
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(v) An isomeric state of *°’Pb, of lifetime 0-82 sec, is associated with 
gamma-rays of 0-52 and 1:05 Mev (Campbell and Goodrich 1950, Campbell and 
Nelson 1953, Hopkins 1952, Lascoux and Vendryes 1951). These gamma-rays 
are to be identified with the 1-06 and 0-56 Mev gamma-rays in the decay of ?°’Bi. 
Goldhaber and Sunyar (1951) show that the lifetime is determined by the 
1-06 Mev gamma-ray which is an M4 transition. This assignment is confirmed 
by measurements of the internal conversion coefficient and K/L ratio (Wapstra 
1953). ‘The 0-56 Mev gamma-ray follows the 1-06Mev gamma-ray and is E2 
(Wapstra 1953, Grace and Prescott 1951). 

(vi) The ?°*Pb (d, p) 2°’Pb and 2°8Pb (d, t) 2°’Pb reactions have been studied 
by Harvey (1953). He finds unresolved groups in the region 0-5-1 Mev and 
interprets them as due to levels at 0-61 and 0-95 or, alternatively, by fitting to the 
lower energy, at 0-56 and 0-89 (0-90 for the (d, t) reaction). The (d, t) reaction 
shows a level at 1-63 and one at 2-33, while the (d, p) reaction reveals further levels 
at 2-75, 3-60, 4-42, 4-66 and 5-28 Mev. 


2.2. A Level Scheme for *°’Pb 


A consistent level scheme (figure 1) can be set up from the above data. The 
arguments that lead to it are substantially those of Pryce (1952) modified, where 
necessary, to take account of more recent data. 


Pi/2 


Figure 1. Level scheme for 2®’Pb (after Pryce). Full lines show probable gamma 
transitions, dotted lines show possible transitions discussed in the text. 


Lead 207 has a closed shell (82) of protons and one less (125) than a closed 
shell of neutrons. ‘The shell model indicates that the configurations available 
for the ground and excited states will be those corresponding to the single hole 
in this 126 neutron shell, and they will follow approximately inversely the 
order in which the levels were filled. ‘The configurations available are 
Pile» Pala fries i1gier f/x, Hgg and possibly goj/2, which is the first level in the next 
shell. The ground state is pj), as expected. 

The decay energy of 2°’T is low and suggests that the 0-870 Mev gamma-ray 
goes to ground, implying a level at 0-87 Mev, corresponding to the alpha-group 
level at 0-88+0:04 Mev. The 1-06 Mev isomeric transition is M4 and is 
followed by a further gamma-ray of energy 0-565 Mev. It can only be 143) to f5/. 
and cannot be to ground; the ij). level is thus at least 1-63 Mev above ground. 
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Below this are experimental levels at 0-54 and 0-:87.* hyip cannot be below isi 
since the ij3/. to hgjp (M2) transition would eliminate the observed M¢4 transition. 
The beta-decay selection rules for 7°” T'l require that the 0-87 Mev level be pg. 


This leaves fj. or f,/. to be assigned to the remaining level. The level at about — 


0:54 mev is clearly f,)., making the 0-565 Mev gamma-ray a ground-state transition 
from this level, in agreement with its E2 character, and the ij,3). level is at 
1:63 Mev, where the (d, t) measurements locate a level. 

The four gamma-rays of energy greater than 2 Mev found by Neumann and 
Perlman are shown by them to be most likely ground-state transitions and must 
correspond to levels at these energies; they probably arise from configurations 
in which at least one nucleon is excited to the next shell or in which the core 
itself is excited. 

The position of the f,/. and hg, levels is undetermined. ‘The ®°*Pb (d, t) 9°’Pb 
reaction is expected to give rise to levels corresponding to one neutron hole 
and the level at 2-33 is therefore probably hg), or fzj2. This cannot be the same 
as the level found at this energy by Neumann and Perlman since this radiates 


to the ground state. Harvey assigns f,). to his 2-33 Mev level. Harvey also ~ 


makes shell model assignments to his high-energy levels; these are not shown 
in figure 1 since they will not be available to the decay of ?°’Bi, which is the 
primary concern of the present paper. 


§3. RESULTS 


3.1. Experimental Technique 

The ?°7Bi was prepared by bombarding natural lead with 25 Mev protons 
in the Harwell cyclotron. ‘The bismuth was extracted either as BiOCI with the 
addition of carrier, or carrier-free by paper chromatography (see e.g. Balston 
and Talbot 1952). ‘The decay was followed until the activity due to ?%Bi was 
negligible (about nine months) before measurements were begun. 

All measurements were carried out by scintillation counting. For gamma-ray 
measurements 1 in. cubes of Nal(Tl) were used. Some details of the apparatus 
and the method of obtaining the energy calibration of the crystal in terms of 
photo-peak area have been described in an earlier publication (Prescott 1954). 
Recording was by single-channel kicksorter or 25-channel kicksorter of the 
‘gated oscillator’ type (hereinafter referred to as SKS and MKS respectively) 
or by photographing the pulse-height distribution on a cathode-ray screen. 
For experiments where detection of x-rays was required, a slice of Nal(TI), 
2mm thick, was used. ‘The efficiency of this for detecting Pb K x-rays was 
calculated to be 0-89 from the absorption coefficients (Handbook of Chemistry 
and Physics, 1951). After including the effect of absorption in the crystal housing 
and fluorescent yield} the net efficiency per K-shell vacancy is 0-825. It was 
calculated (data from Davisson and Evans 1952) that the maximum contribution 
to the count under the x-ray peak from the gamma-rays of 2°7Bi did not 
exceed 2%, and this was confirmed by observation. 


*'The work of Neumann and Perlman (1951) on the short-range alphas from 2!1Po 
requires a level at 1:11 Mev. However, the corresponding alpha-particle is not found by 
Hoff and Asaro (1953). Harvey (1953) finds no evidence from (d, p) and (d, t) reactions 
for a level at this energy, and its existence must be regarded as extremely doubtful. 

} The fluorescent yield was taken as 0:95 from the measurement of Broyles (1952) on 
mercury, viz. 0:946+ 0-008; the theoretical value is 0-955 (Burhop 1952). 
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Coincidence measurements were carried out in three ways: Setting an SKS 
on the required region of the scintillation spectrum and either (i) causing 
it to gate the output of a second crystal into MKS, (ii) using it to trigger an 
oscillograph to which the second crystal output was fed, (ili) feeding the out- 
put into a Harwell type 1036 coincidence unit together with the output of a 
second SKS set on the output from the second crystal. 

All three methods were used in coincidence measurements reported here. 
The gating crystal will be designated ‘crystal I’ and the gated crystal 
“crystal II’. Methods (i) and (iii) were used to obtain quantitative results. 


3.2. The Gamma-Ray Spectrum 


The radiations from the ?°’Bi as examined with a single crystal scintillation 
spectrometer showed radiation of about 70 kev which was identified as the 
expected K x-radiation of lead by critical absorption in Ir and Os. 

Figure 2 shows typical scintillation spectra. The spectrum to 2Mev was 
obtained with SKS, and above this energy by MKS because of the low counting 
rates. ‘There are four readily distinguishable lines: 0-57+0-01; 1-:07+0-01; 


a 


1-46 Mev 


Count Rate (arbitrary units) 


1 i 
0 05 1-0 30 


Figure 2. Gamma-ray scintillation spectrum of 2°7Bi. 


1-76+0-02; 2:47+0-05mev. The first two are well known (see §2). The 
1-76 mey line is not reported by Neumann and Perlman (1951). A long-lived 
gamma-ray of 1:77 Mev has been found by Wapstra (1953) both in the 
scintillation spectrum and in the beta-ray spectrometer, though he does not assign 
it to 2°7Bi. Gamma-rays of very closely similar energy were also found in the 
present experiments in the spectra of *°6Bi and Bi. The 2:47 Mev line 
presumably corresponds to the 2-49 mev line found by Neumann and Perlman. 
It is not possible to distinguish the 2-05, 2:20 and 2-33 mev lines of Neumann and 
Perlman in the present spectrum. Any one of them might have an intensity 
up to one-fifth of that of the 2.47 Mev gamma-ray. ‘There is no evidence in the 
spectrum for the 0-137 or 1-46 Mev gamma-rays of Neumann and Perlman or 
the 0-870 Mev gamma-ray of Surugue (1946). The 0-137 Mey gamma-ray was 
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looked for using the thin crystal to reduce the count from the higher energy 
gamma-rays. If it occurs it is certainly less than about 5% of all disintegrations. 
The 0-870 mev gamma-ray is not expected to occur in the decay of ®°’Bi because 
the level from which it originates can only be reached by a highly forbidden 
electron capture (see §4). ‘The absence of the 1-46 Mev gamma-ray presents a 
puzzle. Its location is indicated by an arrow in figure 2. Comparison with the 
line-shape of the 1-71 Mev gamma-ray in !4Sb, drawn immediately below, shows 
that, if present, the 1-46 Mev gamma-ray cannot exceed 10% of the intensity of the 
1:76 Mev gamma-ray. Wapstra (1953) also finds no evidence for it. Now 
the observed K/L ratio (2:8) of the 1-46 mev gamma-ray (Neumann and 
Perlman) indicates that its multipolarity is either E4 or E5 (or possibly E3 or M4 
if we permit an error of 100%). « for E4 and E5 transitions of this energy are 
respectively 9-9 x 10-8 and 1-66 x 10-*. The observed K-conversion electrons of 
the 1-06 and 1:46 Mev gamma-rays (Neumann and Perlman 1951) are in the 
ratio 34:1. ‘Taking the 1:06 Mev gamma-ray as M4 (§2) with «,=0-103 (Rose 
et al. 1951), then the ratio of the intensities of the 1:07 and 1-46 Mev gamma-rays 


should be 3-2 and 5-5 for E4 and E5 transitions respectively. A 1-46 Mev - 


gamma-ray of this intensity would be readily identified. Assignment of any 
other multipolarity to the 1-46 Mev gamma-ray requires that it should be even 
more intense. 

We are obliged to conclude either that the 1-46 Mev gamma-ray of Neumann 
and Perlman does not belong to 2°’Bi or that their internal conversion data are 
seriously in error. 

The observed relative intensities of the four prominent gamma-rays are: 
1-57 +0-06:1:0-16 + 0-01 : 0-0072 + 0-0008 in the order 0-57, 1-07, 1-76, 2-47 Mev. 
They are corrected for the efficiency of the crystal but not for internal conversion. 
The errors are composed partly of the error in the efficiency calibration and 
partly of the standard deviation of the mean of a number of determinations of 
each photo-peak area.* ‘The relative intensities of the first two agree reasonably 
well with those of Wapstra (1953) and the 1:76 Mev gamma-ray is of the same 
relative intensity as the long-lived 1-77 mMev gamma-ray of Wapstra (1953 and 
private communication). 


3.3. Coincidences with X-Rays—Region less than 1:3 Mev 


Figure 3 shows the spectrum of gamma-rays, in the energy region 
0-35-13 Mev, which are in coincidence with K x-rays, with an ungated spectrum 
for comparison. ‘This covers the region containing the two prominent lines at 
0-57 and 1-07 Mev and was obtained by setting SKS on the x-ray photo-peak 
in the small crystal and using it to gate crystal II into MKS. 

It is clear from figure 3 that at least some of both the 0-57 and the 1-07 Mev 
gamma-rays are in prompt coincidence with the x-rays. The former can be 
readily understood since K-capture direct to the 0-565 Mev level (figure 1) would 
give this gamma-ray. ‘The presence of prompt coincidences involving the 
1-07 Mev gamma-ray, however, is quite unexpected since this line has been 
identified (§ 2) as an isomeric transition of 0-8 sec lifetime. Since the gate has a 
resolving time of about 1-5 usec, prompt coincidences between the isomeric 


* In an earlier publication (Grace and Prescott 1951) the 0:57 and 1:07 mev lines were 
reported to be about equal in intensity, but the calibration error was then considerable. 
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gamma-ray and x-rays should be negligible (less than 1 in 10°). In fact, the 
coincidence rates show that 9-5 (+0-5)°% of the ‘1:07’ Mev gamma-rays are in 
prompt coincidence with the x-rays. 

The result was obtained by all three of the coincidence methods described 
in §3.1 and the two alternative quantitative methods were consistent. "Two 
different *°*Bi sources gave similar results. Since the result is of some 
importance, a careful examination of all possible sources of spurious coincidences 
was made: 

(1) Acctdentals. ‘The accidental rate was obtained by removing the 
X-ray crystal and photomultiplier and operating them with an independent x-ray 
source, leaving the source and crystal II in the original geometry. ‘This avoids 
the necessity of knowing resolving times accurately. Accidentals account for 
0-5°% in the above figure. 

(ti) Internal Conversion, Some coincidences will take place with the x-rays 

-following internal conversion of the 0-57 Mev gamma-ray since this is in 
coincidence with the 1-07 Mev gamma-ray (Grace and Prescott 1951, Wapstra 
1953, and §3.5). ‘The internal conversion coefficient is 1-8 x 10-? (Rose et al. 
1951), so that at most this contributes 1-89 to the original figure of 9-5%%. 
Internal conversion electrons cannot give coincidences. 
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with K x-rays in 7°’Bi; energy with K x-rays in ?°’Bi; energy 
region 0:35-1:3 Mev. region above 1:1 Mey. 


(iii) Gamma-—gamma coincidences. Some 0:57 Mev gamma-rays are directly 
detected by Compton effect under the x-ray peak and give coincidences. The 
fraction was calculated to be 1-:2%. 

(iv) Scattering. Radiation of 0-57 Mey is scattered by the surroundings into 
a lower energy with a correspondingly higher probability of detection by the 
x-ray crystal. In the geometry of the present experiments the only significant 
scattering could have been backscattering in crystal II, and in these circumstances 
the energy release in this crystal does not fall under the 1:07 Mev photo-peak, 
nor does it do so for backscattering of the 1-07 Mev gamma-ray itself. 
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Allowing for all the above sources of coincidences, 6(+£0:5)% of the 
‘1-07’ Mev gamma-rays remain as prompt. In fact this is a lower limit since 
possible L-capture has been neglected; in bismuth L-capture should account 
for a minimum of 13°, of decays (Rose and Jackson 1949, Marshak 1942). The 
result means that there are two gamma-ray lines close together at about 
1:06-1:07 mev. Even if their energies are not very close together, the prompt 
one may well have been missed in beta-spectrograph measurements since the 
intensity of its K-conversion electron relative to that from the isomeric 1-063 Mev 
transition is less than about 1°% for any reasonable choice of multipolarity. 

In a similar way, 19-3 (+ 1:8)% of the 0-57 Mev gamma-rays are found to be 
prompt, neglecting L-capture. 


3.4. Coincidences with X-Rays—Region greater than 1-1 Mev 


Figure 4 extends the coincidence spectrum to include the region of the. 
1-76 Mev gamma-ray; an ungated spectrum is included for comparison. At 
channel 20 is the photo-peak of the 1-76 Mev gamma-ray, and there is clear _ 
evidence for a further gamma-ray at about channel 12 corresponding to an energy 
of 1:46 + 0-03 mMev—possibly the 1-46 Mev gamma-ray of Neumann and Perlman. 
The intensity of the 1:46 Mev gamma-ray in the coincidence spectrum is 
1:2(+10°%) times that of the 1:76 line. The fact that the gated and ungated 
spectra are different shows that the 1-46 and 1-76 Mev gamma-rays do not originate 
from the same level, for this would require the same coincidence efficiency 
for each. 

The most interesting quantitative feature of figure 4 is that only 7-0( +4 0-4)% 
of the 1-76 Mev gamma-rays are in coincidence with K x-rays. ‘This means that 
the level from which this gamma-ray originates is either an isomeric state of 
10-20 psec half-life or it is fed substantially by L-capture. 

The first alternative was checked by direct coincidence: metheds in the 
following way: Coincidences between the 1:76 Mev gamma-ray and K x-rays 
gave 7:-4(+0-6)% of coincidences (in agreement with the gated spectrum 
figure). ‘The experiment was then repeated with the high energy gamma-ray 
in 7°6Bi given by Alberger and Friedlander (1951) as 1-72 Mev and measured in 
the present experiments as 1-70 Mev. ‘This gamma-ray is known to be prompt 
(Alberger and Friedlander 1951) and the fraction in coincidence with the x-ray 
was 86(+4)%. The fact that this is not 100°, is presumably due to L-capture, 
which is of about the amount predicted by theory (Rose and Jackson 1949). 
This measurement establishes that there is no instrumental bias in recording 
coincidences in this energy region and establishes confidence that the figure of 
7-4°, for *°’Bi is correct. A 6 ysec delay was now inserted in the x-ray channel 
and the measurement on *°’Bi repeated. ‘The only coincidences observed were 
those to be expected from accidentals (~10°%, of the coincidence rate without 
the delay); nor did alteration of resolving time affect the net coincidence rate. 
It is concluded that the 1-76 Mev gamma-ray is not from an isomeric transition 
and that the low observed coincidence rate results from L-capture. Unfortunately 
it was not possible to look for coincidences between L x-rays and the 1:76 Mev 
gamma-ray, but it is hoped to perform this experiment at a later date. 

Attempts to establish coincidences between x-rays and the gamma-rays of 
energy greater than 2 Mev were inconclusive, due to lack of source strength. The 


The Decay of ?*Bi and the Energy Levels of 2° Pb 547 


levels from which these originate are probably also fed partly by L-capture. 
No evidence was found in the coincidence spectrum for either the 0-064 or 
0-137 Mev gamma-ray of Neumann and Perlman (1951). 


3.5. Gamma—Gamma Coincidences 


Figure 5 (curve A) shows the spectrum of gamma-rays in coincidence with 
the 1-76 Mev gamma-ray (in comparison with an ungated spectrum). It is 
clear that the latter is in coincidence with the 0:57 Mev gamma-ray. ‘This 
confirms that the 1-76 Mev gamma-ray belongs to 7°’Bi and suggests that at least 
some of the long-lived gamma-rays of this energy found by Wapstra (1953) should 
be assigned to this nuclide. 

Figure 5 (curve B) shows the spectrum obtained when the gating kicksorter 
was set in the region 1-34-1-58 Mev, i.e. to include any possible 1-46 Mev 
gamma-ray, the experimental arrangement for figure 5 being chosen to minimize 
false coincidences due to backscattering. ‘The 1-46 Mev gamma-ray will fit into 
the level scheme of figure 1 between the 2-05 Mev and the 0-565 Mev level or the 
2:33 Mev and 0-870 mev level, and will therefore be in coincidence either with a 
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for details see text. Curve A is gated on the region of the 


1:07 Mev gamma-ray, curve B on the 
region of the 0°57 Mev gamma-ray. 


0:57 or 0-87 Mev gamma-ray. ‘There is no evidence in the gated spectrum for a 
gamma-ray of 0-87 Mey. ‘The previous section showed a 1-46 Mev gamma-ray 
of total intensity 10° of the 1-76 Mev gamma-ray (neglecting the unknown 
coincidence efficiency for the former). If it were in coincidence with a 0-87 Mev 
gamma-ray the spectrum would appear as in curve C. ‘The conclusion is that the 
1-46 Mev gamma-ray is in coincidence with the 0:57 Mev gamma-ray. 
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Figure 6 shows the coincidence spectra involving the isomeric transition. 
Curve A is the spectrum gated on the 1-07 mev line and curve B on the region of 
the 0-57 ev line. These curves give the well-known result (Grace and Prescott 
1951, Wapstra 1953) that at least some of the 0:57 and 1-07 Mev gamma-rays are 
ncoincidence. In addition, curve B forms quite a sensitive test for the existence 
of cascades involving two or more (unresolved) gamma-rays of energy about 
0-57 Mev. 

Consider the idealized 2°’Bi spectrum shown in figure 7. We are to gate on 
the region G in crystal I and observe the spectrum in coincidence with these 


Count 


Photo-Peak 


Energy 


Figure 7. Idealized gamma-ray scintillation spectrum of ?°*Bi. 


pulses in crystal II. If we denote by Q, and Q respectively the counts in the 
1:07 and 0:57 Mev photo-peaks in the gated spectrum, then an elementary 
calculation shows that 


O,/O;=R+IRk ABR Peele See (1) 

In this expression k is a constant depending on the width of the gating limits 
and is essentially the ratio of the areas 2 and 1 (figure 7). It can therefore be 
found with reasonable accuracy from a standard 1:07 Mev spectrum. A small 
correction (~1%) involves the ratio of the areas 4 and 1. R, in expression (1), 
is the ratio (2:35 (+3%%)) of the efficiencies of the crystals to 0-57 and 1:07 Mev 
gamma-rays; x is the intensity (relative to that of the 1-07+0-57 Mev cascade) 
of any cascade involving two or more ‘0:57’ Mev gamma-rays. The factor f 
assumes the values 2, 6, 12... . according as the cascade is two-, three-, four-.... 
stage. ‘The expression is valid so long as the gating limits are wide enough to 
include all of the 0-57 Mev photo-peak. 


In table 1 experimental values Q,/Q, are compared with the estimated values 


Table 1 
Run Exptl Q;/Q, Estimated k 
C49 1-:07+ 0-03 1:08+0-03 
CS 1:07 + 0-03 1-:08+ 0:03 
Coil 1:13 + 0:04 1:14+0-04 
B58 1:-44+0-05 1:40+ 0-07 


of k. Both were obtained graphically and the errors, which are estimated on the 
basis of many similar measurements, represent the limitations of this method. 


The Decay of *°’ Bi and the Energy Levels of 7°” Pb 549 


Counting statistics were negligible in all cases. ‘The larger errors in run B58 
were due to poor resolution in the gating crystal. ‘Table 1 shows no evidence 
for any contribution from possible multi-stage cascades. The probability that 
the term fRx in expression (1) exceeds 4% of k is only 0-005. At the same level 
of probability a three-stage cascade cannot exceed 0-3 % and a two-stage cascade 
0-9°%, of the intensity of the 1:07 +0-57 cascade. 


$4. Discussion 


4.1. Summary of Experimental Results 


The results of the previous section can be summarized as follows: 
(i) The relative intensities of the gamma-rays observed with a scintillation 
spectrometer are given in table 2, uncorrected for internal conversion. 


Table 2. Intensities of Gamma-Rays in ?°’Bi 


Mev 0:57 1-07 1:46 1:76 2:47 
Total intensity ila 1 not 0-16 0-0072 
+ 0-06 resolved + 0-01 + 0-0008 
Coincident with 0-303 0-06 0-013 0-011 — 
wth K x-rays +0-03 +0-005 + 0-002 +0-001 


(ii) Implicit in table 2 is the following information: There are prompt 
gamma-rays of energy 0:57 and 1:07 Mev. Only 7% of the 1-76 Mev gamma-rays 
are in coincidence with K x-rays—the conclusion being that the level from 
which they originate is fed mainly by L-capture. 

(iii) No evidence has been found for gamma-rays of energy 0:87 and 
0-137 (or 0-064). Failure to find the latter is to be expected if Wapstra’s 
explanation (1953) of the corresponding ‘conversion electron ’ as the KLL Auger 
electron is correct. 

(iv) The 1-07, 1-76 and plausibly 1:46 Mev gamma-rays are in coincidence 
with the 0-57 Mev gamma-ray. 

(v) There are no two-fold or three-fold cascades involving gamma-rays of 
energy about 0-57 Mev. 


4.2. An Alternative Level Scheme for °’ Pb 


We now examine these results in relation to the level scheme of figure 1. 

From (iy) it is reasonable to infer that 1-07, 1:46 and 1-76 Mev gamma-rays 
all go to the f,). level at 0-57 Mev. This puts levels at 1-64, 2-03 and 2:33 Mev 
where levels are already located. However, the 2-03 Mev level cannot be the 
same as that in the original scheme, for this level also radiates to ground. Since 
the ground state is p,j, one would expect the level to decay also to the pg), state, 
followed by a gamma-ray of 0-87 Mev. ‘The level cannot have a unique spin that 
permits it to radiate to the p,j and fj). levels and prohibits it radiating to the 
Psig level. ‘The same argument applies to the 2:33 Mev level. ‘The prompt 
0:57 Mev gamma-ray is made up partly of 0-57 Mev gamma-rays in coincidence 
with the prompt 1-07, 1-46 and 1-76 Mev gamma-rays. ‘The balance must be made 
up only of transitions following direct electron capture into the f;). level. 
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A difficulty arises when we attempt to assign the prompt 1-07 Mev gamma-ray 
to the level scheme of figure 1 for, apart from the isomeric transition, there are 
no transitions of this energy available. The observations can be accounted for 
only by introducing a new level for which the shell-model assignments f7/. and 
hg, (or possibly even gy) are available. 

The only locations possible for such a level are at 1:07, 1-63 or 1-94 Mev, 
ie. 1-07 mev higher than existing levels. The last of these would be followed 
by a gamma-ray of 0-87 Mev, and since no such prompt gamma-ray is observed it 
must be excluded. A level at 1-07 Mev decaying direct to the ground state is not 
possible since, with any of the shell-model assignments available, it would decay 
preferentially via the f,. level with a probability exceeding 10° to 1 (Montalbetti 
1952). This, incidentally, introduces a further argument against the existence 
of a level at 1-11 mev (Neumann and Perlman 1951, cf. § 2), for such a level would 
also decay by a cascade of two gamma-rays of energy about 0-57 Mev. Such a 
cascade was shown to be absent in the previous section. The only possible 
location for the new level is thus at 1-63 Mev, i.e. close to the ij3/ level already 
located at that energy. There are now two cascades of 1-07+0-57 Mev, one of 
which is ‘prompt’ and the other ‘isomeric’. 

We now have to decide between the assignments f,/, hgjp and go/. for this level. 
The latter, however, is the first single particle level in the next shell; Pryce (1952) 
shows that about 3-4 Mev is needed to lift a single neutron into the next shell, 
and Harvey (1953) places the gy. assignment at 2:75 Mev. ‘There remain fj 
and hg), for the new level. 

To resolve this question let us consider the selection rules governing 
electron capture into the various levels. The ground state of 2°7Bi is almost 
certainly hg. (odd proton) by analogy with 7°°Bi (Klinkenberg 1952). Table 3 
shows, znter alia, the spin and parity changes involved in the possible decay 


Table 3. Electron Capture ?°’Bi to ?°’Pb—Initial Level hg) 


: ; ; Degree of Fraction 

Final level Al Aj Parity change RE HE Pate oe of decare 
hoje 0 0 no allowed 0:10 
1y3/2 1 2 yes first ‘ special ’ 0-65 
fa/2 D 1 no allowed, /-forbidden 0-04 
fs/9 y 2 no second 0-19 
Psa 4 3 no second, /-forbidden nil 
Pre 4 4 no fourth nil 
others — — — — 0-02 


branches. It shows that electron-capture transitions to the py, Or pgjs levels are 
not to be expected because of higher degrees of forbiddenness. The table also 
shows that the new level at 1-63 Mev cannot be hgjp since hj, to hoi, is an allowed 
transition which would compete too strongly with the first-forbidden transition 
to the ij3/2 level. ‘The transition to the f,). level is also allowed, though at the same 
time /-forbidden (Mayer et al. 1951, Konopinski and Langer 1953), which might 
slow it down sufficiently to allow capture into the i,3/. level to predominate. Onthe 
other hand, the latter transition is of the type AJ= 1; Aj=2, which is characterized 
by abnormally large ft values as well as unique spectral shape (Mayer et al. 1951, 
Konopinski and Langer 1953). ‘This feature is in accord with the fact that the 
second-forbidden transition to the f;/. level occurs in an appreciable fraction of 
the decays, and that the total half-life is long (56 years). 
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In all of the transitions considerable internal rearrangement is necessary, 
involving a double transition in the daughter nucleus and the breaking into a 
closed sub-shell. ‘This might well exert a considerable influence on the transition 
probabilities, but nevertheless the presence of the fj. level at 1:63 Mev is 
embarrassing. 

We nevertheless are obliged to locate the f,). level at 1:63 Mev and tentatively 
assign the hg). level to 2-33 Mev. This makes the 1-76 Mev gamma-ray E2. An 
alternative mode of de-excitation of this level is to the f,/. level at 1-63 Mev. This 
is M1 or E2 or both, but the energy available is less. 

Figure 8 shows he revised level scheme for 7°’Pb suggested by the results 
of this paper. The fractions of the decay (neglecting L-capture) that go to the 
various levels are shown in the last column of table 3. 


Figure 8. Revised level scheme for #°’Pb. Full lines show gamma transitions suggested by 
the present work ; dotted lines show gamma-rays observed by other workers. 


4.3. Conclusions 


The experimental data enable a consistent level scheme for 2°’Pb to be 
constructed along the lines originally suggested by Pryce (1952). The existence 
of a prompt gamma-ray of 1-07 Mey in the decay of ”*’Bi, reported here, requires 
the f,). level in 2°’ Pb to be located at 1:63 Mev. This leads to difficulties however ; 
in particular, it results in a rather small spacing of the (f5), f,/.) doublet. 
According to the shell-model this spacing should be about three times that of 
the (psj2, Pij2) doublet, whereas it is only 1-2 of this. Analogy with other doublets 
suggests that the f,/. level should be located at about 2—2:5 Mev (Harvey 1953). 

Further, the level scheme of figure 8 would appear to require a much greater 
electron capture into the f,). level than is actually observed. For this reason an 
independent verification of the existence of the prompt 1:07 Mev gamma-ray 
appears to be desirable. The 1:46 Mev gamma-ray of Neumann and Perlman 
is not found by Wapstra (1953) and only indirect evidence for it is found in the 
present experiments. A new search for this gamma-ray seems to be justified. 
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Note added in proof. D. E. Alberger (Phys. Rev., 1953, 92, 1257) has 
searched with a beta spectrometer in the energy region 1064 kev + 25% at 0-75 
and 0:4" resolution for the K electrons associated with the ‘ prompt’ 1-07 Mev 
transition suggested by the work in this paper. He places an upper limit of 
15% intensity relative to K-1064 on such a line unless it falls on one of the 
1064 kev conversion lines. This observation does not exclude the existence of | 
such a line since its intensity is predicted to be less than 1% of K-1064. (§3.3.) 
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RESEARCH NOTES 


The Intensity of High Angle Kikuchi Bands 


By M. BLACKMAN anp I. A. KHAN 
Department of Physics, Imperial College, London 


$1 

N the patterns obtained on reflection of electrons (of energy about 30 kev) 
] from the surface of single crystals, Kikuchi bands are found which extend 

with measurable intensity to high angles relative to the incident beam 
(Rupp and von Meibom 1933, Boersch 1937). In a recent investigation (Alam, 
Blackman and Pashley 1954, to be referred to as I), a systematic study was made 
of this phenomenon. The relative intensity of the scattered electrons was 
measured over an angular region of scattering of 5° to 164° measured from the 
incident beam. ‘The angular variation of the intensity was found to change 
systematically, for crystals possessing the rock salt structure, under identical 
experimental conditions. Cleavage surfaces were used, the angle of incidence, 
the azimuthal direction and the energy of the beam being kept fixed. The 
variation of intensity, with angle of scattering, was relatively small for crystals 
containing the heaviest ions. It was about 25:1 between 10° and 164° for 
potassium iodide, the energy of the incident electrons being 30 kev and the 
glancing angle of incidence 5°. For lithium fluoride, on the other hand, the 
variation was about 1000: 1 under the same experimental conditions. 

The Kikuchi bands for lead sulphide and potassium iodide were not merely 
visible at the highest scattering angles, but the clarity of the pattern (see 1) 
suggested that a large fraction of the scattered electrons had sensibly the same 
energy. Further, the measurement of the width of the Kikuchi bands at the 
highest scattering angles showed that the energy of these electrons did not differ 
from that of the incident beam by more than the experimental error associated 
with the measurement of the band width. ‘This error is, at the most, 10%. 

It appears therefore that there is an efficient mechanism responsible for 
turning electrons of energy 30 kev through large angles without appreciable loss 
of energy. It was suggested in I that multiple elastic scattering was the main 
factor, but this involved the assumption that the probability of such scattering 
processes was distinctly higher than one would have expected from a considera- 
tion of the (atomic) cross sections for elastic and inelastic scattering. 

It is the purpose of this paper to describe an experimental investigation into 
one aspect of this scattering mechanism, namely whether it is induced by the 
crystalline nature of the substances examined. For this purpose the intensities 
of the scattered electrons from natural quartz and from fused quartz were 
compared. 

§2 

The experimental arrangement was the. same as that described in I, a 
cylindrical camera being used which allowed the Kikuchi band pattern to be 
recorded ona photographic film up to an angle of scattering of 164° (relative to 
the incident beam). 
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A natural quartz crystal was cut at a random angle and the resulting surface 
was optically polished. The pattern from this crystal was that to be expected 
from a single crystal, well-defined Kikuchi bands being observed. ‘The purpose 
of polishing a random surface was to reproduce as closely as possible the surface 
topography which would be found on the fused quartz specimen which was also 
cut and optically polished. 

The relative intensity of the scattered electrons was measured for each crystal 
with a fixed angle of incidence and a fixed energy of the incident electrons. The 
procedure used to calibrate the photographic film was the same as that described 
in I, the measurements being taken over the centre portion of the film. 

As only relative intensities are measured, the intensity curves for the natural 
and the fused quartz have been fitted at a selected point. Two values of the 
glancing angle of incidence were chosen, these being 5° and 15° respectively. 
The energy of the incident electrons was 20 kev. ‘This low value of the energy 
was chosen since it was expected that the variation of the intensity of the scattered 
electrons with scattering angle would be relatively small for the natural quartz 
at a glancing angle of incidence of 15°. It is under these conditions that the 
difference, if any, between the crystalline and the amorphous solid would be 
expected to be most pronounced. 

The two pairs of intensity curves found experimentally are shown in figures 1 
and 2. There is no significant difference between the curves for the natural 
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was 5°, the energy of the incident electrons 20 kev. 


electrons 20 kev. 


quartz and the fused quartz (what differences there are, being within the experi- 
mental error). Some differences might have been expected, partly because of 
the different density of fused and natural quartz and partly because the surface 
topography will not be identical. This latter point is expected to influence the 
shape of the intensity curve at low scattering angles. 
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The agreement is particularly noteworthy in the case of figure 2 as the change 
in intensity between the peak value (at about 30°) and that at the highest scatter- 
ing angle measured (155°) is only about 40:1. In figure 1 which pertains to 
the case of a 5° glancing angle of incidence, the extreme variation is about 200 : 1. 

It should be pointed out that it has been tacitly assumed that the energy 
spectrum of the scattered electrons is not significantly different for the two 
specimens. ‘The agreement found in two very different cases suggests that this 
assumption is reasonable. 

It is concluded from these experiments that the mechanism which produces 
the high intensity at large scattering angles is not a ‘ lattice’ effect. 

The authors are indebted to Messrs. B. K. Johnson and E. Menage who 
were responsible for cutting and polishing the quartz specimens. 
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The a-Activity Induced in Gold by Bombardment with Nitrogen Ions 


By W.E. BURCHAM 


Department of Physics, University of Birmingham 


MSS. received 9th March 1954 


$1. INTRODUCTION 


HE production of alpha-particle activity by the bombardment of gold 

| with nitrogen ions (!4N®*+) has already been briefly reported (Chackett, 

Fremlin and Walker 1953). If the nitrogen nucleus as a whole unites 

with a nucleus of gold the compound nucelus 7"Em is formed, and subsequent 

evaporation of particles may lead to «-active isotopes of emanation, astatine, 

polonium and possibly other elements. ‘The object of the present work was 
to identify the observed «-emitting isotopes. 


§2. EXPERIMENTAL METHOD 


Gold foils of thickness 15 microns were bombarded in the internal nitrogen 
beam of the 60 in. Nuffeld cyclotron of the University of Birmingham. ‘The 
foils were mounted on the outside of an electrically screened probe at a distance 
of 63:5 cm from the centre of the cyclotron, and the heavy ion current was 
measured after passing through the gold foil and also through a 25-micron 
aluminium foil forming part of the wall of the probe. ‘The nitrogen ions 
reaching a radius of 63:5 cm have a continuous distribution in energy up to 
120 Mev (Walker, Fremlin, Link and Stephens 1954), but only those of initial 
energy greater than 75 Mev contribute to the current measured after passage 
through the foils. These are just the ions with suffcient energy to surmount 
the potential barrier of approximately 80 Mev in the laboratory system between 
nuclei of nitrogen and of gold. _Bombardments of one hour or less with recorded 
currents of 10-8 to 10-® ampere gave suff.cient activity for most of the work. 
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Gross decay curves were taken by mounting the irradiated foil in an ionization 
chamber and following the counting rate using a low discriminator bias. ‘The 
ionization chamber was of the electron-collection type described by Cranshaw 
and Harvey (1948), and was filled to a pressure of 35 lb in-® with a mixture of 
argon and 2%, carbon dioxide. The chamber was also used to find the energies 
of «-particle groups associated with particular elements extracted from the 
irradiated foils. For this purpose a photographic record was made of the pulse 
height distribution from a thin source of the unknown material and compared 
with that from a freshly prepared source of 7!°Po (£,=5-298 Mev). The 
linearity of the amplifier and recording equipment was checked with a pulse 
generator and attenuator. Figure 1 shows typical pulse size distributions 
obtained; the width of the Po calibration peak is normally about 100 kev. 
It was usually possible to start counting about 5 minutes after the end of an 
irradiation, plus any time necessary for processing. 

Emanation isotopes were extracted by melting the irradiated gold foil in 
a chamber filled with air at a pressure of 1004. The evolved gases were passed 
through a spiral immersed in a mixture of dry ice and methylated spirits at a 
temperature of —71°c to remove astatine as far as possible, and emanation 
isotopes were fixed to a platinum plate by the glow-discharge method (Momyer 
1953). ‘This procedure occupied about 10 minutes. 
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Astatine was investigated by dissolving the irradiated foil in lead or bismuth 
at a temperature just above the melting point and collecting the evolved halogen 
on a silver foil. ‘Tracer experiments with #!°Po showed that less than 0-2% 
of any polonium isotopes present would be carried over to the silver collector. 
The presence of astatine was also confirmed by a double evaporation process 
in which the gold foil was melted in a silica tube with a collector cooled in 
liquid air just above the sample. The collector was removed to a second 
chamber containing a silver foil and allowed to warm up to room temperature. 


Research Notes Say 


The «-activity found on the silver foil was assumed to be due to astatine (Wahl 

and Bonner 1951), although the method does not necessarily discriminate against 

polonium daughters of emanation isotopes condensed on the cold surface. 
Polonium was studied by dissolving the gold foil in aqua regia, boiling to 

expel emanation and astatine as far as possible and extracting the gold into 

ethyl acetate. ‘Tracer experiments showed that about 15% of the polonium 

could be deposited by evaporation of the inorganic phase on a platinum foil. 
No systematic study of lighter elements was made. 


§3. RESULTS 


The gross decay curve for «-activity showed periods of approximately 
7 minutes, 30-50 minutes, 110 minutes and 10 days; no attempt was made to 
find the periods accurately from these curves. A search was made, using a 
special apparatus, for periods between 7 minutes and 0-1 second, but none was 
found. ‘The results of separating these activities and of determining the 
corresponding «-particle energies are shown in the table, which gives the average 
of a number of observations; accepted values of half-lives and energies are 
taken from the article by Hollander, Perlman and Seaborg (1953). 


a-Emitters Observed in the Reaction 197Au + 14N 


iisch cnt a-particle Probable Accepted values 
f Half-life energy mass Half-life Energy 
separated 
(Mev) number (Mev) 
Em 6:5+0-5 min 6:25+0-05 206 —- — 
11-:0+1-0 min 6:09+0-05 207 — = 
At 25+2 min 5:90+ 0:04 205 25 min 5-90 
108+ 5 min 5:75+ 0-04 207 120 min DiS 
Po 56+5 min 5:61+0-05 202 52 min Sos’, 
10:-4+1 days x 206 9 days Syl 


* This activity was followed only in the gross decay curve and no energy measurement 
was made. 


The activity ascribed in the table to astatine was extracted from gold foils 
after one-hour bombardments. It appeared to decay initially with a period 
of about 87 minutes, but experiments in which the decay was followed over 
eight half-lives showed that the decay curve could be resolved into periods of 
25 minutes and 108 minutes. ‘The energies of the associated alpha-particle groups 
(figure 1 (b)) confirm the assignments made in the table. No evidence for the 
production of 7°°At or *°8At was obtained; if the latter isotope had been 
responsible for more than one twentieth of the total astatine activity, the daughter 
activity of ?°*Po would have been observed according to the figures given by 
Hyde, Ghiorso and Seaborg (1950). No 7-minute period was observed after 
rapid evaporations of astatine to a silver foil. 

The main «-activity of the gold foils immediately after a short bombardment 
is due to emanation isotopes. ‘The «-particle energy spectrum of the emanation 
activity (figure 1 (a)) shows groups of 6-09 and 6-25 Mev which decay at different 
rates. [he period observed for the total emanation activity was 7:6+0-5 
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minutes, and the periods for the two separate groups were determined rather. 


less accurately as shown in the table. Platinum foils on which the emanation 
activity had been allowed to decay showed a residual «-acticity of energy, 
5-76 +0-04 Mev and period 85+10 minutes. This activity was not found 
when the gold foils were left for 60 minutes before the emanation was extracted. 
The properties of this residual activity are in fair agreement with those of 
207At and indicate the presence of electron-capturing ?°’Em in the emanation 
deposit; this isotope has not previously been reported. ‘The a-activity of the 
emanation deposit extrapolated back to the time of preparation of the source 
was 80 + 10 times that of the residual activity extrapolated back to the same time. 


$4. DiscussION 


An incident nitrogen nucleus of energy 120 Mev captured by *®7Au would 
produce an excitation energy of about 90 Mev according to the empirical masses 
given by Metropolis and Reitwiesner (1950). The corresponding temperature 
of the nucleus 241Em before particle emission is 2-9 Mev (Blatt and Weisskopf 
1952). Allowing for evaporation energy, it seems possible for as many as 
seven neutrons to be emitted, but since most of the incident ions have energies 
less than 120 Mev the highest yields will be obtained for evaporation of fewer 
particles. Excitation energies of ?!'Em of less than 50 Mev are unlikely because 
of the coulomb barrier, so that the formation of ?°%Em and heavier isotopes is 
unfavoured. These arguments suggest that 2°’Em, ?°%Em and 2°Em might be 
formed by the (N, 4n), (N, 5n) and (N, 6n) reactions under the conditions of 
the experiment. All the «-activities observed, as will be seen from the table, 
may be ascribed to these isotopes or to their decay products. The astatine and 
polonium isotopes may of course also be formed directly by the reactions 
Au(N, pxn)At and Au(N, axn)Po. 

Assignment of the 6:25 Mev group of «-particles to ?°*Em is based on 
predictions from «a-decay systematics (Perlman, Ghiorso and Seaborg 1950, 
Pryce 1950, Momyer 1953). The daughter activity of ?°?Po was not observed 
after decay of the emanation but, since the electron capture to «-decay branching 
ratio of ?°2Po is not known, no conclusion can be drawn from this fact. The 
6:09 Mev group of «-particles could come from ?°7Em according to the sys- 
tematics. If this is so the electron capture to «-decay branching ratio for this 
isotope is found to be 2-6+0-3 and the partial half-life for «-emission is about 
40 minutes. This is only 2-5 times that for an even—-even emanation nucleus 
of the same decay energy and not specially forbidden, according to the curves 
given by Perlman, Ghiorso and Seaborg (1950). Such a small ‘ departure 
factor ’ is unusual for an odd mass nucleus with less than 126 neutrons. 

Observation of the electron-capturing daughters and subsequent products 
of the emanation isotopes will be necessary in order to confirm the assignments 
to °°%Em and *°’Em. No attempt to follow these activities was made in these 
experiments because of low intensities and also because of the presence of 


b- and y-emitting fission products which were not necessarily removed by the 
separation procedures. 
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The Anomalous Scattering of 1 Mesons 


By D. A. TIDMAN 
School of Physics, University of Sydney, New South Wales 


Communicated by H. Messel; MS. received 15th February 1954 


ECENTLY a numberof authors (George, Reddingand Trent 1953, Leontic and 
Wolfendale 1953) have published results of measurements on the scattering 
of j-mesons using the cosmic radiation. ‘The present experimental data 

are not conclusive, but there seems to be some indication that the cross sections 
obtained are inconsistent with coulomb scattering from a nucleus with an extended 
charge distribution. 

We give here results of calculations made in an attempt to explain the 
anomalously large scattering cross section. ‘The contribution to the scattering 
of p-mesons, arising from the anomalous magnetic moment (A.M.M.) of the 
nucleon and from a possible A.M.M. of the u-meson, has been worked out. 

The lowest-order process for this scattering in weak-coupling theory is shown. 


Ke muon / nucleon . 
CY a (AW u— Yu) \—- aie \ CY + Ap 24-7.) » - + - (1) 


where ke/2M= nucleon A.M.M., Ke/2m=p-meson A.M.M. 
We can separate the cross section o out into four parts : 


FC =09 +0, 1 Fy + Op 


o)= ordinary point-charge scattering. 

g, = contributions from y-meson A.M.M. 

o, =contributions from proton A.M.M. 
d,,) = contributions from the A.M.M.—A.M.M. interaction. 
J,» can be neglected. 
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We find 
e 2 sin? 1 2 2 
COs gpa gare <ONeon Pilea sin? $0) (1—f?)) . 1) Gepmierae (2) 
2 
CH — Kp? sin? 40 (1 — B2 sin? 40)-1 (2+ i eee (3) 
oo bet 
oe oe 2k tan? 40 sin? 360-+-k? sin? 36 ) (4) 
0) M?\1+(2E/M) sin? 40+ (2E2/M2) tan? 46 sin? $0) 


6 is the angle of scattering in the laboratory, F is the total energy of .-meson, f = v/c 
and M is the nucleon mass. 

The effect of the nucleon A.M.M. is negligible. "The magnetic moment of the 
u-meson is unknown, but a value of K greater than 1 for the »-meson A.M.M. 
would be inconsistent with data on burst production (Peaslee 1952). 

We find the following values : 


o,/09= 0-6 for K=1, 0=20°, E=400 Mev 
=():3 for-K = 1,0=20°, E=200 meyv 


This effect is thus too small since we require at large angles (20°) an anomalous 
scattering cross section of about ten times the ordinary electromagnetic one. 

Other electromagnetic effects, for example incoherent scattering from nuclei, 
have been considered in detail by other authors (Gatto 1953). They are too small 
to account for the anomalous scattering cross section. 

Some non-electromagnetic couplings are known, such as that involving the 
neutrino in the 7 and yp decays. However, these have extremely small coupling 
constants and hence give rise to negligible contributions to j.-meson scattering. 

In the light of the above considerations we were led to consider a direct 
coupling between u-mesonsand nucleons. Of the theoretically possible couplings 
pair coupling is the simplest one not in obvious disagreement with experiment. 

The interaction Hamiltonian used was 


H,=G i (FOY\(G00) dt See (5) 
where '¥’ is the nucleon field, ® the charged muon field, and 


O ja , Y59 VsVw YuYoy Vu 
This Hamiltonian gives rise to unrenormalizable divergencies in higher-order 
processes using the weak-coupling theory. 

The scattering cross sections of z-mesons from nucleons in the Born approxi- 
mation have been worked out and rise indefinitely with increasing u-meson energy 
so that this approximation is obviously a very poor one. Using the Heitler 
equation for radiation damping, this cross section can be made eventually to 
decrease with increasing energy. However, the cross section is still so large that 
one should observe nuclear disintegrations with a frequency very much higher than 
that measured in the underground radiation. ‘The cross sections, worked out 
using various approximations for the above five couplings, can be found in the 
literature (T'annenwald 1952). 

George, Redding and ‘Trent give a cross section of 4 x 10-2? cm2/nucleon for 
scattering of u-mesons with energies of 100-300 mev through angles greater than 
15°. ‘To fit this cross section one requires to take G/m2~0-3 in equation (5) for 
scalar coupling. ‘This coupling constant is unreasonably large. 
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One would expect such an interaction to make itself apparent in the p-mesic 
atom. However, by choosing pseudoscalar coupling in equation (5) which gives 
matrix elements proportional to v/c one can avoid an inconsistency with the 
recent .-mesic atom results of Fitch and Rainwater (1953), provided one takes the 
interaction to refer only to charged u-mesons. 

In view of the breakdown in the approximation methods used in pair coupling, 
one could use an empirical cut-off of the interaction as for example, was done in 
Wentzel’s ,u-pair theory of the charged 7 mesons (Wentzel 1950). However, this 
destroys the relativistic invariance of the theory. 

It is interesting to note, though possibly of not much significance, that using 
such a violent cut-off in the same energy range as used by Wentzel, one can make 
pair production of u-mesons in nucleon-nucleon improbable, and prevent a rise 
in the scattering cross section past the region where experimentally it seems to be 
at a maximum. 

In view of all the difficulties inherent in the use of a coupling between u-mesons 
and nucleons, it would seem very worth while to repeat the experiments on the 
scattering of u-mesons under more controlled conditions. 
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LETTERS TO THE EDITOR 


A Note on the Band Structure of Silicon 


Recently several papers have been published describing theoretical calculations 
on the electronic band structure of the diamond-type crystals of carbon, silicon 
and germanium. Herman (1952) and Herman and Callaway (1953) have used 
the method of orthogonalized plane waves to study diamond and germanium, 
while Zehler (1953) has investigated diamond by both the cellular and plane wave 
methods. ‘These workers agree that the lowest state of the conduction band at 
the origin of k space is triply degenerate and derived from a p-type atomic state ; 
in general, the quantitative agreement of their results with experiment is good. 
On the other hand, calculations on silicon by the cellular method (Mullaney 
1944, Holmes 1952, Yamaka and Sugita 1953) follow earlier work on diamond 
(Kimball 1935) in making the lowest conduction band state non-degenerate; of 
these calculations, only that of Yamaka and Sugita obtains a reasonable value 
for the energy gap. 

Since all three crystals would be expected to have similar band structures, 
it is interesting that our investigation of silicon agrees with the most recent work 
on diamond and germanium, with triply degenerate states bounding the forbidden 
energy gap above and below atk=0. As in the other calculations on silicon we 
have used the cellular method, expressing the one-electron wave function in each 
cell as a sum of solutions of a Schrodinger equation. ‘The spherically symmetric 
potential used in the equation is the simple Hartree field given by Mullaney 
(1944) in which the effect of exchange is neglected. However, instead of obtaining 
the energy levels by point matching conditions we have made use of a variation 
principle proposed by Kohn (1952) and developed by Jenkins and Pincherle 
(1954). In this approach the energy levels of an electron in a crystal are deter- 
mined by minimizing an expression related to the familiar Ritz variation integral, 
but containing an additional surface integral which expresses the continuity 
condition on the wave function. 

We approximate to the wave function of wave vector k and energy E(k) by 


¥(k) = 2.4.60) 


inside a cell containing one silicon atom, and this determines the form of the 
wave function in all other cells. The ¢,(A) satisfy 


[—4V2+V—A]6,2)=0 
where the potential V has spherical symmetry, and we can determine the angular 
parts of the 4, appropriate to a given k by group theory (see, for example, Bell 


1954). The condition determining the coefficients A, (in general complex) 
and E(k) is that the function 


J(AyA)=D—E(k)] 2 4,4,+ > > AAK Ak, 2) 


shall be stationary for variation of the A, and A. Here K,, is a sum of surface 
integrals of the form given in Jenkins and Pincherle (1954), where it is also shown 
that the stationary problem can be treated in two ways: (a) obtaining A— E(k) 
as the latent root of the K,, matrix for each value of \ and using variations of A 


/ 
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to determine the best value of E(k); (6) assuming that the best value of A is E(k) 
so that E(k) is equal to that value of A for which the determinant of the K,, matrix 
vanishes. ‘The determinant criterion is theoretically less sound, and as far as 
possible we have supplemented its results by the more laborious latent root 
technique, good agreement being obtained between the two methods. 

Our results for k=0 are shown in the table, the notation for the energy levels 
being that of Bouckaert, Smoluchowski and Wigner (1936), while the symbols 
for the angular functions used are taken from Von der Lage and Bethe (1943). 


Energy level type: a1 oer le. TS 
UU ———_~ 

Angular functions used: Oi, Ba 07, Oa) €ay 4 (reg oe 

Energy in ev: — 13-7 —0-85 0-45 23 


The convergence of the triply degenerate energy levels as the number of terms 
in the wave function is increased was sufficiently good to suggest that our values 
will not be greatly altered by including more terms. The difference between the 
3]”,, and 3I’|; levels is 1-3ev compared with the experimental energy gap of 
1-12 ev, but preliminary calculations in the (1, 0,0) direction suggest that one of 
the p-type conduction bands has a negative curvature (cf. Herman 1952, Herman 
and Callaway 1953). We are continuing this investigation since it may throw 
an interesting light on the electrical properties of silicon, and further details will 
be published shortly. 
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The Deuteron Bombardment of Oxygen 


Recently it has been shown that if the assumptions in the theory of the 
stripping process (Butler 1951) are modified so as to include an interaction between 
the proton and the bombarded nucleus (Horowitz and Messiah 1953), the 
absolute magnitude of the differential cross section is reduced considerably. 
The relation between this absolute magnitude and the reduced width of the 
level of the nucleus formed in the reaction has been determined when the 
assumptions used are those of Butler (Fairbairn 1953), and in favourable cases 
the absolute cross sections can be predicted. 

Such a case is the (d, p) reaction in which 1’O is formed, because the 170 
nucleus consists of a single neutron outside closed shells in either 7-7 or L—S 
coupling. Because the spin of 1°O is zero the two modes of coupling give the 
‘ same result, and if the reduced neutron width is taken to have its one-body 
value, viz. /?/(M,r9), the absolute cross sections can be predicted. In either 
coupling the two lowest levels of 170 are formed by adding a neutron to '*O in 
its ground state configuration, and therefore these two levels offer a means of 
testing Butler’s assumptions. 

The experimental results with which comparisons are made are those 
performed at 7:73 Mev (Burge et al. 1951) and at 19-1 Mev (Freemantle et al. 
1953) for the incident deuteron energy in the laboratory system. When 1O is 
formed in its ground state (Q-value 1-93 Mev) the neutron must have /, =2, and 
when the first excited state is formed (Q-value 1-04 Mev) the neutron must have 
1,=0; these restrictions on the angular momentum of the neutron follow from the 
spins and the parities of the nuclei involved as given by j-j coupling and confirmed 
by experiment. The value 77>=4:8 x 10- cm=(1-74 1-22A")10-%cm was 
used to calculate the theoretical results shown in the accompanying table. 


At 7-73 Mev At 19-1 Mev 


State of *’Or | (i) (ii) (iit) (iv) (v) (ii) ~— (ai) (iv) (v) 
Ground 2 35° 30 130 0:18 20° 20 120 0-13 
First excited 0 WS 50 80 0:51 Ss 15 40 0:27 


Column (i) /,-value; (ii) angle (c.m.s.) at which the measurement was taken; 
(111) experimental differential cross section in mbn sterad~!; (iv) theoretical 
differential cross section in mbn sterad~!; (v) reduced width (in units of 
h?/Myro”) which would give the experimental cross section. 


An examination of the results in the table shows that for each of the reactions 
considered the experimental cross section is smaller than that predicted from 
the theory by a factor of the order 2-6. ‘This is outside the limits of experimental 
error. It should be added that with the quoted value for 7) the theoretical 
angular distributions for the protons are in good agreement with experiment 
in each reaction, and that the error seems, therefore, to occur only for the 
absolute magnitudes of the cross sections. 

Although the hypothesis that the reduced width has its one-body value 
might be questioned, the necessity for such a nuclear constant to be invariant 
under the changing of the incident deuteron energy, and the differing values 
which would be required to give the experimental cross sections, show that there 
must be another source for the discrepancy. The previously quoted work of 
Horowitz and Messiah offers a guide as to where the error lies. 
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These authors have shown that the introduction of the proton—nucleus 
interaction leaves unaltered the form of the angular distribution in a (d, p) 
reaction, but reduces by a substantial factor the magnitude of the cross section. 
This reduction factor depends on the values of J,, the angular momentum of 
the proton, which are involved, and also on the energy of the bombarding 
deuteron. Such angular momentum and energy considerations give correctly 
the relative reductions in the above four reactions. It is hoped to do the more 
accurate calculations shortly. 

This work was done at the University of Birmingham, and the receipt of 
a Department of Scientific and Industrial Research maintenance allowance is 
gratefully acknowledged. 


The Mathematics Department, W. M. Farrpalrn. 
University of Glasgow. 
3rd March 1954. 
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REVIEWS OF BOOKS 


The Printing of Mathematics, by 'T. W. Cuaunpy, P. R. Barrett and CHARLES 
Batey. Pp. ix+105. (Oxford: University Press, 1954.) 15s. 


Most physicists know that it is easier, and therefore cheaper, to print 
a+x 


(a+x)/(6+y) than oe and \/(x+ 7) than Vx+y. They might be in doubt 


whether e“" is any more difficult than e“’, and most would be surprised to learn 
that x, is cheaper than x7. 

Here is a book which makes the reasons clear, by actually describing the 
processes of composing on a monotype machine and by hand. ‘The authors are 
men of quite exceptional experience in the field of mathematical printing, and 
have written an account which cannot fail to interest anyone of enquiring mind; 
but they have gone further, and provide a reference work in which the author 
pressed for symbols may see what is available in different founts, whether a 
letter can easily be printed with a dot, bar, accent or tilde over it, and can even 
see a specimen legible handwriting for Latin and Greek letters. 

It would have been great fun to mention a misprint, but this reviewer, at 
least, has failed to find one. J. H. AWBERY. 


Four-Place Tables of Transcendental Functions, by W. Fitcce. Pp. 136. 
(London: Pergamon Press, 1954.) Price 25s. 


Professor Fligge has prepared this book with a view to making the practical 
use of some of the transcendental functions easier, and therefore commoner. 
In addition to the trigonometric and hyperbolic functions, he has chosen to 
include the exponential function and its inverse, the logarithm; the two kinds, 
J and Y, of Bessel functions, of zero and first order, and their representatives 
for imaginary argument, | and K; the functions ber, bei, ker and kei, which 
give the real and imaginary parts of J(#./7) and K(x,/7); the first derivatives 
of the last four; the elliptic integrals of the first and second kind; the error 
function; Fresnel’s integrals; the sine, cosine and exponential integrals, of 


which the last is | (e"/B) d8; and finally, the gamma function. 


The tables are in nearly all cases to four significant figures, and great care 
has been taken to ensure that interpolation is simple; in every case, means of 
calculating values outside the range of tabulated arguments are given. There 
are also collections of formulae. 

The lay-out of the tables seems to the present reviewer to have aimed at 
too much economy in printing. ‘The first figures of an entry are not printed 
if they are the same as in the line or lines above, and copious use is made of 
asterisks to denote that in fact these unprinted figures are to be taken from the 
following, and not the preceding, line. Considerable use, too, is made of the 
device of taking out a power of 10. This leads to entries which are sometimes 
difficult to unravel. J. H. AWBERY, 
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Bessel Functions and Formulae, compiled by W. G. BickLEy. Pp. 12. 
(Cambridge: University Press, 1953.) 3s. 6d. 


This is a collection of about two hundred formulae reprinted without change 
from the introduction to Volume X of the British Association Tables. 

‘The various kinds of function are defined and all main formulae are listed, 
e.g. recurrence relations, asymptotic expansions, addition formulae, integral 
representations, etc. A. N. GORDON. 


Progress in Nuclear Physics, Vol. 3, edited by O. R. Friscu. Pp. vii+279. 
(London: Pergamon Press, 1953.) 63s. 


The continued expansion of research in physics is reflected by the growth of 
publications in which progress is summarized and expounded by specialists in 
different branches. It is interesting to trace their development from the separate 
reports sponsored by Physical Societies a generation ago. ‘The best-known 
examples in English are the Reviews of Modern Physics, which include summaries. 
as well as articles that are largely original work, and the annual Reports on 
Progress in Physics, where invited articles of a survey character are traditional. 
During the past few years publications have begun to appear which are closely 
similar to the Physical Society’s annual Reports, but are restricted to a single 
branch of physics. When such a publication appears for three years without 
change of character or loss of quality it may be reckoned well established; 
such is the situation as regards Progress in Nuclear Physics, published by the 
Pergamon Press under the editorship of Professor O. R. Frisch. 

The third annual volume contains nine articles, all of high merit though 
diverse in character. One group is formed by the accounts of diffusion cloud 
chambers by M. Snowden, of energy measurements with proportional counters 
by D. West, of Cerenkov radiation by J. V. Jelley, and of solid conduction 
counters by F. C. Champion, together with an article on the production of intense 
ion beams by P. C. Thonemann. ‘These provide very useful summaries of 
phenomena and of techniques based upon them, and are naturally written by 
experimenters for experimenters. “The articles on oriented nuclear systems 
(R. J. Blin-Stoyle, M. A. Grace and H. Halban) and on the annihilation of 
positrons (M. Deutsch) deal with subjects in which theoretical considerations 
are inseparable from the description of experimental advances; they are both 
written in concentrated style and assume the reader to be well grounded in 
theoretical principles, though they contain nothing that can be described as 
advanced or difficult. 

The article on stripping reactions by R. Huby is more definitely theoretical 
in character, though experimental methods and results are given. ‘The final 
article, on the collison of deuterons with nucleons, by H. S. W. Massey, is con- 
cerned with pointing a way to future progress even more than with reporting 
what has already been achieved. It develops the thesis that the loose binding 
of the deuteron “ makes possible the development of approximate theories 
which relate the effects to be expected in high energy collisions of nucleons with 
deuterons to those which arise in the corresponding collisions between nucleons’”’. 

P. B. MOON. 
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The Molar Heats of Lead Sulphide, Selenide and Telluride in the 
Temperature Range 20°K to 260°K 


By D. H. PARKINSON anp J. E. QUARRINGTON 
Ministry of Supply, Radar Research Establishment, Great Malvern, Worcs. 


MS. received 14th January 1954, and in amended form 24th March 1954 


Abstract. Anapparatus suitable for calorimetry at low temperatures is described. 
With it, the molar heats of lead sulphide, selenide and telluride have been 
measured between 20°K and 260°K. ‘These salts show a normal family of molar 
heat curves, from which the usual thermodynamic functions have been calculated. 
An analysis of corrections required with the method of calorimetry used, is 
given in an Appendix. 


§ 1. INTRODUCTION 
f ‘HE electrical properties of lead sulphide, selenide and telluride and other 


semiconductors have been under investigation in this laboratory for a 

number of years. More recently work has been extended to their thermal 
properties. This paper deals with an investigation of the molar heats of the lead 
salts from 20°K to 260°K, which will be extended to lower temperatures in due 
course. 

The present specimens were collections of synthetic single crystals prepared 
by Mr. W. D. Lawson. ‘The sulphide, selenide and telluride crystals weighed 
34-43, 38-11 and 61-97 grammes respectively; at 290°K their specific con- 
ductivities were ~ 150, ~500 and ~ 100 ohm™! cm! respectively and the concen- 
trations of free charge carriers were ~ 2 x 1018, ~3 x 10'§ and 10!* respectively, 
all deduced from Hall constant measurements carried out by Dr. E. H. Putley. 
Each collection of crystals contained about equal weights of p-and n-type, but 
any resulting differences in heat capacity can be expected to be masked by the 
experimental errors in this work. 

A well-known technique for determining heat capacities was used. The 
calorimeter was suspended in a high vacuum enclosure, the shield, kept at a 
constant temperature near to that of the calorimeter, the temperature drift of 
which was recorded before and after the heating period. By extrapolation into 
the heating period the corresponding temperature rise could be obtained. This 
method has been used frequently in the hydrogen and helium ranges of tempera- 
ture but in the experiments described here it was used up to 260°K. At these 
comparatively high temperatures the thermal isolation from the surroundings 
began to deteriorate. ‘This necessitated corrections which are dealt with in 
the Appendix. 

A particularly simple construction for the calorimeter was followed so that 
the temperature recorded was that of its walls and not necessarily that of the 
contained specimen. ‘This facilitates the analysis leading to the corrections in 
question. 

PROC. PHYS. SOC. LXVII, 7—A 41 
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§ 2, EXPERIMENTAL 


The calorimeter used in these experiments was a cylinder 3cm long, 3cm in 
diameter, of wall thickness 0-1 mm and with domedend. ‘The bottom was sealed 
in position with soft solder ; Wood’s metal was used to seal the top, to which was 
attached the thin-walled (0-1 mm) spiral cupro-nickel tube F (figure 1), 20cm 
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Figure 1. Schematic layout of cryostat. 


long x 1mm o.d. ‘Thermometer and heater coils were wound non-inductively 
on the outside of the drum, insulated electrically, held in place and covered 
by araldite varnish. ‘The heater was a 475 ohm coil of 40 s.w.g. constantan. 
The thermometer was of platinum annealed electrically at a bright red heat in 
air before winding. It was wound by hand so as to avoid kinks and strains. 
Leads of constantan, 42 s.w.g. for the thermometer and 34 s.w.g. for the heater 
were used. 

The tube F and thermometer leads were regarded as an integral part of the 
calorimeter, so that to dismount it they were detached from the binding post P 
and the tube D at fixed points. ‘he specimens were sealed into the calorimeter 
by breaking and remaking the Wood’s metal seam at its top. The weights of 
solder and Wood’s metal used in all operations were carefully recorded. 

Figure 1 shows schematically a calorimeter mounted in position in the 
cryostat. ‘The general layout is very similar to that described by Parkinson 
Simon and Spedding (1950, to be referred to as I) and also by Hill (1953). i 
figure 1, B and C are both vacuum cases. For operation in the temperature 
ranges of liquid hydrogen, nitrogen or oxygen the vessel A was filled with the 
liquid concerned and the calorimeter cooled to the normal boiling point by using 
exchange gas in B. ‘This gas was then removed and more gas condensed in D 
in the usual way (I). The liquid formed ran into the calorimeter and was there 
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available for vapour pressure calibrations of the thermometers. The liquid in 
the calorimeter was finally removed by pumping and using the calorimeter heater 
to keep the temperature just above its triple point. Alternatively, when vapour 
pressure calibrations were not required, cooling by exchange gas only was used, 
with the vessel A pumped to the required temperature. During heat capacity 
measurements the vessel A, and consequently the inner vacuum case or shield 
B, was held at a fixed temperature by controlling the vapour pressure in A. 

At temperatures between or above those ranges already dealt with the coolant 
liquid was placed in the outer dewar and the temperature of A and hence B raised 
to the required level, using the constantan heater G. The heat dissipated in 
G just balanced all losses by conduction etc. to the cooling liquid in the outer 
dewar. The current through G was controlled automatically using a platinum 
resistance thermometer wound on A. The control circuit, which is of orthodox 
design is shown in figure 2. The platinum thermometer forms part of a non- 
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Figure 2. 


inductive 50 c/s a.c. bridge. ‘The out-of-balance signal of the bridge is then 
amplified and used to operate a thyratron controlling the heater current. As 
arranged here the required temperature is set using the resistance box R4 and the 
circuit with the components indicated is suitable for handling large out-of-balance 
signals when it is necessary to move the temperature of A and B quickly. Their 
temperature can in fact be swept through 50°K and be balanced at its final point 
in approximately 10 minutes. At the balance point the temperature of A shows 
a short period overall fluctuation (about 1 min) of approximately 1/60°K super- 
imposed on a longer period overall fluctuation (about 20 min) of 1/25°K, 

In all temperature ranges measurements were made with the calorimeter 
within a few degrees of the temperature of B. ‘The normal procedure of observing 
the temperature drifts before and after heating until internal equilibrium was 
achieved, as shown by linear drifts, was followed. ‘The circuit for observing 
and recording temperatures was identical with that described in I, using a five- 
decade Tinsley Wheatstone bridge type 3352. ‘The heater resistance was 
determined as a function of temperature in subsidiary experiments and the heating 
current measured using a Tinsley potentiometer type 3387B. ‘The heating 
interval was measured on a calibrated stopwatch reading to 1/5 second which was 
mechanically controlled by the heater current switch. 
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Calibration of the thermometer was carried out using the vapour pressures of 
hydrogen, nitrogen and oxygen, together with CO, point and ice point deter- 
minations. Interpolation for the intervening ranges of temperature was carried 
out using the procedure described in I. The ice point 90°K and 20°K resistances 
were 142-587Q, 34:645Q and 0-817Q respectively. 

In these experiments the heat capacity of the calorimeter was first measured 
in an independent series of experiments. Then followed the experiments with 
the lead salts; with all three a certain amount of contamination of the calorimeter 
was observed after the experiment. This was most marked with the sulphide, 
and seemed to be due to the formation of a film of copper sulphide. The loss 
in weight of the sulphide specimen was less than 0-005gramme. With the 
selenide and telluride the contamination was progressively less. ‘The specimens 
were not heated appreciably while the Wood’s metal seal of the calorimeter was 
made. After mounting, the calorimeter was always kept with a few millimetres 
of helium gas inside. 


§ 3. RESULTS 


The method of correcting heat capacities is dealt with in the Appendix. 
In figure 3 the corrected molar heats of all three salts are shown. The molar 
heat of lead sulphide has been investigated earlier in this temperature range 
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Figure 3. Molar heats of lead salts. 


by Eastman and Rodebush (1918) and by Anderson (1932). Of these, the more 
recent work of Anderson is likely to be more precise and is much more complete ; 
his points are shown in figure 3 both for galena and synthetic crystals. ‘The 
agreement with the present work is highly satisfactory. 

The results for lead selenide and telluride are as consistent as those of the 
sulphide. In view of the number of points available it is permissible to smooth 
by eye using large-scale graphs. ‘Taking into account the observed scatter the 
smoothed results should be correct to 3% below 100°k and to 14°, at 200°K pro- 
vided there is no unforeseen systematic error present. Table 1 shows the smoothed 


molar heats of these salts with the corresponding values of C, and 6), the 
Debye temperature. 
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The correction of C,, to C, with lead sulphide has been made using the normal 
thermodynamic equation and using the expansion coefficient (Sharma 1951) 
and compressibility (Bridgman 1925). Extrapolation to the low temperature 
range was made using the expression C,—C,=AC,?7. With lead selenide 
and telluride the value of A was calculated using the melting point formula of 
Schrédinger (1919). 

8, has been calculated from each value of C, shown in table 1; above 200°K 
the values of @p are so sensitive to small changes in C,, that they are not shown, for 
no significance can be attached to their variation. The variation in the range 


Table 1 
fh PbS : PbSe PbTe 
(°K) 
Cp Cy Op Co Cy Op Cp Cy OD 
20 1-96 149 2°82 Ware 
25 2°81 159 8-44 144 4-24 128 
30 3-63 167 4-48 148 5-45 130: 
35 4°34 176 5-41 152 6-41 6-40 131 
40 4:99 184 6:24 6-23 154 7-28 7-26 132 
45 5-58 S257 190 7-03 7-01 155 8-03 8-00 133. 
50 6-13 6-11 197 7-64 7°62 157 8-58 8°55 134 
55 6-61 6:59 202 8:10 8:07 160 9-04 9-00 135 
60 7-05 7-03 206 8-49 8-46 163 9-40 9°35 136 
65 7°45 7-42 210 8-85 8-81 164 9°71 9-65 136. 
70 Wey 7°78 214 9-19 9-14 165 9-99 9-93 137 
75 8-16 $-12 Zi 9-48 9-43 166 10-2 10-1 137 
80 8-50 8-45 218 DES 9-67 167 10-4 10:3 139 
85 8-80 8-75 219 9-96 9-89 167 10-6 10:5 139 
90 9-06 9-00 220 OED 10-1 168 N@=7/ 10-6 138 
95 9-28 9-21 222 10-4 10:3 167 10-8 10-7 138. 
100 9-50 9-42 223 10-5 10-4 165 10-9 136 
105 9-68 9-60 223; 10-7 10:6 166 ila cal 10-9 138. 
110 9-84 Pegs 225 10:8 10:7 165 11-0 135 
AS 10-0 9-90 225 109 10:8 162 iliheor Iho 138 
120 10-1 10-0 227, di: 10-9 163 tiles) 12 136 
130 10-3 10-2 230 La ike 160 ibibo) lathe 135 
140 10-6 10°5 227 ishs lake 156 11-6 11-4 130: 
150 10°8 10-7 227 (She shies) 150 117 ASS) 125 
160 TAO 10°8 226 iN 11-4 144 Weal te} 11:6 124 
170 A Fike| 10:9 226 1 139 11-9 11-6 divs 
180 11-0 227 1 1 139 11-9 : 115 
190 tes 11-1 228 1 1 UBS7A 11-9 i187) 118 
200 1 ie? (apni 11:8 1 138 11-9 1d7 125 
210 11-4 tie? 1:9 1 12-0 sl7/ 
220 JES Ltis3 19 ihe7) 12-0 TET 
230 11-6 1 11 il og/ 12-0 . 
240 11-6 11:3 THES iiheys 12-0 iil 37 
250 MAs7 11-4 12-0 iWlog/ 
260 iL 9¢/ 11-4 12-0 vor! 


Units of C, and Cy are cal mol~ deg. 
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20°x to 100°x is significant ; as the weight of the atom combined with lead decreases, 
the divergence from a Debye law increases. This is to be expected from general 
lattice theory, and apart from this these salts show, so far, a normal family of 
C,/T curves. There is no result which can be used immediately to explain the 
fact that the infra-red lattice absorption edges are not in the order of increasing 
molecular weight (Gibson 1952). When the course of the molar heats has been 
measured down to 1-2°K an analysis leading to the form of the Debye spectrum 
will be possible; unfortunately the accuracy with which this can be done is not 
high. 

Table 2 shows for each salt the thermodynamic functions entropy S— S59 
and internal energy U— Ugy. 


Table 2 
PbS PbSe PbTe 

T(°K) S-S5o U-U29 S-S'o9 U-U 29 S-So9 U-U2 

50 3-58 126-7 4-41 157-0 5-46 185°3 
100 9-03 527-6 10-77 619°5 12-36 685-0 
150 13-15 1033 15-24 1166 16-97 1247 
200 16°35 1581 18-63 1743 20-38 1828 
250 18-93 2145 Zio 2326 23-06 2412 
300* 21-07 2716 Z3roL 2913 SPS) 2996 


Units of entropy are cal (g mol) deg™!. 
Units of internal energy are cal (g mol)71. 


* Extrapolated values. 
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APPENDIX 


Keesom and Kok (1932) have dealt with the calculation of heat capacities under 
the comparatively simple conditions where the thermometer, specimen and 
calorimeter are at all times in equilibrium with each other. Owing to the nature 
of many specimens of which the heat capacity is required (e.g. a collection of 
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crystals) it is quite impossible to construct a calorimeter in which internal equili- 
brium can always be guaranteed, and this is obviously so when it is necessary 
to rely on a few millimetres of helium exchange gas to establish thermal contact. 
Under these circumstances the specimen and calorimeter do not necessarily 
follow the same temperature course. 

Figures 4(a) and 4(b) show the nature of the temperature-time curves which 
are observed during heat capacity determinations and relate specifically to the 
type of construction used in the preceding paper. The fact that overheating 
at Q in figure 4(a) is very small even for high heating rates shows that thermo- 
meter, heater and calorimeter are in very close thermal contact. In the analysis 
which follows it is assumed that the thermometer measured the true calorimeter 
temperature at all times and that the heater was very closely coupled to the 
calorimeter. 
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Figure 4. 


In figure 4 (b) over-heating is shown. ‘This can always be observed under 
the right conditions when the calorimeter and specimen are linked by thermal 
exchange gas only. In experiments the calorimeter can always be isolated 
thermally from the surroundings sufficiently well for the portions R and S of 
temperature-time curves to appear as straight lines over periods of at least ten 
minutes. They are in fact parts of shallow exponential curves. 
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It is assumed that the rate at which heat can be exchanged between shield and 
calorimeter is proportional to the temperature difference and that it is charac- 


terized by a ‘thermal exchange coefficient ’ k (units, cal deg™* sec). A similar 


coefficient K is defined for the exchange between the calorimeter and specimen. 
k is usually small compared with K but may well be up to some 6 to 8% of it 

The linear portions R and S of the measured calorimeter temperature-time 
curves are extrapolated into the heating interval. Now the heat lost or gained 
from the shield by the calorimeter in any interval ¢,-t, is given by 


a {T, — F(t)} dt 


where F(t) represents the variation of calorimeter temperature with time. This 
integral is represented by the area l|mnqrs in figure 4(6); the point x in time 
at which to measure the temperature rise AJ’ must then be such that area 
Imoprs=area!mnqrs or such that the areas L+N=area M. It follows at 
once that where over-heating exists x occurs sooner than the mid-point of the 
heating interval. If an automatic recorder is used to trace the temperature 
time curve, x can be found graphically, very rapidly and with sufficient accuracy. 
Otherwise it is very convenient to get a first estimation of AT” by taking x at the 
mid-point of the heating interval. If the error in time by so doing is 6¢, it follows 
that the error « in AT” is given by «=6dt(d6,/dt—d0,/dt). In the linear ranges. 
R and S it is reasonable to make the approximation that the temperature curves 
for calorimeter and specimen are parallel; this follows from the condition that k 
is small compared with K. Therefore (c+s) d6,/dt=k(T)—6,) and similarly 
for d0,/dt, whence « = dtk(@,—6,)/(c +s) ore =dtkAT’/(c+s). AT” in this equation 
is the rise in temperature at the mid-point of the heating interval; c and s are the 
heat capacities of calorimeter and specimen. AT” is always smaller than AT”, 
consequently the heat capacities are systematically over-estimated by taking 
x at the mid-point of the heating interval. However, « is very small at low 
temperatures since k ~ 10~ or less and the ratio AT” /(c +s) is usually of the order 
of unity. 6t depends chiefly on the height of the over-heating peak at Q. This 
can be reduced by choosing a suitably small heating rate and lengthening the 
heating interval. In all the experiments described in the preceding paper the 
temperature rise has been calculated at the centre of the heating period, but the 
resulting bias is negligibly small at low temperatures and at the highest temperatures 
is less than 3% (Rk ~ 10-3, 8t<10sec and AT” /(c+s) ~ 0:3). 

Now assume that the heat capacity c of the calorimeter is accurately known 
and A7” has been found as above, then the apparent heat capacity s’ of the specimen 
can be and has frequently been calculated assuming that calorimeter and specimen 
rise through the same temperature, i.e. H=(c+s’)AT’, where H is the total heat 
generated in the heater. In fact H=cAT’+sAT whence sAT=s’AT", and 
provided the ratio AT”’/AT can be found s’ can be converted tos. From figure 4(4) 
it can be clearly seen that AT is always greater than A7”, so the apparent specimen 
heat capacity s’ is always greater than s. 

AT’/AT can be calculated sufficiently accurately without a detailed analysis 
of the differential equations governing the temperatures of specimen and calori- 
meter with only the conditions given above, namely k is small compared with K, 
the ranges R and S can be treated as linear, and in these ranges the specimen 
and calorimeter temperatures follow parallel lines. 
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Using the symbols shown in figure 4(b), 
EDN, Op Ons) a ee meta gers (1) 
The equations governing the calorimeter at o and p are 
k(T)—0,)—K8,=cd0,/dt and k(T,—6,)—K5,=cd6,/dt. 
Subtracting, we have 
k(@.—6,) — K(8, —5,) =c(d0,/dt — d6,/dt) 
whence from (1) 
RAT’ — K(AT—AT") =c(d0,/dt—d0,/dt). = se. (2) 
Then the if linear parts of the calorimeter and specimen temperature curves 
are taken as parallel, 
d0,/dt =k(T,—6,)/(c+s) 
with a similar expression for d@,/dt. Subtracting these expressions, 
d0,/dt — d0,/dt =R(6,—6,)/(c+s)=RAT'/(c+5). 
Substituting in (2) and re-arranging, 
AT/AT’={1+ks/K(c+s)} and s=s'/{1+ks/K(c+s)}. ...... (4) 
Since the correction is not large, s’ can be written for sin the right of equation (4). 
k and K can be found from the recorded calorimeter temperature curve. 
In equation (3) s’ can be used for s without serious error, and 6,, d6,/dt, T) and 
c are known for any series of determinations about a given 7). Hence k can 
be calculated as a function of temperature with reasonable precision. It is to 
be expected that k will only depend on the calorimeter and its coupling to the 
shield, including radiation. In figure 5 values of k derived from the three series 
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of experiments described and also from the empty calorimeter heat capacity 
determinations are shown. ‘They are in satisfactory agreement with each other 
and behave as expected. Above 120° radiation becomes the predominating 
factor; as its contribution to k becomes more important the assumption of heat 
exchange proportional to the temperature difference will begin to break down; 
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but since the temperature difference between calorimeter and shield is rarely 
more than 2°xK in the high temperature range, the consequent errors are very small. 

Kcan be derived readily from the over-heating portions of the curves. Consider 
for simplicity those drift curves in which the final calorimeter temperature is 
equal to that of the shield, then in the linear range 7,=0=4. In figure 4(c) for 
all the temperature range shown c(— 7) =s(T)— 4), neglecting any losses to the 
shield, which are very small under these circumstances. Thus ¢= 7) —(@— T,)e/s. 
But the full equation for the variation of @ is 


c d0/dt+ K(@—4)+R(0—Ty)=0  — ye es (5) 
whence c d0/dt +{K +(Ke/s)+k}(9— 7 ))=0. The solution to this equation is 
((96—T,)=Aexp(—f/ct) where B={K+(Ke/s)+R}. ¥ 
It follows that if 9 and ¢ are known for two points in the over-heating period, 
A can be eliminated and 


B/c=(Ks+ Ke+hks)/sc = (In (0’ — Ty)/(0" — To))/(t’ —t’) 
or K=sce/(s+c)[(in (0 — T,)/(0" — Ty) }/(@ —t") —R/c]. 


k/c is a small term which can usually be neglected, which confirms the initial 
assumption that the loss to the shield is negligible, in which case the term involving 
Rk in (5) could have been omitted. 

Values of K, which can be quickly deduced from the experiments, are shown 
infigure5. At250°K has risen to about 6%, of Kinallexperiments. K depends 
on the internal geometry of the calorimeter, its internal surface, the surface of 
the specimen, their effective separation and the filling of helium exchange gas 
(2 mm at 300°k). Of these, the surface areas of the specimens are likely to be 
considerably different, likewise the effective separations, and it is fortuitous 
that the values of K for the sulphide and selenide agree with each other. 

It has been tacitly assumed throughout that the specimen is of reasonably 
high thermal conductivity, so that it is possible to regard it as being at one 
temperature at any time. If the surface area of the specimen is, say, 20 cm?, 
the average rate of transfer of heat through the surface is 10-°calcm™-?sec~. 
Devjatakova et al. (1941) give values of the order of 10-?calem™-! deg! for the 
thermal conductivities of the sulphide and selenide. ‘Taking into account the 
minimum dimensions of the crystals, the conditions of the analysis are sufficiently 
nearly approached in the experiments. If this were not so the over-heating part 
of the temperature-time curve would not be a simple exponential but would 
contain a contribution depending on the thermal conductivity of the specimen. 
This was not observed in these experiments. 

The correction s=s’AT/AT becomes appreciable at about 120°x, where it 
is rather less than 3°, and progressively increases up to 260°k, where it is approxi- 
mately 4%. An important point arises here, namely, that the appearance or not 
of ‘over-heating’ is no criterion for the necessity of this correction, for it is always 
possible to choose a small enough heating current so that the over-heating is 
inappreciable. ‘The presence of over-heating simply gives a convenient way of 
measuring K. ‘The ratio of k/K is the important criterion; here this decreases 
very rapidly as the temperature falls to 100°K, and the resulting correction is 
negligible down to 30°K. In the lower temperature ranges this need not be so, 
particularly if the vacuum conditions about the calorimeter are not perfect. 
Consideration of this correction in the helium and hydrogen temperature ranges 
will be made in a later paper. 
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The heat generated in the heater leads cannot be divided equally between the 
calorimeter and shield, as in the adiabatic method, unless it can be shown that 
during the heating interval the temperature of the centre of the leads becomes 
considerably higher than that of either the calorimeter or shield. ‘The proper 
course is to make this unwanted heat generation as small as possible: here it 
was $°% of that in the heater. An order of magnitude calculation shows that to 
add half the heat generated in the leads to that generated in the calorimeter is 
only a crude approximation, and the errors arising from this are likely to lead to 
an overall scatter of the order of }%. In the higher temperature range in fact 
it increases to about 2%. This is due to the residual lack of constancy in the 
shield temperature combined with the increase in the value of k, 

Conditions are reasonably good with the present apparatus up to 150°K. 
‘To improve the consistency at higher temperatures a smaller variation in the 
shield temperature is required combined with the conventional highly polished 
foil around the outside of the calorimeter to reduce k. In this way the size of 
the corrections can be reduced as well as the overall scatter. 
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Riesz Potential and the Elimination of Divergences from Meson Theory 
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Abstract. Using a modified definition of Riesz potential for the neutral vector 
meson field, the potential on the world line of a nucleon is calculated. The 
‘lower order’ meson potential corresponding to « = —2 is given. 

Finally the self-energy of a nucleon in direct interaction with neutral vector 
mesons as well as with pseudoscalar mesons is evaluated. A finite expression is 
obtained without having to introduce any cut-off factors or auxiliary fields. 


§ 1. INTRODUCTION 


N two earlier papers (Kothari 1954 a, to be referred to as II; 1954b) the method 
| of analytic continuation, first developed by Riesz, was applied to quantum 

electrodynamics. It was shown that the divergences associated with the 
self-energy of an electron, vertex part of a Feynman graph and the photon self- 
energy could be eliminated in a consistent way without having to introduce any 
arbitrary cut-off factors or any auxiliary fields. ‘The purpose of the present paper 
is to extend the method to meson theory and to show how some of the divergences 
arising here can also be eliminated. For the greater part of this paper we will 
confine outselves to neutral vector mesons, though it is not difficult to extend the 
results to other renormalizable meson theories. 

The method of analytic continuation was first used in meson theory by 
Fremberg (1946). He and, later, Majumdar and Gupta (1949) used this method 
for deriving the equation of motion of a nucleon in a meson field. For evaluating 
the meson potential and the field tensor on the world line of the nucleon the Riesz 
potential at any point x is defined by them in terms of an integral in coordinate 
space which, as in the electromagnetic case, is an analytic function of an arbitrary 
parameter « (« real or complex). Fremberg considers a single neutron of mesic 
charge g and mass x, describing the world line with a velocity v,, and defines the 
Riesz potential .7,°(«) for this case as 


Kod Sean / 
ae 2-1 (1 — $a) o DS reel eae Xer et net (1) 


where 7 is the proper time of the particle and r,,= x, — 2,', 17? = (xq — &9')?— |x — 2’ |?. 
The above integral converges for «<0. 

A modified definition of the Riesz potential for the neutral vector meson field 
was given some time back by Kothari (1952, to be referred to as I). He works in 
momentum space and, as he has shown, the new definition represents a generali- 
zation in the -plane of meson potential in interaction representation. Here 
we will discuss some of its consequences. We will show how the method of 
analytic continuation can be linked up with the techniques of Feynman and 
Dyson, and then successfully employed to eliminate the divergences arising in 
renormalizable meson theories. 


: 
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In the next section, after introducing the modified Riesz potential for the 
neutral vector meson field, we evaluate the potential on the world line of an arbi- 
trarily moving point particle. As we shall be working in the interaction repre- 
sentation, the meson potential, instead of being defined by the retarded expression 
everywhere, is defined differently in different parts of the light cone of z. The 
various expressions have been worked out and it is shown that only in the region 
outside the light cone of z the potential in the interaction representation reduces to 
the retarded potential. In § 3 ‘lower order’ potential is discussed. In the last 
section a generalization of the Feynman function D,,, is obtained in the «-plane 
and the self-energy of a nucleon in direct interaction with neutral vector meson 
and with pseudoscalar meson fields is evaluated. 


§ 2, POTENTIAL ON THE WoRLD LINE OF A POINT PARTICLE 


The modified Riesz potential for the neutral vector meson field due to a point 
source is defined in I and is given by (notation used is the same as that in I, except 
that here we have replaced k by y and y by yx»), 


A,(«) = ‘aes v,(2')D,4a—2'\dr hace (2) 
where 
H oor ‘ 
D(x) = is ik (oy tyer sin [Rady naan (3) 
xo = hy? [AP 


and /, is a constant of the dimensions of length, introduced to make the dimensions 
of A,°(x) independent of «. (This appears in some of the final results and intro- 
duces a certain arbitrariness. ‘This arbitrariness, however, is not peculiar to the 
method of the Riesz potential. | In the theory of Feynman and others the cut-off 
factor introduces the same arbitrariness.) We have also shown in | that the right- 
hand side of (3) can be partly integrated and yields 


| H(x)he 8 eS 
G(x) = — ara ata i. (x? — x07)? U(xs) dx eer (4) 
where 
Jo(xs) for'%, |x| 
U(xs) = 0 Ce Wd er ed Pera as (5) 


— Jo(xs) for —| x|>%, 
Saxo | xl 
If the field point x lies outside the light cone of 2, i.e. 
|x — 2|>(%» — 2%) > —| x-2|, 
it follows from (2), (4) and (5), after putting t=(y?— x9)", that 


CT ret ) 2 “oO 
tPA) ate ( wetL Ory? EME dts occu (6) 
) 


ASG) =Haheg | “BS del | 


The integration over t can be carried out by using Sonine’s formula (Watson 1944), 
and it is readily seen that (6) reduces to (1). ‘Thus the new definition for the Riesz 
potential reduces to Fremberg’s definition in the region outside the light cone of z. 
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To evaluate the potential at any point « due to a point particle moving along 
the world line z=2(7) we substitute for D,%(«—2’) from (4) and (5) in (2) and 
analytically continue the whole expression o «=(, obtaining, 


A,(x)=4, (x) =g { is v,(2") {a(a az)+ : 2 Uyor)} ditt Slee (7) 


where it is now understood that U(y97)=0 on the light cone, the A singularity of 
the function 0 U(x 97r)/ér having been explicitly written down in(7). Ifthe point « 
lies outside the light cone of the point gz, i.e. if 


lx —2yn~ —2/<0,. ao os See (8) 


we can write A,(«) as 


A,, (x)= 


—gx0 [ela M(xer) ar. ene (9) 


The integral in (9) is to be taken ae the world line of the particle from the point 
2(7’ = — «) to the ‘retarded point of « — 2(7,,4)’, i.e. the point where the retrograde 
cone with its vertex at x« intersects the world line of the particle. 

In the case where x lies in the future part of the light cone of g, i.e. if 


LU, 
eee Bilre 


[x—z,x—2]>0, Ne — 85D, ~ Pee ee (10) 
we have 
iG Son | ER anc ralnn ee (11) 
If the point x lies in the past part of the light cone of g, i.e. if 
[xw—z, x—z]>0, Xoo 0. eee - (12) 
then 
| RV T ret oe 
ANG) = ail, Teel ee Me] ee 
+8x0 |, OA Si(Xor) dr’ RC WOM Diet (13) 


where 2(7aqy) 1s ‘the advanced point of x’. 

The meson potential outside the world line of the particle is given by the 
expression (9). ‘This agrees with the result deduced by Fremberg and others. 
The potential on the world line of the particle is given by the average value of the 
potential in the future part (11) and in the past part (13) of the light cone of z: 


W.i. § iC Tret ‘\a— ‘ 
Ayn $f a 1 eyo [eye Aer) de 


On 


ret [v, x — 32] 


adv 


as x—z->(. The limit of the first two terms on the right-hand side of (14) as | 


x —z-> 0) can be shown to be gdu,/d7. Thus we have 


w.l, Tret = ( 
ay 1 = gdv,/dt— gx " 0,(8 yr 17 (x07) dr’. avelemonete (15) 


The expression on the right-hand side agrees with the result generally obtained 
for the potential on the world line of the particle. 
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§ 3. ‘ LowER ORDER’ POTENTIALS 


The usual meson (or electromagnetic) potential is a particular case, 
corresponding to «=, of the more general Riesz potential 4,(x). For all 
a=2m(m=1,2,...) the potential 4,°(x) vanishes. However, for negative integral 
values of « it is not necessarily zero. It is of some interest to consider the potential 
A,;*(x), where 4,*(«) represents the analytic continuation of A,°-? to «=0. 

It is easily seen that (2) satisfies the equation 


(iserg ee a eee (16) 
When ~« is made to tend to zero we obtain 
A,(8)=A,(x) =I O+ x4 AH) eee (17) 


i.e. the usual meson potential A,,(x) is defined in terms of a ‘lower order’ potential 
(the term ‘lower’ or ‘higher’ is relative and depends upon the notation). To 
evaluate 4-*(x) we consider (2) and (3) with « replaced by «—2: 

H(« — 2) 2g 


A(x) = Dea 


| iP Yul" )(X? — X07) sin [A, « — 2"] d*k dr’. 
D ¥ —aw 


It readily follows that in the space-time region defined by (x )— 2%) >| x—3| 


Pe |i age 
A,2-*(x) = H(a)ho-2g i; ies 10-942 + 2) AY E7(22-+ y,2)¥2] dtdz,’, ...... (19) 


(dz,=v, dr). Continuing to «=0, we obtain 


“Tret . 
TE CNSS TAR RGRAY Fae BPR er (20) 
For the electromagnetic case J)(x97)=1, and we have, replacing g by e, 
ar (x)—=sely 2) |. (electromagnetic case), ~ .....- (21) 
a result which has been obtained earlier by Riesz (1949). 


§ 4. SELF-ENERGY OF A NUCLEON 


We will now evaluate the self-energy of a nucleon in meson field. T'reating 
from now on the meson potentials 4“(«) as operators instead of c-numbers, as in 
classical theory, we define the commutation relation 


[A,>(x), A,*(x')] = LuyDy (x =* ). teres (22) 
The vacuum for the field can be defined by 
A,,*%(x) Po =0 Su) Ss ere (23) 


where A,,**(x) is the positive frequency part of A,°(«) and ‘I’y is the vacuum state 
vector. From (22) and (23) it readily follows that 

CPCA P(e), AM )) ge typ Dae (eae) ents (24) 
where 


Dyy(x) = H(x)lo% a Dittexnele) dt 


H(a)s* 4 4, ( ettheldth 


In order to eliminate logarithmic divergences, it is found necessary (Nilsson 1949) 
to change the * weight factor ’ in the above relation from /,*t*! to 


Pt) = Meet Le) a, (25) 
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so that we finally have 
H(a) - e-ilke] dtp 
DxA8)= Gy? in gilt) dt | ar eee CMS (26) 
QD», (x) is the generalization in the «-plane of the usual Feynman function D,,,. 
Using Dy,“(x) instead of the usual Dy,, function we write out the matrix 
element for the second order self-energy graph between states ” and u of the 


nucleon: ~, bee 
g?H(«) k+ 
47737 [ &(t) dt | Vu ie FF TRY" k2 = f2 an Xo oeneee 


where p=[yp], p, being the momentum of the nucleon, p?= M?. ‘The y-matrices 
satisfy the following relations : 


Vuelo tT Ven = 22 uy 
Vuy =4 Pus te MSS Sal ere (28) 
y,Ay" = —2A 
‘To evaluate (27) we consider the integral (in Feynman notation) 


i . k j= H(«)d, a he fo-1 dt | AER) aR 
ae ° Jo ((p—k)? — Mey? — 2 — xo°s 
Integrating first by parts over t for 0<«<2, and then over k, we obtain 
2m°H (x) ie x(1:(1—x)p,) dx (30) 
to fe yg7x + (1 =x)? 


Peer) 


I(1:k,)=— pot a | 


where x is the Feynman variable. Analytic continuation of the integral over ¢ to 
a =( can be carried out as shown in II, and we get 

las 
Sa PETE 77 2 eT (31) 
Xo e+ M1 —x) 
Integration over x is fairly simple to carry out. Substituting the result in (27), 
we obtain, after some simplification, for the case of a ae nucleon : 


1%(1:k,)=in® [" (1:(1—x)p,) dx log 
J0 


AM ¢ 3 1 Bie Lye 

ar = gt 38g + 33 7 Aloe %, 
1 x? Xo Xo M? dx : 
ieee de te) (2+ 3h) | saeaeaap | i, Gm 


‘The above expression gives the contribution to the mass of a free nucleon arising 
from the lowest order self-energy graph when the mesons considered are neutral 
vector mesons. 

The theory of pseudoscalar mesons in direct interaction with the nucleons is 
also renormalizable. If we consider neutral mesons, the matrix element for the 
second order self-energy graph between states # and u of the nucleon is 

oe? H(«) oa on p—kiM d*k 
4,3; ik 8.{t) areas eno at veeees 


‘This leads to an additional mass for a free nucleon, given by 


AM _g?T_ ie ye etler: 
a ee = 4 + logy + 3h + 3 Melos 


1 xo" Xo" 1 Xo" Xone M? dx 
—7 hilo fa — 52a -*) | soc | Dee sl OE Sey) 
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On the symmetric theory the change in the mass of a neutron is 


AM: 52” 

= el-it+ beh ] veeeee (35Ps,S) 
while that of a proton is 

AM,p 32? 

p= ge l-tt eee (GOPs:5) 


We note that on the symmetric theory the contribution of the second order self- 
energy graph to the neutron mass is different from that to the proton mass. How- 
ever, it is not possible to rely on the numerical values, because the applicability of 
perturbation theory itself, especially to the case of pseudoscalar mesons, is rather 
doubtful. Further, one expects higher order contributions also be be of the same 
order of magnitude. 

The present method can readily be applied to evaluate the contribution of any 
vertex part of a Feynman graph. The calculations are very similar to those 
presented in II, and will not be repeated here. 
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Abstract. All the available experimental evidence relating to the statistical 
distribution of dense nuclear levels is collected together and analysed. The 
simplest adequate nuclear equation of state is 


U=iAt?—t+3A?27/3 Mev 
which leads to 


1/2 
D,=0-1142(U +t)? exp — 2 (=r) ae it uy} Mev 


for the spacing of levels of zero angular momentum. ‘The significance of these 
formulae is discussed. 

An appendix refines the theoretical level density formula for a Fermi gas 
with a fixed number of particles; this analysis incidentally yields a slightly more 
accurate form of the simple Hardy—Ramanujan asymptotic formula for the 
number of partitions of a positive integer. 


§ 1. INTRODUCTION 
Bec a heavy nucleus has many degrees of freedom, at sufficiently high 


excitation energies the nuclear states become too numerous to treat 
individually and only a statistical description is possible. Densities 
P and p are defined so that P(A, U)dU is the total number of states of a nucleus 
of mass A within the range dU of excitation energy, and, more specifically, 
p(A, J, U)dU is the number of levels of a particular total angular momentum J. 
Then 
P(A 0) = > (ZI pet). ee (1) 


J 
The essential assumption of the statistical theory is that P and p can be treated 
as smoothly varying functions of energy; usually to obtain results of useful scope 
the variation with A also is treated as smooth. In principle the densities could 
depend on the neutron excess N—Z=A0, but theoretically the effect is small 
(Le Couteur 1950, eqn 37) and practically this refinement is beyond the scope 
of the experimental data. 

Statistical thermodynamics provides some guide to the behaviour of P 


(Bethe 1937). ‘The variable F(A, B) defined by 
exp (—BF)= [ P(4, U’)exp(-BU')dU' (2) 


may be identified with the thermodynamic free energy of the nucleus A at 
temperature t=1/f, and inversion of this Laplace transform leads to 
1 ry+tco 
P(A, U)= mal dBepp(U—F) —-s - (3) 
771 y—ioo 


+ A preliminary account was communicated to the Birmingham Conference of July 1953. 
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The integrand has a saddle point at the value B(U) of B defined by 
Ulerd CE) Goes ae Mere ee Meg (4) 


where the exponent has the value 
U 
SAL aaU P= | Codtl 9 ee ee (5) 
0 


since dS =f dU follows from (4). Integration by the method of steepest descent 
yields Bethe’s theorem 


PA, U)y=e\(—2adlidpye ae. (6) 
which may be considered to define the statistical scale of nuclear temperature. 
Specifically , ae hes whe 2d E 

dU OFF a 7} = ath og Fie see eee ( ) 


but in practical applications the last term is usually negligible, so the experimental 
scale of nuclear temperature and applications of nuclear evaporation theory 
are always based on the equation 


(dU \ loo P17" paneer (8) 


Always 7 >t, but only for light nuclei at low excitation energies is the difference 
between 7 and ¢ significant. 

All the simple nuclear models which have been used to calculate the 
functional relationship between U and f lead to results of the form Uoct® and 
Sot®*+a U1 with exponents 5 ranging between 2 for the Fermi gas model 
and 4 for a continuous fluid model. ‘Thus it is qualitatively predicted that P 
must increase very rapidly with U. 

To get quantitative information about P it is best to proceed by direct analysis 
of experiments. It is essential to take a broad view of the evidence because 
the power of the statistical approach lies in its wide scope rather than in the 
accuracy to be expected at any point. For example, the fluctuations with A of 
the observed level densities are not represented by any smooth formula for 
P(A, U), which can only represent the general trend. Also anomalies must be 
expected at low excitation energies where the symmetry properties of nuclear 
configurations play an essential role. For all these reasons it is essential to 
survey a large range of A and U. 

There are essentially two logically distinct different types of experiment, 
which will be treated in §§2 and 3 respectively: (1) measurements of ratios of 
level densities at neighbouring excitation energies of the same nucleus, leading 
through equation (8) to assignments of nuclear temperature, (ii) direct measure- 
ment of level density p, mostly at the excitation energy of about 8 Mev provided 
by slow neutron capture. 


§ 2. NucCLEAR TEMPERATURE AND EVAPORATION 
The probability per unit time that an excited nucleus a decays, by emission 
of a particle or fragment of mass M and spin s with kinetic energy 7, to leave 
a residual nucleus b_ with excitation energy in the range dU,, is given by 
Weisskopf’s (1937) evaporation formula 
P(b) 


(2s+1)Mo ,_ P(b 
ais py tes (9) 


p(T)aT = 
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where o is the cross section for the inverse process. Simple approximations 
to o suffice to calculate the relative probabilities of emission of different types of 
particle and the energy spectrum of each type. This treatment of the 
disintegration of a stands apart from the often more difficult (Feshbach, 
Porter and Weisskopf 1953) consideration of how it was excited; useful results 
can be obtained even when, as with cosmic rays (Le Couteur 1950), the 
mechanism of excitation is not understood. However, caution is required 
whenever this method predicts a very small probability for a particular process, 
since a larger contribution may come from some mechanism other than 
compound nucleus formation: obvious examples are d, p and y, p reactions. 

For emission of a single neutron use of the geometrical cross section 
o =7R? in (9) gives Weisskopf’s (1937) normalized energy spectrum 


n(T) dT =T e~7" aT [7 
T=2r, 0° T)=T?—(T)=27 


where 7, defined by (8), is the temperature of the residual nucleus at its average 
energy, which for reasons given in §1 should not be less than 2 or 3 mev if this 
simple formula is to hold. If several neutrons can be emitted in succession 
while the temperature falls as U” from an initial value r,, to zero, the resultant 
energy spectrum is (Le Couteur 1952, §4) 
nT) dl=T exp (~Fir)dlic? 
Tal, oDabeaGyl 
with 7=16/11, 7*=117,,/12 for 5=2. Strictly 7,, is the nuclear temperature at 


excitation energy 4Q below the initial value, where Q is the average energy 
removed from the nucleus by the first neutron emitted. 


2.1. Temperature at U~50 MeV 


An example of a neutron evaporation spectrum, due to Mrs. Skyrme at 
Harwell, is shown in figure 1; it represents evaporation of about 3 neutrons from 
a silver nucleus. Experimentally T = 2-58 Mev, so from (11) the average value 
of 7, must be 7,,= #7 = 1-94 Mev. 

To interpret this result the mechanism of nuclear excitation must be 
discussed. ‘The bombarding particle was a 150 Mev proton, and Bernardini, 
Booth and Lindenbaum (1952) have treated its interaction with a silver nucleus 
by the Monte Carlo method. We are grateful to Dr. Lindenbaum for sending 
us the values of excitation energy U transferred to the silver nucleus in a study 
of 198 events; these statistics are represented by the frequency distribution 
S(U)d(U) of figure 2, which is consistent with our experimental knowledge of the 
energy spectrum of the fast particles emitted in the forward direction. For 
comparison with Mrs. Skyrme’s experiment f(U) must be weighted by the 
number 7, of neutrons emitted from a nucleus with excitation U, which was 
taken from table 2 of Le Couteur (1952), to yield the sharply peaked curve n, f of 
figure 2, ‘The measured value 7,, = 1-94 Mev is an average over this distribution 
and so corresponds to a mean excitation energy U,, given by U,," =av(U—5)!*; 
for 6=2 this is U,,=50-6 Mev, but because , f has a strong maximum the average 
is not sensitive to 6. The theoretical spectrum plotted in figure 1 is an average 
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of (11) over the distribution ,f, assuming that 7,, varies as (U—5)1?, and is 
therefore slightly wider than the spectrum (11) corresponding to 7,,= 1-94 Mev. 


3 g 
= 5 
= m lode 
E 5 
= aS} 
< < 
£0) 
0 0 ey hace non 
Neutron Energy T (Mev) (U-5)# 

Figure 1. Experimental and theoretical Figure 2. The frequency distribution 
energy distributions of neutrons f(U)dU of excitation energy U 
evaporated in the backward direction transferred to a silver nucleus by a 
from a silver target bombarded by 150 Mev proton and the distribution 
150 Mev protons. m,f of the number of neutrons 


afterwards evaporated. 


It may be mentioned that the theoretical spectrum could be increased by 
about 30° at energies below 4 Mev by allowance for the finite wavelength of the 
emitted neutron; that is, by using o=7(R+A/27)? instead of c=7R?, which 
leads to the simple formula (10). 

Similar experiments have been done by Skyrme and Williams (1951) for 
tungsten and by Skyrme for aluminium, and we have calculated the energy 
transfer U for these materials. Altogether we gain the following data: 


27 Al U,, = 24 Mev Tn=3°09 Mev 
au Ne 51 Mev 1-94 Mev 
Isa Wy. 65 Mev 1-78 Mev 


Because the incident proton generates a small cascade within nuclear matter, 
the energy loss per unit depth increases with depth. Accordingly our detailed 
calculations yield excitation energies which increase from aluminium to tungsten 
slightly faster than the nuclear radius. 


2.2. Temperature at U~200 Mev 


Detailed calculations of Le Couteur (1950, 1952) represent the behaviour 
of the low energy particles emitted from cosmic-ray stars in terms of nuclear 
evaporation, assuming U=47A? with A? between A/3-3 and A/2:9 Mev. Most 
of the experimental data concern stars in silver or bromine with about 400 Mev 
total excitation energy, so this formula must be a good representation of 7 for 
A=100 and U=250 mev. 
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2.3. Temperature at U~10 Mev 


Gugelot (1951) measured energy spectra of neutrons from (p, n) reactions 
induced by 16 mev protons. If only one neutron can be emitted, a logarithmic 
plot of n(T)/T gives a direct measure of temperature 7 ; if emission of 2 neutrons 
is energetically possible this distorts the low energy end of the spectrum and 
was allowed for by special arguments. For U9 Mev Gugelot assigned 
temperatures 0:95, 0-85, 0-8, 0-78+1 Mev to 56Co,. 28 Pd." He=" Eis 
respectively, also 7=2:3 to °B at 5-5 Mev. It is surprising that the *Be(p, n)°B 
reaction can be represented so; actually Gugelot derived s=2-3 Mev from the 
spectrum of neutrons with kinetic energy above 7 Mev, and the spectrum also 
has a distinct low energy component with 70-9 mev which we attribute to the 
*Be(p, pn)*’Be reaction. The neutron spectrum from bombardment of Al also 
seems to have two components; because the Q of ?’Al (p, n)?’Si is —5-4 Mev 
the favoured reaction 2’Al(p, pn)?Al probably contributes most of the low energy 
neutrons rather than 2’Al(p, n)?’Si ; the latter must, however, provide all neutrons 
with kinetic energy above 3 Mev, and these have 7 = 1-75 Mev, which we attribute 
1077 Si at U5 eve gi 

Further work of Gugelot (1954) on (p, p) reactions with 18 Mev protons 
assigns temperatures 2:3, 1-35, 1-3, 1-05, 0-95, 0-7 Mev to Al, Ni, Cu, Ag, An, Pt 
at U~12 mev. 

§3. NUCLEAR EQUATION OF STATE 


In the upper part of figure 3 the data assembled in § 2 are used to examine 
the dependence of 7 on U for A =27, 103, 200. The values for A = 103 are based 
on Br, Ag, Pd; for d=200 on W, Pt, Hg, Pb, proportionality of U to A being 
assumed for small differences of A. Evidently U varies approximately as 7?; the 
lines drawn on the graph represent the simple law 

US Arle eee (12) 
with «= 10-5 Mev empirically determined as the average of A7?/U over all the data. 

The dependence of 7 on A is shown in the upper part of figure 4. In addition 
to Gugelot’s results, we have plotted results of Graves and Rosen’s (1953) study 
of inelastic scattering of 14 Mev neutrons on Fe, Cu, Zn, Ag, Cd, Sn, Pb, Bi 
{their temperature assignments have been corrected by Dr. Rosen to allow for 
the distortion of the low energy and of the neutron spectrum by the n, 2n process 
and so differ from the published values). To conform with these authors’ 
presentation of their results the quantity plotted is a=4U/7? and, since we 
found Ucc7?, this procedure has the advantage of allowing us to show the high 
energy data on the same diagram. Again equation (12) represents the material 
reasonably. ‘The low values of a found by Graves and Rosen for 2°*Pb and 2Bi 
are presumably due to closure of the neutron shell in 2°°Pb ; Gugelot’s experiments 
do not encounter this closed shell. 

Although from an individual experiment only 7+ can be determined, 
knowledge of the variation with U now allows us to calculate ¢ from (7). Since 
<r for small A the data of figure 3 would be slightly better represented by (12) 


if 7 was replaced by ¢. For Ucct? equations (7) and (8) give 
todd ne ots 
i _ 4U ) =>=T— 4U eereee 


he 
- = 


t This is the only experimental result which we have modified in this analysis. 


I EE CE I OE Ce TE te 


Statistics of Nuclear Levels 591 


U (Mev) 


T (Mev) 


2 10 100 200 
7 (Mev) 


Figure 3, Top: experimental values of energy U and temperature 7 for d=27, 103, 200 
compared with the formula U=A7?/10-5 Mev. 
Bottom : values of U and temperature ¢ compared with the formulae 
U=}fAr?-t (full line) 
U=4 AP—t+$A%z"8 (broken line). 


100 


Graves & Rosen + Ss 
Gugelot (p,p) ay 

Ls) a (p,n) 2 Se y 
Mrs Skyrme x gt 


4U/t? (mev™') 


At?(Tt) (mev) 


Figure 4, Top: experimental values of 4U/7? compared with U/7?=A/10°5. 
Bottom : the derived values of At?/(U-+t) compared with 
equation (14) with f=8 Mev __ (full line) 
and equation (19) with f’=11 Mev (broken line). 
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so the difference between ¢ and 7 is easily read off figure 4 and the values of t 
plotted in the lower half of figure 3 may be compared with the corresponding 
values of 7 in the upper half. Equation (12) strongly suggests a neutron—proton 
gas model, for which the appropriate theoretical equations of state are (see 


Appendix A) 
At = Reap Nae 5/2 _\" 1 
ate” p= (4) ts exp Z 7 als iecatens ( 4) 


where f is a convenient constant defined by 
Alf=7*2/6.. 1- eee (15) 


since g, the number of individual neutron and proton states per unit energy at 
the top of the zero temperature Fermi distribution, is proportional to A if nuclear 
matter is assumed to be homogeneous. ‘To estimate the constants we calculate 


4Alf=4(U+b/t2=4U/2410/r eee (16) 


for every point, and the values of f are shown in figure 4. ‘The scatter of the 
points is quite consistent with the experimental difficulties ; there is no regular 
variation of f with U or A from the mean value 


joSuevis = "oe =) 6 ae (17) 


In contrast the values of « deduced from (12) decrease slightly with A and decrease 
by about 20% from the low to the high energy data: thus (14) represents the 
experiments better than (12). Itis tempting to regard this as a triumph of thought 
over empiricism, but the accuracy is hardly sufficient. However, (14) has the 
advantage that, being derived from a model, it predicts the absolute level density, 
whereas (12) only gives the variation of P with U. 

Theoretically the equation of state should show some surface effects. 
In particular it has been predicted that (Devons 1949, §21.2) surface waves 
contribute 

Ug=tAr8r'2 yey, 9 Sh aay eee (18) 


to the excitation energy, the coefficient { being calculated from the empirical 
nuclear surface tension. ‘The variation of Uy, with t is consistent with figure 3, 
but the variation with A is too little and, with the coefficient 4, Us represents 
only about one third of the observed energy. While the interplay of surface 
and volume effects is not well understood, it may be a sufficient approximation 
to add the corresponding excitation energies (18) and (14) to obtain 

AP 

Us ia tht Se eee (19) 

and presumably, as in (15), 

Alf ne i6. <a ees Grr (20) 


determines the density g’ of individual particle states in this model. As shown 
in figures 3 and 4, the data are reasonably well represented by 


f' =11 Mev kuseea(2)) 


but the material does not permit a choice between (14) and (19). 
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§4. DIsTRIBUTION OF LEVELS OvER ANGULAR MOMENTUM 

For comparison with the experimental results of §5 the density p of 
equation (1) must be calculated. 

If a nucleus has total excitation energy U and Z component of angular 
momentum /J/,, the energy available as heat is U—J,?/2c, where ch? is the moment 
of inertia of the assembly of particles carrying the angular momentum. 
According to (8) this reduces the density of such states to 


PASO Se PAL UJ 0) exp G— 2 )2en) a eas (22) 
The density p(A,J, U) and spacing D(A,J, U) of levels of total angular 
momentum J and either parity are derived from (22) as 
(A, J, U)=p(A, J, U)= P(A, U,”7 J,=J)— P(A, U, J,=J +1) 
=D, (A, U)\(2J +1). exp —( +3)%/2er -——~ .... (23) 
where the factors independent of J have been combined into D,(A, U), which 
may be identified by use of equation (1) to give 
De A, UO \eae ee (2ery 2 P(AL UU) ae (24) 


assuming 2cr >1. The average value of J is thus about (2cr)?. . 
If for the moment of inertia we use the classical value for a sphere 
ch? =2MAR?, these results agree with those of Bethe (1937, eqn 300) for a 
gas of non-interacting nucleons. However, Mrs. Mayer (1950) has established the 
existence of a pairing energy between nucleons which favours states of low J, and 
this suggests that in (23) c should be reduced below the value for non-interacting 
particles: alternatively, following Teller and Wheeler (1938) and Bohr and 
Mottelson, (1953) we can argue that the existence of some closed shells within the 
nucleus reduces the moment of inertia by some factor which we call B?. Then 


C= eB A Mr ein BAe) SIMevT © omne = eters: (25) 
for r4=1:2x 10-48 cm. Bitter and Feshbach’s (1953) radius is used since it 
represents measurements of | pr?dr. 

If equation (14) is accepted, (24) gives 
DAA, UO) =A2(ZcA if het expi 2A Uf Mes) ee repeals (26 a) 
=()-054 Bet2A4U +t) exp —~2(AU/f)¥? (26d) 
after use of (25) and(14). The alternative assumption (19) gives (see Appendix B) 


D(A, U)= 0.05459 AU +1)? exp — {2(4 U/f’¥2 + 5, ( up| a ee (27) 


§5. ABSOLUTE MEASUREMENT OF LEVEL DENSITY 


Hughes, Garth and Levin (1953, see also Hughes 1953) measured absorption 
cross sections of 1 Mev neutrons in many elements and deduced level spacings 
from the formula 

Oey) a AA 27) Lille Oe We nthe estas (28) 
where I’, is the mean radiation width and D the mean spacing of the levels of 
the compound nucleus formed by incoming neutrons with /=0. ‘They used 
Heidmann and Bethe’s (1951) average values I’ of I, which vary smoothly with A 
and are mainly based on neutron capture to odd mass nuclei. Therefore the 
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experiments strictly determine DI'/I’, and the results are plotted in figure 5, 
together with the corresponding excitation energies. 


Target Mass aad i 


10000 


DIV/Ty (ev) 
3 


Figure 5. Experimental spacings of nuclear levels formed by absorption of 1 Mev neutrons 
to give compound nuclei with the excitation energies indicated in Mev. ‘The 
curves are calculated from equation (27) for U=7 and U=8 mev. 


The states of the compound nucleus are formed with the same parity as the 


target and with spin J determined by conservation of angular momentum, so we 
should find 


(DIT). 22Fe Deo ye (29 a) 
=D,(A, U)'/T, for even mass targets  _...... (29 b) 
=0-37 D(A, U) for odd mass targets 


because the average spin of the odd mass targets concerned is about 5/2 and the 
derivation of implies ['/I',=1 for odd mass target nuclei. For comparison with 
the experimental values of DI'/I’, in figure 5 we plot 0:37 D(A, U) evaluated 
from (27) with B=0-55. Although f had to be chosen arbitrarily to give the 
correct mean value of D, it is satisfactory that (19) and (21), which were based 
on independent experiments, lead to a formula which follows the variation of 
D with A from 10° to 1 ev. 

In view of the 2.J + 1 factor in (29) it is at first sight surprising that the observed 
values of DI'/I’,, for even mass targets do not lie systematically above those for 
odd mass. Probably the level spacing formula, like the empirical mass formula, 
should contain a correction term to differentiate between odd and even nuclei, but 
this should wait until the J-dependence and values of I’, have been checked. 
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It is difficult to interpret figure 5 as all the points have different energies, so, 
to test these formulae more precisely, we combine (27), (29) and (21) as 
oe AU\1P 3/2 decer 
Dart 2exp2 (=r) = 0.028 5 (U-+1)* exp — 39 (Uf ys otev oH (8) 
and the right-hand side is 0:54B® with negligible variation over the small 
range of U covered by the experiment. The observed values of the left-hand 
side of (30) are plotted in figure 6 and the averages are 0-08 and 0-1 mev for odd 
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Figure 6. Experimental values of D(T/T,)A~* exp 2(AU/11)!”; according to (27) they 
should be constant ; according to (26) they should vary as the broken line. 


and even mass targets respectively ; these are not significantly different, showing 
conclusively that, as already discussed, some effect must compensate the 
different spin factors in (29). The average over all points is 0-093 Mev, from 
which we deduce from (30) Poss cil pl hile Astwe Th (31) 


Although the data of §3 did not allow us to choose between equations (14) 
and (19), the present material decides in favour of (27) and so (19) rather than 
(26) and (14). For (26) predicts that the experimental points of figure 6 should 
vary as exp 2[(AU/11)"?—(AU/8)"?], which is plotted as a broken line, for 
U=8 mev. On this evidence (26) can be excluded; it gives too much variation 
of D with A. 

Figure 6 establishes that (27) correctly represents the average decrease of 
D with A, but since Hughes et a/. estimate the probable error of their measurement 
of D as about a factor 2, it is unjustified to analyse the material in much more 
detail. We have, however, ballooned the points with N=48, 50, 82, 124, 126 
target neutrons, which give compound nuclei with magic +1 neutrons; also 
the points with the magic number 50 protons. ‘These have significantly high 
values of D: the averages of DA~? exp 2(AU/11)!” for near magic and for other 
nuclei differ by a factor 3, being 0-22 Mev and 0-066 Mev respectively. Figure 6, 
however, suggests that the magic nuclei are not so much singular points as 
maxima of some curve winding about the average value 0-093 Mev. This view 
would require f’ to vary by about +10°%, from its mean value 11 Mev, which, 
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according to (20), means that close to the magic numbers the spacing 1/g’ of the 
individual proton and neutron levels is about 10% above its smooth average 
1172/64, and midway between magic numbers is about 10% below this average. 
This is plausible enough, and the effect is too slight to be detected from the 
material discussed in §3. 


$6, DiscussION 


The extensive data collected together show some consistency between the 
interpretation of widely different experiments; much greater accuracy would be 
required to assess the significance of the discrepancies. 

Figure 3 shows that it would be useful to have some temperature assignments 
at high energy for nuclei other than silver and bromine; these might be provided 
by synchro-cyclotron work with heavy targets. Much of the error in the 
temperature measurements at U~10 mev arises from the difficulty of allowing 
for the effect of competing processes ; some of these might be eliminated if the 
bombarding energy was slightly reduced, e.g. for inelastic scattering of neutrons 
to a value just below the threshold of the (n, 2n) process. 

The discussion of §5 suggests that it would be desirable to have some more 
direct measurement of D or more extensive measurements of I’, because 
deviations of these quantities from their average behaviour may be so correlated 
as not to be detected by measurement of D/I’,. It might then be possible to 
check the dependence of level spacing on angular momentum. 

Since equations (14) and (17) are connected with specific nuclear models, 
significance can be attached to the values of f and f’ in these equations. If the 
nucleons are treated as free particles in a box we find g=g,+g,=3A/2¢, where € is 
the kinetic energy of the particles at the top of the zero temperature Fermi 
distribution. For r7=1:47 x 10-% cm we find ¢=22 mev, and then from (15) 
f=4¢/n?=8-9 Mev, which is not far from the empirical value f=8 Mev. 
However, we saw that (19) and (27) represent the experiments better than (14) 
and these have f’=11 Mev, which according to (20) implies that the spacing 1/9’ 
between successive individual particle states exceeds the difference of kinetic 
energy on the free particle model by a factor 11/8-9=1-24. In the notation of 
Le Couteur (1950, §2.3) we can write this as 


de a UH €xin + €pot) me h? 
de. > «de wrip2 <. eareeee Anna 


with y=1:24. ‘The assumption of pure exchange forces within the nucleus 
suggested y=2; mixed forces like Serber’s would give a value closer to 1. The 
assumption that the average potential energy of a particle in a nucleus increases 
with its kinetic energy does not change the order of individual particle levels, 
which is important for shell structure, since (32) is formally equivalent to a 
change of mass to the effective value M/y. 

There is independent experimental evidence for (32). 

(1) Ifa meson is absorbed in a heavy nucleus in the reaction »- + P-N+v 
the average energy transfer to the nucleus is proportional to y, and Lang’s (1952) 
analysis shows that the observed neutron emission requires y>1. 

(ii) The neutron cross section experiments of Taylor and Wood (1953), 
interpreted by us according to the optical model of Fernbach, Serber and Taylor 
(1949) or, more elaborately, by Mandl and Skyrme (1953), imply that ¢,,,= —V 
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changes from about —30 to —11 Mev as « changes from 60 to 150 Mev, which 
is equivalent to y= 1-27, in remarkable agreement with our value. 

It is encouraging to find that all the numerical coefficients in our final equation 
of state (19) can be correlated with nuclear properties independent of the nuclear 
level distribution. 

The lowest nuclear levels are currently interpreted as mainly individual 
particle levels together with a few of collective motion, so when the degeneracy 
is taken into account the smoothed density of states must be approximately in 
agreement with our formulae: Appendix A shows that just above the ground 
state (26) gives the correct density of states for excitation of an individual 
particle, and (27) adds a few widely spaced levels of collective surface oscillation. 
While the application of statistical formulae to the lowest levels has little interest, 
this argument suggests that our formulae remain valid at lower energies than are 
covered by the evidence we discussed. 
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Note added in proof. Recent measurements of slow neutron resonances suggest 
that the experimental level spacings shown in figure 5 are too small. The 
discrepancy is removed if, instead of using (28), the spacing D’ of levels formed by 
capture of /=0 neutrons is calculated from the formula ; 


CAN, "jim ome Rae Ace) WD fe ee (28’) 
which is appropriate (Blatt and Weisskopf, p. 478) for 1 Mev neutrons. Compari- 
son with (28) gives D=D'(1+kR), 


so for comparison of experimental and theoretical values the right-hand side of (30) 
should be divided by (1+R)? and comes to 0-15B3, 0-086 B3, 0-07B? for A = 27, 
125, 216, respectively. With B=1 these values are consistent with the experi- 
mental points plotted in figure 6; thus this interpretation of the data has the merit 
of allowing one to use the classical value of the nuclear moment of inertia, which is 
the most natural thing to do. In this sense our final formulae involve only one 
adjustable constant f’. Our value f’=11 Mev corresponds to a nuclear radius 
7) = 1-3 x 10-1 cm, which is consistent with recent evidence. So the argument of 
§ 6, based on 7) = 1-47 x 10-18 cm, may be unnecessary. 


APPENDIX A 


Level Density of a Fermi Gas 
The main exponential term in P is well known, but there is a disagreement 
in the literature (Bethe 1937, Sneddon and Touschek 1948) about the multiplying 
factors appropriate to the case of a fixed number of nucleons which must be 
cleared up before the interpretation of measured absolute level densities is 
meaningful. 
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A state of a mixture of neutrons with available individual levels a, and protons 
with available levels b, is defined by the corresponding occupation numbers 
n. %, which in particular give the total energy and particle numbers as 


B= San, +b 2, "N= >15 2S (A 1) 
The grand partition function is defined (e.g. Schrodinger 1948) as 
exp— BO(B, 41, M2) =>, exp B(MN’ + paZ’ — E’) 
=> | dE P(E’, N’, Z’) exp P(t UN + eZ — ££) a) 
wa’ 


where the summation extends over all states of the mixture and reduces by (A 1) to 
exp —BO= [1S exp A(y—a,)n, E exp Aly2—b)2, 
8 Ng 23 


summed over all allowed occupation numbers. So for Fermions 


— BO=> log[1+exp B(u,—4,)] + > log [1 + exp B(u2—4,)] 


and the first sum can be evaluated by Sommerfeld’s method as 
>. Blur —4,) + log [1+ exp B(a,—p4)]+ D log [1+ exp (uy —,)]. 


AgShy Ag> ly 
Evaluation of the sums as integrals using the densities g,(<) and g,(e) of individual 
neutron and proton states yields 


= [ge a [81(H41) + So(H2)] + B I, (141 —€)81 de + B Kc —€)fode. ...... (A3) 


Now inversion of (A 2) gives the density for a particular N as 


y y / , / 1 VIR 
© | aB'P(R,N, 2’) exp Blut! —B')= 5 J exp PCO + uN) d( Bu) 
= PiP(2ngy) exp —B(O+y,N) ...(A4) 
after integration over the saddle point located by 


“Ly . 
N= —@0/du,= le Hides co ha ieee (A5) 


which defines the value of «4, to be substituted in (A4). Repetition of this 
procedure yields 


| dk’ P(E’, N, Z) exp (— BE’) = B(27g1) "*(27g2) 0” exp { — B(D + py N + 1gZ)} 
which, by use of (A3), can more simply be expressed in terms of the excitation 
energy, 


lt 
U'= Br | 


0 


1 Mor) 
eg, de — | €£o de, 
0 


2 
as far’, N, Z) exp (— BU) =exp {75 (¢, +83) +1og7—faeaal 
1 2 


By comparison with equation (2) of §1 the exponent is identified with — BF for 
the system of NV neutrons and Z protons, and then if we write t= 1/B andg=g,+g, 
equation (4) gives the equation of state as 

Us girtgt be ae (A7) 
which is equation (14). Of course (A 6, 7) are valid only for t>g~!; combined, 
they give 


ea - B 
S=p(U- F’) = 2(An?et —4) + 108 Fg, ig, ie EA an, 
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and then, using (A7), equation (8) leads to 
P(U, N, Z)=( 75gg1 got°)-¥? exp 2(fr?e VU +4)? ...... (9) 
which agrees with (14) if we approximate 4g,2.=g". If t is calculated from (A 7) 
this becomes 
1 /6\1/4 ar 1/2 
PORN; 2)= 73(;) (U+ #754 exp 2(F aU) ete ee (A 10) 
Though (26a) and (A9) agree with Bethe’s (1937) results, at low temperatures 
(265) and (A 10) are less than his. Sneddon and Touschek’s density exceeds 
(A 10) by a factor (6gU)1?. 
For a gas with just N particles of one type the results are slightly simpler ; 
Uc hrr7 om thee ot FO pees (A 11) 


P(U, N)= exp 2A(dmgU)2, (A 12) 


1 
4A/3(U 431) 
To test this formula put g=1, so taking the difference between successive 
individual particle levels as the unit of energy. Then U must be an integer, and 
it is known that P(U, N) should equal the number of partitions of U into not 
more than N different parts, which was calculated for large N by Hardy and 
Ramanujan (1918) and also from eee mechanics by Auluck and Kothari 
(1946) as 


2T7yu2 
w(U)= aoe? OAC igh OW ite Pee al Sele cree Cats) 
The exact value p(U) was evaluated numerically by Major MacMahon. 
Table 1 
U p(U) w/p Plp 
1 1 1:8 1623 
3 3 thegys 1-064 
10 42 (oily 1:012 
80 15796476 EO SE 1-006 


The different results are compared in table 1, which shows that (A 12) is better 
than (A 13) for small U and converges faster towards the correct value as U 
increases. Of course (A12) does not compete with the really sophisticated 
formulae of Hardy and Ramanujan, but these results justify the appearance of 
the term 4¢ in (A10) and (A11). 

With a little more labour (A9) for the neutron—proton gas can be tested 
numerically. Again put g=1 so that the individual neutron or proton levels, 
and therefore the levels of the whole nucleus, increase in steps of 2. 


Table 2 
U JACEE IN, ZB) 2B No. of states 
1 0-672 --- — 
2 1:05 BN) 2 
3 1:62 — —- 
4 2:42 4-97 5 
5 3:48 — ~ 
6 4-98 10:2 10 
i AO) — — 


The last column of table 2 shows the computed number of states with 
excitation 2, 4, 6... . which it is appropriate to compare with 


2P(U)=4P(U—1)+ P(U)+43P(U+1) 
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since our asymptotic formula P increases continuously with U. As before the 
agreement shows that the appearance of the term ¢ in (A 7) and (A 10) is justified 
and that our simple formulae represent their model with unexpected accuracy. 


APPENDIX B 
Mixed Surface and Volume Effects 


If we write (19) in the form 
Usat?—t-00" -— 2 eae (B 1) 
with a=Alf, C= NAO eee (B 2) 
the last term in U contributes 7bt*/?/4 to the entropy which, added to (A 8), gives 
S = 2(at — 4) —log mg’t + {bt** 

= 2{(a + bt"8)U + 4531/2 — 1bt43 — log mg’t 

= 2(aU)¥? + b( U/a)¥?t/3 — 1bt43 — log ag't 

= 2(aU)"? + 3b( U/a)?? — log mg't 

=2(AU [Pl 3M Uf) log 7g te a ee (B 3) 


where terms involving (dt1/3/a)?=(Af’A-13)? have been neglected. For A=4, 
f'=11 this is justifiable, and in the rather unfavourable case d=27, t=1-6, 
U =8-04 mev the error in S is only 0-2. From this expression for S (27) follows 
like (26) if for simplicity the factors ¢* in (26 a) are expressed in terms of U using (14) 
rather than (19); this is permissible since at the energy concerned the formula 
gives the same numerical results. 
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Abstract. The 0-96 Mev gamma-radiation following the decay of ®°Zn is selectively 
scattered by copper. ‘The intensity of elastic scattering from copper at 90° is 
several times greater than from iron, provided that the ®*Zn source is in solution ; 
with a solid source, only slight evidence of resonant scattering has been found. 

These results are interpreted as resonant nuclear scattering by ®*Cu, and are 
analysed in terms of the displacement and broadening of the emission line by 
nuclear recoil, which persists longer in the liquid than in the solid. 

The mean life of the 0-96 Mev excited state of ®*Cu is estimated to be of the order 
of 6 x 10-® second. 

From the absence of any observable selective scattering by iron of the gamma- 
rays following the decay of °*Mn, the mean life of the 0-84 Mev excited state of **Fe 
is estimated to exceed 8 x 10-™ second. 


§ 1. INTRODUCTION 


HE difficulties involved in experiments on resonance scattering of gamma- 
rays by nuclei are mainly caused by the narrowness of the resonances, which 
at a typical energy of 10° ev seldom have a natural line-width of more than 
10-8ev. At energies in the 10Mev range very broad resonances may occur, 
making it possible to observe the scattering from a continuous (bremsstrahlung) 
spectrum, but in the 1 Mev region it is necessary to use a line source, which in 
practice means gamma-rays emitted by nuclei of the same type as the scatterer. 
These, though normally off resonance because of the energy lost to nuclear recoils, 
may be restored to resonance by the Doppler effect if the source nuclei are moving 
towards the scatterer. In favourable circumstances this can be achieved by 
mechanical motion (Moon 1951, Moon and Storruste 1953, Davey and Moon 1953) 
or by heating the source, which increases the random thermal motions (Malmfors 
VEpAP 
The Doppler effect of a preceding fB-ray recoil has previously been tried 
(Pollard and Alburger 1948, Metzger 1951, Metzger and ‘Todd 1953), but with 
negative results. In the present experiments 0-96 Mev gamma-rays of ®*Cu are 
found to be selectively scattered by copper. ‘The additional scattering is clearly 
detectable if the ®*Zn source is in solution, but not if a solid source is used; this 
difference is ascribed to the longer persistence of f-ray recoi! in the liquid. 


§ 2. 'THEORY 


If an excited nucleus of mass M is moving with velocity V before emitting a 
gamma-ray at an angle «, considerations of energy and momentum show that the 
energy of the gamma-ray is given, to the first order in V/c and in E£,/Mc’, by 

V Eg 
E, = Ey + Ey ~~ 608% — 5775 sets (1) 
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where E, is the difference of energy between the initial and final nuclear levels. 
The second term on the right represents the Doppler shift, while the last term is the 
energy lost to nuclear recoil. 

If the gamma-ray strikes a stationary nucleus of identical type in the final level 
(in practice, the ground state) resonant scattering will occur if 


Koo ky Ee OMe ee ee (2) 


The term E,2/2Mc? represents the energy required to provide the nuclear recoil 
when the photon excites the scattering nucleus. 
The condition for resonant scattering may thus be written as 


E 
aes bd), oe (3) 


If the emitting nuclei are moving in random directions, as the result of a previous 
recoil, the emission line will be broadened in a manner that is calculable if the 
distribution of recoil momenta is known. We may suppose the fraction of the 
intensity between energy E and E+dE to be F(E) dE. 

F(E) will be symmetrical about the central energy Ey — E,?/2Mc? (see equation 
(1)); what is required is its value F(Z) +£,?/2Mc?*) at the energy specified by 
equation (2), and the condition that there shall be any intensity at this energy is 
that the maximum recoil velocity shall exceed the velocity specified by equation (3). 

If I’ is the width of the resonance as usually defined, its effective width for 
abstracting energy from a uniform continuous spectrum is 47I’. The energy 
distribution due to recoil is very broad in comparison with I’, therefore if o,,,. 1S 
the scattering cross section at exact resonance, the effective cross section is 


Cot = Smart F(Ey + Eyt/2Me%). ae (4a) 


It may be noted that o,,,, =(A?/27)g,/g2, where A is the wavelength and g, and gs 
are the respective multiplicities of the upper and lower states. 

The intrinsic width I is connected with the mean life 7 of the excited state by 
the uncertainty relation 71 = h/2z, so that equation (4a) may be written as 


h Ee 
Sot = Omax F F(z, + aa) ie — ol Me (45) 


For the 0-96 Mev y-ray of ®8Cu the velocity required for exact resonance is about 
5x 10°cmsect, while the preceding 1:4Mev positron transition gives initial 
velocities distributed over the range +9-6x10>5cmsect. These speeds are 
high enough to make thermal agitation negligible. 

From the measured K-conversion coefficient (Huber et al. 1947) the transition 
is likely to be a dipole; the mean life for a magnetic dipole would probably lie 
between 10°" and 10°™sec, during which time a nucleus recoiling at — 
5 x 10°cm sec”? in a solid or liquid would make several collisions. Those nuclei | 
which originally have the correct recoil velocity will be effective only to the extent | 
that they radiate before making a collision, but others that start with too high a 
velocity will pass through the correct velocity during the process of degradation. | 
‘The situation is very complicated but may be approached by using an equivalent | 
time f) in which about half these faster nuclei are slowed below resonance, and | 


. . . . . . | 
making the rough approximation that the number of excited nuclei having the | 
correct value of V cos remains constant during this time and then falls suddenly | 
to zero. | 


se SOSCs 
Cc 


i 
|| 
| 


1] 
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Equation (46) then becomes 
h E 
Gott = Tmax ae Fy (2, a3 mis) {1 whe? ( 55 to/7)} 
where F, is the distribution function due to the initial Bt recoil. If ft, is less than 


7 this is approximately ear, 
eft ~ Tmax 4 Ms is ag ee) hae Wer rae: (5) 


If t) >z we have the case of free recoil, which gives higher intensity and avoids the 
difficulty of estimating f,; with ¢, less than, as inthe present examples, the difficulty 
is to some extent offset by the possibility of changing f, by altering the medium in 
which the recoil takes place, and by the fact that errors in measuring oy or 
estimating F, and ¢, lead to proportional errors only in 7? and not in 7 itself. 


§ 3. EXPERIMENTAL METHODS AND RESULTS 


The apparatus (figure 1) consists of a source holder mounted on the top of a 
25 cm lead cone, below which a NaI (T1) crystal was placed on the photomultiplier 
tube. Pulses were taken to a cathode follower and subsequently amplified. 


Figure 1. Section through apparatus. 


'T—-source tube. 

L—lead shield. 

C—-Nal(T1) crystal in Perspex container. 
P—photomultiplier. 

S—scatterer. 


A discriminator (E. C. Park, to be published) was used to select pulses in the 
region of the photoelectric peak. ‘Two scatterers, an iron one and a copper one: 
(the latter being about 5°% heavier), were hung one below the other by four strings. 
By pulling the strings the two scatterers could be easily and quickly interchanged. 
43-2 
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They should give closely similar intensities of Rayleigh, nuclear, Thomson and 
any other non-specific elastic scattering. 

As only 8%, transitions in 38-3 min ®Zn pass through the 0-96 Mev state 
(Huber, Medicus, Preiswerk and Steffen 1947), and almost all give positrons 
(there are only about 8°, of K-capture transitions), there are about 22 times as 
many annihilation quanta as 0:96 Mev y-rays. ‘The holder of the source was:made 
with an aluminium wall 6 mm thick to stop all positrons above the lead shield, 
thus preventing annihilation quanta from being generated in the air and going 
straight into the counter. Even so a very large number of these rays were 
Compton-scattered into the detector, and gave a very large number of pulses at 
low bias of the discriminator. There was also a possibility of overlapping pulses 
which would have given additional counts in a selected channel; a lead absorber 
6mm thick was therefore placed round the detector, and this reduced low-energy 
y-rays by a factor of about ten and the 0-96 Mev y-rays to about 65%. 

The ®Zn sources, usually of several hundred millicuries, were made by 5 Mev 
proton bombardment in the cyclotron. For experiments with a solid source a 
copper tube was bombarded and used when cut off the holder. Liquid sources 
were obtained by dissolving a layer of the target in nitric acid. 

Though the bias curve of weak sources in preliminary experiments showed 
definite photoelectric peaks at a bias corresponding to 0-96Mev, the scattered 
radiation showed a steadily decreasing bias curve with a flattening at the positron 
of photoelectric peak, the intensity here being considerably higher than the cal- 
culated Rayleigh scattering. ‘This seems to be caused by bremsstrahlung of 
photo-electrons ejected in the scatterers and surroundings. For this reason it is 
not possible to obtain the absolute nuclear resonance cross section by comparison 
with Rayleigh scattering. 

Rayleigh and Compton scattering, as well as bremsstrahlung, should be very 
nearly the same for the two scatterers, apart from the small correction due-to the 
difference in weight ; the copper scatterer was therefore expected to show additional 
counts due to nuclear resonance scattering of 0-96 Mev y-rays in copper. This 
additional scattering should be larger for the liquid than for the solid source since 
the corresponding times 7%), in which nuclei lose their energy from previous B+ 
recoil, are considerably different for the two cases. ‘This gave an opportunity of 
proving that the difference of scattering from copper and from iron was due to 
resonance scattering. 

Counting was done with no scatterer, iron, and copper scatterer round the 
detector, interchanging every five minutes. ‘Thus three separate decay curves 
were obtained in each experiment. ‘The half-periods obtained were always about 
10°, shorter than the accepted value 38-3 minutes and the value 38 minutes 
obtained with a small part of the source with another counter. This was explained 
by slow changes in amplification of the photomultiplier tube. 

After subtraction of the counting rate with no scatterer, the ratios of the | 
scattering from copper to scattering from iron for three experiments with the | 
liquid source were 4:5 + 1-6, 2640-5, 3-8+ 1-4, with an average value 3-6 + 0-9. 
The actual results obtained in the third experiment are shown in figure 2 (a). 

In two experiments with the solid source the following results for the copper to 
iron ratio were obtained: 1-0+1-1, 2-2+0-8, with an average value 1:6+0:7, | 
which is significantly lower than that for the liquid source. Figure 2 (6) shows the 
detailed results for the second of these experiments. 
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In the calculation of experimental cross section for resonance scattering only 
results from the liquid source experiments are used. 
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Counting Rates with 
—-o-— Copper Scatterer 
—-—<— Iron Scatterer 
-- e--- No Scatterer 


Counts in 4min 30sec with Background subtracted 
Counts in 4min 30sec with Background subtracted 


& 


0 10 20 30 40 50 60 70 80 0 10 20 30 40 
Minutes Minutes 
Figure 2. Counting rates. 
(a) third experiment with the liquid source. 
(6) second experiment with the solid source. 


§ 4. ANALYSIS OF RESULTS 


The experimental cross section for nuclear resonance scattering, o,x), Was 
calculated from the geometry of the apparatus and from a comparison of the count- 
ing rate due to the selective scattering with the direct counting rate measured 
when the source was placed at a known distance from the detector. With this 
procedure the absolute sensitivity of the counter is not required. When the 
isotopic abundance of ®*Cu (69%) and the absorption in the scatterer were taken 
into account, the following results were obtained for the three experiments: 
Sette o)  10- em, (11421) x 10-2" cm", (8:14 1-7) x 10-2? cm*, “with an 
average value o,,,=(8-4 + 1-4) x 10-2’ cm?. 

To obtain the mean life the following further data have been calculated and 
estimated: the cross section for exact resonance is, omitting the statistical weight 
factor, which is not far from unity, o,,,,=A?/27 =0-27 x 10-*° cm? = 2700 barns, 
the distance of the copper atoms from surrounding atoms in the solution is about 
3 x 10-*cm and their speed, with energy 7-8 ev (which is needed for resonance), 
about 5x10®cmsec!. These atoms would therefore collide after about 
6x 10-™sec, and would not give y-rays having the resonance energy at greater 
times after the positron emission. Faster moving copper atoms collide after a 
shorter time, but some of them would still, after one collision, have sufficiently 
high energy. One can therefore estimate ¢, as about 6 10~“second. For 
the solid source ft, would be halved on account of the closer atomic spacing and 
further reduced by the smaller persistence of velocity after the first collision. 

From the positron spectrum the distribution of the unidirectional components 
of recoil momenta of Cu nuclei has been calculated, assuming no angular corre- 
lation between neutrinos and positrons. The maximum recoil momentum is 
3-75me, corresponding to an energy of 28ev. ‘This distribution, with a scale 
giving the corresponding y-ray energies, is shown in figure 3. For the ordinate 
F,(E) the scale is chosen so that the area under the curve is unity. ‘Therefore the 
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ordinates in this scale represent directly values of F,(£). For H—-E,=7-8ev one 
obtains F,(E, + 7:8 ev) =0-02 (ev) ?. a 
Inserting the values of oyax5 4) and F(E, + 7:8 ev) into equation (4), one obtains 


1/2 
t= Eee: (Lo t7°8 evi | =6x 10- sec 


exp 
with a rather large error, which is difficult to estimate because of the uncertainty 
of the value of f), but may well amount to a factor of 2 or 3. 


Gamma-Ray Energy Displacement (E-E>) ev 
-20 0 0 10 20 


-40 -30 =I 


-4 t) Be, ll 0 | 2 3 4 
Beta-Recoil Momentum in Direction of Gamma-Ray (7) 


Figure 3. Profile of emission line for freely-recoiling ®*Cu-nuciei. 


While the measured K-conversion coefficient (Huber e¢ al. 1947) corresponds 
to an M1 transition, Weisskopf’s (1951) theory gives 4x 10-14sec for an M1 
transition and 2:6 x 10°" for E2. ‘The present result may thus be taken to suggest 
either a slow M1 or a fast E2 transition. ‘Three M1 transitions in other odd-Z 
even-N nuclei have been measured by Graham and Bell (1953) and, in relation to 
their energies, are even slower than the one reported here; one (Elliott and Bell 
1949) is even faster than the theoretical prediction. 


§ 5. EXPERIMENT WITH **Fe 


Using the same technique and the same apparatus, another experiment on 
nuclear resonance scattering has been done with 0:84 Mev y-rays produced in the 
decay of **Mn. ‘This time additional scattering due to resonances of *®Fe nuclei 
was expected from the iron scatterer. No such effect was observed. ‘The ratio of 
scattering from iron to scattering from copper was calculated without subtracting 
the counting rate without the scatterer (as it was relatively rather smaller than in 
experiments with ®Zn). It is 0-97 + 0-03. 

The possible value less than one can be explained by the difference in weight 
of the two scatterers. 

From the geometry of the apparatus, the strength of the source and the above- 
mentioned experimental error we obtain for the upper limit for experimental cross 
seefion 2-5 x 10-**cm?. In this case on,,=0-34 x 10-?%cm?, #,220°5 x 10>" seam | 
Fy\=0-01 (ev). Therefore the estimated lower limit for the mean life is | 


0:8 x 10-'second. It is thought to be an electric quadrupole or higher order 
transition. | 
| 


§ 6. DIscUSssION 


The use of the recoil caused by a B- or y-ray preceding the y-ray whose nuclear | 
resonance scattering is observed seems to give a possibility of observing that | 
process for many nuclei. If sources in the liquid state are used, transitions with a 
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mean life shorter than about 5 x 10-"sec could be measured, though not very 
accurately. ‘The use of sources in the gaseous state would greatly improve the 
accuracy in that region, and also extend the possibility of observation of nuclear 
resonance scattering with much longer mean lives. 
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Abstract. The free-electron model of a conjugated molecule is extended to apply 
to a metal. When each conduction electron is allowed to move freely along the 
set of one-dimensional lines (i.e. bonds) joining adjacent atoms, a band-structure 
appears. This is shown to be almost identical with the shape predicted by the 
conventional tight-binding approximation. The particular example of the 
m-electrons in a graphite layer is worked out in detail. No empirical parameters 
are used except the interatomic distance and the crystal structure. 


$1. INTRODUCTION 
r VHE so-called ‘free-electron model’ has recently been applied to conjugated. 


and aromatic molecules with great success (Ruedenberg and Scherr 1953, 

Scherr 1953). Calculations of resonance energy, bond order, free valence, 
excitation energy and other similar properties agree quite extraordinarily closely — 
often to within only 2 or 3°%—with those obtained with the more usual, tight- 
binding, 1.e. molecular-orbital, method. At first sight, it would appear strange 
that this should be so, since the essential step in the m.o. method is an expansion 
of an electronic wave function in terms of suitable atomic orbitals, whereas in the 
free-electron model, the molecule is replaced by a network of straight lines 
joining adjacent atoms, and the assembly of valence (or z-) electrons are supposed to 
move entirely freely along these various one-dimensional paths. But the present 
writer has shown (Coulson 1953) that in most cases these two apparently different 
models must give very nearly equivalent results for the wave functions and energies : 
and Griffith (1953 b) and Ruedenberg and Scherr (1953) have shown a similar 
relationship for the charges associated with each nucleus. In view of all this 
agreement we may reasonably expect a corresponding similarity between the 
familiar tight-binding approximation for metals and the free-electron network 
approximation. We shall find it convenient to refer to this later as the network 
approximation, since the term ‘free-electron model’ is commonly applied to the 
early Sommerfeld treatment of a metal. It is the purpose of this note to show that 
this is indeed so. We shall do this by considering in §2 a simple cubic lattice, 
in § 3 the more general cubic lattice and in § 4 a graphite layer. 


§ 2. SIMPLE CuBIc LATTICE 


Figure 1 shows a simple cubic lattice—more precisely it shows only two of the 
three dimensions, the third axis lying perpendicular to the plane. We are to 
treat the electrons as free to move over this whole network of lines under no 
potential energy except that which keeps them on the lines. With an obvious 
notation let us label the unit cells by the three indices (jk) and let Ajjp, Bijny Cyn 
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stand for the wave function % of an electron in the three basic directions of the 
(yk) cell. ‘Then these functions must satisfy the following conditions: 
2 


(a) ee + q?A =0, and similarly for B and C, 
where Gi Orem HRY pet merle 4 So ey Seete ss (1) 
and F is the energy of the electrons, supposed wholly kinetic. 

(6) Aj.= Bj, = C,,,, at their common meeting point. 

(¢) Ain = Aj-1,;,, etc. at their common point. 

(d) X grad ys=0 at each joint, where the gradient is measured along each line 
of the network, away from the joint. 

(e) b=e'-"u(r), where k is the wave vector (k,k,,k,) and u(r) is periodic with 
the period 1 of the lattice. 

Condition (a) is the Schrédinger equation ; (6) and (c) are continuity conditions, 
(d) is the conservation of current (Griffith 1953a) and (e) is the usual Bloch 
condition for periodic lattices. 


Figure 1. Nomenclature for wave functions along the bonds of a simple cubic lattice. 


From (a) and (b) we can write 
A, jj, = COS gx + asin qx 
Ber COSGY FUSING pee et nase ns (2) 
C,;,=Cosqz+csingz | 
where x, y, z are measured from an origin at the corner of the 7k cell, and a, b, c 
are three constants to be determined. Next, condition (e) shows that 


Ay 5, 4= CEP (—tRgl)}(cosqu’'+asingx’), = ss enge (3) 
x’ being measured from an appropriate origin in the7—1,/, k cell. Condition (c) 
which applies at the point x’ =/, x=0, gives 
fexp(—7k,l)\(cosqgltasing/)=1. = = — ...... (4) 
There are two other equations analogous to (4), but involving k,, and k, instead of 


k,, and b and c instead of a. 
Condition (d) may be applied in the same way. It yields 


a+ {exp(—zk,/)(singl—acosql)+ ...+...=0, «22. (5) 
where the two omitted terms are obtained from the first term by the cyclic 
permutation a—>b->c, k,—>k,—k,. 
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We have now obtained four linear equations in a, b,c; three of them come from 
(4) and the last one comes from (5). Their mutual consistency requires that the 
determinant obtained by elimination of a, b, c should vanish identically. ‘The 
result is an equation (6) which expresses the variation of the energy & with wave 


vector k: 3cosql=cosk,J+cosk,l+cosk,l, savas (6) 


where g? = 82? mE|h*. 
We wish to make two comments on this relation. In the first place q is only 


defined with modulo 27/l, so that (6) leads toa zone structure. In the second place 
we may compare (6) with the tight-binding equation (e.g. Mott and Jones 1936, 
p- 68) je eas 
2p 

In this last equation H, and « are constants associated with one atom and f 
is a resonance integral between neighbouring atoms. Now apart from a trivial 
change in zero of E, (6) and (7) are identical provided that (i) we may replace 
cos gl by 1 — q?/?/2 and (ii) B =h?/247?ml?. The first of these conditions is entirely 
similar to the condition recently obtained by the author (Coulson 1953) for 
molecules ; and is satisfied well enough in the lower half of the lowest conduction 
band. It does, however, become progressively less well satisfied for higher 
energies in this band. Other bands than the lowest are dealt with by replacing 
cosgl by 1— q*#/?/2, where g* is the reduced value of g. ‘This is the quantity 
lying in the range 0 to 27// such that cos g*/=cosql. The second condition above, 
which is one of absolute magnitude and not just of form, has already been met in 
the work of Ruedenberg and Scherr (1953) and others, where it has been found to 
be reasonably well satisfied for carbon-carbon bonds. _ It is, of course, unlikely to 
hold for all interatomic distances, though a variation of 8 as proportional to /-? 
is in general agreement with the detailed study of molecules by Mulliken (1949) over 
the physically interesting range of atomic distances. Now if the relations between 
E and k are almost identical in the two theories, so also must the density distri- 
bution of energies within a band. Hence we conclude that the band distribution 
of the network model is exceedingly similar to that of the usual tight-binding 
approximation. 


=cosk,l+cosk,J+cosk,f. | = = = -...++. (7) 


§ 3. GENERAL CuBIC LATTICE 
It is easy to extend the previous analysis. ‘Thus, if we consider a more general 
cubic lattice, in which any one atom has neighbours at vector distances 
+1(¢=1, 2, ...m) it may be shown that (6) becomes 


cos ql; cos k.1; 
5S *uyque gaa (8) 


sin gl, | sin gl; 


The analysis leading to (8) is omitted, since it follows the same lines as in §2. 
However, certain particular cases of (8) are worth mentioning. 

(a) For a simple cubic (8) reduces at once to (6), since there are three vector 
displacements 1; all equal in length to J, and directed along the three coordinate 
axes. 

(6) For a body-centred cubic, all the 1; are again equal, and if we put 1? =3a?, 
so that 2a is the side of the unit cell, then 


4 cos ql=4 cos k,a cos k,a cos k,a. 


This is exactly equivalent to the tight-binding formula if we may replace cos gi by _ 


1—q/?/2 and use the appropriate value for the resonance integral. In fact, with 


SY TA 
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the notation of Mott and Jones (1936, p. 68) in which the resonance integral is 
«alled y, y=h?/327?ml2. 

(c) For a face-centred cubic, putting /;?=2a?, so that 2a is the side of the unit 

-cell, we have 

3 cos gl=cos k,a cos k,a+cos k,a cos k,a+cos k,a cos k,a. 
Once again this agrees with the tight-binding formula in Mott and Jones provided 
that y=h?/487?ml?. 

(d) Other cases, such as that of a simple cubic with unequal lattice vectors, 
are soon written down from (8). ‘The only situation where the method appears to 
break down badly is the linear chain. Here, since there is nothing to mark out 
where the atoms are, it reduces to the Sommerfeld free-electron model. 


$4. A GRAPHITE LAYER 


Our example is a graphite layer with interatomic distance J/, as in figure 2, in 


Figure 2. Nomenclature for wave functions along the bonds of a plane graphite layer. 
The 7 unit cell is shown dotted. 


which the free electrons are the familiar 7-electrons of organic chemistry. These 
electrons have a wave function antisymmetric in the layer plane, but, as Ruedenberg 
and Scherr (1953) have shown for the analogous situation in molecules like benzene 
and naphthalene, we may discuss their distribution in the coordinates xy of the 
plane without reference to the z coordinate perpendicular to the plane. We know 
that these 7-electrons are much more mobile than the o-electrons whose wave 
functions are symmetric in the layer plane. Thus it is reasonable to suppose that 
our free electron network treatment will be more applicable to the 7-electrons than 
to the c-electrons. Our calculations therefore relate only to the z-electrons, and 
not at all to the c-electrons, which were the only ones considered by Hund and 
Mrowka (1953) in their discussion of graphite by means of the tight-binding 
approximation. 

For a single graphite layer, each unit cell, such as that shown in dotted lines, 
contains three bonds. Let us call the wave function in these three bonds 4,,, B;,,, 
C,,;as shown in the figure. Then 4,,, B;,and C,,are given by analytical expressions 
identical with (2) provided that x, y, x denote distances, in the plane, along the 
three bond directions, away from their common point near the middle of the unit 
cell. Continuity of current at this point further requires thata+b+c=0. There 
are three other conditions to be satisfied. ‘These are best expressed in terms of a 
wave vector measured in terms of its components in reciprocal space. ‘T’his has 
been discussed within the tight-binding approximation by Coulson and ‘Taylor 
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(1952). If the lattice vectors for the unit cell of figure 2 are called a, and a, with 
lengths a,=4a,= 1/3/ then the reciprocal vectors are by and b, related to a, and a, 
as in figure 3. A point rin coordinate space is then represented by r=7,a,+7@, 


Figure 3. Lattice vectors a, a, and reciprocal lattice vectors b; bz for a graphite layer. 


and a point k in reciprocal space by k=k,b,+,b,. The three extra conditions 


Seas Bz, (y=1) = {exp (thea)}A,; (x=), 
C,, (3 =1) = {exp (th,a,)}A;; (x =D), 


dA,, = (oa 
pabeeit) panera ld See =(). 
( dx i sf ( dz 2=l =: dy Bl 


We have now a total of four conditions, all linear in a, b,c. "Their mutual consis- 
tency requires that their eliminant vanishes, just asin §2. After some reduction 
the exceedingly simple result is obtained 

eosgi=—t 2/3, 7 eee (9) 
where £(kyke) =3 +2 cos khia+2 cos kpa+2 cos (ky—Re)a. ....-. (10) 
This result may be compared with the tight-binding result of Coulson and Taylor, 
in which overlap integrals between neighbouring atomic orbitals are neglected: 

E—E,=gp, 

where g is given by precisely the same formula as (10). Once again, therefore, 
we have a close correspondence between the two theories, which is exact provided 
that (i) we may neglect overlap integrals in the tight-binding calculation, (ii) we 
may put cos ql=1— q?/?/2 and (iii) B=h?/127?ml?. ‘This numerical value of the 
resonance integral is 1-28 ev ; it may be compared with the value of about 1 ev which 
is needed in the tight-binding method for agreement with experimental resonance 
energies for molecules like benzene and naphthalene with six-rings similar to those 
in graphite. It is satisfying that the two values of £ are so close, since no empirical 
data except the bond length appears in (iii). 

In view of the current interest in graphite, we have thought it worthwhile to 
compute the density distribution N(£) using the network model. This distri- 
bution is easily found from the distribution function W(g) which has already been 
used by Coulson and Taylor (1952). ‘This is defined by the fact that 1 (g) dg is the 
number of k-values for which g(k,k,) lies between g and g + dg, allowance being 


made for the existence of electron spin by normalizing (g) in such a way that 
“3 


| V@dg=1. bh (11) 


This corresponds to exactly one half of the total band, the total spread of g-values. 


being from —3 to +3. ‘The definition (11) shows us that in the tight-binding 
approximation, with neglect of overlap integrals, the density of states is 
BA |(E—E,)/B]. This is the function which Coulson and Taylor plotted in 
figure 4(a) of their paper. 


Network Model for Metals 613 


It is perfectly straightforward to show, from (1) and (9), that 


iS = 2)1/2 
dg = Poste Hie eae (12) 


where {’ is used for the quantity h?/87?ml?, whose dimensions are those of energy. 
Numerically 8’= 1-92 ev, independently of any model. It follows from (12) and 
the definitions of N(£) and /(g) that 


— g2\1/2 
N(E/B’) = eaten cir eee Sere at (13) 


In figure 4 we show the graph of 8’ N(E/’)as a function of BE/B’. This curve shows 


Occupied |; 
fs Levels 


Empty 
Levels 


Bip! 


Figure 4. Density function of levels for a single graphite layer as a function of energy. 
N(E) is normalized to give just one level per atom in the occupied half of the band. 


the characteristic zero in the middle of the band just as does the curve obtained by 
Coulson and Taylor, which is also shown in the figure. In drawing this latter 
curve, the unknown resonance integral 6 (but not of course f’ which is fixed) is 
chosen so that the width of the lower half-band agrees with that calculated for the 
network model. In the normal state of the layer, since there is one 7-electron per 
atom, all levels up to the zero are filled, all above it are empty. _It is really quite 
astonishing that the two curves agree so closely, even as regards such details as 
the positions of the infinities and the shape near the zero value at E/p’ = 2-47. 
The only serious disagreement is for large values of E/f’. But this is completely 
irrelevant, since for E/f’ greater than about 5, no l.c.a.o. model would be expected 
to be significant on account of the intrusion of higher atomic orbitals such as the 
3pz and 3dz, in the manner suggested by Coulson, Craig and Jacobs (1951). 
However, it is perhaps worth drawing attention to the fact that even in this high 
energy region the N(£) curve is closely similar to the I.c.a.o. curve, when overlap 
integrals are included in the latter. ‘This may be seen at once by comparison of 
the N(E) curve in figure 4 with figure 4(5) in the paper by Coulson and Taylor. 
If it were permissible to take the overlap integral S between neighbouring 2pz 
atomic orbitals equal to about 1/8, the agreement would be within about 10°/, over 
almost all the range of #. But such a value for S is rather smaller than that 
(about 0-25) obtained using Slater-type wave functions. 


§ 5. CONCLUSIONS 


The general conclusions which emerge from this study are quite easy to state. 
In all cases (other than a one-dimensional chain, or line, of atoms) the free-electron 
network model gives energies and band distributions in close agreement with those 


614 C. A. Coulson 


obtained by former theories. When it is realized, for example, that ina graphite 
layer, this agreement is found with both the tight-binding approximation of 
Bloch and also with the bond-orbital approximation of the present writer (1954) 
it becomes even more clear than it was before, that the density function N(Z) must 
be determined in quite large degree by the geometry of the lattice. Probably 
the general shape of the N(Z) curve would be given correctly by almost any theory 
that was at all plausible. In one sense we can see this as follows. In all theories. 
the energy FE must be given as a certain function of the wave vector k, t.e. H=/(k). 
Now the shape of the lattice permits certain translations and rotations and inver- 
sions which leave it unchanged. These symmetry operations must therefore 
leave f(k) unchanged. ‘The translational symmetry operations show that /(k) 
will be an expression involving periodic functions of k, so that we expect trigono- 
metrical rather than algebraic functions to appear. And the existence of the 
rotational symmetry operations implies that f(k) must involve certain invariant 
combinations of these trigonometric quantities. We shall not pursue the details 
of this argument here, but it is fairly clear from the way in which f(k) is calculated, 
that the simplest invariants are likely to be the most important ones, This is 
precisely what is found. For example, in graphite, the function g(k,k,) defined in 
(11) is the simplest invariant for rotations of 27/3: and the energy is given in 
terms of g even if we include interactions between first- and second-nearest 
neighbours. It is only when third-nearest neighbours are considered (Coulson 
and Taylor 1952, p. 823) that a second invariant is required as well. ‘This means 
that the general shape of the band distribution is likely to be substantially the same 
for all theories, since it is always governed by the first invariant. 

There are two further comments to make. ‘The first is that the free-electron 
network model is only applicable to pure metals, since in the presence of atoms of 
different kinds it is absurd to suppose that the potential function for a conduction 
electron is even approximately constant along the network. The second comment 
is that the type of analysis described in this note may have its greatest utility as a 
kind of interpolation formula, in the manner suggested by Slater (1954). In 
this scheme, much more accurate calculations are made for certain values of k 
which permit an easier handling of the wave equation (due to increased symmetry, 
etc.). ‘These accurate calculations enable us to calibrate our more approximate 
distribution, and so to use it for those intermediate values of k for which really 
accurate calculations would be prohibitively complicated. 
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Abstract. ‘This paper describes the application of perturbation theory to two- 
velocity-group neutron problems. We consider the exact integral equations 
satisfied by the neutron densities. ‘The treatment is, therefore, not restricted to 
systems whose dimensions are large compared with the relevant mean free paths, 
and is more general than that reported by Glasstone and Edlund. The latter 
describe a theory, due to Wigner, in which it is assumed that the neutron densities 
satisfy the diffusion equations, 1.e. the theory is applicable only to large systems. 

The eigenfunctions of the integral equations do not form an orthogonal set. 
They are orthogonal to the eigenfunctions of the adjoint equations. The first 
part of the paper deals with the construction of these latter equations. ‘The 
variation of the eigenvalue of the integral equations with small changes in the 
system is calculated. Finally formulae are obtained for the multiplication of a 
source of neutrons in a system near to critical. 

The theory described in this paper is a generalization of that given by Fuchs 
for application to one-group-theory problems. ‘The pattern of the analysis is 
similar, but deviates in the treatment of the effect of a change in the neutron mean 
free path in the system. 


§ 1. INTRODUCTION 


N account of multi-group perturbation theory as applied to reactor problems 
is given in the book by Glasstone and Edlund (1953). The treatment 
described is due to Wigner, and is applied to one- and two-velocity-group 

problems in which the neutron density satisfies the diffusion equation. ‘The theory 
is, therefore, applicable to systems which are large compared with the relevant 
neutron mean free paths. 

Fuchs (1949) has given an account of perturbation theory as applied to one- 
group neutron problems without the restriction that the size of the system is large 
compared with the mean free path. ‘This theory is developed by an expansion 
in the system of orthogonal solutions of the exact integral equation, as distinct 
from an expansion in terms of the orthogonal functions of the diffusion equation. 

In this paper Fuchs’ treatment is extended to two-group theory. In general 
the pattern of the analysis is similar. It deviates, however, in the treatment of 
the effect of a change in the total mean free path on the system. ‘T’o describe this 
effect, Fuchs first considered the multiplication in a sub-critical system containing 
anisotropic sources. In this paper it will be shown that this step can be dispensed 


with. 
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§2. THE INTEGRAL EQUATIONS 


Let ,(r) and ,(r) be the neutron densities in the two groups. ,(r) and 7,(r) 
satisfy the following equations: 


y(t) = 0, | Bu(t’)Ky(r, r’)r(r’) do!’ + 25 | Bor(r’)Ki(r, v’)n,(e') do" 

+ [aie ( rds Sa (2.1) 
vatts(r) =2, | Bra(t’)Ko(r, w’)(r’) do’ + | Boalt’) Kal, 0 )na(r’) do’ 

+ fale )Ke(r, nde eee (2.2) 


where 
K,(r, r’)=exp(—2,|r—r’|)/47|r—r']?= K,(r’, r). 


s numbers the group and can be 1 or 2. K, is the probability that a neutron of 
group s emitted at r with velocity v, arrives at r’ without a collision. 

o., is the inverse total mean free path for neutronsin groups. {£,,/«, and f,,/a, 
are the probable number of neutrons of velocities v, and v, produced when a 
neutron of velocity v, undergoes a collision. q,(r’) is the source strength per unit 
volume for neutrons of group s at a point r’. 

Equations (1) and (2) can be written in matrix form as follows : 


eh Os ot a RR eee (233) 
where n= \|n,|I, M = ||M,,\| and s==([si [laces (2.4) 
The elements of the matrix ||M,,|] are defined as follows: 


M,,= =| Bilt )K(r, io) eae dv’. es : (2.5) 


Us 
§ 3. ADJOINT EQUATION 
Let us consider the source free equation 


n= Mn. eae Glee Cele: G.1) 


Let A; be an eigenvalue of the equation and ; the corresponding eigen solution. 
In general the eigenfunctions do not form an orthogonal set. They are 
orthogonal to the eigenfunctions of the adjoint equation 


n= AMIR OOO ET eee (3.2) 
where nt=|ln,*|| and M+=||M,,+| 


The elements of the matrix ||M,,*+|| are defined as follows : 
Us ; / , 
M,,+= > Balt) | Kir, r’)...dv’. tee (85) 
1 


The eigenvalues of (3.2) are the same as those of (3.1). We shall later assume 
that the set 1; is complete. 
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The orthogonality property is easily demonstrated. Let ,m;+, jn; denote the 
transposed vectors (1,,;+,;+) and (m,, 29;). 
| tjtn, dv =A, fe n;+Mn,dv=), fe n,M*n,+ dv 
because, for example, 
| 15+ Myyny,do= teh My *(")By(0'). KG (1, r’)ny,(r’) do’ do 
= [mile )Bule’) { my) Ki(e', v) do! do 
= | n,(r’)M,,*1,;+(r’) dv’, ete. 


‘Therefore | t2;'n;dv=X, if nM +n,;+ 
=H ent dv= > |v +n, dv, 
ie. | ,2;'n,dv=6,, where a = “0, ‘of; 
a l=, 


if the n’s are normalized. 


§ 4. VARIATION THEORY 


Consider the equation =A Mine 1 OY Re ee on (4.1) 


Let the system vary to a slight extent. Such a variation may be expressed as 
changes 5K,, and 88,,,, (n, m=1, 2), all incorporated in a change 6M in M, 


ae. 6n,=6A,Mn,+AMn,+A,Mon, ss eee (4.2) 
Multiply (4.2) by ,#,;+ and integrate. 
Then 
| ij*8n,do=5A, [ .mj*Mn,do+2, | ynj*8Mnjdo+a, | anjtMBnjdo. 0. (4.3) 
Now A; { on? MBn,do=A, | 3n,Min;t do= | ,3ng;* de. 
n;*dMn, dv 
Therefore et fee, sae (4.4) 
A; | «n;+ Mn, dv 
n;+dMn, dv 
i.e. or =— Jon'8 Mn, do =— | t8Mn, do. 
A; | in; 'n, dv 


§ 5. EFFECT ON A DUE TO A CHANGE OF « AND f IN A SMALL REGION 


The expression |,7;*6/Mn,dv is now evaluated when « and f change in a small 
region. The suffix z will be dropped from the expressions for the sake of 
convenience. 


| t8Mndv= | myt8M ym, do + | myt8My yn, do+ | ngt3Myyn, do+ | ny*SMyyndv 


renee (O21) 
where 
[np 8Mym, dv= I] ny *(r)dByi(r')Kymy(r’) do’ dv + | | y*By(r')OKyn(r’) dv’ dv. 
Sa (32) 
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From (3.2) and (3.3) we obtain the following equations : 
AD | K,(0,v’)ny*(') do=unt,"() — = Bate? (At) vee (5.3) 
t 


where D=|Bylre i \) a eo eee 
Therefore the first term on the right-hand side of (5.2) is given by 


[ [tBu Kir w))ma(r’) do! do= [ 5Bra(r’yn(e’) | my *(W)Ki(, #') de do" 


= ie 7(To) Ee = Bom | Lem (5.5) 


if the change in f occurs in an elementary volume dvp at ro. 


We now simplify the second term occurring in (5.2). It will be convenient to 
combine two of these terms occurring in (5.1), namely 


[| mB i(r')OK Cr, r’)n, do’ du+ | | mr )Baa(t')BKin(t") do de 


= | n,t if Buy(0’)n,(0’) + 72 Bai t’)ne(r)} 8K,(r,r’)do'dv. ...... (5.6) 


We introduce the following quantities, N,(r, &) and N.(r, 2). N,(r, &) is the 
density of neutrons in the first group whose directions lie in the solid angle dQ 
around &. JN,(r, &) is a similar quantity for neutrons of group 2. We shall 
reduce (5.6) to a sum of integrals of the type J N,*(r, — Q)N,(r, 2)dQ. The 
change in K is due to a change in « ina volume dz, at ry. ‘To assess the effect on 
K we consider all directions passing through ro. 


Let the volume element dv, at ry in which the change in « occurs be 552 dQ dsy_ 
where sy=|ry—r| and dQ is the solid angle subtended by the volume element dz __ 
atr. ‘The element of volume dv’ at r’ (see figure) such that all neutrons from this | 
ae spe. in the direction r’—r pass through dz, is given by s?dQ ds, where | 
s=|r’—ri, and | 
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‘The value of 5K, which is the change in the probability that a neutron proceeds 
from r’ to r without a collision, is 


R ; 50° 
— da, dsyK,(r, r’) = — da, ds) Ky(ro, r) exp [ — «(8 — 59)] a 


where da, is the change in «, in the volume dz. 
Therefore, 


[{ Bra ar) + Baa ene’) } BKC) ae 


= —B Kilts) dep |” {Bu(to+51 Q(t +512) 


U; 
+ - Boi (Ko +5, 2)no(To +5, 2) CXP: (555 | See (5.8) 


where Q=(r’—r)/|r’—r|, s,;=s—s), and where we have used the relation (5.7). 
The term (1/47){vBy1(to + $y &2)m4(Fo + 8 2) + VoBo (Ko + 8 2)no(r +5, Q)} repre- 
sents the neutrons at (ry +s), scattered into group 1 and travelling towards ry. 
exp [—«,5,] is their chance of arrival at ry) without a collision. ‘Therefore the 
integral on the right-hand side of (5.8) is equal to 


IN (Fars ne) ane rr: (529) 
Therefore the right-hand side of (5.6) is given by ° 
— 48a dog | m+Ni(ro, — Q)Ky(ryn)dv. —.. (5.10) 


This result could have been obtained assuming 


1 clr’—rl 
Ki= pope? | i ra(r + 8Q)ds> 


i.e. %, a function of position. 
(5.10) is equal to 
—4775a, dug | N,(ro, — 2) | | Nyt (Io — 5 82) Ky (to, Fo — 5 &2)s? ds dQ. 
0 
Let N,* and N,* be the angular distributions of densities in the two groups in 
the adjoint equations. In the integral occurring on the right-hand side of (5.3) the 
neutrons travelling to points r in a direction 9 make a contribution equal to 


dQ {. tasK(r,r—sQ)n,t(r—sQ) ds. 
Therefore, from (5.3), with s equal to 1, 
BooNy*(¥9, $2) — = ByaNot(ro, $2) =AD {7 Nyt (ry —5 2).K, (to, No — 5 &)s? ds. 
The integral (5.10) is given by 
— Bory ATPaalF olay | M(t» — 2)Ny*(tg 2) dQ 


AD(ro) 
477¥1Py2(¥o) dU 


+ 3a DyAD(Fo) 


| N,(t: — 2)No*(ry 2) dQ. 


44-2 
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It is therefore possible to evaluate the expressions occurring in (5.1). 
Expression (5.1) becomes 


duo 
0,0, ees D (Y2My+ Bos — By20Mqt)(V45 447% + V25Bo1M2) 


dvo 
eee Th D (vq + Byy — VoBo1M1t)(V45P yg + M5 Po2V2) 


ee 


v 
— da, yy, 112M dUg + Soy mg 12g" dg 


8% Pay done 
ot 


VoPo1 
YD S22ttalte 5 foils, dl, = twee (5,19 


De, 


ne | N,*(t or Q)N (to) — 2) dQ 
ne 
47n,*(t9)1,(to) 


The effect of a change in « and f over a finite volume can be obtained by inte- 
gration of (5.11) with respect to dv). ‘The change in the eigenvalue can then be 
computed from equation (4.4). With the aid of formula (5.12) one can determine 
the changes in « and 8 which leave A; unaltered, i.e. leave the system in a critical 
state. 


where 


§ 6. MULTIPLICATION PROBLEMS 
Let us return to equation (2.5), i.e, 
n= lin $352: i) eat i eee (6.1) 


Let us expand the neutron density in terms of the eigenfunctions , of the equation 


(3.1), 
n,=,Mn,, i.e. 2= > [n,\n,(r), 


where [n;]=Jy;tndv. Multiply equation (6.1) by »;* and integrate. 
a ° 1 > 
Then [n,] = | ~n;+t Mn do+ | (;*sdv= = | emt dv+ | mts dv, 
Therefore 


n= > | ado. = ene ae (6.2) 


The expression J ,2;+s dv eas in (6.2) can be further simplified, for 


An(r) ( 


“ade)K(r, r’) dv'|\ d (s=1, 2) 


si 


| om +s dys 


| |gale’)Ki(, noes r)nyi*(r) dodo’. .(6.3) 


Substituting from (5.3) into (6.3), we find 
qa(r’)T 1 F 1 
d | js dv = | as Ls Bognty;*(r’) — = airs | dv 


ee AI = Prtao lle = Pratt | av ae (6.4) 
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§ 7. 'THE MULTIPLICATION 


Let E, and £, be the number of neutrons in the two groups that emerge from 
a surface S enclosing a volume I, containing sources given by distributions q,(r’) 
and g,(r’). ‘The multiplication of these source neutrons is given by a matrix 


E=||E,=[Aall [+l far)de’P eee (7.1) 
where Ags= | UA Big— %Oaz}-- - dU. 
Let ll 2.(r) |==.8; | BrsPittas + BosPoMail|- ee (7.2) 
If this equation be multiplied by 


1 1 1 1 1 
tt alee ge cen SP + 
D ( Pac By o, vu Boe, om Bu D, Boyt; ) 
and integrated over dv, it is easily shown that 

B;= ri { tm,ts dv. 


Substituting from (6.2) we find that 


-1| nts du 
E= poses || Barta: + Bors, || 


where ON a Oa oe ee (7.3) 
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Abstract. With a method developed in a previous paper the isotope shift due 
to a difference in nuclear deformation of two isotopes is calculated, making 
certain simplifying assumptions about the nuclear charge distribution. If both 
isotopes have a spectroscopic quadrupole moment these may then be used to 
make an estimate of the deformations. It is found that the difference between 
the intrinsic and spectroscopic quadrupole moments is quite crucial and that 
when this is taken into account the anomalously large isotope shift of Eu is 
satisfactorily explained with the experimentally determined quadrupole moments. 
Using available data on quadrupole and magnetic moments, a tentative examination 
of other isotope shift data in terms of the deformation dependent isotope shift 
indicates that this may perhaps explain the large observed variations. 


§ 1. INTRODUCTION 


HE volume dependent spectroscopic isotope shift (I.S.) has till recently 

been considered as due to a difference in charge distribution between 

two isotopes arising from a change in volume between these. Brix and 
Kopfermann (1949, 1951) however have suggested that if the two isotopes are 
considered as non-spherical there will in addition be a distinct contribution 
arising from a difference in shape. ‘The effective potential energy of an s, or 
Py2 electron in the nuclear interior will in all cases be obtained by averaging 
the non-spherical nucleus over all directions. If the isotopes have a spin J>1 
they will also possess a spectroscopic quadrupole moment defined with respect 
to fixed axes in space for the substate M=J. Brix and Kopfermann have 
assumed that if these quadrupole moments are too large to be due to the motion 
of a single proton it is not too unreasonable to describe the nuclear charge 
distribution by a uniformly charged ellipsoid of revolution. It then becomes 
possible to make a quantitative estimate of the deformation from spherical 
shape and hence, also, of the extra potential arising from this. It will be shown 
that it is of crucial importance when interpreting the experimental data to take © 
account of the fact that the spectroscopic quadrupole moment may be considerably | 
smaller than the intrinsic quadrupole moment referred to the symmetry axis | 
of the nucleus. This difference will have an important influence, especially for 
smaller J, since the deformation occurs as the square in the extra potential to | 
which it gives rise. 
A modification of the individual particle model of nuclear structure in which | 

a well-defined deformation such as has been considered above plays a central | 
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tole, and which is capable of explaining the large observed quadrupole moments, 
has recently been suggested by Rainwater (1950) and Bohr (1951, 1952) and 
Bohr and Mottelson (1953). ‘The nucleons in unclosed shells are considered 
as exerting a centrifugal pressure on the nuclear wall which, together with the 
action of surface tension and the coulomb forces, leads to a deformation of the 
nucleus. 

Brix and Kopfermann have especially considered the connection of the I.S. 
between ®°Sm and Sm with the quadrupole moments of !4Eu and Eu 
which have one additional proton. Both I.S. are exceptionally large. It is 
especially noteworthy that the former is nearly twice the already large I.S. 
between any other two adjacent even Sm isotopes, thus the relative spacings of 
the Sm LS. are 


144 Sm 147 Sm 148 Sm 149 Sm 150 Sm 152 Sm 154 Sm 


0 = 141 2 < 2-26 3°14 4-81 DtA2. 


Brix and Kopfermann assume that the deformations of &°Sm and %?Sm are 
approximately the same as those of the corresponding Eu isotopes. They then 
calculate the deformations of the latter from their known quadrupole moments 
and are then able to obtain an estimate of the deformation dependent part of 
the I.S. between**!Eu and }°8Eu and hence also of that between ©°Sm and 4Sm. 
They find that this is rather smaller than the difference of the I.S. between #°Sm 
and 1°*Sm and that between other adjacent even Sm isotopes. Their interpretation 
is, then, that in view of the uncertainties involved just this I.S. jump can be 
explained as due to a difference in deformation. 

In the following the deformation dependent I.S. is calculated with the method 
developed in a previous paper (Bodmer 1953, referred to as A), using the same 
model as Brix and Kopfermann of a uniformly charged nucleus deformed into 
a rotational ellipsoid of the same volume as the undeformed spherical nucleus 
but also taking into account the difference between the spectroscopic and intrinsic 
quadrupole moments. It is found that the deformation dependent I.S. of Eu 
is of the order of magnitude of the whole of its anomalously large I.S. and hence, 
with the above assumptions of Brix and Kopfermann, regarding the deformations 
of ©°Sm and }°*Sm also of the order of magnitude of the whole of the 1.5. between 
these. 

A tentative attempt is made to examine other I.S. data, more especially the 
large observed variations, in terms of the deformation dependent 1.5. using 
available data on quadrupole and magnetic moments. 


§ 2. CALCULATION OF POTENTIALS 


We consider the nuclear charge distribution to be described by a uniformly 
charged body of revolution whose surface ry’ is given by 


Te =Tol lL eu(G) etwO) ele eee (1) 


Here @ is the angle between the axis of revolution and the radius vector from 
the origin to a point on the surface, the origin being taken as the centre of the 
sphere, radius 7), which is obtained in the limit «=0; e¢ is a measure of the 
deformation of the body relative to this sphere. In the following it is assumed 
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that ¢ is sufficiently small that only powers up to <? need be retained. Expanding 
in terms of spherical harmonics, we write 


u(0) = ee (cos 0) 
w(0)= ¥ BuP, (0088) 


uO) = Pe (cos 6). 


Taking the volume to be the same as that of the sphere, radius 7), and assuming 


that the charge density p is constant, 
3 Ze 


aes TO pstt 
The total charge is then Ze. The potential energy of an electron at a point r 
in the interior of the nucleus (7<79) is 


Le ree Et COS Uy TT \ 
ZA Gee sess [TA 2 - =) | aia cehe 2 
WM) tes 2 PES (=) fea, +e7[B, + $8,(1—m)]} (2) 


3 Ze? 1 2 
where Vr) = — a 1=> 3 (=) ] fle on (3) 
0 0 


is the potential energy due to the uniformly charged sphere, radius 7). For a 
81/2 OF Py/, electron the effective potential energy V(r) is obtained by averaging 
Y(r) over all directions. 


V@y=VOO)4tVG) 
where V(r) = -3 = [eng et(Byddg) cleo el ieee (4) 


is the potential energy due to the deformation. We now suppose more specifically 
that the nucleus may be described by an ellipsoid of revolution of semiaxes a, 6 
along and perpendicular to the axis of revolution respectively. ‘he deformation 
may then be described in terms of the parameter «=(a—b)/r) which is positive 
for a prolate and negative for an oblate ellipsoid of revolution. Using the equation 
for the surface of an ellipsoid, it is easily found that «)=0, By = —4/45, 8) =4/45 
for both a prolate and an oblate ellipsoid. Hence from (4) 


caae, 
V.(r)= Se iste ae 


The difference of potential energy in the nuclear interior between two isotopes 


ee SVi= OV Oye eay 


2 2 
where OV = : vias oro 1— (*) | 
LT att To 


is the usual change in potential energy of a uniformly charged spherical nucleus, 


radius 7, due to an increase of volume specified by a change of radius 87). The | 


change in potential energy dV, due to differing deformations ¢,, <, of the lighter 
and heavier isotopes respectively is 
Le* 


2 
of aaa where F= Fe (ex? €1°) BL, 
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and is independent of r. SV, may either increase or decrease the I.S. due to 
dV, depending on whether e,>e, or «, >e, respectively. 


2 Zein 


2 
=a a € 
ist 7s 


8V. y= 
is a small correction to the volume dependent change of potential dV, arising 
from the fact that for an ellipsoidal nucleus the charge is effectively concentrated 
more towards the centre. Even for «-=+ the I.S. due to 8V, , is less than 2° 
of that due to dV, and can therefore be safely neglected. 
The deformation « is related to the intrinsic quadrupole moment Q, which 
is defined with respect to the symmetry axis of the nucleus by 


3) aa (7) 


If the nucleus has a spin J > 1 it will also have a spectroscopic quadrupole moment 
which may be used to calculate « if the relation between Q and Q, is known. 
QO, will be larger than QO by a quantum mechanical projection factor y; which 
will depend to some extent on the coupling of the angular momenta in the 
nucleus. We take for y; the value given by considering the nucleus as a 
symmetric top: 


Oo=v10,) = aa naples (8) 


When J becomes large y; tends to one, but for small J, y; may be much larger. 
For [=0, $, Q is zero whatever the value of Q). It may be mentioned (see 
Bohr 1951) that the same value of y,; as above is obtained for a single nucleon 
whose total angular momentum is J and which is strongly coupled to a deformed 
core of the remaining nucleons. If, however, the spin-orbit coupling of the 
nucleon is weak compared with the coupling of its orbital angular momentum L 
to the core a larger value of y,; for 7= +4 from the above is obtained. This 
is not however sufficiently different to affect any of the conclusions reached. 
In general it can be expected that for other coupling schemes y, will be larger 
than given by (7) and that therefore the qualitative conclusions will remain 
unchanged. If both isotopes have a spectroscopic quadrupole moment 


ey 5 Vr On 99 QO, 
Lr Ci Sh Sete es | GCHOsC uur: (9) 


‘hus for small J, y; will have a very large effect on dV, since it occurs as the 
square in the above expression. In fact the omission of this factor will be quite 
crucial. 

Even if the nucleus does not have a spectroscopic quadrupole moment it 
may still have a deformation, i.e. an intrinsic quadrupole moment with respect 
to the internal symmetry axis. Hence, also, for even and spin } nuclei 6V, need 
not be zero. In this case, however, « can only be obtained on the basis of some 
nuclear model such as Bohr’s, which allows for deformations. ‘I'he importance 
of nuclei which have observable spectroscopic quadrupole moments and for 
which the I.S. is also known is that «, and hence the I.5. due to dV, may be 
estimated from the spectroscopic quadrupole moments and that, therefore, a 
comparison with the experimentally observed I.S. may be made involving only 
a minimum of hypothesis. Such a comparison should give a rather direct 
indication of the significance of nuclear deformations for the I.5. 
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§ 3. CALCULATION OF THE DEFORMATION DEPENDENT Ls. 


We first calculate the I.S. due to 5V, using the simple perturbation theory 
due to Rosenthal and Breit (1932) and Racah (1932). If the I.S. corresponding 
to 3V,, 5V, is denoted by 5(AE,), 5(AE,) respectively it is easily found that 

S(AE.)pet  20+3 1 


Ds en d(AE,)pert te 3 oro 
where o=(1—02Z2)2; «=e?/hc. This is essentially the result already obtained 
by Brix and Kopfermann (1949). It was shown in A that, avoiding the uncertainties 
of the perturbation theory arising from the neglect of the distortion of the 


electronic wave function in the nuclear interior, the I.S. depends only on 


me | "Vr? dr’ 
0 


and the change in S between the two isotopes, 7 being outside the charge 
distribution (in our case r>r,). The change 5S, corresponding to dV, is 


2 
Sole a Fit > DSS oO Oe (11) 
On the other hand the change in S due to a change in radius 67; is 
Le ear 
5% Tae To « EI ae oe OO eee . (12) 


Equating (11) and (12) we obtain the equivalent change in radius 67,, which 
gives the same I.S. as 6V,: 


Te 
It was shown in A that the I.S. is proportional to the equivalent change in radius 


obtained from 6S as above. Thus if the change in radius corresponding to 
d(AE,,) is 679, and since the radius itself is 7) for both 6(AZ,,) and 5(A£,), 


O(N.) or, 3 earn 
It is seen that the perturbation expression (10) reduces to this in the limit Z—0. 
We have 
Die 
Di (oo 2a" 
For Pb this is 1-1, and thus D, per is a rather good approximation. Also from 
(15), d(AF,)/(SAE,) ye, = 0°85 for Pb if the value of 3(AE,)/3(AE,)per, obtained 
for a uniform charge distribution in A is used. 
With 75=1:4x 10°8A"3 and d879/ry=2/3A, which is the model Brix and 
Kopfermann have used as a standard for comparison in presenting the I.S. data 
(denoted by the index NV), we have from (9) and (14), 


= d(AE,) = 1:35 x 108 Ve Os vr Or 


€,N d(AE,) x Z2A 1/3 
where Q is expressed in barns. 


Aes 


ss LG) 


§ 4. RESULTS AND DISCUSSION 


The I.5. data, apart from rather uncertain corrections of the order of unity due 
to the shielding of the inner electrons by the optical electron(see Humbach 1952), 
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have been presented by Brix and Kopfermann in the form Dy =6(AE)/3(AE,) y 
where (AZ) is the experimentally determined I.S. In their most recent 
presentation (1951, 1952) the correction due to the distortion of the electronic 
wave function as calculated by Humbach (1952) has been included (see also A). 
If we assume that the effects of nuclear polarization as discussed by Breit, Arfken 
and Clendenin (1950) are small, we may write, 

i; 5(AE,) 
— O(AE,)y 


Thus in order to test the theory of the deformation dependent I.S. it must be 
seen whether a reasonable value is obtained for d, the actual value of which must 
be assumed to be positive, if D, y is determined from (16) and Dy is obtained 
from the observed data. 

We first consider the I.S. between the two Eu isotopes (Z=63). The spin 
of both is 5/2 and therefore from (7), y5/.?<8. The hyperfine structure and 
I.S. have recently been very thoroughly re-investigated by Brix (1952) who gives 
s=QO(??Eu)/O(*Eu) =2-0 and D,, =2-3, where this value includes an estimate 
of the effect of the shielding of the inner electrons by the optical electron. 
Schuler and Korsching (1936) give Q(151Eu)=1-2 barns, which is considered 
somewhat uncertain as the electronic terms which can be used for its determination 
are perturbed, the error being of the order of 20%; however, s, the ratio of the 
quadrupole moments, is known much more accurately since it does not involve 
this uncertainty. Hence from (16) 

Dag 0-3( 2a) O7 thu 2-2 0-9 
and d=2-3—2:2=0-1 +1-0. 

The error indicated is that due to the error in the quadrupole moment. In 
view of the large errors involved in Q(*1Eu) and Dy and the uncertainties of 
the assumptions regarding the nuclear charge distribution the actual numerical 
value of d obtained cannot be considered as significant. However, the above 
results show very clearly that the anomalously large I.5. between the Eu isotopes 
can be readily explained as due to a difference in deformations. ‘The whole, 
and not merely the jump, of the exceptionally large I.S. between !°Sm and 
12$m (Z=62) is then also readily explained if the deformations in this case 
are assumed to be somewhat less than those of the corresponding Eu isotopes. 
‘The still larger I.S. between 1®4Eu and 8Eu would then indicate that the extra 
proton increases the already large deformations of the Sm isotopes. In connection 
with the latter it is interesting to consider the application of an empirical rule 
given by Bohr (1951) to the isotopes 47Sm, Sm. This states that for two 
isotopes which differ by two neutrons and have the same value of J, the nucleus 
with the numerically smallest quadrupole moment has a magnetic moment 
closest to the appropriate Schmidt value. The theoretical justification is, 
according to Bohr, that the greater the deformation of the nucleus the more 
important will be the influence of the coupling of the angular momentum of 
the nucleons in unclosed shells with the motion of the core of the remaining 
nucleons, and the greater, consequently, is likely to be the deviation of the magnetic 
moment from the Schmidt value. 

The spins of the odd neutron nuclei ’7Sm, 1°Sm are both 7/2, while the 
magnetic moments are —0-3 and —0-25 nuclear magnetons respectively, the 
quadrupole moments not being known. ‘The I.S. is approximately the same 


= Dy—Dgy- 
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as that between the other Sm isotope pairs (excepting °°Sm and Sm), and 
therefore rather large. The spins and magnetic moments agree with the 
configurations (f,/)° and (f,/2)° predicted by the shell model, the magnetic moment 
of !47Sm lying rather closer to the appropriate Schmidt value than that of “°Sm. 
Bohr’s rule thus predicts that | Q(!49Sm) | > | Q(#47Sm) |, and that therefore the 
deformation dependent I.S. tends to increase the volume dependent part. This 
would support the explanation of these rather large I.S. as due to a deformation 
dependent effect which then become exceptionally large for Sm, 1°?Sm and 
61Bu, 3Eu, 

The conjunction between the neutron numbers 88 and 90 of the I.S. jump 
observed both for Sm and for Nd (Z=60), together with the exceptionally large 
difference in quadrupole and magnetic moments of the Eu isotopes, seems to 
suggest that there is some change in the neutron configurations on the addition 
of the 45th pair of neutrons. 

The only other isotopes for which both the spectroscopic quadrupole moments 
and the I.S. are known are 1*°Re and 18’Re (Z7=75). ‘The spin of both is 5/2. 
Schuler and Korsching (1937) give the two values Q(!*°Re)/Q(?*’Re) = 1-08 and 
1-02 which are obtained from different terms, the former being claimed as the 
more accurate; Q(!*’Re)=2-6 barns, there being good agreement between the 
values obtained from the two terms. The deformation dependent I.S. will 
thus act in the opposite direction to the volume dependent part. If we write 
OC*Re)/OC* Re) = 1+ 8, B<1, then 

ae Page Ut pas 
Dye a t6B= i 0-09, B=0-02. 


On the other hand Brixand Kopfermann, using the data of Schuler and Korsching, 
give Dy=0-35. Thus d=0-72, B=0-08; d=0-46, 8=0-02. There is thus in 
general the possibility, also present for isotopes without spectroscopic quadrupole 
moments, that the deformation dependent I.S. is sufficiently negative to reduce 
the I.S. to a very small or perhaps even negative value. This may then be the 
reason for the rather small I.S. of the elements from W (Z=74) to Pt (Z=78) 
inclusive. 

Brix and Kopfermann have also suggested that the difference in the Re 
quadrupole moments may be connected with the decrease in the I.S. of the 
corresponding W isotopes, 1*4W and !*6W, ‘The relative spacing of the I.S. of 
the W isotopes is 

180\WV 182\WV 184.\WV 186\W 

—0-91 0 1 1-89 
With the larger and more accurate value 1-08 for Q(!8Re)/O(18’Re) it would 
seem however that with deformations for !8*W, !8*W of approximately the same 
value as those of the corresponding Re isotopes, and including the difference 
between the spectroscopic and intrinsic quadrupole moments, D, y is too large 


to account for just the rather small jump in the I.S. It seems more likely to: 


suppose, as for the Sm isotopes, that the somewhat small I.S. of the W as well 
as of the Re isotopes is due to a negative deformation dependent I.S. and that 
the small I.S. jump between '**W and 186W is due to a change in this. 


A case of some interest regarding the possibility of a very small I.S. is that of 


the iodine isotopes !°’I, !°I (Z=53) for which the quadrupole moments but not 
the I.S. are known. The spin of 1271 is 5/2 and O(??"I) = —0-°75 barn, the 
corresponding quantities for #°I being 7/2 (y7/.2= 4-6) and Q(!?91) = —0-43 barn. 
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From (16), D.. y= —0-35. It must be remarked that the model of an ellipsoidal 
nucleus is not likely to be a very good description in this case as the quadrupole 
moments are rather near the single particle values expected on the basis of the 
simple shell model. ‘The order of magnitude of the deformation dependent I.S. 
obtained is nevertheless likely to be correct and the I.S. between !?’I and 12°] 
can be expected to be rather small. 

The reason for the very small I.S. of the elements Xe (Z = 54) and Ba (Z=56) 
which follow iodine may then be due to a large negative deformation dependent 
I.S. In this connection it is interesting to consider the application of Bohr’s 
rule to the odd neutron isotopes °Ba and !3’Ba. ‘These each have a spin of 3/2 
and the magnetic moments 0-832 and 0-936 nuclear magneton respectively, 
the quadrupole moments not being known. The values are not far from the dsj 
Schmidt value, suggesting the neutron configuration (ds/.)! and (d,/.)°, which are in 
good agreement with the prediction of the shell model. The magnetic moment of 
137Ba is nearest the Schmidt value, this isotope having just one neutron less than 
the magic number 82. Bohr’s rule predicts that | Q(?°’Ba) |< |Q(#*°Ba) |, and 
that therefore the deformation dependent I.S. will act in the opposite direction 
to the volume dependent part. ‘This would seem to support the explanation 
that the deformation dependent I.S. may be partly responsible for the small I.S. 
of Ba. It would be of great interest to know the quadrupole moments of !°Ba 
and 13’Ba. 

Certain indications about deformations may be obtained from the I.S. and 
magnetic moments of isotopes with a spin }, which of course have no spectroscopic 
quadrupole moment, if a plausible extension of Bohr’s rule is made by considering 
the nuclear deformation rather than the quadrupole moment. ‘The only two 
isotopes with a spin } which come into consideration at present are those of the 
odd proton elements Ag (Z=47) and Tl (Z=81). The magnetic moments of 
107Ag, 109A are —0-159 and —0-086 nuclear magneton respectively, both being 
near the p,j. Schmidt value, in good agreement with the shell model. ‘That of 
109Ag is somewhat closer to the Schmidt value, and therefore the deformation 
dependent I.S. should be negative. It is not however likely that this is very 
appreciable in view of the normal value of the I.S. and also of the fact that since 
the magnetic moments of both isotopes are rather close to the Schmidt value their 
deformations will probably be small. ‘The magnetic moments of ?°'Tl and 
205'T'] are 1-596 and 1-612 nuclear magnetons respectively and are somewhat 
closer to the s,/. that the p,j. Schmidt value, which is reconcilable with the shell 
model. ‘The magnetic moment of the heavier isotope is closest to the Schmidt 
value and the deformation dependent I.S. should be negative. ‘There is no 
indication from the experimental [.S. that this is significant. ‘This is perhaps 
not surprising in view of the very nearly equal magnetic moments, suggesting 
that their deformations also differ little. 

Finally we mention two cases which are of interest: 

ie ihe spins of @4Sbsand?"Sb (72=61) are 5/2 and 7/2 respectively. 
The quadrupole moments have very recently been redetermined spectro- 
scopically by Sprague and Tomboulian (1953), who find O(1*!Sb)= —1-3 and 
O(?3Sb) = —1-7 barns. These are very different from those accepted previously. 
The I.S. is not known. From (16) D, , = —0-023 which is small, and thus the 
I.S. can be expected to have a normal value. ‘This might indicate that the 
unknown I.S. between Cd and Xe have values of the order of those expected by 
linearly interpolation between the values for Cd and Xe. 
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2. The two isotopes !74Yb, !”8Yb(Z = 70) have spins of 1/2 and 5/2 respectively. 
Q(178Yb)= +3-9 barns and is exceptionally large. Dy = 0:3, and although 
somewhat on the small side, is not abnormally so, thus D, y cannot be expected 
to be numerically very large and will almost certainly be less than 0-5 in 
magnitude. One obtains 

e(171Yb) iy fe uf 
eteXb)ae 2 
This shows that even though the deformation of 1” Yb is so large, «(1 Yb)=1/3, that 
of 171Yb can only differ very little. In fact since the relative spacings of the I.S. are 


12Yh 12Yh 173Yb 174Yb 176Yb 
0” 0-62 1 1-38 vi | 


the deformations of all the isotopes must be very nearly the same, which seems 
rather remarkable in view of the estimated large magnitude of these. It should 
however be mentioned that although the spin of 1Yb would be in agreement 
with the shell model configuration (f;/.)°, the magnetic moment is nearer the 
wrong Schmidt value. This may perhaps be due to an error in its determination, 
which is based on optical hyperfine structure measurements, in which case the 
same uncertainty would apply to the quadrupole moment. 

From the foregoing, and in particular the example of the Eu isotopes, it must 
be considered as established, even in view of the rather large uncertainties 
involved, that a difference in the deformations of two isotopes can have an 
effect on the I.S. comparable, or even larger, in magnitude than the volume 
dependent part. ‘The possibility must also be strongly entertained that the 
large variations observed in the I.S. may be due to this deformation dependent 
effect. The I.S. data could then be used to give information about the variation 
of nuclear deformations, providing a valuable test for theories of nuclear 
structure which involve a deformed core. Of special interest in this connection 
are the I.S. of a sequence of isotopes which all have a rather large or small I.S. 
This must then be taken as indicating that the deformations continuously 
increase or decrease respectively from one isotope to the next, and not that 
merely the difference in deformation between any two isotopes remains 
approximately the same. ‘Thus the large 1.5. of the Sm isotopes would 
indicate that all the isotopes from ™*Sm to 4Sm have successively large 
deformations with an exceptionally large increase between ©°Sm and !2Sm. 

In conclusion it may be remarked that it is perhaps possible to explain the 
odd-even staggering of the I.S. as a deformation dependent effect. We consider 
the successive addition of neutrons into a shell of angular momentum j, the 
remaining nucleons being in closed shells. In the limit of strong coupling between 
the extra core neutrons and the deformation of the nuclear core these neutrons 
will move independently of each other, each having a definite component m; of 
angular momentum along the symmetry axis. ‘The deformation of the core is 


then given by peas 3m =ili+ 1) 

2 Ty em 
where K depends on the coupling constant and the deformability of the core, 
and the summation is over the extra core neutrons. In the ground state all 


the neutrons will be paired in an even neutron nucleus and all except one paired 
in an odd neutron nucleus. It follows that, for an even number of neutrons 2, 


€nve — €=2( Ena Teh) Oatisntious (18) 


Dae 
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for if in the odd neutron nucleus the odd neutron is in the level (j, m) the 
additional neutron in the heavier nucleus will occupy the level (7, —m). 
Ty oy) Sie ae Sart elena en) en ens) 
Assuming that the volume dependent part of the I.S. is the same for each of 
the neutrons added, the condition for odd—even staggering in the direction 
observed is €,,,;7<d(e,,,?+€,”), and we see that this is satisfied in the strong 
coupling limit. In this model there will also be differences between the isotope 
shifts of adjacent even—even (or odd-even) nuclei, which will in general be of 
the same order as the odd—even staggering. t 

The direct interactions between the extra core neutrons will tend to couple 
these together to give a good total angular momentum leading to a smaller 
deformation of the core in even—even than in odd—even nuclei. In fact, when 
the direct coupling is very strong the deformation is of the first order in the 
coupling constant in odd-even nuclei, whereas it is a second-order effect in 
even—even nuclei (J. Rowlands, private communication). In this case there 
will also be an odd—even staggering but in the opposite direction to that when the 
coupling with the core is predominant. ‘The direct interactions will thus in 
general tend to reduce any odd-—even staggering due to the deformation of the 
core. Whether the variations of the nuclear deformation can actually explain 
consistently the odd—even staggering of any particular series of isotopes will 
require a more detailed investigation which would also have to take into account 
the possibility that the successive neutrons may not all go into the same shell. 
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Abstract. Asymptotic expansions are found for the integral G;, (7) defined by 
SY uax 
—_—_——  if7<0, 
|, ape 
and as the Cauchy principal part of the same integral if 7>0. A table is con- 
structed for k=4, and the ranges —3 << —0-6(0-2), —0-5<7<0-5(0-1), 
0-6 <7 <20(0-2). 


§ 1. INTRODUCTION 


which have recently been given by Robinson (1951). If P denotes the 
Cauchy principal part (Whittaker and Watson 1924, §6.23), we consider 
the function 


cc: paper generalizes some numerical results on Bose-Einstein functions 


[ On ek dx 

i=) teecrsnyei <0 eel ern (1.1) 
eM | peo kane 0 

[ I ez—1 1? Mi fee st, Peek areretetarte (1 2) 


for R>0. Expression (1.1) arises in connection with the usual theory of the 
perfect Bose-Einstein gas above its transition temperature; it also arises in the 
theory of ferromagnetism (Schafroth 1954 and references given there). Expression 
(1.2) has not so far had any important physical application, although integrals of 
this form would arise if the occupation probabilities of the states of a perfect 
Bose-Einstein gas of N particles were taken in the form 


1 Nl 2 E 
ew-n— ] ve e(e—MN+F) — , sie Sibu 


where 7 can assume positive values (Sommerfeld 1942, cf. also Landsberg 1954 
and references given there). 

Asymptotic formulae for G;, (7) are presented for the case of large | |, and for 
k=} a numerical table is given for the range —3<y7<20 within which the 
asymptotic formulae are not applicable. The results are tabulated at intervals of 
0-2 outside the range —0:5 <7 <0-5. Within the latter range the interval has been 
taken as 0-1 because of the rapid variation of G,.(7) in the neighbourhood of the 
origin. 

§ 2, EVALUATION OF G,(7) FOR 7 >0 
Let 
aad i 
ereT? 


F.(n)= |. k>O0, 


| 
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be a Fermi—Dirac integral, It may be shown that 
n—1 
G;,(n) eee Pi (2’n\+ 2G (2). = vc eae (2.1) 


It follows that if an asymptotic expansion is available for G;, (7) then these integrals 
can easily be calculated from the table of Fermi—Dirac integrals for small 7. 

The behaviour of G;,() for large 7 is derived as follows. By suitable changes 
in the variable of integration we have 


as ° (n +.x)k-- (9 —x)* xkdx 
Gi, (n)= - ee SE dy ae eee (2.2) 
From the binomial theorem with integral remainder it follows that 
pe R(R-1)...(R-r4+1 
ze)—9F > ee eee) Sree (2.3) 
where 
= k n+1 —n 
R, (a= Ea =) le (1- —y"(13 =)" dV ones (2.4) 


If we take the maximum values of the integrands in (2.4) and assume that « <7 in 
R,,(—*) and k <n in R,,(+) we have 


lk(R— 1). 2.(k—n) (zy 
ee lace | uae (225) 
and 
k(k—-1)...(R—n) n+1 
[R,(—) |< ee =)". eee (2.6) 
From (2.2), (2.3) and ab we get 
'k(k k—-2 
G;,(4)=— — +2n e: ee CAP 2) eae (21) 
where 
(7 Be, ( +x) . f* Ren(—*) 
ZR —y7" abe ON k eS oa 
Ay=7 | Ae dx +n |, ea dx 
Deen ee Lat (Ret tL) eV eran 
+k | i) Tap ent A aaah Cod ha ep ge ae: (2.8) 
From (2.5) and (2.6) the first two terms in (2.8) have an absolute value not exceeding 
€(2r+2 
a | H(R= 1)... (R= 2n) | n+ 8) ae (2.9) 
If 
max [R(k—1)...(k—r)| 
k(m)= eee Sphere (2.10) 
then the third term in (2.8) is less in absolute value than 
R(2n—1)(2n)1 4% "34 qa 
——— as esc eo ants © fe eeeee (2011) 


From (2.9), (2.10) and (2.11) it is found that when k= } the remainder after three 
terms in (2.7) amounts to less than half a unit in the third decimal place for 7 > 20. 
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§ 3. EVALUATION OF G;,(y) FOR 7 <0 
When 7=0 then G,(0)=T(k+1)C(k+1). «eee (3.1) 


When 7 <0 we again use (2.1), but the asymptotic behaviour of G;,(7) is now 
obtained as follows. It is not difficult to show that 


yp ne © wk e—n(x—n) 
G)="> eet | 


em] 


Ss Sener ee (3.2) 


Since 
© yk e—n(a—n) elm T+ 1) 
| — =e iad — ime | a | eae i err OL OLS 
gene ats [1 |x 


we see that in (3.2) the remainder after three terms is less than half a unit in 
the sixth decimal place, and after two terms is less than half a unit in the fourth 
decimal place for k=4, 7 < —3. 


§ 4, EVALUATION OF G,(7) NEAR 7=0 


The following details are taken from Robinson (1951). If 


ee: 
F(o,) =r), eth ol a>0, ee (4.1) 
then the Mellin transform of F'(c, «) with respect to « is 
CARE | Rio aja ide T)l (ces (4.2) 
0 
By the inversion formula for the Mellin transform we have 
1 ‘S 
Figo)= rl... Fores 
1 setio i 
= x | a-tI*(s\ Clo bs) ds, .¢=0) — tee (4.3) 


/ ¢—4io 


when the contour (¢ —200, c +10) is suitably he It follows that 
F(o,«)=T(1—c) «714+ >  ¢(o—n)a". cae (4.4) 


By analytic continuation this result holds for all non-integral o. If o=m, a 
positive integer, then 


y= TS y+ Tan aca afm S = rhice eee 


n=m—1 7 
where y is Euler’s constant. 


The series expression is easily shown to be convergent for |x |<2z7. Hence it 
follows that 


G,(m)=T (Rk +1) F(k+1, —y), —2ar <7 <0 
=T(k+1){F(k+1, —9)—T(—k)(—7)*}, O<yn<2a kAm....... (4.6) 


For k=} it can be shown that neglect of 


yg —nan 


n=5d n! 


will produce an error of at most one unit in the sixth decimal place. 
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Table of Gi/2 (n) 


ice) 1/2 
| waioncapifih May 


0 ez—-1— ] 
Gyo (n)= dog as all 
mn([o fo Jette we 
7) Gy)2 (9) n Gi)2 (9) n G42 (9) 
—3-0 0-0449 4:0 —4-4810 12:2 —27-9362 
—2°8 0-0551 4:2. —4-9085 12-4 —28-6415 
—2-6 0-0676 4-4 —5-3441 12:6 -—29-3524 
—2-4 0-0831 4:6 —5-7879 12:8 —30-0688 
—2:-2 0-1022 4:8  —6-2396 13-0 —30-7908 
—2-0 0-1260 5:0 —6-6997 13-2 —31-5181 
—1:8 0-1558 5-2 —7-1673 13-4 —32-2510: 
—1-6 0-1938 5-4 —7-6426 13-6 —32-9892 
—1-4 0-2403 5-6 —8-1258 13:8 —33-7327 
—1:2 0:3012 5-8  —8-6165 14:0 —34-4816 
—1-0 0-3790 6:0 —9-1149 14-2. —35-2357 
—0°:8 0-4839 6-2 —9-6207 14-4 —35-9951 
—0-6 0-6253 6-4 —10-1340 14-6 —36-7597 
—0°5 0-7183 6-6 —10-6546 14-8 —37-5294 
—0-4 0-8314 6-8 —11-1825 15-0 —38-3043 
—0°3 0-9745 7:0 —11:-7175 15:2 —39-0843 
—0Q-2 1:1654 7:2. —12-2597 15-4 —39-8694 
-—0-1 1-4502 7-4 —12-8089 15-6 —40-6595 
0-0 2:°3154 7:6 —13-3651 15-8 —41-4547 
0-1 2:-1849 7:°8 —13-9282 16:0 —42-2548 
0-2 2-0526 8:0 —14-4982 16:2 —43-0598 
0-3 1-9185 8-2 —15-0749 16-4 —43-8698 
0-4 1-7825 8-4 —15-6582 16-6 —44-6847 
0-5 1-6445 8:6 —16-2483 16:8 —45-5045 
0-6 1-5047 8-8 —16-8448 17:0 —46-3290 
0-8 1:2190 9-0 —17-4481 17:2. —47-1584 
1-0 0:9254 9:2 —18-0575 17-4 —47-9926 
1-2 0-6236 9-4 —18-6734 17-6 —48-8315 
1-4 0-3136 9-6 —19-2956 17:8 —49.6751 
1:6 —0-0046 9-8 —19-9242 18:0 —50-5237 
1:8 —0-3311 10:0 —20-5594 18:2. —51-3765 
2:0 —0-6661 10:2 —21-2002 18:4 —52-2342 
2:2. —1-:0095 10-4 —21-8472 18:6 —53-0965 
24 —1-3614 10:6 —22-5002 18-8 —53-9634 
2:6 —1-7220 10:8 —23-1592 19:0 —54-8349 
2:8 —2-:0909 11:0 —23+8242 19-2 —55-7110 
3:0 —2-4682 11:2 —24-4950 19-4 —56:5916 
3:2 —2-8540 11-4 —25-1718 19:6 —56:4767 
3-4 —3-2482 11:6 —25-8543 19-8 —58-3663 
3:6 —3-6508 11:8 —26-5426 20:0 —59-2610 
3-8 —4-0618 12:0 —27-2366 


§ 5. CONSTRUCTION OF ‘TABLE 


The table was constructed by using (2.1) with 2") >20 for 7 positive and 
2") < —3 for 7 negative, in conjunction with the table of Fermi—Dirac integrals of 
McDougall and Stoner (1938). In the latter table the error is less than one unit 
in the fifth decimal place from which it follows that the error in ours is certainly less 


45-2 
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than one unit in the fourth decimal place. The values in — 0-5 <7 <0-5 were also 
calculated by means of (4.1) and this provided an independent check on the results 
in this range. The other results were checked by means of differences. 
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RESEARCH NOTES 
Note on the Positive Temperature Coefficient of the Cosmic Radiation 
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upper-air temperature effect of the cosmic radiation has been verified 

qualitatively, the experimental results have been higher than those 
predicted theoretically. One possible explanation of this discrepancy has 
recently been suggested by Trefall (1953), who has shown that any difference 
between the mean height of production and the reference height used for the 
meteorological data may greatly affect the theoretically predicted value. ‘This 
analysis is still not entirely satisfactory as it is assumed that all the mesons arise 
at the one height. A more detailed analysis of this type, assuming that the 
mesons are produced throughout the atmosphere and allowing for the tempera- 
ture variation at each level, would appear to be very difficult. Olbert (1953) 
has made some progress in this direction, but only by ignoring completely the 
effects of 7-meson decay and interaction. 

It seems to be preferable to avoid the very complicated variations which the 
atmosphere displays in its daily behaviour and instead to work in terms of 
monthly averages. It is then very nearly true that the height of any particular 
pressure level depends only on the temperature throughout the atmosphere 
and the sea-level pressure, so that there is one less term in the correlation 
analysis. ‘This has the further advantage that we can make use of the method 
of Barrett et al. (1952), who take account of the distributed production of mesons 
by means of an ‘effective temperature’. ‘The experimental result of these 
workers, who were making measurements at 1574 m water equivalent, is double 
the value expected, but the statistical accuracy is such that this difference is not 
necessarily significant. Sherman (1954), observing for a longer period at a 
depth of 846m water equivalent, obtained a result in reasonable agreement 
with that expected. 

Since this method of calculation appears to be the most reliable yet used 
it is interesting to apply it to the observations of MacAnuff (1951) who, working 
in London at a depth of 60 m water equivalent, found a temperature coefficient 
of +0-058+0-010%. The temperature used in the analysis was that of the 
100 mb layer, and the only other variable was the sea-level pressure. ‘The 
theory for this depth predicts a positive temperature effect of 0-089, due to 
a-decay and a negative effect of 0-06%, due to «-decay, giving an expected value 
of +0-02%. The discrepancy with the experimental value is considerable 
and it does not seem possible to explain it on the lines of 'T'refall’s suggestion. 

The main purpose of this note is to point out a possible way of reconciling 
this discrepancy. Since the variations in monthly averages of temperature at 
various heights in the troposphere over England are not very different from the 


Neon ss the explanation given by Duperier (1948) for the positive 
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variation at 100 mb, using the ‘ effective temperature’ would not appear to 
alter the results greatly. Recently, however, it has been established that there 
are very large changes of temperature in the lower stratosphere. At heights 
above 20 km Scrase (1951) has found that the seasonal temperature variation 
increases rapidly with height; it is more than three times greater at 30 km than 
at 20 km, and has roughly the same phase. It is of course true that this part of 
the atmosphere is above the region of maximum meson production, and that more 
of the mesons found here decay before they reach sea level, but the temperature 
variation is so great that it will certainly make an appreciable difference to the 
expected temperature coefficient, particularly for the more energetic mesons 
observed underground. 

The effects to be expected from both z- and p-decay will thus be different 
from those calculated using the temperature variation of the 100 mb layer. 
Using the ‘ effective temperature’ of Barrett et al. (1952) for the z-decay effect, 
where 


ho 
| T(x)e~*!” dx 
T “z—0 


i ho i 
| e 4 dx 
x 


=0 


>) 


we find that Scrase’s data leads to an effective temperature variation which is 
roughly double that of the 100 mb layer. For the »-decay it seems again reason- 
able to define an effective temperature which is now given by 


| T(x)(1—e-*”) dz 


me) 


ed (1—e 7) dz 


T @= 


Since y-decay occurs predominantly in the lower part of the atmosphere, the 

fluctuations near sea level become of importance comparable with those in the 

stratosphere. Putting in figures for the whole atmosphere gives a value of 

T . about 50% greater than the temperature variation of the 100 mb layer. 
Thus the final theoretical value for the temperature effect is 


2x 0:08 — 1-5 x 0:06=0:07% 


which is in better agreement with the experimental result. 

The above considerations are far from precise, but they do indicate the 
importance of temperature variations in the atmosphere. In fact their im- 
portance has still been underestimated, since no allowance has been made for 
particles arriving at an angle to the vertical or for those mesons produced by 
heavy nuclei in the primary radiation. ‘The calculations were made assuming 
A=120 g em, which is certainly not correct for other than hydrogen primaries. 
It hardly seems worth trying to estimate the magnitude of these corrections 
with the scanty data at present available. 

It is not certain how far other measurements of the positive temperature 
coefficient can be interpreted in a similar way. From the meteorological data 
quoted by Barrett et al. the atmosphere over New York appears to behave in a 
more complicated way than that over London. There is however again an 
indication of increasing temperature variations in the stratosphere. Similarly 
the day to day behaviour which is analysed in Duperier’s work cannot be treated 
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in terms as simple as those used for MacAnuff’s results. But we suggest that 
any analysis which ignores the variations in the stratosphere may well lead to 
spurious results. 

I am indebted to Dr. E. P. George for discussions of this problem. 
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Non-Equilibrium Thermodynamics of Thermal Transpiration 
of a Dissociating Gas 
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containing a dissociating gas are connected by a narrow opening, the diameter 

of which is smaller than the mean free path, the usual transpiration relation 
and the law of mass action cannot be satisfied simultaneously. The phenomenon 
cannot be treated by classical thermodynamics. Accordingly we have employed 
the ‘thermodynamics of irreversible processes’ developed considerably in 
recent years (de Groot 1952, Denbigh 1951). De Groot has investigated the 
thermomolecular pressure effect involving isomeric reactions, particularly in 
liquid He II. Following de Groot, it is found that for a reaction of the type 
X,, = nX we have for the stationary state of the first order when AT is fixed 


APINT =(h-eyl4t Colo)/Ol ee ww ws (1) 


Gn ak) 
Ac, /AT= oT Leal apes) 2, Vener Lag) | (=) arte on (2) 


iP 


|: has been shown by kinetic methods (Srivastava 1940) that when two vessels 


and the affinity for eS two chambers is given by 
Atel Dy i a! Fen 


TIAT — L,.+ La P SOAS A Giese © dea Relage ng an ace (3) 
where 
ihe je (Ley tmLyy) + (Leet Li cc MErvbos — Luly.) 
(Lee + Lec (L492 — LyyLoe) — Leelee (n?Ly, + 2nLy. + Loe) 
pee fest (Ley tnlyy) + a + ve \Levla — Lawl) 


led Liga, (Ly2" — Ly,L42) — LL ce (Ly hi 2nLy» ei Ly2) 
and h=c,h,+¢Cshy; V=C\v1+Cvg. In these expressions the subscript 1 refers 
to the species X, and 2 to the species X; c represents the concentration, 
h and v denote the specific enthalpy and specific volume. The L’s are the 
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phenomenological coefficients. L,, and L,,’ are the phenomenological coefficients 
associated with the chemical reaction in Chambers I and II respectively. 
Chamber II is maintained at a higher temperature. It may be stressed that from 
kinetic considerations it can be shown that L,, and L,,’ are different in the two 
chambers (Srivastava et al. 1954). 

For testing the theory these expressions are hardly useful as they all involve 
so many coefficients which are difficult to determine. But on eliminating L, 
and L, the above equations yield for the affinity the relation 


AU gl AR Opy\ (Ac, ney 
PRE Tah PL" (ar)e—™+? (ge) az)- Bema | 


For a mixture of perfect gases and binary dissociation this simplifies to 
ah a Wel aes <A Fiat AlogE 2c;\Aloge, 15 5 
TIAT ~ L,,+L,,' T| 2M, Alog T 6 | AlogT 4M, \ ote 


Thus the observed pressure, temperature and concentration differences can give 
the value of the affinity in either chamber, thereby indicating the shift in 
equilibrium. This can provide a check for the theory when the results are 
compared with those obtained from thermal or equilibrium data. It may be 
pointed out that Denbigh and Raumann (1952) have been able to show only 
a partial correspondence between theory and experiment because of difficulty 
in estimating the heats of transfer from theoretical considerations. 

Experiments are being set up and the detailed paper will be published 
elsewhere. 

Our thanks are due to Prof. B. N. Srivastava for suggesting the problem and 
for useful advice. 
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The Effect of Contaminating Gases on the Energy per Ion Pair in Helium 
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amounts of A, Kr, Xe, or CO, are added to helium the energy W per ion 
pair for incident «-particles falls, and continues to fall, until a saturation 
value is reached, beyond which there is no further change as the concentration of 
contaminating gas is increased. ‘The ionization potentials of these four gases are 
each less than the least excitation potential of helium, and Jesse and Sadauskis 
suggest that the observed drop in W is caused by the production of ion pairs in 


Rim measurements by Jesse and Sadauskis (1952) show that when small 
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two-body collisions between excited helium atoms and atoms of the contaminant 
BOs 
aa CHEM ec Hedere | oe) eee, (1) 


This process is likely to account for the de-activation of most of the long-lived 
metastable helium atoms. Owing to the trapping of resonance radiation, the 
effective lifetime of all excited helium atoms may be very long, and the majority 
of excitation collisions between «-particles and helium atoms may lead eventually 
to the production of ion pairs through the de-activation process (1). In calculating 
W for comparison with the ‘ saturation’ value measured in the presence of a 
contaminant we therefore consider two alternative assumptions : 


(a) ‘That each metastable helium atom can be counted as an ion pair. 
(b) ‘That every excited helium atom can be counted as an ion pair. 


Assumption (b) provides a lower bound to the calculated value of W in the presence 
of a contaminant. 

If N is the number of helium atoms per cm’, and Q;, is the cross section for the 
ionization of helium by «-particles, the total number of ion pairs produced per cm 
of «-particle path in pure helium is N(Q; + O,’), where NQ,’ is the number produced 
by secondary, tertiary, etc., electrons. Denoting by N(£Q),,. and N(E£Q), the 
energy loss per cm in discrete excitation collisions and ionizing collisions respec- 
tively, W for pure helium is given by 


(EQ)ex as (EQ); 
ae OE eee RP NS yo 
0.70, a 
If the value of Win the presence of a contaminant is calculated using assumption 


(a) above, it is necessary to calculate the total number of metastable helium atoms, 
p(x), produced when an electron with energy x is absorbed in helium... The energy 


per ion pair is then wy. — EQ + (EQh (3) 
2 QO; =F On a O., zie OF: sare? 


where Q,, is the cross section for the production of a helium metastable by collision 
with an «-particle and 


Ow = | Hse) p(x) die identey Asters (4) 


Here O(E,, x) dx is the differential cross section for the ejection from a helium atom 
of an electron with energy between x and x + dx, the energy of the incident «- particle 
being £,. All the terms occurring in (2), (3) and (4) except p(x), QO, and Q,,’ have 
been evaluated in connection with a detailed calculation of W for pure helium 
(Erskine 1954). 

The function p(x) satisfies the integral equation 


. e— I 

pl) =Pli(x) + PECs) (x —22)+ | m(s y)l(e—I—y) + eC) dy + +-+-(5) 
which differs from equation (15) of the pure helium calculation of Erskine (1954) 
only in having p,,(”) = dn(«)/i,(«) in place of p(x). For q,,(x) we use Dorrestein’s 
(1942) cross section for the production of helium metastables by electrons. ‘The 
integral equation is then solved numerically. 

In case (6), the function o(x) which gives the number of helium ions plus the 

number of excited helium atoms produced by an electron with energy x satisfies the 
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integral equation obtained from (5) by replacing f,,(x) on the right-hand side by i 
Then, on defining . 


Oixii= | O(Ew *)o(x) de, 
the energy per ion pair corresponding to assumption (4) is 


W. “3 (EQ).x + (EQ); 
om QO; + Qex + Qex+i : 


The data required for the calculation of o from the integral equation which it 
satisfies are exactly the same as those used in calculating the function J from 
equation (15) of the pure helium calculation (Erskine 1954). 

The calculations were carried out at «-particle energies of 1, 2,..., 6 Mev, 
yielding the following values : 


Meas. W 
E,, (Mev) 1 2 3 4 5 6 #@Av. calc. W (0-5-3 mev) 
W(pureHe)(ev) 40:3 41-1 41-2 41-4 41-1 41:5 41-1 42-7 
W, (ev) 34-4 35-1 35-4 35-5 35-1 35-6 sae7, \ 29-7 
W, (ev) 28:4 28-8 29-4 29-6 29:6 29-9 29-3 J (He+ A) 


The measured values are those of Jesse and Sadauskis (1952), W= 29-7 ev being 
the saturation value corresponding to an argon concentration of 0-13°%. The 
experimental values refer to the complete absorption of a polonium «-particle, 1.e. 
to a-particle energies from 5-3 Mev down to zero. ‘The calculated values refer to 
x-particles of an exactly specified energy. 

These results show that, on the assumption that the increase in ionization 
resulting from the addition of a contaminant to helium is due entirely to the 
process (1), the calculated W can be reduced to that measured by Jesse and 
Sadauskis for an argon contaminant only by assuming that all excited helium atoms 
lead eventually to ion pairs. The alternative assumption, that only metastable 
atoms are involved in the production of additional ion pairs, does not appear to 
reduce the calculated W sufficiently. When krypton or xenon is used in place of 
argon as a contaminant the saturation value of W (Kr 28-7 ev, Xe 28-4 ev) lies 
slightly below the calculated ‘ lower bound’ W,,=29-3 ev. The uncertainty of the 
data used in the theoretical calculations is such that the calculated values might 
well be in error by as much as | ev; and there does not, therefore, appear to be any 
serious discrepancy between Jesse and Sadauskis’ measurements and the calcu- 
lation based on the assumption that all the energy expended in exciting helium 
atoms 1s eventually dissipated in the process (1). 
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The Principal Magnetic Susceptibilities of the Maleic Acid Molecule 
HOOC:- HC : CH: COOH 


By MPO GUPTA 


Department of Physics, Patna University, India: 


Communicated by K. Lonsdale ; MS. received 7th April 1954 


susceptibilities of a molecule can be calculated if the principal crystal 

‘susceptibilities are measured and if the orientations of the molecules in 
the crystal lattice are known by x-ray methods or otherwise. ‘The present 
note gives the values of the principal susceptibilities of the maleic acid molecule, 
the molecular and the crystal structure of which have recently been established, 
using X-ray diffraction data, by Shahat (1952). The calculations are based on 
the values of the principal crystal susceptibilities -as measured by Lonsdale 
41939) : 

Nie — 43°34 & 10 Sty = — 62-32 & 1078) yg == 42-90 x 10-F 


ONSDALE and KRISHNAN (1936) have shown that the principal magnetic 


oe Ls = — 49-52 x 10-%c.g.s. em.u. 


(001) is the plane of y,, x3, the crystals being magnetically nearly uniaxial. 

Shahat (1952) gives the following values for the angles y, ¢, w which the 
molecule makes with the a, 6 and ¢ crystallographic axes respectively of the 
crystal : 


iu M N 
x (deg.) 108-0 19-6 88-5 
¢ (deg.) 18-0 70-4 88-5 
w (deg.) 121-3 121-4 31:3 


The L axis is the line in the molecular plane bisecting the C=C bond at right 
angles. It is a line of pseudo-mirror symmetry. ‘The M axis is the line 
parallel to C—C and the N axis is perpendicular to the L, M axes. Using the 
above data, and following the treatment of such data as given by Lonsdale and 
Krishnan (1936), one obtains the following values for the principal molecular 
susceptibilities of the maleic acid molecule : 


X= —41-99x 10-8, Xy=—44-27x 10-8, Xy= —62-32x 10-® c.g.s. e.m.u. 


These values may be compared with the values obtained for related molecules 


by Lonsdale (1938, 1939) : 


Xy, Xy Sues 
Oxalic acid — 53-13 — 52-73 — 62:40 x 10-6 
Succinic acid — 53-11 — 48-58 — 60:67 
Benzoquinone — 24-3 — 28-7 — 67:1 


The anisotropy zm the plane of the maleic acid molecule must be a dimen- 
sional effect. ‘The susceptibility is numerically greater along the longer axis. 
The big anisotropy Xy—X,, almost one-half that of benzoquinone and about 
one-third that of benzene itself, must be associated with some degree of meso- 
merism in the molecule, which has a ring structure of which one side is an 
internal H bond, 2-46 A in length. 
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It would be interesting to see how this anisotropy compares with that of 
the trans-isomer, fumaric acid, which has the same double bonds and in which 
the molecules are certainly joined externally by H bonds, but in which the 
individual molecules have no ring structure. Fumaric acid, however, forms 
poor small crystals and neither its magnetic susceptibilities nor its crystal structure 
have as yet been adequately determined. 


REFERENCES 


Lonspa.e, K., 1938, 7. Chem. Soc., 364; 1939, Proc. Roy. Soc. A, 171, 541. 
LonspALE, K., and KrisHNan, K. S., 1936, Proc. Roy. Soc. A, 156, 597. 
Suanat, M., 1952, Acta Cryst., Camb., 5, 763. 


A Modified Scintillation Pair Spectrometer 


By B: HIRD AND C. WHITEHEAD 
The Clarendon Laboratory, Parks Road, Oxford 


Communicated by C. H. Collie; MS. received 1st April 1954 


efficient than the magnetic deflection type. It is thus suitable for 
examining y-ray spectra of high energy and low intensity. 

However, in these circumstances Johansson’s method suffers from a practical 
defect. Since the spectrum measured with a single crystal is only difficult to 
interpret when more than one y-ray is emitted, the pair spectrometer will be 
most useful in the analysis of complex spectra. In such spectra it is probable 
that some of the y-rays will be emitted in cascade, and unless the side crystals 
are shielded from direct radiation more coincidences will be produced than those 
due to the pair production process in the centre crystal. A pair of y-rays in 
cascade can cause an unwanted triple coincidence if the Compton electron and 
the Compton scattered photon of one y-ray are captured in different crystals. 
In this way Compton edges appear in the pulse height distribution, thus defeating 
the purpose of the three-crystal method. ‘The unwanted effect can be eliminated 
by collimating the y-ray beam to fall only on the centre crystal but if this is 
to be done effectively the source must be placed at least 10cm from the crystal, 
which then reduces the already low counting rate by a large factor. 

We have modified the spectrometer so as to discriminate against unwanted 
coincidences; weak sources can then be used near the centre crystal. The 
side crystal pulses are accepted only if they are of a height corresponding to 
annihilation radiation, both larger and smaller pulses being rejected. 

A *4Na source was chosen to test the apparatus because it emits two y-rays. 
in coincidence, and they are in the energy region where the Compton effect. 
predominates. ‘The spectrum was examined with different pulse height 
apertures for the side crystals, these apertures being identical for the two side. 
crystals. 

The results are shown graphically in the figure. Each curve is normalized 
to give the same number of counts in the 2:76 Mev y-ray pair peak. The source 
was placed 1 cm from the centre crystal in all cases; it decayed from 5 uc to 
2c during the experiment. 


r ‘HE three-crystal scintillation pair spectrometer (Johansson 1952) is more 


—— 
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With no rejection of larger pulses from the side crystals the Compton 
distributions of the 1-38 Mev and the 2-76 Mev y-rays are prominent (curve 1). 
As expected, their intensity relative to the pair peak decreases as the aperture 
is narrowed. Since annihilation radiation is detected about equally as full 
energy pulses and as Compton scatter pulses the pair counting rate was expected 
to fall to one quarter when the aperture was narrowed to exclude these Compton 
pulses in the side crystals (curve 3). 


Differential Counting Rate (arbitrary units) 


Pulse Height (MeV) 


With a still narrower aperture (curve 4) a six-fold rejection of the Compton 
edges, relative to the pair peak, was obtained at the expense of a seven-fold 
decrease in the pair spectrometer efficiency. 

In order to compare results with the distribution when Compton pulses were 
completely absent curve 5 was obtained by using a strong well-collimated source. 

1-inch cubic Nal (Tl) crystals were used with EMI 6260 photomultipliers 
and with a resolving time for the side crystals of 0-2 usec and of 1-1 usec for the 
centre crystal. 
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The Spontaneous Fission Rate of “°Pu 


This note, which is published as a result of a recent security de-classification, 
contains a summary of experiments, carried out some years ago at Harwell, in 
which the spontaneous fission rate of *4°Pu was measured. ‘Two samples were 
used, both composed predominantly of ?°®Pu. The first (A) contained 3-86% 
and the second (B) 5-58% of *4°Pu, determined by mass spectrometer analysis. 
Both samples also contained small amounts of *41Pu, detected with the mass 
spectrometer, and of **8Pu, found by «-particle pulse analysis. 

The specific «-particle activities (disintegrations sec!yg!) of the two 
samples were measured. This made it possible to determine the masses of 
plutonium used in the main experiments by «-particle counting. The spon- 
taneous fission rates were measured in a simple ionization chamber. Almost 
the whole of the observed rate can be attributed to *4°Pu, since the rate for 
?39Pu is known to be so low (Segré 1952) that its contribution can be neglected, 
while that from the trace of 7°*Pu is small and can be allowed for. 

The 74°Pu content of the samples was measured with a mass spectrometer 
in which the plutonium sample was mounted on a tungsten strip filament, and 
steady production of plutonium oxide ions was ensured by a method similar 
to that described by Hand (1953). The filament was first treated with Sauereisen 
cement, and about 10g of plutonium nitrate solution was then pipetted on to 
the surface. When the filament was heated the nitrate decomposed, and, at 
about 1000°c ion beams of PuO,+, PuO* and Put were detected. These are 
produced by a thermal ionization process at the tungsten surface. Only the 
PuO,* ion beams were large enough for successful analysis, although confirm- 
atory results were obtained with PuO+ beams. More than twenty measure- 
ments of the ratios in height of the peaks corresponding to 7°°Pu, *4°Pu and 
*41Pu were made. Corrections for the presence of !7O and !8O were applied. 

The results, expressed in atoms per cent, were 


Sample A Sample B 
ee Pr 95-88 94-03 
oO P Ul 3-86 + 0:06 5-58+0-08 
241Py 0:26 + 0-02 0-39 + 0-02 


It has been possible to compare the results from one of the samples with 
analyses made in two other laboratories using mass spectrometers of somewhat 
different design, and agreement within 1°/ was found. 

An «-particle analysis was also performed on suitable sources from samples 
of A and B using a low-geometry methane proportional counter (Hurst and 
Hall 1952) together with a 30-channel pulse analyser, the channel widths of 
which were set to correspond to about 30 kev in «-particle energy. ‘Two peaks 
were observed in the «-particle spectrum, the higher corresponding to 2%8Pu, 
and the lower containing both ***Pu and *4°Pu, whose «-particle energies are 
almost identical. Although the contribution of ?8Pu to the «-particle activity 
is easily measurable, this represents a negligible amount by weight. Because of 
the high spontaneous fission rate of this isotope a correction must nevertheless 


ee ea 
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be applied. The following figures are based on a half-life for «-decay of 90 
years, and a spontaneous fission rate of 5:1 x 10® g-1 h-!: 


Sample A B 
0/, 288Py by x-activity 2:48 + 0-4 4-16+0-05 
oe by weight 0-0097 0-017 
Spontaneous fissions (mg~! h~+) 0:50 0-87 


Uniform deposits containing about 0-2 to 0:3 mgcm™? of plutonium on 
strips of platinum foil were prepared. The technique was similar to that 
described by Rossi and Staub (1949) and Glover (1954). The foils used for 
fission counting were stamped out of these strips. 

The mass of plutonium on the foils was determined by counting the «-particles 
in the low-geometry counter. ‘To convert the «-disintegration rate to a mass 
of plutonium it is necessary to know the specific activity of each sample. This 
cannot be calculated accurately from the known half-lives and the isotopic 
compositions and must be found experimentally. Accordingly the concen- 
tration of the plutonium in the stock solution used for each foil was determined 
for sample A by a gravimetric method, in which the plutonium was weighed 
as dioxide, and for sample B, by spectrophotometric analysis (Hall and Herniman 
1952). The «-particle emission rates of aliquot parts of the solutions were 
measured in the low-geometry counter, and the overall specific activities were 
obtained. ‘The value for the mass of plutonium on the foil A was 0-86 + 0:01 mg 
and on foil B 0-42 +0-01 mg. 

The spontaneous fission rates of the two samples were measured in a simple 
ionization chamber similar to that described by Barclay and Whitehouse (1953). 
The chamber was surrounded by cadmium and placed inside a cube of paraffin 
wax to eliminate the possibility of neutron-induced fissions in 73°Pu. Small 
corrections, each of the order of 1° or less, were made for the dead time of the 
apparatus, for the slope of the bias curve, and for the fragments absorbed in the 
foil. The precautions against spurious pulses (e.g. photographing oscilloscope 
traces of the fission pulses) and the statistical checks mentioned by Barclay and 
Whitehouse (1953) were also applied. ‘The corrected fission rates, after 
subtracting the contributions from *°*Pu, were 52-7+2-0 per hour for foil A 
and 38:2+0-5 per hour for foil B. 

From the values of the fission rates, the weights of plutonium on the foils 
and the percentages of *4°Pu, the spontaneous fission rates may be calculated : 
Parapet 59+ 0-07) x 10° o eh sample Be (630-05) x 10's 4ihs. 
The weighted mean of these results is (1:62+0-04)x10® fissions gt ht. 
A value of 1-66 x 108 has recently been published (Chamberlain, Farwell and 
Segré 1954). Thisresult is in accord with the approximate linear relation 
reported by Seaborg (1952) and by Whitehouse and Galbraith (1952) between 
the spontaneous fission rates of even-even nuclei and the value of Z?/A (see 
also Huizenga 1954). 


Atomic Energy Research Establishment, F. R. BARCLAY. 

Harwell, W. GALBRAITH. 

Didcot, K. M. Gtover. 
Berkshire. (GH ELAR: 


6th May 1954. W. J. WHITEHOUSE, 
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The Temperature Dependence of Ferromagnetic Resonance 
in Colloidal Nickel 


The measurements of ferromagnetic resonance in colloidal suspensions 
(Bagguley 1953) have been extended to investigate the temperature dependence 
of the line width and spectroscopic splitting factor g for nickel between 20°k 
and 750°K. For these colloids the line width is half the measured separation 
in magnetic field between points of maximum slope for the absorption line and 
the g value is obtained directly from the relation 


hv=p6H? @ 2 OS ae (1) 


when anisotropy effects are neglected. 

From measurements on nickel foil Bloembergen (1950) concluded that the g 
value was constant between room temperature and the Curie point (631°k). 
Our measurements, shown in figure 1, give a more accurate confirmation of this 


| 
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Figure 1. Uncorrected g value plotted Figure 2. Line width plotted against 
against temperature for colloidal temperature for nickel colloid. 


nickel. -O- from anisotropy data. 


suggestion and show that in addition a discontinuity occurs at the Curie point 
where the g value falls from 2-22+0-02 to 2-00+0-05. Below room tempera- 
ture, the g value obtained from equation (1) is frequency dependent and increases 
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continuously down to 20°K. The measured line width, given in figure 2, has 
an anomaly near the Curie point where it increases rapidly from a minimum 
value of 350 gauss + 10°% to about 850 gauss + 30° in the paramagnetic region. 

A first order expansion of the general resonance condition (Van Vleck 1950) 
shows that for an assembly of randomly oriented, non-interacting, spherical 
crystallites the effect of magnetic anisotropy is to broaden the resonance line 
and to shift the resonance peak. The order of magnitude for each effect is 
K,/2M,, where K, is the first order anisotropy constant and M, is the saturation 
magnetization and so effects due to anisotropy will be particularly important 
below room temperature where K, is known to be large (Brukhatov and Kirensky 
1937, Bozorth 1951). Since the displacement of the resonance peak is a constant 
field deviation, the g value derived from equation (1) will be frequency depen- 
dent and only approach the true value at the higher measuring frequencies. The 
g values given in figure 1 are in qualitative agreement with this interpretation 
but the displacement of the resonance peak, although of the correct sign, is 
somewhat less than K,/2M, if the true g value is taken to be constant and equal 
to 2:22 below the Curie point. Quantitative agreement would be fortuitous 
however as the shift is also dependent on the single crystal line width. 

The measured line width is broader than that for a single crystal because 
of the contribution K,/2M, from anisotropy. Representative values of K,/2M, 
have been plotted in figure 2 and good agreement is obtained by assuming 
that the single crystal line width is about 350 gauss and independent of tempera- 
ture. Above room temperature the anisotropy constants are not well established 
but the continuous decrease in measured line width is consistent with the usual 
trend of these quantities towards zero at the Curie point. 

The considerable change in the g value which occurs at the Curie point is 
unexpected and is not readily explained by the present theories of ferro- 
magnetism. It seems likely that both the g value and the line width for a single 
crystal are constant below this temperature and there do not appear to be any 
changes in the line width due to the spin-lattice relaxation. Further measure- 
ments on other substances are in progress. 


One of us (N.J.H.) wishes to acknowledge a fellowship from the National 
Research Council of Canada. 
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REVIEWS OF BOOKS 


Experimental Nuclear Physics, Vols. 1 and 2, edited by E. Secré. Pp. ix +789, 
viii+600. (New York: John Wiley; London: Chapman and Hall, 
1953.) 120s. and 96s. 


It appears much more difficult to write a coherent and integrated account of a 
vast and growing scientific subject from an experimental than from a theoretical 
standpoint. Theory represents, or should do, the logically connected framework — 
of the subject, whereas experiment may include large sprawling areas of investi- _ 
gation, as yet uncoordinated, but possibly of great significance in the future of the _ 
subject. Moreover the techniques of experiment are so varied, and real famili- 
arity with any one takes so long to acquire, that an individual can usually only 
write authoritatively on one or two topics; and the more rapid the growth and 
range of experimental technique the more specialized the experimentalist 
becomes. 

Experimental nuclear physics, with its prodigious progress of the past couple 
of decades, presents these difficulties to the would-be textbook writer in a marked 
degree, and they are fully in evidence in the present volumes. The problem of 
specialization has been solved by abandoning the attempt to present the whole 
subject from a single viewpoint (apart from the extent to which this is achieved 
by the editorial choice of content). The first two volumes contain some half- 
dozen complete, independent monographs, ranging in standard and style and with 
little direct relation to each other. 

It is not possible for the reviewer to judge the comprehensiveness of the work 
as a whole, since at least one further volume is in preparation, and even then the 
nature of the compilation does not ensure, or necessarily aim at presenting, a 
complete picture of the subject. Rather can he judge each article separately in 
relation to the purpose stated in the editor’s preface : to “ bring the experimenter 
up to date in experimental technique, point out to him the important facts and 
data, and indicate the broad lines of theoretical interpretation’. The individual 
contributors have, as might have been expected, devoted varying proportions of 
their attentions to these three distinct aims. 

The first article, on ‘‘ Detection Methods’’, by H. H. Staub, is very much in 
the textbook style that is so useful to newcomers to a field of research or a 
technique. Unfortunately this subject has moved so rapidly since 1950, when the 
article was written, that the relative amounts of space devoted to such subjects as 
ionization chambers and scintillation counters, or cloud chambers and photo- 
graphic emulsions, no longer reflects the relative importance of these subjects in 
“up-to-date experimental technique”. The decision to include circuit instru-— 
mentation must have been a difficult one to make, and it can hardly be expected | 
that the treatment should be more than introductory in less than 50 pages. This 
article provides a particularly good introductory account of the physical principles _ 
involved in particle detection, and also of many of the more detailed techniques 
as they stood some three or four years ago. 

The article of H. A. Bethe and J. Ashkin on the “ Passage of Radiation 
through Matter ” is of a very different type. The whole subject, both theory and 
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experiment, is treated as part of the experimental nuclear physics. Experimental 
material is presented but the article is dominated by the theoretical outlook. 
It contains, as we have come to expect from the first author, a wealth of most 
useful charts and tables concerning the passage of heavy particles, mesons, 
electrons and y-radiation through matter. It is an exhaustive, professional 
survey article summarizing the present state of the subject matter rather than 
introducing one to it. It concludes with a very useful bibliography with some 
500 references. 

The third article, by N. F. Ramsay, treats the subject of “‘ Nuclear Moments 
and Statistics’ with roughly equal space devoted to theory, technique and 
results. Some of the theoretical arguments appear a trifle unconvincing, 
possibly due to an attempt to compress and simplify the material. The account 
of experimental technique, particularly the molecular beam work, provides a 
good overall picture of this field, but does not perhaps quite convey the ‘ atmo- 
sphere’ of the actual experiments. This article ends with a useful, although 
inevitably dated, table of mechanical, electric and magnetic nuclear moments, 
a very brief indication of the significance of this data, and a list of no less than 
700 references. 
Part IV, also by N. F. Ramsay, appears a little out of place in this series. 
It is a short (90 pages) article on the ‘‘ Nuclear T'wo-Body Problem and the 
Elements of Nuclear Structure”’, most of which is devoted to the theory of 
nucleon-nucleon interaction. One might have expected that an account of the 
direct experimental study of nucleon-nucleon interaction would have provided 
sufficient material for a much fuller article, and that the very cursory account 
(13 pages) of the structure of complex nuclei could have been omitted. 

The last part of volume I contains two really very different, although 


. connected, articles by K. IT. Bainbridge: ‘‘ Charged Particle Dynamics and 


Optics”’, and “ Relative Isotopic Abundances of the Elements and Atomic 
Masses’. Some 50 pages are devoted to the general theory of particle focusing 
and its application to particular cases. About 70 pages are devoted to a detailed 
account of the techniques of mass spectrometry as applied to measurements of 
isotopic abundances and exact masses. ‘This article is, perhaps, the only place 
in either of the two volumes in which the reader really feels he is somewhere near 
the laboratory. He is told, not only of the experimental ‘ methods’ and results, 
but also something of the elusive ‘ gremlins ’ which are certainly not exclusive to 
mass spectrometry. ‘lhe account is completed by 85 pages of tables of O-values, 
isotopic abundances, atomic masses and some 800 references. 

One third of volume II is occupied by an article by P. Morrison in which the 
theory of nuclear reactions is surveyed. No attempt is made to describe or 
discuss the experimental methods in detail and only occasional references are 
made to particular experimental results. ‘The theory is presented rather sketchily 
and the argument is not always free from minor slips and careless mis-statements. 
Although this article presents a useful and readable account of some aspects of 
nuclear theory, one is a little puzzled to understand its place in a volume entitled 
Experimental Nuclear Physics, and when, moreover, much of the material is dealt 
with in the companion volume, Theoretical Nuclear Physics. 'Vhe references at 
the end of this article are helpfully classified according to subject, a procedure 
which might well have been followed in some of the very extensive bibliographies 


at the end of other articles. 
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The remaining two-thirds of volume II is an extensive article by B. Field on 
“The Neutron”. In it is an account of such matters as neutron scattering, 
capture and distintegrations; production of neutrons and techniques for their 
detection; diffusion of neutrons and the elements of pile theory; the coherent 
scattering of neutrons in solids, liquids and gases, and, in particular, the use of the 
intense beams of neutrons from piles as a tool in the study of the solid state. 

The balance between experimental methods, results and theoretical interpre- 
tation is well kept throughout, although there are times when somewhat more 
intimate description of experimental methods would be welcome, perhaps at the 
expense of some of the theory presented. ‘he classification of neutrons as 
‘slow’, ‘ intermediate ’, ‘ fast ’, ‘ very fast’ and ‘ ultrafast ’ is hardly elegant, and 
a more explicitly quantitative notation would not be too difficult to invent or too 
clumsy to use. This article is written in a loose colloquial style (e.g. “. . . there 
is observed, superposed on the evaporated neutrons, a strong forward peak of 
ultrafast neutrons...’’) which is, perhaps, more disturbing to English than 
American sensibilities. The article concludes with an impressive, but 
unclassified, collection of some 700 references. 

The collection of articles contained in the first two volumes of this work will 
certainly be of great value, particularly to young research workers starting 
experimental investigation in nuclear physics. As ‘ permanent’ textbooks they 
suffer from too wide a range of interest, style and viewpoint in the individual 
contributions. The extensive bibliographies (some 3500 references in all, 
mostly unclassified) are of limited value when one considers the inevitable two 
years that must elapse between compilation and utilization. Much shorter, 
selected bibliographies, with some guide to help the student find his way through 
the immense literature, would be more appropriate to a ‘textbook’, leaving the 
exhaustive lists of references for the less permanent journal review article. If 
this work, or its future editions, is to fulfil a definite need, and is to take its place 
in the ‘ permanent’ literature of the subject, then the editor and contributors 
might well consider how they can adhere more clearly to their defined aim, and 
share a more uniform level of presentation. S. DEVONS. 


Nuclear Theory, by Ropert G. Sacus. Pp. xi+283 (Cambridge, Mass. : 
Addison-Wesley Publishing Co., 1953). $7.50. 


Professor Sachs begins his book with a statement that the end product of 
nuclear physics should be a quantitative description of nuclear interactions. 
However pessimistic one may feel about this view—for one might be hard put to 
it to deduce the inverse-square law from the spectra of molecules, for example— 
the author consistently presents his material with this idea in mind. That is, 
he concerns himself mainly with the interpretation of complex nuclear phenomena 
in terms of simple concepts such as the static two-body potential, and takes pains 
to show to what extent such concepts may be sufficient. 

It is consequently not surprising to find that over one-third of the book is 
devoted to a thorough and up-to-date account of the two-body problem, supple- 
mented by an appendix which contains numerical results of the deuteron ground 
state problem including tensor forces. This part of the book by itself constitutes 
a most useful monograph. 

The author goes on to treat the structure of complex nuclei, again with the 
problem of nuclear forces uppermost in mind, He includes a short account of 
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the shell model, and a full discussion of the restrictions put upon an exchange 
potential by the requirements of saturation. There follows an excellent chapter 
on the electromagnetic properties of nuclei; here, as elsewhere in the book, the 
author gives us the full benefit of his special knowledge of exchange currents in 
nuclei. ‘There is an omission in this otherwise complete chapter in that no 
mention is made of internal pair production in 0 -> 0 transitions. 

The chapter on nuclear reactions is disappointing, being mainly a condensed 
version of the dispersion theory of Wigner and Eisenbud. Condensation has 
here led to a measure of unintelligibility happily lacking in the rest of the book. 
A more simplified treatment, containing fewer purely formal and bewildering 
manipulations, and combined with a fuller discussion of the validity of the one- 
level formula, might have been more in keeping with the author’s general 
purpose. It is also disappointing to find such useful concepts as the isotopic 
spin selection rules so summarily dismissed in two brief paragraphs. ‘The final 
section of this chapter, however, treats briefly, but with great clarity, the deuteron 
stripping reactions. One general criticism of the whole book is particularly 
pertinent here: this difficult chapter contains not a single diagram. 

The final chapter deals fully with the allowed f-transition. Following the 
general tenor of the book, it ends with an attempt to deduce some of the constants 
of the £-interaction from the allowed /ft-values of the lightest nuclei. No mention 
is made of forbidden transitions; nor is there any attempt to correlate /t-values 
with nuclear models, except for the brief remark that some support for the shell 
model has been provided in this way. 

One gets the impression that the book is lacking in balance and that the 
author has put together a number of monographs. For example, the standard of 
prior knowledge required of the reader fluctuates considerably. Certainly the 
density of diagrams decreases as the book proceeds, with an ensuing lack of 
clarity. A few more diagrams in the latter chapters, a little less about the two- 
body system, and a little more about S-decay would have improved the balance 


greatly. 
Some of the appendices are of doubtful worth, but the index is excellent, as, 
too, is the printing. BHF, 


Experimental Nucleonics, by E. BLEULER and G. J. GoLpsmiTH. Pp. xv+393. 
(London: Pitman, 1953.) 30s. 


This laboratory manual was published in the United States in 1952 and 
has now been re-issued, without revision, in an English edition. It consists of 
twenty-four experiments, each preceded by a long explanatory section. ‘The 
range of subjects covered is wide, and, apart from the Introduction, is divided 
into sections entitled General, Chemical, and Physical ‘Techniques. It would 
be quite impossible to mention all the topics covered by these experiments, but 
a few examples will illustrate the scope of the book. ‘The student is instructed 
how to separate his own radioactive material from natural sources, such as spent 
radon tubes, or from pile- or cyclotron-irradiated targets. (Nearly all the experi- 
ments can be done with natural sources, with the aid of a small neutron source, 
or with radioactive isotopes obtainable from the U.S. Atomic Energy Commission 
or from Harwell.) In the general section there is a very thorough series of 
experiments on counting methods, and on the measurement of the energies of 
B-particles and y-rays by absorption, ‘There are also several experiments with 
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neutron sources, illustrating the effect of a moderator, neutron activation, 
resonance capture, and so on. The chemical section includes, among other sub- 
jects, separation by solvent extraction, by ion exchange and by electrochemical 
means, the Szilard-Chalmers reaction, and a short section on radioelements as 
tracers. ‘The physical section includes experiments on the range—energy relations 
of a-particles, the use of nuclear emulsions, and introduces the student to fairly 
advanced methods for investigating decay schemes by coincidence and absorption 
methods, and by simple magnetic analysis. There is also a short, probably 
inadequate, section on cosmic radiation. Any student who works through the 
experiments will acquire an excellent grounding from which to start research in 
nuclear physics, reactor technology or in the applications of radioactive isotopes. 

The instructions for carrying out the experiments are usually clear, precise 
and adequate, and, although referring exclusively to American components and 
techniques (what is the cookie sheet, referred to on p. 34 ?), should be followed 
quite easily by English readers. Some experiments of historical importance are 
included, for which, quite rightly, old-fashioned or improvised apparatus is 
recommended, but in general the apparatus and methods described are commend- 
ably up to date. The well-written explanatory sections are not strictly confined 
to the subject in hand and, taken together, contain enough matter for a good 
textbook. The method of presentation adopted might, however, make it 
difficult to read up any topic in a systematic way. 

Any criticisms of this book tend to be little more than expressions of personal 
prejudice, since it would be difficult to strengthen some sections without either 
weakening others, or adding inordinately to the length. The reviewer thought 
that the introductory sections on laboratory techniques and health precautions 
were hardly adequate for anyone who was faced with the responsibility of running 
a laboratory. On the other hand they did not take the form of a clear set of rules 
which the student might be expected to learn and obey. For instance, the 
tolerance levels for inhaled or ingested radioactive material, and their effects on 
the body, are hardly mentioned. ‘The methods of handling readioactive waste 
are treated very briefly, and the advice given on p. 15, ‘‘ Accumulated waste is to 
be buried ’’, might be positively dangerous. 

The methods for ‘ absolute ’ 8-particle counting based upon calibrations with 
RaD, RaE and UX, which are used in some of the experiments, are not very 
reliable, and have in the past led to considerable errors. The student is not 
clearly warned against these. Coincidence methods for absolute measurements of 
disintegration rates are adequately treated later in the book. The technique of 
‘47’ counting is not employed, although it was well developed by the time the 
book was published, and has proved to be one of the most useful. The less 
reliable methods which depend upon finding the solid angle subtended by the 
counter are mentioned in several places, but the arrangements suggested are not 
the best. ‘Thus the student is not left with a really sound grounding in methods 
of standardization, which is a pity, because the correct methods are not funda- 
mentally more difficult than the incorrect. 

The reviewer thought the subject of Radioelements as Tracers was inade- 
quately treated. Although it is described in a general way in the introductory 
section to Experiment 15, the student is only given one experiment (to measure 
the solubility of PbSO,). Even this does not illustrate the fundamental properties 
of isotopic tracers, as the authors admit when they say ‘“‘ the information can be 
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gained more accurately through the use of conventional techniques, but probably 
not so easily and quickly ”’. 

These, however, are only the opinions of a single reader. There is little doubt 
that this is the best laboratory course in the group of subjects covered by the name 
Nucleonics. It should be useful when planning the experimental work for an 
Honours Course in Physics. ‘The standard of work is fairly high, and some of the 
experiments may be too much for technical college students, or even for post- 
graduate students working outside their own subjects. Nevertheless the book 
is almost a necessity to anyone who is training either technicians or potential 
users of radioactive tracers. W. J. WHITEHOUSE. 


Phystkalisches Worterbuch, by W. H. WestpHaL. Pp. v+833+4+795. (Berlin : 
Springer-Verlag, 1952.) D.M. 148. 


When one reads in such an authoritative work as the Oxford Dictionary 
that an interference fringe is “ one of a series of alternate light and dark bands 
produced by a diffraction grating ’’, the need for specialist technical dictionaries 
is more than apparent. Moreover, a little thought is sufficient to show that a 
dictionary of physics must be radically different from a dictionary of words. 
To describe the adjectival use of ‘ Hamiltonian’ by the phrase “ pertaining to or 
invented by the Irish mathematician, Sir William Rowan Hamilton ’’, is semanti- 
cally impeccable so far as the conventional lexicographer is concerned, but the 
meanings that the word carries for the physicist are left unmentioned. More 
often than not the understanding of the meaning of a word or phrase in physics 
entails learning new facts and merely accepting the word or phrase as the 
accepted label for the given phenomenon. 

In English there appears to be only the Dictionary of Applied Physics, and 
this is now very much out of date—but pure physics lacks even this. It is 
regrettable therefore that linguistic considerations may prevent many English- 
speaking physicists from possessing the volume under discussion. A person 
who knows the German word ‘ Ergodenhypothese ’, for example, is more than 
likely to know enough about statistical mechanics not to need to refer to a short 
dictionary article. However, a good English-German scientific dictionary used 
as an intermediary, not to mention the almost completely international word 
vocabulary of physics, should make the use of this Phystkalisches Woérterbuch 
quite practicable. 

The material of the book has been prepared by some eighty collaborators 
under the editorship of Professor Westphal. ‘The list of contributors, all but 
three of whom are from Germany, contains a reassuring number of workers 
with international reputations. ‘There are more than 1600 pages, of large format, 
and well printed in double columns on excellent paper. ‘The number of entries 
exceeds 10000, and the text contains 1595 figures. ‘The material is very 
up to date, and an emphasis seems to have been given (unexpectedly) to theoretical 
and mathematical physics. Recent attempts to formulate a divergence-free 
quantum electrodynamics, for example, are described and references given. 

The binding of the book is of a quality most of us long thought forgotten. 
A sample of entries revealed in most cases clarity and concise description. Every 
library, and many individuals, should possess a copy. H. H. HOPKINS. 
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The Scattering of 15:7 Mev Neutrons by *He 
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L. L. GREEN anp J. C. WILLMOTT 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner; MS. received 2nd March 1954 


Abstract. The angular distribution of the «-particles from collisions with 
15-7 Mev neutrons has been studied using a diffusion cloud chamber. The 
results indicate that a D,. phase shift slightly smaller than the hard sphere value 
must be used to obtain the best fit. 


$1. INTRODUCTION 


HE scattering of neutrons by «-particles has been studied for the neutron 
| energies 0-4 to 2-73 Mev by Adair (1952) using a proportional counter, and 
for neutrons up to 4:14 mev by Huber and Baldinger (1952) using an 
ionization chamber. An attempt has been made by Dodder and Gammel (1952) 
to explain the results of these experiments and similar ones on p—« scattering 
in terms of virtual levels in the mirror nuclei *He, ®°Li. They have calculated 
the phase shifts to be expected in each case assuming the same nuclear parameters 
for ®*He and *Li. However, these data only fix the position and widths of the 
ground states and first excited states, which are P;,. and P,/. respectively, and give 
no information about the D-wave phase shifts. A study of n-« scattering at 
higher energies should provide some information about the D-wave phase 
shifts, and hence about the existence of the D,/. and Dg. levels in He. 

In the present work the angular distribution of the «-particles from collisions 
with 15-7 Mev neutrons has been studied using a diffusion cloud chamber. ‘This 
method has the advantage that with one gas pressure all angles except small 
neutron scattering angles may be studied, and much of the background of scattered 
particles can be eliminated by a suitable choice of reprojection system. 


§2. EXPERIMENTAL METHOD 


A Philips 1 Mev accelerator was used to produce a beam of 700 kev deuterons, 
which struck a tritium target. ‘The neutrons produced in this reaction entered 
a diffusion cloud chamber at 44° to the direction of the deuteron beam. ‘The 
chamber was placed with its beam entry port 20 inches away from the target and 
was filled with a mixture of helium and nitrogen. ‘The neutrons entering the 
chamber had an energy of 15-7 Mev and produced «-particle recoils of range 
10cm in the forward direction. ‘The cloud chamber would not operate success- 
fully if the background radiation was much greater than normal cosmic radiation 
level, and consequently the h.t. set was pulsed. ‘The deuteron beam was allowed 
to strike the target for 0-2 second every 15 seconds. 

Stereoscopic photographs of the scattering events were taken on 100-foot 
lengths of 70mm film (Ilford 5G91). % In the present experiment seven reels of 
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film were taken, providing 1223 photographs with a total of 3061 measurable 
scattering events. ‘The recoil particles were examined by means ofa reprojection 
apparatus which was designed to facilitate the measurement of scattering angles 
and the ranges of scattered particles: only those scattered particles which were 
produced by neutrons entering the chamber through the beam entry port were 
accepted for measurement. 

The diffusion chamber has already been described (Crewe and Evans 1952, 
Alston, Crewe and Evans 1954). It is of mild steel, 18in. in diameter, with a top 
glass 12in. in diameter. The chamber was illuminated through side ports 
10in. wide and 2} in. high, and the particles entered the chamber through a 
beam entry port 13 in. in diameter mid-way between the two illumination ports. 
The tracks were photographed through the glass top plate. The base of the 
chamber was cooled by acetone which flowed through copper tubes soldered to 
the base and also through a tank containing a mixture of dry ice and methanol. 
The inside of the chamber was covered with black velvet, and a pool of methanol 
was maintained on the base in order to smooth out any temperature variations 
in the velvet, and also to provide a good photographic background. 

For the present experiment the chamber was filled with 3} atmospheres of 
helium and } atmosphere of nitrogen. With methanol as the vapour, a sensitive 
depth of 24-3 inches could be maintained, provided that the level of background 
radiation was not much greater than normal cosmic-ray level. ‘This particular 
mixture of gases was chosen in order to make the range of the recoil «-particles 
of reasonable value and at the same time to ensure stable conditions in the chamber. 

The accelerator was required to produce its full beam of 80a of deuterons 
for a short time, of the order of 1/10 second, approximately every 10 seconds, 
During the recovery time of the diffusion chamber the background from the set 
had to be reduced to a level which would not disturb the recovery of the cloud 
chamber. Both the length of the pulse and the interval between pulses had to be 
variable in order to obtain the best conditions in the chamber. 

Deuterons from a radio-frequency ion source were accelerated vertically 
downwards, and then steered into the vacuum box of a resolving magnet in the 
room below by two sets of deflector plates. ‘The beam was turned through 90° 
into a horizontal direction by the magnet, and focused on to the target. 

In view of the proximity of the cloud chamber to the set, it was decided that 
a mechanical pulsing mechanism would be inadequate, and that the only satis- 
factory method would be to pulse the radio-frequency source. This pulse had 
to be fitted to the normal sequence of events in the cloud-chamber control equip- 
ment, and it was necessary for the cloud-chamber control to initiate the sequence. 

A signal from the cloud-chamber control equipment opened the shutter of a 
camera lens which sent a beam of light up the inside of one of the supporting 
columns of the h.t. set. ‘This light beam was directed on to a photomultiplier, 
which energized a high-speed relay. ‘This relay, in turn, operated the ion source. 

The shutter was used in position ‘B’ and the shutter arm was operated by 
the armature of a relay, which was energized when the contacts of a second high- 
resistance relay closed. ‘The length of time for which this relay was on was 
controlled by a condenser-resistance circuit, as shown in figure 1, and this in 
turn determined the length of the pulse from the ion source. Additional contacts 
on the high resistance relay were used to remove the voltage from the deflector 
plates when the ion source was not switched on. This prevented any residual 
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beam from striking the target, and was found to be essential if the background 
was to be reduced to the level of cosmic radiation. The ion source output was 
most easily removed by switching off the 2kv extractor potential. With the 
extractor potential at zero and all other voltages on the ion source and focusing 
electrodes normal it was found that there was a residual beam approximately 
0-1°% of the normal resolved beam of 80a. This small residual beam was 
removed from the target to a well-shielded region above the magnet box some six 
feet from the chamber by shorting the deflector plate voltage which directed the 
beam into the magnet-box aperture during the ‘on’ period. 


Figure 1. R,=1MQ, R,=50kQ, R;=100kQ, Ry=50kQ, C=1yuF. The switches 
S, and S, control the length of the ‘on’ period of relay RI, (50kQ). Contact 
1b of this relay operates the relay Rl, (30 2). The switch Sy is the contact in the 
cloud-chamber control apparatus. 


L__ -75y 


Premre 2) Ry—=R,—R,=—1MOQ, Re=2MQ, R=100kQ, Re=10MQ, R,=33' kK, 
R,=100 2, Rg=10kQ, Ry=Rwy=270 2, Cy=Cy=1 uF, C.=8 uF, Cy=16 ur. 
V, type 6SJ7; V2, type 12 E1. Rl; is the coil of the high speed relay. 


The light signal from the lamp, operated by the cloud-chamber control 
system, fell on to the light-sensitive surface of an RCA multiplier situated in the 
1 mv electrode which contained the ion source assembly. With 350 volts across 
the electrode of the photomultiplier the light flash would produce a pulse across 
1 MQ sufficient to cut off a pentode. ‘The positive pulse at the anode of this valve 
was applied to the grid of a 12E] valve (figure 2) acting as a cathode follower with 
the coil of a relay as the cathode load. ‘This relay had heavy duty contacts. 
With this arrangement the relay could be made to close and open with a light 
pulse which varied in length from 1/100 second to 10 seconds. 

The h.t. set itself was stabilized to 1kv by an electronic stabilizer which was 
well able to control the surges produced by the beam pulses. 
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Six pulse lengths from 55 to 320 milliseconds were available and each of these 
times remained constant within 5 milliseconds. This range could be extended, 
and the system remain reliable down to a beam pulse length of 10 milliseconds. 
These pulse lengths, together with the normal controls of the h.t. set, were sufficient 
to control the number of events seen in the cloud chamber and maintain the 
background at an extremely low level. With the ion source switched off the 
appearance of the cloud chamber was indistinguishable from the appearance 
with the whole set switched off. 


§3. RESULTS 


The reprojection apparatus (Alston, Crewe and Evans, to be published later) 
was such that pairs of images were made to coincide when the direction of the 
track was coplanar with a line drawn from the target to the beginning of the track ; 
this line was engraved on the reprojection surface. Each photograph was 
inspected for measurable tracks, and for each event the scattering angle and 
range were noted, and whether it was scattered to the left or to the right. A range 
histogram was then constructed for each 5-degree interval (in the laboratory 
system). ‘Tracks were accepted only if their ranges lay within reasonable limits. 
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Figure 3. 'The differential cross section plotted against cos 6p. 
The curves were calculated from phase-shift data. a, D3;2=D5;2= —14°; 
b, D3)9= —14°, D5/;2=0°; Cy D32= —14°, Ds5;2=—7°. 


‘The spread in the measured ranges is due to three effects: (a) The track was 
only placed within a 5 degree interval, which allows a small variation in energy. 
(6) ‘Ihe temperature of the gas—vapour mixture in which the recoil occurs varied 
from — 65°C at the bottom of the sensitive region to about —10°c at the top. This 
allows a considerable variation in range for any one energy of recoil particle. 
(c) The accuracy of range measurement was 0:1cm and that of scattering angle 
varies from +1° in the forward direction to +5° at 80° in the laboratory system. 
The magnitude of each of these effects can be readily evaluated and the limits 
imposed on the range histogram were calculated in this way. 

The results obtained are shown in figure 3 and the table. It was necessary to 
make a small correction for background, and this is also shown in the table. The 
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statistics were not considered sufficiently good to warrant a phase-shift analysis ; 
instead the results are compared with theoretical curves drawn from various 
assumed phase shifts. 


6, (deg) 6, (deg) Range (cm) N N—Npg o 
0-4 180-170 7:0-8:8 26 22 1466 + 330 
5-9 170-160 6:6-8°6 46 38 845+ 154 

10-14 160-150 6-4-8 4 DY) 50 676+ 103 
15-19 150-140 5:8-7-6 54 42 420+ 74 

20-24 140-130 5-2-7:2 50 40 325° 8 

25-29 130-120 4-4-6:2 40 Sil 216+ 44 

30-34 120-110 3-6-5 4 48 S35) 222+ 44 

35-39 110-100 2:6-4:-4 44 33 197+ 34 

40-44 100-— 90 1-8-3 -6 69 58 334+ 49 

45-49 90-— 80 1-2-2°8 Gta 97 560+ 61 

50—54 80— 70 0-6-1:8 208 190 WIS@se 6 
55-59 70— 60 0-4-1-4 DIG 213 1345+ 95 


6,, scattering angle of a-particle in laboratory system; @,,, scattering angle of neutron 
in centre-of-mass system; N, total number of events recorded in laboratory system; Np, 
estimated number of background events in laboratory system; a, differential cross section 
(centre-of-mass system) in arbitrary units. 


Since this experimental work was completed a paper has been published by 
Seagrave (1953) reporting results obtained for neutron energies up to 14-3 Mev, 
using a proportional counter. Seagrave compares his experimental phase- 
shifts with the theoretical values worked out by Dodder and Gammel (1952) 
for the p-« case. Excellent agreement is obtained for the S and P phase-shifts ; 
consequently the S and P phase-shifts were taken from the calculated curves 
given by Seagrave, and not varied, and curves were plotted for the following 
values of the D phase-shifts: a, Ds.=D5=—14° (the hard sphere value); 
b, Dsjyp= — 14°, Dsjg=9°; ¢, Dg= — 14°, Dsjp= —7°. 

It will be seen that case c fits the experimental results much better than either 
of the other cases, indicating that a D,), phase-shift must be employed, but of a 
smaller value than that given by a hard sphere of 2:9 x 10-% cm radius. 

The total cross section measurements in the region from 12 to 16Mev as 
reported in Seagrave’s paper also indicate that the D-wave phase-shifts are not 
the hard sphere values. ‘The measured values of the total cross section are smaller 
than those predicted assuming that there are no levels in *He between the Py. 
level at 2:6 Mev excitation and the J =3/2 level at 16-64Mev excitation. A Dy 
resonance somewhat above the 15-7 mev neutron bombarding energy used 
in this work would depress the D,), phase shift below the hard sphere value, in 
agreement with our results, and also produce a corresponding reduction in the 
total cross section at this energy. 

Using the phase shifts quoted above we have calculated the polarization for 
neutrons scattered at 90° in the centre-of-mass system using the formula given by 
Lepore (1950) and the result is 86% polarization. No detectable left-right 
asymmetry was observed in the number of «-particles scattered at 45° in the 

laboratory system, indicating that neutrons from the D-T reaction at 700 kev 
bombarding energy have little or no polarization under the conditions of our 


experiment. 
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Inelastic Collisions between Heavy Particles 


II : Contributions of Double-Transitions to the Cross Sections 
associated with the Excitation of Hydrogen Atoms in Fast 
Encounters with other Hydrogen Atoms 


By D. R. BATES anv G. W. GRIFFING{ 
Department of Applied Mathematics, The Queen’s University of Belfast 


MS. received 5th March 1954 


Abstract. Born’s approximation is used to calculate the cross sections of the 
processes 
H(1s)+H (1s) H (2s or 2p) + H (2s, 2p, 3s, 3p, 3d or C) 


where C represents the continuum. ‘The results are presented mainly in graphical 

form. It is found that these double-transition collisions are together much more 

effective at high impact energies than are simple single-transition collisions such as 
H (1s)+H (1s) H (2s or 2p) + H (1s). 


An asymptotic formula for the total inelastic cross section is also obtained. 


§ 1. INTRODUCTION 


N paper I of this series (Bates and Griffing 1953) calculations were carried out 
on the cross section for the excitation of a hydrogen atom A by a high energy 
incident hydrogen atom B which itself remained unaffected by the collision, 


H(is]A)+H(1s|B)+H(ml|A)+H(1s]B). —......... (1) 
It was pointed out, however, that the reaction path 
H(1s|A)+H(1s|B)>+H(al|A)+H(n7|B) ....... (2) 


might also be followed and that such double-transitions might be of importance. 
Clearly if the cross section for process (2) is O(1s—nl; 1s—n’'l’) then the total 

cross section describing the excitation of A to the (n/)-state is 

Q(1s—nl;ls—X)= > O(ls—nl;is—n'l’) aaa (3) 
nl 

where the summation involves also integration over the continuum; that describing 

the excitation of B to the (m/)-state is naturally the same; that describing the 

excitation of ezther or both atoms to this state is 


9 ((1s)?— (ni, X)) =20(1s—nl;1s—X)—Q(1s—nl;ls—nl); —... (4) 
and that describing all inelastic collisions is 
9((1s)?—(%, X’)) =O (1s—1s;1s—d’)+ >’ O(1s—nl;1s—d) ...... (5) 
nl #1s 


+ Affiliated to the Cambridge Geophysics Research Directorate of the United States 
Air Force. 
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which of course includes the contribution 


9((1s—(1s, 2) =2 > O(is—ni;Is—1s) -  ».20% (6) 


nl#1s 


from encounters giving rise only to single transitions. 
The present paper is devoted mainly to the determination of the influence of 
double transitions on the cross sections associated with the excitation of the 2s and 


2p states. 
§2. "THEORY 


2.1. Neglecting exchange effects and using the Born approximation (cf. Mott 
and Massey 1949), it may be seen that the cross section for process (2) is given by 


3 42 Kmax 
Q(1s—nl; 1s—n'l’)= >| me |W (Is—nl;1s—n'l) [2 KdK ..... (7) 
i Kymin 
with 
AN (Is—nl; 1s—n'l) =e? | | [|R—r,+1ry[ texp GR . K) x* (ra ts) x* ("| 1s) 
xx(r,[2)x(nl[el)drdr,dR 2 acaee (8)t 
K = Ky == K,; ) K,; => 27 Mv, lh ) K,= 27M ve/h @ joule 8 Lee (9) 


where MM is the reduced mass, R is the relative position vector of the two protons, 
r, and r, are the position vectors of the electrons with respect to them (the sub- 
script a referring to one electron—proton system, the subscript b to the other); 
the x’s are the wave functions of the states indicated, and v, and vrare the initial and 
final velocities of relative motion. After integration over R-space, formula (8) 
reduces to 


4 2 2 
A (1s—nl;1s—n'l)= 3g (Is—nl) F(Is—n'l) ss. (10) . 
where JF (1s—nl)= [exp (tor) y* (Risa (hiiyan eee Cif) 
t=Ka, 2 eee (12) 


and r is in atomic units. Substitution in (7) then yields 


ey 8 ¢émax 
Q(1s—nl; 1s—n'l')= || |-% (ls—nl) |? |Z (Isn't) Besa | HA ican (Lo) 
min 


with Pa. mois ee) ae (14) 


m being the electronic mass and Jy being the ionization potential of hydrogen. 
The J's defined in (11) also arise in the calculations on the cross sections of the 
single-transition collisions, (1), and expressions for them are given in paper I 
for the cases 1s — 2s, 2p, 3s, 3p, 3d and C (where C represents the continuum). 
__ The integration in (13) is generally best done by numerical methods. Tran- 
sitions to the discrete states can indeed be treated analytically but the resulting 
formulae are cumbersome and awkward to evaluate unless the final principal 


T Terms of the interaction potential not involving ra and rp explicitly have been omitted 
since, owing to orthogonality effects, they give no contribution to the matrix elements 
associated with double-transition collisions. 
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quantum numbers are equal. Such equality brings about great simplification, for 
example 


230 
QO (1s—2s; ls—2s)= E- (880s? + 396e + 81)(40-+9)-™ | Rae aside = (15) 
230 . 34 
O(1s—2p;1s—2p)= Eec Cierred yin [date We Wnatene te tg eens (16) 
229 y¢ 32 
QO (1s—2s; 1s—2p)= E: (44% + 9)(40 + oy] UA AE ae reer (17) 
‘ 9 3m 
with x= allt ayat-~ | PAGS OD (18) 


It will be observed that according to the Born approximation the cross sections 
are initially extremely rapidly increasing functions of EZ, the energy of relative 
motion: thus Q(1s—2s;1s—2s), Q(1s—2p;1s—2p) and Q(1s—2s; 1s—2p) 
initially increase as E°, E!° and E° respectively as compared with Q (1s — 2s ; 1s — 1s) 
and O(1s—2p;1s—1s) which initially increase as E* and E® respectively (cf. 
paper I). 

2.2. The summation over the separate cross sections to get O(1s—ml; 1s —%) 
may readily be effected since the series converges rapidly. A closed asymptotic 
formula may also be obtained. At sufficiently high energies it is permissible to 
take ¢,,,, as infinite and f¢,,;, as zero so that 


O (1s—nl; 1ls—X)~O(1s—nl; 1s— 1s) 


+ E { | %(1s—nl) |? > |.4(1s—n'l) Pe at| (ie haa (19) 
sare nl #18 
Using the expression for QO (1s — ml; 1s — 1s) given in paper I (eqn (17)), noting that 
Sais ete ee (20) 
nl’ 


(Bethe 1930) and that 
PA (Iis—is) P= 2560/4427)" ve aeas (21) 
it may be seen that 


fone 16 | 
Q(1s—nl;1s-)~| | |¥ (1s—nl) P41 appr | Tay wasn lee) 


which is easy to evaluate in any particular case: thus 


eee ee elo | 
Q(1s—2s3 18-2) ~| | gaeop tl amp | 


he PR areal. 0 pe ars (23) 
and 
32x 219 po pd 16 
7 . SA i] (ee tei Riga As 9 ester 2 
Q(1s—2p; 1s—¥) [ 5 iF ay! aaa et |e 
TOES AL a a a RP Ge (24) 


Similarly it may be seen from (6) that 


16.6% 16 Tome F 
9 ((1s)?—(Is, y~| 3 i {1+ aah {1- cexoal dt | Ag" 
AO BO Salerdge eine SULT OS (le OT See (25) 
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and from (5) that 


2qny—e2n~[3\; [+ amyl leapt Oo ee 
S(S8li0s8{aat YS 7 eee (26) 


The major contribution to the first of these cross sections comes from single- 
ionization collisions and the major contribution to the second from double- 
ionization collisions. As may readily be verified, formula (25) is in harmony with 
the detailed calculations, reported in paper I, on the cross sections for the separate 
processes involved, and thus provides a useful check on the computational work. 
Combined with formula (26) it gives for the cross section describing a specified one 
of the atoms being excited or ionized (the other being unaffected by the collision or 
being also excited or ionized), 


O(is—2’1s=3) S [101 15s*{ra," ee (27) 


which is in fair accord with the rather similar semi-classical formula of Bohr (1948), 
this latter having 8 instead of 101/15 as the numerical factor. 


§ 3. RESULTS 


With the aid of formula (13) calculations were carried out on the cross sections 
QO (1s—2s;1s—2s, 2p, 3s, 3p, 3d or C) and Q(1s—2p;1s—2s, 2p, 3s, 3p, 3d or C) 
for various values of &, the energy of the zmcident atom (the other atom being taken 
to be at rest). ‘The results are shown on a log-log scale in figures 1 and 2 respec- 
tively. It will be observed that for given azimuthal quantum numbers the cross 
sections fall off rapidly wtih increasing values of the principal quantum numbers ; 
that for given principal quantum numbers the cross sections are in general greatest 


=] T — ae Sa 


a2 
a J 1s-2p;1s-C) 
= 
S me; 
® = (1s-2p; 1s-2p) 
5 S -3 
3 2 / -2p;{s-3p) 
: z 
< S (1s-2p;1s-2s) 
1g Sen 
a > 
& es 1s-2p,1s-3s) 
2 8 
(1s-2p ; 1s-3d) 
-5 


2) ee i | 
| 2 


3 
Log [Energy of Incident Particle (kev)] 


2 3 
Log [Energy of Incident Particle (kev)] 


Figure 1. (Cross section, energy) curves Figure 2. (Cross section, energy) curves for — 


for the collision the collision 
H(1s)+ H(1s)+H(2s) + H(nl) H(1s) + H(1s)+H(2p) + H(nl) 


where nl represents 2s, 2p, 3s, 3p, 3d where nl represents 2s, 2p, 3s, 3p, 3d or | 


or C (the continuum), C (the continuum). 
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when the azimuthal quantum numbers are such that the transitions are optically 
allowed, and that transitions involving the continuum ultimately predominate. 
Since the small contribution that arises from Q(1s—2s;1s—mnl) and 
QO(1s—2p;1s—nl) when n is greater than 3 can be neglected without causing 
more than a few per cent error, the results of the present paper together with those 
of the previous paper are sufficient to enable summations (3) yielding 
Q (1ls—2s;ls—X) and Q(ls—2p;1s— >) to be evaluated. The [log (cross 
section), log (impact energy)] curves obtained are shown in figure 3, in which 


1 
T 


T 


' 
nN 


a 


Log [Q(1s-2s; 1s-1s or) (units of 7a,?)] 


(is-2p;1s-2) 


{s-2p; {s-1s) 


s or 2) (units of ra,?)] 


t 
nN 


Log [@ (1s-2p , 1s-1 


' 
w 
o 


| 2 3 
Log [Energy of Incident Particle (kev)] 


Figure 3. Comparison of the (cross section, energy) curves for collisions in which the 
incident atom is unaffected with those for collisions in which it is left in any state. 
The upper diagram refers to excitation of the stationary atom to the 2s state and the 
lower to excitation of the stationary atom to the 2p state. ‘The broken lines represent 
the asymptotic behaviour of Q(1s—2s;1s-X) and Q(1s—2p;1s—%) as given by 
formulae (23) and (24) of the text. 


is included, for the sake of comparison, the corresponding curves for 
Q(1s—2s;1s—1s) and Q(1s—2p;1s—1s). Single-transition collisions are 
naturally the more effective at low values of & but, as can be seen, double-transition 
collisions become significant when & reaches about 10 key, and at high values of & 
it is they which are the more effective. Because of this each of the final curves 
has two maxima, one due to single-transition collisions and the other to double- 
transition collisions. However, it should be noted that reliance cannot be placed 
upon the Born approximation in the lower part of the energy region concerned and 
consequently the first of the two may be at least partially suppressed in each case, so 
that the true curves may conceivably show but one broad maximum. 

The asymptotes obtained from formulae (23) and (24) are represented in figure 3 
by the broken lines. Clearly the curves lie close to them when @ is above some 
1000 kev, so that the neglect of the higher discrete states is justified. 
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Formulae (25) and (26), which may be written more conveniently 
9((1s)?—(1s, X’)) ~[82+8/ 6] ay? ; 2 ((1s)?— (2, &’)) ~[209-5/ &] 7a,?, 
clnvecasere (28) 


provide a further illustration of the importance of double-transition collisions at 
high impact energies. It is to be noted that such collisions must have much less 
effect on the ionization cross sections than they have on the excitation cross 
sections considered, for while the ratio of 2((1s)?—X,=X’)) to 2((1s)?—(1s, X’)) 
(which depends mainly on the ionization cross sections) tends to 2:53, the 
ratio of 9((1s)?—(2s, X)) to 2((1s)?—(2s, 1s)) and of Q((1s)?—(2p, B)) to 
9 ((1s)?—(2p, 1s)) tend to 5-8, and 10-1, respectively. 
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On the Thick Target Bremsstrahlung Spectrum at Relativistic Energies 


BY KS PHILELPS 
Research Department, Metropolitan-Vickers Electrical Co. Ltd., Trafford Park, Manchester 


Communicated by Willis Jackson; MS. received 21st October 1953, 
and in final form 24th February 1954 


Abstract. ‘The bremsstrahlung energy distribution has been measured for 9 Mev 
electrons striking athick coppertarget. ‘This method involves the energy measure- 
ment of the photo-protons produced in the *H(y,n)'H reaction. The experi- 
mental results are compared with a theoretical distribution which is deduced from 
the thin target bremsstrahlung spectrum. By invoking the usual expressions for 
the energy loss by ionization and radiation of the incident electrons in the target 
reasonable agreement between experiment and theory is found. 


measuring the bremsstrahlung radiation produced by electrons with energies 

ranging from a few Mey to several hundred Mev. ‘The interest in the energy 
distribution has been stimulated not only by the desire to verify existing theories of 
bremsstrahlung but also by the need for an accurate knowledge of the spectra for 
the application of electron accelerators in certain nuclear experiments. Induction 
accelerators were used by Wang and Wiener (1950), Koch and Carter (1950) and 
Phillips (1952) for energies up to 20Mev and synchronous acceleration by 
McDiarmid (1942) up to 70 Mev, and by Powell, Hartsough and Hill (1951) up to 
322Mev. Small but definite discrepancies have been brought to light, notably in 
the lower energy ranges. ‘These differences are likely to be due to variations in the 
performance of particular accelerators. All the previously mentioned methods of 
acceleration are cyclic, and machines of this type tend to give thin target distri- 
butions. The usual method of allowing the electrons to strike the target is by 
deflecting the particles from their stable orbit, as a result of which the electrons 
may strike the target at grazing incidence. In this case little will be known about 
the effective target thickness, and its value will be dependent on the spiral pitch of 
the expanding (or contracting) orbit and also on the focusing action of the scattered 
electrons by the magnetic field, i.e. on the characteristics of the particular machine 
being used. 

_ For instance, McDiarmid (1952) used a rod of tungsten about 0-5 cm diameter 
as a synchrotron target and yet his angular distribution measurements indicated a 
target thickness of the order of 0-05 to 0-1 cm. 

The availability of an 8 Mev linear accelerator being developed for x-ray therapy 
(Miller 1953) enabled these ambiguities to be avoided since in this case the 
electrons strike the target perpendicularly. 

The present experiment measured the energy distribution of the brems- 
strahlung produced in a thick copper target by electrons accelerated to 9 Mev by a 
linear accelerator. Under the conditions for this experiment light loading and 
electron phasing gave an electron energy distribution with a peak at approximately 
Qmev. ‘The following points have been regarded as significant : (i) the copper 
target was in. thick, a thickness adequate to stop the beam of incident electrons ; 


[: recent years there have been several reports describing various methods of 
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(ii) the x-rays were collimated so that only the photons originating in the target 
and travelling in the forward direction were measured; (iii) the photodisintegra- 
tion of the deuteron was chosen since the cross section had been determined by 
numerous workers over this energy region. 

At energies above 3 Mev the photodisintegration of the deuteron is principally 
through electric dipole capture; the previously determined cross sections are 
listed in the table. ‘The energy of the incident photon is given by the equation 


k=2E,+ binding energy (2:2 Mev) 
where E, is the energy of the proton. 


Photon energy — o X 104 (barns) References 

2-75 (4Na) IScOxe U0 Wilson, Collie and Halban (1949) 

2:75 (Na) 16:04 4-0 Russell, Sachs, Wattenberg and Fields (1948) 
2-7 0CzNa) 14-5 1-5 Snell, Barker and Sternberg (1949) 

6:14 (°F +p) Piles se Barnes, Stafford and Wilkinson (1950) 

7-39) (@Be-=-p) 18-441:5 Barnes, Stafford and Wilkinson (1950) 

8:14 (8C+p) NGeshae 11 7 Barnes, Stafford and Wilkinson (1950) 


A quarter-plate C2 Ilford emulsion, 100 microns thick, was exposed to the 
collimated bremsstrahlung for approximately 15 seconds. A heavy wax film 
(C,, Dy 42,230) 5 microns thick, supported on thin backing of ‘Cellophane’ and 
fastened to a metal frame, was fitted closely to the surface of the plate. A control 
plate with a paraffin wax target was exposed under similar conditions in order to 
estimate any possible background effects. The plates were developed ina solution 
of Azol and 1° potassium bromide. 

Several square centimetres of emulsion were scanned using a Cooke, ‘Troughton 
and Simms M4000 ‘Type microscope, and about 500 proton tracks were measured 
in the heavy wax plate. Of these almost 30% were rejected on the grounds that 
their angle of dip in the emulsion did not lie within the limits of 5 to 45 degrees. 
The lower limit was fixed in order to reduce the error in energy measurement-due 
to the range of the protons in the heavy wax target. 

The number of photo-protons in the energy range 0 to 3 Mev, produced by 
different photon energies from 3 to 8-5 Mev, is shown in the histogram (figure 1). 
On the control plate only nine tracks were found for the corresponding area. The 
distribution of the protons rises rapidly as the proton energy approaches 1 Mev. 
The drop at lower energies is undoubtedly due to the difficulty in finding all the 
short tracks. Figure 2 shows the photon spectrum obtained by suitable adjust- 
ment of the proton histogram so as to correct for the variation in the photoelectric 
cross section with photon energy. ‘The dotted curve is a rough estimate of the 
spectrum which has been deduced by considering the processes by which an 
electron loses energy when it penetrates the target. ‘The total rate of loss of energy 
is given approximately by the equation (Heitler 1946) 


dE/dx=«+ BE 


where « and f are constants and w is the thickness of the target. On the approxi- 
mate assumption that the thin target spectrum varies inversely as the photon 
energy it can be shown that the number of photons for a thick target is given by 


where Ey is the energy of the incident electron and k is the energy of the photons, 
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It is usual to consider the variation of intensity with energy, which removes the 
emphasis on the lower energy end of the spectrum. Figure 3 shows a plot of the 
experimental results together with the theoretical curve normalized at 4-5 Mev. 
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Figure 1. The distribution of photo- 


protons found in the C2 plate using 
deuteron wax target. 


4 


7 


5 6 
Photon Energy (Mev) 


Figure 2. The experimental photon 


spectrum deduced from the number 
of photo-protons using previously 


determined *H(y, n)*H cross sec- 
tions. The chain-dotted curve is 
the calculated spectrum normalized 
at 4:75 Mev. 


For comparison the thin target intensity spectrum for 8-5 Mev electrons is also 
illustrated. ‘The theoretical curve indicates the general shape of the spectrum, but 
the fit is obviously dependent on the point of normalization. Better agreement 
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Figure 3. The intensity spectrum histogram. The errors are based on the number of 


photo-protons related to the respective energy intervals. 


may be obtained in the middle energy range by normalizing at6 Mev. This would 
result, however, in much worse correlation at the higher energy end. Certain 
differences between the experimental and theoretical results may be due to 
approximations used in deducing the theoretical curve. For instance, the 
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‘ squaring off’ of thin target bremsstrahlung spectrum, which has been done purely 
for convenience, would most likely increase the theoretical intensity at the upper 
limit. The ambiguity could only be resolved by carrying out exact numerical 
calculation of the radiation characteristic, but this would be rather laborious and is 
beyond the scope of the present work. Nevertheless it is interesting to compare 
these spectral characteristics with previously published experimental results for 
thinner targets, in particular the more rapid fall at the high energy tip of the 
spectrum, and the observation that there are relatively more quanta in the lower 
energy values than predicted by the theory. In the present case these differences 
cannot be attributed to multiple passage of the accelerated electrons through the 
target as with cyclic machines. Lawson (1952) has suggested that straggling 
may affect the forward spectrum for very thick targets, and even though an exact 
treatment of the phenomena is not possible it seems likely that straggling would 
cause some increase in the number of lower energy photons and a decrease at the 
tip of the spectrum. 
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The Second Born Approximation in Inelastic Collisions 
of Electrons with Atoms 


By W. ROTHENSTEIN 
Physics Departments, University College, London, and Battersea Polytechnic, London 


Communicated by H. S. W, Massey; MS. received 1st April 1954 


Abstract. ‘The second approximation in Born’s theory of collisions is worked out 
for the excitation of the 2p state of hydrogen and of the 2'P state of helium from the 
corresponding ground states by electron impact. ‘The method is not applicable 
to electron energies too close to the threshold. The correction introduced by the 
second approximation, which reduces the intensity of the small angle inelastic 
scattering and the total inelastic cross section by an amount increasing as the 
electron energy decreases, is of the correct sign and about the right magnitude, 
in the energy range to which it is applicable, to provide an explanation of the dis- 
crepancies between calculated and observed cross sections for excitation of 
optically allowed transitions. 


§1. INTRODUCTION 


HE validity of Born’s first approximation for the calculation of the cross 

sections for excitation of atoms by electron impact has been discussed in 

relation to observed data by Bates, Fundaminsky, Leech and Massey (1950), 
(see also Massey and Burhop 1952, Chap. 3). While it is confirmed that the 
approximation is quite inadequate for dealing with slow collisions, the type of 
failure, broadly speaking, depends on whether the excitation involved is an 
optically allowed one or not. In the latter case the approximation frequently 
leads to a gross error at electron energies near the threshold, where the cross section 
is often quite large. For optically allowed excitations, such as from S to P states 
in helium, as well as for ionizing transitions, the cross section attains a maximum 
rather gradually as the electron energy increases from the threshold value to about 
four or more times that value. ‘The first Born approximation, which is in good 
agreement with experiment at high energies, begins to fail at energies slightly 
above the observed maximum by overestimating the cross section by an amount 
which increases as the energy decreases. ‘This leads to a predicted maximum at 
too low an energy, but at no time does the error grow much larger than a factor of 
two or So. 

A major reason for the gross failure of Born’s first approximation at energies 
near the threshold appears to be the use of plane waves to represent the motion 
of the electron relative to the atom in the transition matrix elements. This 
can be allowed for by an appropriate use of distorted instead of plane waves 
(Erskine and Massey 1952, Bransden and Dalgarno 1953, Massey and Moiseiwitsch 
1954). The failure for optically allowed transitions cannot be accounted for in this 
way (Massey and Mohr 1933). ‘The relatively small discrepancies in these cases 
suggest, however, that the second approximation in Born’s method might be 
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adequate at least to indicate the way in which the first approximation is likely to 
begin to fail.. This approximation has been previously investigated for elastic 
scattering (Massey and Mohr 1934) but never applied to any inelastic collisions. 
In this paper the method used by Massey and Mohr is extended to calculate the 
second Born approximation for the excitation of the 1s—2p transition in hydrogen 
and 11S-2!P transition in helium. The method is not applicable at energies close 
to the threshold, but at higher energies it is found to give correctly the nature and 
order of magnitude of the observed deviation from the predictions of the first Born 
approximation. 


§2. Tur First AND SECOND APPROXIMATIONS FOR HYDROGEN 


The differential cross sections for elastic and inelastic scattering of a beam of 
electrons of wave number k/27 by a hydrogen atom may be obtained from the 
solutions F,(r) and F’,(r) of the coupled differential equations (Mott and Massey 
19495p. 137) 


(V2+ Rk?) Fy (vr) =2mh-? >. Ei (4 ahr) oP are (1) 
(V2+k2,,) F,(r)=2m hD Fr) Vai An =F Nae (2) 

The potentials V,,,(r) are given by 
Vint = [V(r via (te) de eee (3) 


where V(r, r,) is the interaction energy between an electron of coordinates r and 
the atom, whose proton is at the origin and electron at coordinates r,. By solving . 
(1) and (2), subject to the condition that 


Fy (r)~exp (tkny . r) +71 exp (thr) fy (0,4) and F,,(r)~7-1 exp (7k,,7) f, (8, $); 


in which ny is a unit vector in the direction of the incident electron beam, the differ- 
ential cross sections for elastic and inelastic scattering are given by | f) (6, 4) |? and 
(R,,/R) |fn(9,¢) |? respectively. Born’s approximation is obtained by writing on 
the right-hand sides of equations (1) and (2) Fy(r)=exp(zkng. r) and F,,(r)=0 
when 70, ignoring the perturbation of the incident wave by its interaction with 
theatom. ‘The solutions are then (Mott and Massey 1949, p. 114): 


exp fik |r— nif 
fr ry 


, m 
Fy(r) =exp (ikiny « 1) — 55 i Voo(ts) exp (ikn, « r,)dr, 


race 
ep th, | CE I} ; 
Teor XP GR Mg + Ma) dry. eee (5) 


m 
F,,(r)= “7 som | Von (41) 


A second Born approximation may be obtained by substituting the solutions (4) 
and (5) instead of the unperturbed wave in the right-hand sides of equations (1) _ 
and (2) and resolving them. Equation (2), which corresponds to inelastic | 
scattering, then becomes: 


74 — , m® 
(V2+ k2,,) F,,(r)=2mh- V,,(r) exp (tkny . r)— wi 2. V on (¥) J Vos(¥1) 


x exp (tk, | ier r,|} 
Ler 


exp(dkn, «(Fiery Ge eee (6) 


At energies sufficiently high to write k,~k in all terms of the series occurring in (6) | 
| 
| 
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this series becomes 4, V,,,(r) V,(r,) and may be summed by using the expansions: 


Bo (73) V(r; ra) = 2,46(") bs (r,); 


giving as ( r;) ra | bo (9) V ( V1, r,) ,* ( r,) dt,= Vos ( r;) 
and fre Cea 4 ra)= 2, 2.(¥) w,* (rq); 
giving by (r)= | Pa (ta) V (ty ta) te (ta) dta= Ven (1). 


Multiplying these two expansions, integrating over the coordinates (r,), and 
using the orthonormal properties of the wave functions we have: 


[Vr ra) V (ra a) Yo (ra) bn® (Fa) dra =>. Ven") Vow (Fa) 
& 
which now may be used in (6): 
(V2+2,,?) F,, (r)=2mh-* V,,,(r) exp (tkmg - r) 
m exp {7k |r—r,| . 
a a ii V(r, r) V (r,, ee exp (tkn9 ° r;) 
Xa (Ta) Patel fa OTST | be aatele (7) 
To evaluate the double integral in (7) the origin is now transferred from the position 
of the proton to the position of the field point (r). ‘The new polar coordinates are 
p, %, 7 with the axes }=0 and7=0 parallel tothe axes0=Oand¢d=0. Ifp , 99, m9 
are the coordinates of the proton with respect to the new origin, then py=7, 
$=7—Oandy,=¢+7. Also r,=r+pe, and ry=r-+ g,, so that (7) becomes 
(V2+k,,”) F,,(r)=2mh- {Von (r)+%on(r)} exp(zkng.r) ...(8) 
in which the additional potential v),,(r) is given by 
m exp {7k(p,; +My - e 
Von (t= — 7s [[ V(r, e+ 0) V(t ey rt 9) Eto By, (4 p,) 
Pl 
x f,* (K+ Pa) de, dp, enero) 
where dp, and dp, are volume elements. 


§3. THE 1s—-2p TRANSITION IN HYDROGEN 

In order to be able to carry out the integrations over the angular variables in (9) 
the polar axis is taken along ny. ‘I’his, however, necessitates dealing with the 
transitions to the “‘cos@,”’ and “‘sin@, exp(+7¢,)”’ levels separately, which is 
normally avoided in Born’s approximation by taking the polar axis along the 
change of momentum vector (Mott and Massey 1949, p. 225). ‘The required 
wave functions are: 
thy = — (Z3)/n)! exp (— Zr.) = — (Z8)/m) exp (—Zpyq) where r= |"+,|=py and 
SAG a 


t= —¢ (Z5/2n)' exp (—}Zr,) { 


7, cos 0, 
27 resin exp C+ 10,) 
rcos#+p, cos d, 
= —1(Z5/27)1/2 —1Z : , 
RC GEN A SeD | at Pe 2-V2fr sin 6 exp(+76)+p,sin 3, exp (+7y,)}. 
The product of the interaction energies occurring in (9) is 
(; -) ( 1 ul ) ( 1 1 1 1 ) 
(-——)(— - —)=-e4( - — +— +—- 
TP asaN Pot Pin TPox PaPo1 Pia PaPia 
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Substitution in (9) gives 


met Ze 
Saree Ga: on ae (10) 
in which the integrals J,, J, J; and 7, correspond to the four terms in this product. 
The factors 1/8,/2 and 1/16 apply to the ‘“‘cos 0,” and each of the — 
“sin 6, exp (+1¢,)”’ levels respectively. The integral J,=0 since the wave 
functions y%» and y, are orthogonal. Each of the J,, J; and J, is now subdivided © 
into two parts J,’ +,” etc., corresponding to the two parts of the wave function ¢, _ 
involving 


ea q eee da 
: an 
ry sin 0 exp (+ 7¢) p, sin 3, exp (+77,). 
Writing w= 3Z we have: 
, Ss a Vr, 1, Pa) " a Ce Pr Pa) 
a =| 2 de. d vk =) 2" de, de. 
; Pa PoiP1 Sacre : Pa Poi P41 cans 
8 (¥ Pv Pa) n -| & (4 Pv Pa) 
de,d i 2—_-—-= dp, d, 11 
Celie = PyaP1 pene § ’ Pia Pi Pi (11) 
8’ Ps Pa) : -| & (1 By Pa) 
de, d ly 2A de, d 
‘esl ames PaPiaPi aoe : PaPiaP1 ee 
: : rcos6 
where g’(¥, 1, Px) =eXp {tk (py +Mo + 01) —HPoat { . = 
r sin 6 exp ( +7¢) 
Pa COS Dy 


and g"(F, Px Pa) exp (E(0a+M9 - 1) Hoa} | Pe 2) 
pa Sin , exp (F7,). 


To evaluate these integrals the following expansions, recurrence laws and definite — 
integrals are used: 


a \i2 2 
exp(iiny  01)= (ae) > (2n+1)3"Fna(Rpy) Pa (C08 94) 
Po = PSs Yn (7 P1) P, COS Ooy 


re) if p> 
where Yn (7, pi)= ae —(n+1 ae 


and a similar expansion for p,,~1. 


EXP (—#Poa) = — (%Pa)*” > (2n +1) 2, (7, pa) P,, (cos Opa) 


vw 


if pir >r 


lf ayn a s1/2 (#7) Ln 43/9 (“-pa)} ih gees 
where (7p) = 


| src (Kase (pe) Fnavelur)} if py>r 


n+ | 
Cos Da Br (cos 94) = is Dy a am | Prat (cos o aot ee 2 oa Ea (cos 9a) | 


1 
sin $, P,,(cos 9,) = eet PL, (cos ,)— P4,,_, (cos $,)} 
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and similar recurrence laws for the angle @ 


| { P, (cos @p,) P,,"" (cos 94) exp (zmn,) sin 9, d%, dn, 


tee 


ee PREF Sar Fa (COs Jy) EXp (tj 9) if s=2, 


and 0 if s An with similar integrals for the other pairs of angles. 

Finally by expressing the half integral order Bessel functions in terms of expon- 
ential functions the integrations over p, and p, are carried out, and involve extensive 
use of the exponential integral function of complex argument. The definition of 
these functions in the complex plane was chosen to agree with that used in their 
tables of values. In every one of the integrals (11) the above recurrence relations 
for the Legendre polynomials must be used at some stage. It is therefore clear 
that J, + J; — J, is the sum of two expansions in 


P,, (cos @) 
{ P,,1 (cos @) exp ( + 7¢), 
P, (cos @) 
P,! (cos 0) exp ( ¥7¢), 
Py (cos @) 
0. 
On adding these expansions J, + 7,—J, is expressed in the form XJ (r, P,). The 


formulae, even for /(r, Py) and J(r, P,), are too complicated to be reproduced here. + 
It was found that at large values of r 


the first starting with a term in { 


the second with a term in { 


I(r, P,)~ 
Lontt.d [<2 2(— 1)"(3y4 + 62k? + 8h!) (2n + 1) P,, (cos 6) 
~ Rk on| port part (2 + 4 exp (2zkr ee 
16777 O sat) (cos 0) 
ia ay OG zee =i Ud cui an 2 
Ti ah neti) eae 2) 


where 6,,, is the Kronecker 6. 

Although /,+/,;—J,=XTJ(r, P,,), it must not be assumed that the asymptotic 
form of /,+1,—J, may be obtained by adding the asymptotic expansions of the 
I(r, P,,). ‘This arises from the fact that as r increases we require an increasing 
number of terms N to make 


N 
[1,+1,;—I,- >. T(r, P,,) |<e. 
0 


This increase of N with r more than offsets the improved accuracy of each of the 
asymptotic expansions (12). Ultimately as r+ 00 N— oo and the summation of 
the right-hand side of (12) diverges completely from J, + /,—J,. 
At small 7 it was found that 
P,, (cos @) 
ve P O(r?-1 n 
eek ae, { P,1(cos @) exp (Tid). 
The additional potential vj, (r) for the 1s—2p transition given by (10) and (11) 


t+ Further details will be published in the form of a thesis to be submitted to the 
University of London. 
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must now be added to the matrix element V,, (rr) where 


«Z* (cos 6 
Vouln)=[ P(r) bolrad ta (ra) dram — (Si cin pexp (iA)) 


CEN ome 1 DK hee . | B 
ae aa- (a+ +a) ov Lr) Gr? Da eS ae ( ) 
The scattering amplitude f), (9, 4) is obtained from 
for (9, 6) = — Dyed oe {2(Ang — Ron) «eb {Vor(e’) +21 (0) jar" wee (14) 


where nis a unit vector in the direction (9,4). Denoting the change in momentum _ 
by the vector K N =(kny— hyn), and expanding exp («KN . r’)in Bessel functions, | 
(14) may first be integrated over (6’, ¢’) and then over 7’ as previously discussed 
when dealing with the other integrations. The result may be written in the form 


Tor (9s $) =Sor™ (9, #) + for (8, 4): 
The Born amplitude is given by 


“ 4u (k—kp, cos @)/K 
For (8, ¢) = — 2/20 a AKGEs Et} a ee 


The uncorrected differential cross ae is 


16 
(Ro,/R) > Rivest P= rai a (Fah) (raps emp} OCFOIG C (16) 


where the summation for the Stee arising from excitation of the three 
levels can be carried out by making use of the formula K?=k? + k,,? —2kk, cos 6 
(Born 1926). ‘The correction amplitude is 


fy (0, 6) = — a e > > see Bade: (17) 


where 4 (P,,) results from the ition of I(r’, P,,) occurring in U(r’) in (14) 
and the factors (1) and (2-1) belong to the ‘‘cos 0,’’ and each of the 
“sin 0, exp (+74,)” levels respectively. ‘The corrected differential cross section is 
obtained again by summing over the three levels the formula 


(Ro,/k) >: for 2 (0, @) fore: (Gs@) eee (18) 


The real and imaginary parts of 4 (P)) and -¥ (P,) were calculated for electrons of 
kay = 2 (54 volts) scattered by hydrogen after exciting the 2p (cos #,) level. Atsmall 
angles they are all quite small compared with f,,‘"(0,4). Since the latter is 
purely imaginary, the contributions of the real parts of % (Py) and ¥ (P,) in (18) 
are negligible. ‘The imaginary parts converge rapidly as indicated in figure 1. 
This was also confirmed at other values of kay. In the subsequent calculations 
only .7 (Py) was therefore included and the correction was applied for electron — 
scattering after excitation of the “cos@,”’ level only. The correction for exciting | 
the “sin 0, exp (+7¢,)”’ levels has no zero-order contribution and was therefore © 
ignored. 

Figure 2 shows the corrections to be applied to the differential cross sections | 
per unit @. ‘The corrections are quite small compared with Born’s approximation | 
at small angles, and decrease as the energy of the incident electrons increases. A 
final integration over all angles @ gives the total cross section (Elsasser 1927). | 
This is shown in figure 3, where the calculations are extended to quite small 
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Figure 1. Imaginary parts of amplitude 
corrections at kay=2 for excitation of 
the 2p(cos 6,) level of atomic hydrogen. 
The first-order corrections must be mul- 
tiplied by (kR—kp, cos 0)/k before being 
applied to the Born amplitude. 

I, zero order; II, first order (first 
part); III, first order (second part); 
IV, first order (total). 
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Figure 2. (Kk/ko,) zero-order correction to 


differential. cross section for inelastic 
scattering of electrons by atomic hydrogen 
after exciting the 2p level (broken line for 
very small values of kay). 

(2/k") X area under graphs gives correc- 
tions to total cross sections in units of 7a). 
Born’s approximation is also shown on the 
same scale, but refers to positive ordinates. 
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ka 


25 30 


Figure 3. Total cross sections for the 1s—2p transition in atomic hydrogen by electron 


impact at different values of kay. 


I, Born’s approximation; II, second approximation using all k,=k in the summation 
of the polarization corrections arising from different excited states; III, the same 
using all k,=k, (broken line refers to very small energies). The energy of the 
incident electrons in electron volts is given by 13-5 (kap)?. 
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energies. In this region the approximation k,&k for all terms in (6) is unlikely to be 
valid. To estimate the error inherent in fis assumption the calculations were 
repeated replacing k/27 by k;/27, the wave number which the scattered electron 
would have after losing the ionization energy to the hydrogen atom. By using k; 
throughout in the evaluation of the additional potential (10) the rapid convergence 
of &,,-% (P,,) will remain assured, and the correction is obtained from a system of 
coupled equations (1) and (2) in which all the wave numbers involved are reduced 
to the lowest one present, instead of being increased to the highest. ‘The result 
is also indicated in figure 3. There is no very marked difference between the two 
methods above about 40 volts. 


$4. Tue 1S—2!P TRANSITION IN HELIUM 


Similar methods can be used for the 1S—2!P transition in helium. The 
potential V,, (1) is now given by 


Vou ( r) Ps ih V ( r,',, ry) bo Te rp) by* ee ry) dr, dr, etal e icles (19) 
here the interacti V io Fe Sa ee 
where the interaction energy V(r, r,, r)) = pene + oo 


and the wave functions are (Eckart 1930) 
ho (Tar) =o (4 | 7a) Yo (Z | 7») 


and By (Kas Mp) = 2-8? (holy |70) Pr (& | Po) + 40 (17) 41 (& | a) 
with Zao= 2/16. ivdg=2 00S ad, 0-965. 
The uncorrected differential cross section becomes 
TO Zoe ce 16,2 
"dots ac (Ry 1/R) (RreE RR 6 ee tise (20) 


in which pay =(Z+ 4a) a) =2-17 and c?= Dyin f exp {-—(Z+y) rp} dr]? = 0-978. 
The energy required for excitation is 21-2 volts giving 
ay( kh? — Ky?) = 212/13 53.1567 

compared with a,? (k? — ky”) =0-75 inhydrogen. ‘The ratio of these two quantities 
is the same as the ratio of the values of 2a,” for helium (2-17)? and for hydrogen 
(1:5)?.. It becomes possible therefore to obtain the uncorrected differential and 
total cross sections in helium at wave numbers (2-17/1-5)(k/277) from the values in 
hydrogen at wave numbers k/27 by direct proportion, since in (20) the values of ju 
and K (for fixed angles of scattering) are all 2:17/1-5 times as great as the corre- 
sponding values in hydrogen. 

The additional potential which must be added to V,,(r) to obtain a second 
approximation is 


m 
wn()=— xa |[ [V(r e+e e+ er) 


x V(r+ ei, +a, + Pp) 
exp ik (os +9 « 04)! 
Pi 
Xho ( + Par P+ Pn) dr™ (4+ Par P+ Pp) dPadpy dey. «+... (21) 
The product of the interaction energies in (21) is 


(- 1 \(- 1 = ) 
A(—4+—-=)(— 4+—-— 
fa Pb TT) \Pia  Pib Por 
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and involves product terms of the type «4/p, py in addition to all the terms already 
discussed in the case of hydrogen. The latter terms can be obtained from the 
hydrogen calculations by direct proportion. ‘The zero order contribution due to 
the new terms is added to this, and the remainder of the calculations carried out as 
previously. ‘The results are shown in figures 4 and 5. 
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Figure 4. ‘Total cross sections for 11S—21!P 
transition in helium. Ee Borns 
approximation; II, second approxi- 
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low energies. The energy of the 0 10 2-0 3-0 
incident electrons in electron volts is Ka, 
given by 13-5(kap)?. 

In the inset the cross sections for Figure 5. (Kk/Ro:) x zero-order cor- 


‘ieuexcitatien) olothe 312 «tate are rection to differential cross sections 

: ; 1 1 1+] 1 1 
shown. The discrepancies between for 1 S-2'P transition in helium. 
the values calculated by Born’s first Born’s approximation refers to 
approximation and those obtained positive ordinates. 


experimentally are of similar nature 

as the differences between the first and second approximations calculated for 
the excitation of the 2!P state. Note that the vertical scale for the main graph 
begins at 0:05 zap” and not at 0. 


§5. DiscussIon AND CONCLUSION 


The principal assumption in the above calculations is that the effect of the scat- 
tering field on the incident wave is small. In this respect the treatment may be 
compared with the approximate solutions for the currents in two loosely coupled 
circuits (A) and (B), each containing self inductance and resistance, with a source of 
alternating e.m.f. in (A) only. As a first approximation the effect of the current 
induced in (B) on circuit (A) is ignored. ‘The solution for the current in (A) may 
then be used to obtain an approximate value of the current in (B), which in turn 
makes it possible to calculate the effect of (B) on (A) and hence to find a better 
approximation to the currentin(A). In this way successive approximations to the 
current in either circuit are obtained. 

In the present case Born’s treatment gives approximate solutions for all the 
F,,(r), which are then used to calculate the effect of the excitations of all states (s) 
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on the inelastic scattering corresponding to one particular state (m). It was found 
that this effect is in general small compared with Born’s approximation at small 
angles of scattering and decreases with increasing energy of the incident electrons, 
which confirms the assumption that the incident wave is only slightly perturbed by 
its interaction with the atom under these conditions. The correction reduces the 
differential cross section at small angles. 

At large angles of scattering the correction exceeds the first approximation 
(which decreases as K~") and can therefore in general not be regarded as accurate. 

The correction to the total cross section includes the effect for all angles and will 
be a good estimate of this polarization, since in the final integration the main 
contribution comes from the small angle scattering. The approximation k,~k 
for all excited states, made in the calculation of the correction term, introduces less 
error at higher electron energies than at lower, but an estimate made in the case of 
hydrogen indicates that the error is fairly small even at electron energies as low as 
40volts. The final calculations and graphs, like the ones for Born’s approximation, 
have been continued below about 40 volts for hydrogen and 80 volts for helium to 
give a rough estimate of the order of magnitude of the correction. 

The results discussed above and shown in figures 2 to 5 refer to zero-order 
corrections only. As indicated in figure 1, the first-order correction in the case of 
excitation of the ‘“‘cos 0,”’ level is quite negligible. For the “sin 0, exp (+74,) ” 
levels the first-order correction is not so small, since the two parts of this correction 
shown in figure 1 have to be weighted differently on account of the change in the 
recurrence formula of the Legendre polynomials applying in this case. An 
estimate of the first-order correction indicated some further decrease in the total 
cross sections. 

Although there is no direct observational evidence about the cross sections for 
excitation of either the 2p state of hydrogen or 2!P state of helium, there seems 
little doubt that the correction introduced by the second Born approximation is of 
the right sign and about the magnitude which would be expected. In the inset of 
figure 5 a comparison of the observed excitation function of the 3!P state of helium 
with that calculated by Born’s first approximation is illustrated, it being assumed 
that above 400 ev electron energy the two agree (Massey and Burhop 1952, p. 150). 
It will be seen that the calculated values begin to deviate from the observed at 
about the energy indicated from the present calculations. The discrepancy also 
increases as the electron energy decreases at about the correct rate. 

It seems then that, except quite close to the threshold, where the cross section 
is relatively small, introduction of the second Born approximation effects a very 
considerable improvement. Eventually, as the threshold is approached it would 
be necessary to take into account further approximations and the series may eventu- 
ally diverge. However, for optically allowed transitions the cross section is small 
under these conditions and it is less important to be able to make accurate 
predictions. 
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Abstract. Angular distributions of six proton groups from the reaction 
10B(d, p)4B were obtained using a scintillation counter spectrometer and an 
incident deuteron energy of 7-7 Mey. Distributions for the three longest range 
groups were also obtained at the additional deuteron energies of 6-2, 7:1 and 
8-Omev. The results are largely compatible with the normal theory of deuteron 
stripping, and the five longest range proton groups appear to correspond to 
ingoing p-neutrons. The properties of the first excited state in 1B are, however, 
in some doubt. Possible spin assignments for the lower levels of 1B arising from 
excitation within the p-shell are considered and the corresponding relative values 
of the neutron capture probability are listed. 


§ 1. INTRODUCTION 


together with some information about the spins, may be derived (Butler 

1950) from a study of the stripping process for deuterons of energy about 
10mev. ‘This paper describes a study of the reaction 1°B(d, p)"B using 7-7 Mev 
deuterons from the Cambridge University cyclotron in conjunction with a 
scintillation crystal spectrometer. ‘Tentative assignments of spins and parities 
for a number of levels of 1'B were made by Jones and Wilkinson (1952) as a result 
of a study of the *Li(z, y)!"B reaction, but, as they pointed out, an independent 
determination of the parities, particularly as obtained from the stripping reaction, 
would be of considerable interest. 

In addition to determining the parities of a number of the levels, a preliminary 
investigation was made of the part played in the reaction by processes other than 
simple stripping. 


Ib is well known that the parities of the energy levels of a residual nucleus, 


§ 2. APPARATUS 


2.1. Target Chamber 

The deuteron beam was defined by two vertical slits, 2mm and 5mm wide 
respectively, placed 8 ft apart in the fringe field of the cyclotron magnet; these 
served to reduce the spread in energy of the beam. After passing through a 
focusing magnet, the beam was further collimated by a circular lead liner of 1 cm 
internal diameter located at the entrance of the target chamber (figure 1). The 
upper half of the chamber carried the proton detector and could be rotated, 
permitting measurements over a range +140° with respect to the incident 
deuteron beam. ‘The protons entered the counter through an aperture of 1 cm 
diameter and an aluminium window 0-0006in. thick. The elastically scattered 
deuterons were stopped in lead foil of just sufficient thickness placed inside the 
target chamber in front of the window. 


+ On leave from the Department of Physics, University of Michigan. 
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The targets were prepared by allowing a slurry of amorphous boron and 
water to dry on backing foils of gold 0-000 05 in. thick. Targets both of commercial 
boron (19% 1°B) and of enriched boron (95°% 1°B){ were used. ‘The relative 
intensities of the proton groups measured in each case served as a check on the 
identification of those groups due to the B(d, p)"B reaction. The targets were 
thin enough to have no significant effect on the resolution. 


Ball Bearing Race 
for Rolation in 


Azmuth. 


Figure 1. The scattering chamber. 


The target could be displaced vertically so as to bring a simular foil without 
boron into the beam for background measurements. It could also be rotated 
about an axis perpendicular to the beam, although it was inclined at an angle of 
20° for most measurements. 

The deuteron beam was monitored by a second crystal counter which detected 
deuterons scattered elastically through an angle of 24° by the target nuclei. 
Their intensity was reduced to a suitable value by a lead stop 1 mm in diameter. 
The bottom and sides of the target chamber were lined with lead to stop the main 
deuteron beam and to reduce the background counting rate. 


2.2. The Crystal Counters 
‘The crystal was 1 cm in diameter and was approximately 0-040 in. thick so as 
to reduce the number of y-rays detected. ‘This thickness was sufficient to stop 
all protons with energies less than about 14Mey. Proton groups of higher energy 
were first slowed down by aluminium foils placed in front of the crystal. ‘The 
crystal itself was cleaved in a dry box and immediately sealed in an air-tight 
Perspex holder by an aluminium foil 0-0006in. thick. 


Shield Can. 
PTT 
Perspex 
Relainer Ring 
ian 5S 
Wa 
—~ Sodium Jodide 


Perspex Housing 


Figure 2. The Nal(T1) crystal mounting. 
The Perspex holder fitted over the end of the photomultiplier as shown in 
figure 2. An EMI 5311 photomultiplier was used because it gave the best energy 


We are indebted to the Atomic Energy Research Establishment, Harwell, for 
supplying us with the enriched '°B. 
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resolution of the tubes available to us. Nine stages of electron multiplication 
were used, and the output taken from the ninth dynode in order to obtain 
positive pulses; the remaining dynodes were earthed. 

A cathode follower, mounted at the base of the photomultiplier, and a matched 
coaxial cable fed the pulses into an amplifier with an integrating time constant of 
0-2ysec. The output pulses were displayed on a multi-channel kicksorter 
(Hutchinson and Scarrott 1951). The voltage supply of the photomultiplier 
was an electronically stabilized power pack. To reduce drift the counter was 
operated in the ‘plateau’ region, where the counting rate increases least rapidly 
with voltage. The plateau was located by plotting counting rate against counter 
voltage for y-rays from a #84Cs source. For the photomultiplier used the plateau 
occurred with 70 volts per stage, with four times this voltage between the photo- 
cathode and the first dynode. Under these conditions no noticeable drift 
occurred in the location of the proton groups. 

The monitor counter consisted of a Nal(TI) crystal cut to a thickness of 
approximately 0-05in. and an RCA5819 photomultiplier operating at 1120v. 
The 5819 was used because of the change in counting rate with time of the 
EMI5311 at high counting rates, due presumably to charge collecting on the 
dynode insulators. ‘The output was taken from the tenth dynode and the pulses, 
after amplification, were recorded on a fast scaling unit. 


§ 3. EXPERIMENTAL DETAILS 
3.1. Limitations on Resolution 

The resolution of the experimental arrangement is determined mainly by 
five factors : (i) the energy spread in the incident beam, (ii) the finite and non- 
uniform thickness of the target and backing, (iii) the change in proton energy over 
the finite range of angles covered by the detector, (iv) range straggling in the 
absorbers between the target and detector, (v) the inherent energy resolution of the 
detector. ‘The first four factors produce a spread in energy of the protons reaching 
the crystal and result in a spread in amplitude of the detector voltage pulses which 
may be considerably greater than that due to the detector alone. _ It is of interest, 
then, to assess the relative contribution of each to the overall resolution. 

The deuteron beam from the cyclotron has a spread in energy of the order of 5% 
to 10%. Without additional magnetic focusing this may be reduced only at the 
expense of beam intensity. ‘The use of slits in the fringe field of the cyclotron 
magnet reduced the spread to approximately 2°%,, which represented a reasonable 
compromise. 

The energy spread due to target thickness is a result of the stripping reaction 
occurring at different depths in the target and is easily calculated from the rates of 
energy loss (Aron et al. 1949) of deuterons and protons in the target and backing 
material. By using thin targets this effect was made negligibly small without 
undue sacrifice of counting rate. Also, because the targets were thin, their lack of 
uniformity contributed a negligible amount to the energy spread. It is perhaps 
worth noting that in this respect the crystal spectrometer has a decided advantage 
over a proportional counter telescope in that the former records all the pulses in 
a proton group, whereas the latter is normally used to obtain a differential range 
curve. ‘Thus for measurements of a given statistical accuracy to be taken in the 
same total time, the energy spread due to the incident beam and target thickness 
may be reduced considerably with the crystal spectrometer. 
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The problem of detector geometry has been treated for a special case by 
Livingston and Bethe (1937). Recently Beach (1952) has treated the more 
general case. His results indicate that for our arrangement the energy spread 
resulting from the finite solid angle is of the order of 0-1°% and is thus negligible. 

The effect of range straggling in the aluminium absorbers can be estimated 
from the straggling curve given by Bethe (1949). For example, in completely 
stopping 13 Mev protons the range straggling is about 1:7%. Since the protons 
are slowed down but not stopped in the aluminium, this value represents an upper 
limit. 

The factors affecting the resolution of the combined crystal and photomulti- 
plier have been treated by Garlick and Wright (1952). These are (i) the variation 
in intensity of successive light pulses reaching the photocathode due to imperfect 
crystals and to absorption and reflection in the crystal and optical system, (ii) varia- 
tions due to the low photoelectric response and non-uniformity of the photo- 
cathode, and (iii) statistical fluctuations due to the finite number of photoelectrons 
produced per pulse. ‘They have shown experimentally that the half-width of the 
output pulse does vary inversely as the square root of the number of photoelectrons 
perlight pulse. Thus fora given crystal and optical system the inherent resolution 
of the detector varies inversely as the square root of the energy of the incident 
particle. Perhaps the greatest gain in counter resolution is to be made by improving 
the quality of the optical system and the photoelectron collection efficiency of the 
photomultiplier. 

The important factors in the present measurements were energy spread of the 
deuteron beam, range straggling and detector resolution. Protons of 13 Mev 
expending their whole range in the crystal produced voltage pulses the half-width 
of which was 10°, due almost entirely to the detector. (Considerable improve- 
ment in this figure should be possible by improving the optical system and by 
having a larger selection of photomultipliers from which to choose.) Because of 
the non-linearity of the range—energy curves, and the fact that the resolution of the 
detector varies inversely as the square root of the energy of the incident particle, 
the effective resolution can be improved by slowing down the proton groups before 
they enter the crystal. 'T'wo factors have to be considered, namely the variation of 
the haif-width of the voltage pulses due to a given proton group, and the change in 
the mean separation of two groups, as absorber is added. 

The voltage spread AV of a given group of mean pulse height V will be a 
minimum when the slope of the [(AV’)?, V] curve of the detector is equal and 
opposite to the slope of the [(AV)?, V] curve obtained from all the other factors 
combined. A semiquantitative estimate of the spread can be made by assuming 
a range-energy relationship of the form R=kE”"?. A value of n=3-5 gives a 
reasonable fit to the curve for protons in aluminium down to approximately 4 Mev. 
On the assumption that range straggling is gaussian, it can be shown that the spread 
in energy AF,, for a proton group slowed down in aluminium to an energy F, from 
an initial energy £, is 


2a ke Ri S22 1/2 
AEs a = Jz {1(Sz —(S,E,)?+2(1—2/n)] iis R ar} 
where S, and S, are the values of range straggling of protons of energy E, and E, 
(and range R, and R,) stopped completely in aluminium. It also follows that the 
spread in energy AF, at an energy £, due to an initial spread AF, at EF; is 


(m—2)/2 
TAY = (3) AE, e 
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The 2° spread in energy of the incident deuteron beam produced a spread 
AE,, of the initial proton groups of almost 0-13 Mev which, after slowing down in 
foil to about 4 Mev, resulted in a value of (AZ,,)? approximately five times that due 
to range straggling. If AZ,, and E, are measured in Mey, then the spread due to 
the detector can be represented by (AZ,,)?0-12E,. Thus the total energy 
spread AFy=[(AE,)?+(AE54)?]"? was due mainly to the detector and to the 
non-homogeneity of the incident deuteron beam, and had a minimum of roughly 
600 kev at about EF, =4 Mev. 

The separation of two adjacent proton groups increases as absorber is added. 
As an example, a separation of 0:6 Mev between two groups near 13 Mev is increased 
to 1-5 mev when the groups are slowed down to about 4Mev. While it is possible 
to add just enough foil to stop the lower of the two groups completely, the high 
background counting rate due to y-rays makes it impracticable to reduce the mean 
energy of the group under observation to less than about 4Mey. ‘This is not a 
serious drawback since the energy spread of the individual groups becomes rapidly 
worse below 4 Mev. 


3.2. Experimental Procedure 


Since it was observed that the widths of the proton groups remained very 
nearly constant for all angles of the proton counter up to 70°, the intensities of the 
groups at each angle were estimated from the heights of the peaks displayed on the 
kicksorter. Asa check on this method the areas under the curves for each group 
were determined in several cases. Any errors due to possible secular changes in 
the apparatus were minimized by repeatedly covering a range of angles and com- 
bining the separately normalized angular distributions thus obtained. The 
monitor count was corrected for the different numbers of scattering centres in the 
background foil and the target foil. The correction factor was measured by 
alternating between the two foils a number of times while the cyclotron beam was 
held reasonably constant. 

The differential cross sections and the angles of observation were converted to 
the centre-of-mass system. No corrections were made for the finite width of the 
deuteron beam or for the solid angle of the proton counter, as errors due to these 
were negligible compared with the statistical fluctuations in the counts. The 


proton counting rate was reduced below 100 per second to reduce kicksorter 
counting losses. 


§ 4. RESULTS 


The proton spectrum obtained with an enriched !°B target is shown in figures 
3and4. In figure 3 the proton groups Q, and Q, are not resolved, since the former 
has not come to rest in the crystal. ‘The addition of 60 mg cm? of aluminium foil 
in front of the crystal resulted in the spectrum shown in figure 4. With the 
apparatus employed it was not possible to resolve groups Q, and Q,, or groups 
Qs, Qy and Qyo. 

The observed angular distributions for the groups Qy, Q;, Qs, Qs, Q;iand 
Qs 9, 19 are shown in figures 510, together with the theoretical distributions calcu- 
lated from the ‘modified’ Butler formula (Butler and Salpeter 1952) using 
r9=6:0x 10° cm. (It might be noted that the use of the modified Butler formula 
requires essentially the same value of ry as the Huby formula (Bhatia et al. 1952).) 
‘The wave number of the neutrons was calculated from the value of Z,, = —(Q+<) 
rather than as given by Butler, since the modified form is not consistent with the 
original assumption of an infinitely heavy target nucleus. 
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Figure 3. The proton spectrum obtained in 
the reaction 1°B(d, p)!!B. Proton groups 
Q, and Q, are not resolved; the proton 
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Figure 5. The angular distribu- 
tion of protons in the centre- 
of-mass system for the 


ground state group Q, in the 
10B(d, p)!1B reaction. 
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Figure 7. ‘The angular distribution 
of proton group Q, in the 
10B(d, p)!4B reaction. 
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Figure 4. The proton spectrum obtained 

with 60 mg cm~? of aluminium in front 
of the crystal. Proton groups Q, and Q, 
are both brought to rest in the crystal. 
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Figure 6. The angular distribution 
of proton group Q, in the 
10B(d, p)1!B reaction. 
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Figure 8. The angular distribution 
of proton group Qs; in the 
19B(d, p)!1B reaction. 
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The data are summarized in the table. The measured levels are listed in 
column 1, with their respective excitation energies given in column 2. Column 3 
lists the /-values assigned to the incoming neutron. For the unresolved levels 
the possibility of other /-values occurring can certainly not be excluded, nor should 
it be inferred that admixtures of J, =3 or J, =5 do not occur in the resolved levels. 
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Figure 11. The angular distri- Figure 12. The angular distri- 
butions obtained for proton butions obtained for proton 
group Q, at deuteron bom- group Q, at deuteron bom- 
barding energies of 6:2, 7:1 barding energies of 6:2, 7-1 
and 8-0 mev. and 8:0 Mey. 


In addition to these results there was evidence tor a proton group, presumably 
Q,, with an energy about 0-5 Mev less than the Q, group, which appeared to | 
correspond to an ingoing neutron for which /,=1. It was not resolved sufficiently, _ 
however, for any accurate angular distribution to be obtained. 

No evidence was found for proton groups between Q, ; and Q, corresponding | 


to the 7:30 Mev (Van Patter. et al. 1951) and 7:99 Mev (Elkind and Sperduto 1953) 
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levelsin 4B. These levels are presumably very weak, the group corresponding to 
the 7-30 Mev level perhaps being lost in the tail of Q, , and that corresponding to the 
7:99 Mev level being masked by the ground state protons of the “B(d, p)?B 
reaction. 

Figures 11 to 13 show the angular distributions obtained for the groups Qy, Q, 
and Q, at deuteron energies of 6:2, 7-1 and 8-0 Mey, together with the calculated 
distributions. Data taken at a deuteron energy of 6:7 Mev for the three groups 
are intermediate to the data of 6:2 and 7-1 Mev but, to avoid confusion, are not 
shown. 
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Figure 13. The angular distributions obtained for proton group Q, at 
deuteron bombarding energies of 6-2, 7:1 and 8-0 Mev. 


§ 5. DiscussIon 


In the table are listed the /-values associated with each level of "B for which a 
reliable measurement could be taken. The levels up to and including at least one 
member of the 6-8 Mev doublet appear to have not only odd parity but some contri- 
bution of /,=1. Since the spin of !°B in the ground state is 3, the existence in the 
(d, p) reaction of an /,,=1 component, no matter how small, restricts the spin j, of 


(1) (2) (3) (4) (5) (6) n (7) he 
: Excitation Je In Ie ln 
Group (Mev) dqreicn Rel int. My (assumed) 2j¢-+-1 (assumed) 27¢+1 
Qo 0 1 10:1 5-0 3/2 163 3/2 ile} 
Q, 2°14 1 ge 0-9 1/2 0-45 7/2 0-12 
Q, 4-46 1 6-0 1:6 5/2 0-26 wy, 0-26 
Qs; 5:03 1 EDR OED 3/2 0-13 Se 0-13 
6°76 
Qi 5 seins 1 35 / 7/2 — 1/2 — 
[ 8-93 
Qso,10 4 9419 0-1? 126 — — a sole =— 
| 9-28 


that level to 3/2 <j,<9/2. Our results, therefore, cannot be reconciled with the 
tentative assignments made by Jones and Wilkinson (1952) from their study of the 
7Li(«, y)4B reaction, in which they assign even parity to the second excited state 
and a spin 1/2 to the first excited state, 
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Odd parity is consistent with the shell model, provided these levels arise from 
excitation within the p-shell. The ground state configuration for B is presumed 
to be (psjg)’, giving rise to a spin of 3/2. A possible configuration for the first few 
excited states is (ps/2)°(Pyz)!. On this assumption Inglis (1953) has shown that 
for the first excited state a spin 1/2 is to be expected on the basis of both purej-j and 
intermediate coupling. Pure L—S coupling is unlikely since it would imply a 
spin 1/2 for the ground state with the 3/2 level lying close to it. With a value of 
about 5 for the intermediate coupling parameter a/K defined by Inglis the ordering 
of the first five levels is 3/2, 1/2, 5/2, 7/2, 3/2. Thus the difficulty persists of 
reconciling spin 1/2 for the first excited state with the interpretation of the data. 
It must be stressed that the character of the data for this state is unusual, and an 
assignment of /,, = 1 for the transition should be viewed with some doubt. Never- 
theless it is difficult to believe that it contains no component less than /, = 2. 

A possible explanation is obtained by assuming 1B to have the configuration 
(P1/2)* (P32). This implies an interchange of the ordering of the pyj and ps) 
sub-shells. In support of this questionable assumption it might be noted that 
Flowers (1952) in calculating the magnetic moment of the ''B ground state, 
assuming jj coupling between the nucleons, finds better agreement for the 
configuration (ps) (py)? than for (ps/)’.. Assuming a complete interchange to 
occur, the levels then arise from the coupling of three p3/. nucleons, for which the 
ordering as given by Inglis, and also as calculated by Edmonds and Flowers (1952) 
for a suitable range of force parameter, is 3/2, 7/2, 5/2, 3/2 and 1/2. This is not 
inconsistent with our results, since one member of the close doublet at 6:8 Mev 
could havea spin 1/2, implying an /,, = 3 transition, which might be so weak as to be 
masked by the other member of the doublet having /,, = 1. 

Following the procedure of Holt and Marsham (1953), the relative intensities cf 
the various proton groups were determined and the neutron capture probabilities 
A,, calculated, using the expression of Bhatia et al. (1952). ‘These are listed in 
columns (4) and (5) respectively of the table. The intensities used in the calcula- 
tions were those obtained from the peaks of the angular distributions. For proper 
comparison the values of A,, should be divided by the statistical weight factor 
2j¢+ 1 where j; is the spin of the final state. Since states of similar constitution are 
expected to have similar neutron capture probabilities, with the values for single 
particle states being somewhat larger than those formed by excitation within the 
configuration, one might expect the value of A, /(2j,+ 1) for the ground state to be 
significantly larger than for the excited states arising from the (pyj2)*(psj9)? or 
(Ps/2)°(Pi/2)' configurations. Further, these states would be expected to have 
approximately the same values of A, /(2j¢+1). Column (6) of the table lists the 
sequence of jr values expected for j-j coupling in the (ps3/2)°(py/2)! configuration, 
together with the resulting values of A, /(2j;+1). Column (7) gives the corres- 
ponding quantities for the (p/2)*(ps/2)? configuration. While the results bear out 
the above remarks, there seems to be little to choose between the two configurations, 
although the scatter is less for (p4/9)*(psjz)?. Little can be said about the Q,, 
doublet since the relative contributions from the two levels are unknown, but it 
appears that one may bea single particle state. 

The assumption of the (p,/.)* (ps/2)* configuration still leads to difficulties when 
applied to the results of Jones and Wilkinson (1952). In the light of the parity 
determinations by the stripping reaction, their data can be interpreted, + though less 


{ Private communication. We are indebted to Drs. Wilkinson and Jones for many 
enlightening discussions. 
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well, as giving 5/2 — for the 4-46 mev level, and 3/2 — for the 6-81 Mev level. How- 
ever, the near absence of y-transitions to the 2:14 Mev level still requires them to 
assign it a spin of 1/2 or 9/2 orhigher. The values 1/2 or greater than 9/2 would be 
at variance with our admittedly questionable conclusion that /,, = 1 for this level. 
The value 9/2 is consistent with /,, = 1, but would be excluded by the Pauli principle 
if this level represents an excitation within the p-shell. In support of the assign- 
ment of spin 1/2 to the first excited state, Thirion (1951) finds a (py) coincidence 
ratio of unity between 90° and 180° in the (d, py) reaction. One hesitates to place: 
too much weight on these results, however, since the measurements were made at 
a deuteron energy of 790 kev, and the statistics are about 8%. 

A striking feature of the data is the deviation from the theoretical angular 
distributions. The variation with deuteron energy, especially for the 2-14 Mev 
level, is rather unexpected and may suggest some kind of interference effect. It is 
significant that the variation cannot be accounted for by the assumption of an 
isotropic ‘background’ due to compound nucleus formation. However, it is 
reasonable to believe that a more complete theory of (d, p) reactions, particularly 
one in which the interaction of the proton and nucleus is included, will give rise to 
interference terms.+ ‘The introduction of potential scattering of the proton by 
the nucleus (Horowitz and Messiah 1953) does not seem adequate to explain all 
these anomalies. It is possible that coulomb scattering may help to account for the 
relatively large cross section at high angles (Grant, private communication). 

The variation with energy indicates that some uncertainty exists in the inter- 
pretation of stripping data. The angular distribution of Q, at 6-2mMev would 
hardly be interpreted as an /, = 1 transition as is suggested by the data at 8-0 Mev. 
A mixture of /=0 and 2 does not improve the fit. While it is probable that such a 
variation is rare, it will be of interest to look for other cases. Transitions for which 
l,=1 are particularly suited for study since the angular distributions at small 
angles cannot contain /,=0 components and are not likely to be influenced by 
mixtures of higher /-values. Distributions for which the cross section at large 
angles is an appreciable fraction of the peak cross section can be expected to show 
the greatest energy dependence. 

In the light of these results, any quantitative attempt to arrive at the purity of 
the nuclear states on the basis of admixtures of /-values (Bethe and Butler 1952, 
Parkinson et al. 1952) will have little significance until the effect is better 
understood. 

The measurements are being extended, particularly to larger angles. ‘The 
results will be reported in the future. 
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Abstract. The problems involved in providing a detailed interpretation of the 
processes involved in the ultimate fate of positrons slowed down in a gas are 
examined by considering the idealized case of a gas of atomic hydrogen. ‘The 
processes leading to the formation and dissociation of positronium are considered 
as well as those which lead to the slowing down of a positronium pair in a gas and 
to the conversion of ortho- into para-positronium. It is shown that the rate of 
the latter process probably depends strongly on the kinetic energy of the pair. 
Elastic collisions of a pair, in its ground state, with gas atoms are determined almost 
completely by electron exchange interaction, but this is so strong that it cannot 
be taken account of in a weak coupling treatment. 


$1. INTRODUCTION 


has been greatly extended and many interesting results have been obtained 

(for a review article see Deutsch 1953). It appears that most positrons, when 
emitted from a radioactive source into a gas at normal pressure, do not suffer 
annihilation by collision with atomic electrons before they have a high probability 
of capturing an electron from a gas atom to form positronium. If the captured 
electron has the opposite spin to the positron, forming para-positronium, the 
lifetime towards mutual annihilation is only about 10~!sec, but if the spins are 
parallel, forming ortho-positronium, the lifetime is much longer, about 
10-7 second. Furthermore, in the latter case annihilation leads to the emission of 
three y-rays in contrast to the former, in which only two are emitted. It is there- 
fore experimentally possible to distinguish ortho- from para-positronium decays 
from either the longer lifetime or the multiplicity of the y-ray emission. ‘This 
affords an opportunity to study the processes which can occur in a gas after 
ortho-positronium is formed. If conditions are adjusted so that the ortho-form 
is transformed into the para by collisions in the gas at a rate faster than the 
natural decay rate, it is possible to obtain information about the rate of the collision 
process concerned. ‘This is of interest because it is a further source of information 
about slow collisions of systems of electronic mass ina gas. Weare still far from 
understanding all the factors which determine the rates of such collisions. 
Comparison of theoretical estimates based on different approximations with 
the results of experiments on the quenching of ortho-positronium is likely to be a 
fruitful method of improving the accuracy of the available theories. It appears 
also, from experiments carried out to date, that there is some kind of inverse 
correlation between the efficiency of a gas in quenching ortho-positronium and 
the dielectric strength of the gas. In view of this it is worth while to carry out 
as detailed an analysis as possible of the reactions which influence the lifetime of 


I recent years the study of the ultimate fate of a stream of positrons in a gas 
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a positron in a gas using both theoretical and experimental methods. As a first . 


step from the theoretical side we examine in this paper the evidence about the 
rates of various processes involving production and loss of ortho-positronium, 
using simple approximations and mainly limiting our considerations to a gas of 
atomic hydrogen. This will be found to yield interesting results, and the analysis 
can later be improved and extended to other cases as the experimental work 
develops. 

We may classify the processes involved under the following heads: 

(a) Processes leading to formation of positronium by electron capture from 
neutral gas atoms. 

(b) Processes leading to slowing down of the positronium by inelastic collisions 
with gas atoms. 

(c) Elastic collisions of positronium with gas atoms. These determine the 
rate of slowing down when the kinetic energy is too small for inelastic collisions to 
occur. 

(d) Exchange collisions with gas atoms in which the positronium electron 
changes place with anatomic electron, so converting ortho- into para-positronium. 

(e) Conversion of ortho- to para-positronium by direct reversal of electron 
spin in a collision. 

In a gas of atomic hydrogen these are the main possibilities—in helium the 
exchange quenching (d) cannot occur if spin-orbit interaction is negligible. 
The rate at which positronium, once formed, slows down is important, for it is 
probable that the quenching process (d) is strongly energy dependent, as will 
be seen below. 

We now consider each of these processes separately. 


§ 2. FORMATION OF POSITRONIUM 


Provided its kinetic energy is sufficient, a positron has a finite chance of capturing 
an atomic electron into a bound state of positronium. ‘The cross section for 
capture into a given state may be calculated, within the accuracy of Born’s 
approximation, by a method exactly similar to that used by Bates and Dalgarno 
(1952) and by Jackson and Schiff (1953) for calculating the cross section for 
capture of electrons by protons from neutral hydrogen atoms. We first apply this 
method to the problem and then make approximate allowance for the fact that 
a slow positron is repelled by the field of a hydrogen atom so that the wave function 
for its motion relative to the atom has a considerably smaller amplitude in the 
region of the atom than the plane wave form assumed in Born’s approximation. 

We shall consider capture into the ground state in some detail, the corres- 
ponding cross sections for capture into excited states being then estimated 
somewhat less accurately. 


2.1. Capture into the Ground State. 


The cross section for capture of an electron by a positron of momentum k,/ 
from a hydrogen atom, leading to formation of an ortho-positronium pair in its 
ground state with momentum k,f, is given according to Born’s approximation 
applied to rearrangement collisions (Mott and Massey 1949) by 


Q,? = 12m] |f.0(0)|sin0 ab oe eee 
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where cos @=k,. k;/Rik- and 


F(8) = — | (- x =) $o(72)Xo*(|r1— Fel) 


x exp i{k;. liz 4k, . (ry + r,)} drt, dT>. wie) eat) w (2) 
r,, r, are the vectors joining the proton to the positron and electron respectively, 
m is the electron mass, y (72) is the ground state wave function of the hydrogen 
atom and y(|r,;—r,|) that of the relative motion of electron and positron in 
positronium. kh; and hy are related by the energy condition 


872m 
k?— tkhe= ae (Eg - Ep) sietereliet es (3) 
where Ly is the energy of the ground state of hydrogen and Ep of positronium. 
Substituting the Bohr formulae for these energies gives 
he theo =e 2a, Oa 0 eee, (4) 
The factor ? in (1) represents the chance that the positron and electron spins will 
be parallel. 

In this formula the interaction energy has been taken in the post form but, 
provided %, and y, are exact wave functions, the same result is obtained using 
instead the prior interaction 1/7, — 1/r4p. 

Writing for $o(72), Xo(]P1— Fel); 


(22/7) exp(—ars), (wa/m)Fexp(—e]t—re]) +e (5) 
respectively, in which «=1/a), 1=1/2a), and making the transformation to new 
integration variables e,, p,, where ep; =Kr,—Fs, P2= —Me, we have 

4a3u>me 1 1 
°0 a oa fe — &po— 
S-°(8) le: — Po Ee P(—%p2—-p1) 
expi{k,-Pi—Kky.po}dpidp, eee ee (6) 
where 
kpekeatkp tk sk =k. 9 2 = bee (7) 


The integral which occurs in (6) is of exactly the same form as that considered 
by Bates and Dalgarno (1952) and Jackson and Schiff (1953) in their calculations 
on capture of electrons from hydrogen atoms by protons. ‘I'wo different methods 
were used by these authors to evaluate the integral. Bates and Dalgarno used an 
expansion in spherical harmonics of cos 6( =k, .k,/k,k,), which converges quickly 
if k,/u, ky/u are both small compared with unity. Jackson and Schiff on the 
other hand showed that Feynman’s parametrization technique (1949), which has 
been employed so successfully in calculating high order approximations in 
quantum electrodynamics, could be used to evaluate the integral analytically. 
The possibility of using Feynman’s method for evaluating exchange integrals of 
the form (6) has also been pointed out independently by Corinaldesi and 
Trainor (1952). Both methods were used in the present work. ‘The formulae 
given by Bates and Dalgarno for the successive terms in the harmonic expansion 
of f.°(@) could be used immediately. In applying Feynman’s method it was 
found more convenient for numerical calculation to use the formula 


(0) = { Es Oy kyo ye Ly") 


oe 4me* a 4 
(Dy —E)(Fy? + Gy+ HYP OO PRAY + REP 
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where 
Dac2—p2+k2—ky, E=—(y?+k2),  F=—(k,-k,), 
G=(k,—k,)?+0?—-py?, H=p?, P=3k,5 + 10K 2u7 + 154, 


O = (02 —p2 + ky? — Ry2)(30p? + 10K?) + (Ry? — ky - ky)(40p? + 82,”), 
R= 32(k,? — ky « ka)? — (key — )°( 20? + 42”) + (a? — pe? + Ro? — Ry’) 
x (150? — 152+ 15k,” + 25k,? — 40k, . kp), 

S=(k, —k,)?( — 200? + 202 — 20k,” — 12k,? + 32k, « kg), 

T = 8(k, —k,)*. 
The integral can be evaluated analytically but the final formulais very cumbersome 
and the chance of error is so considerable that it is quicker and safer to commence 
the numerical evaluation with the formula (8). 

Having evaluated f,°(0) for a given k;, Q,° is obtained by numerical integration 
from the formula (1). 

The results obtained in this way are illustrated in figure 1. It will be seen 
that, as expected on general grounds, the cross section is of the order of atomic 
dimensions at the maximum occurring at a positron energy of 14 ev. It falls off 
quite rapidly at higher energies in a manner characteristic of capture processes. 
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Positron Energy (ev) 


Figure 1. Cross sections for capture of electrons from hydrogen atoms by positrons. 


I. Capture into 1s level of positronium. 
Ia. Calculated by Born’s approximation. 


Ib. Estimated curve, allowing for distortion of the incident positron wave. ‘The 
cross indicates a calculated point allowing for distortion. 
II. Capture into 2s level of positronium ; cross section multiplied by 5. 


The subsequent career of a positronium pair depends quite markedly on the 
kinetic energy it possesses immediately after formation. In view of the importance 
of the velocity dependence of the capture cross section it is necessary to consider 
what effect the repulsion between the incident positron and the unperturbed 
atom will have. Positrons with an energy of 10 or so electron volts and zero 
angular momentum are quite strongly perturbed by this repulsion, but positrons 
with angular momentum are very little affected. ‘To investigate the importance of 
the effects detailed calculations were carried out for 13-54.ev positrons with zero 
angular momentum about the proton. ‘The wave equation for the relative motion 
of such positrons in the mean atomic field is 


Gey 9 Pao ieee ee 2r u 
Solr Ee Dao(-2ie0 aan 


} 
: 
: 
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the wave function being given by f/r; f must have the asymptotic form 


PomeeX Diy SUL (eg glo ee eh eee (10) 
In the absence of any atomic field the phase shift 7) is zero. ‘The equation (9) 
was integrated numerically for kjay=1. It was found that y)=—0-4 radian 
and that f could be represented quite accurately by the empirical expression 
fo= exp (tm) {sin (Ayr — 0-4) + exp (— 1-67) sin 0-4}. ...... (11) 
The plane wave exp (ik, .r,) in (2) must now be replaced by 
exp (¢k,.r,)+(Airi) {fo(ri) sink}. wwe ee (12) 


On the other hand the motion of the positronium pair relative to the proton is very 
well represented by a plane wave. Because of the coincidence of the mass and 
electrical centres in the positronium the mean interaction energy with the proton 
vanishes and the only effects arise from polarization of the positronium. 

The form (12) was substituted for exp(ék,.1r,) in (2) and the calculation 
carried out, working only to zero order in the harmonic expression method. 
‘The resulting cross section, indicated in figure 1, is only about 0-5 of that in which 
distortion is ignored. As the distortion effect will decrease with increasing 
positron energy the maximum in the cross section energy curve will be consider- 
ably flattened. It is clear that in carrying out detailed calculations for cases of 
practical importance, such as capture in helium, distortion effects, which will be 
larger than in hydrogen, must be taken into account in order to obtain satis- 
factory capture cross sections. 


2.2. Capture into Excited States 


Calculations have been carried out, using the harmonic expansion method 
for capture into the 2s state of positronium. ‘The resulting cross section is 
illustrated in figure 1 as a function of positron energy. It is only comparable 
with that for capture into the ground state at quite high positron energies. At 
these energies the cross section for ionization, or rather dissociation, of positronium 
by atom impact is as large as or larger than the capture cross section (see figure 2) 
so, on the average, permanent capture will only take place at much lower energies. 
Capture into excited states is therefore likely to be unimportant in deciding 
the ultimate fate of positrons in a gas. 


Figure 2. Illustrating coordinates used in formula (14). 


§ 3. INELASTIC COLLISIONS OF POSITRONIUM WITH HYDROGEN ATOMS 


After formation a positronium pair may have sufficient energy to undergo 
inelastic collision with the gas atoms. These may lead to excitation or ionization 
either of the atoms or the positronium. It is easy to see that, according to Born’s 
approximation and neglecting electron exchange between the atom and the 
positronium, there is a vanishingly small probability of excitation or ionization 
of the gas atom, or of the positronium from the ground state to any even excited 
state. Thus for an inelastic collision with a hydrogen atom, involving discrete 
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excitation of either or both of the colliding systems, the cross section according 
to Born’s approximation, ignoring exchange and treating the proton as of infinite 
mass, is given by 


On=2 | Vfnl*sin@ dP anne (13) 
where 
4arme? 1 1 \ 
Jin = TB itceers ~[o—sp—r] [otip]  [o—r+4pl 
x Bi(r)be*(7)xi(P)xe*(p) exp(K.o)dodpdr. —...... (14) 


In these expressions m is the electron mass, 6, p and r are as indicated in figure 2. 
u(r), ¥(r) are the initial and final atomic wave functions, x;(p), x¢(p) respectively 
those for the positronium. K=k;—k, where k,, ky are the initial and final wave 
vectors of the motion of the positronium relative to the atom. The integration 
over o in (14) can readily be carried out using the well-known formula 


(= (@K.r,) 


[r,—re| 


Aas 


K2 


at, = 


expiiK iy. eee (15) 
and we find 


3202m1 


fin= ap | Sin(AK-P)x(P)xe*(P)ap | (1—exp GK -n)hh(r ber) de... (16) 


Since sin (kr cos @) contains only odd harmonics of cos 6 it follows that the integral 
over p will vanish unless y, and y, have opposite symmetry for exchange of 
electron and positron in the positronium. This is of course a consequence of 
the fact that, in contrast to an atom, the centres of mass and charge in positronium 
are coincident. 

These considerations do not apply when electron exchange between the atom 
and the pair is allowed for. Unfortunately it is difficult to carry out the calcula- 
tions for this case even when the plane wave approximation for the wave functions. 
of relative motion of atom and pair is assumed (see §4). It is probable that 
exchange interaction between atom and pair is quite large and will distort the 
relative plane waves to a serious extent. Experience with the corresponding 
calculations for excitation of atoms indicates that exchange is most important in 
dealing with s—s transitions and is relatively ineffective in s—p transitions. If 
this is also true for atom—positronium collisions we can assume that energy loss 
due to excitation of p states of hydrogen atoms is small. On the other hand 
loss by excitation of s states may be quite large for positronium energies near the 
threshold. Loss by excitation of the positronium is more important since the 
threshold energy is lower and the number of pairs which result from the capture 
process with sufficient energy will be greater. ‘The position here is that the estima- 
tion of the importance of the excitation of s states must await a detailed calculation 
with full allowance for electron exchange, which is bound to be lengthy and difficult. 
By analogy with electron—atom collisions the loss by p state excitation can be 
estimated ignoring exchange. ‘The cross section for the 2p and 3p excitations of 
positronium have been calculated in this way from the formula (13). The 
results are illustrated in figure 3. Experience with corresponding calculations. 
for electron excitation of atoms indicates that the correct cross sections in such 
cases are somewhat smaller than the calculated to an extent which increases as. 
the electron energy decreases (Bates, Fundaminsky, Leech and Massey 1951). 
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The broken curves in figure 3 represent an estimate of the correct cross sections 
based on this experience. ‘The cross section for a combined excitation of the 
positronium and atom to 2p states, though finite, is about 40 times smaller than 
for the single excitation. 
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Cross Section in units of ta,? 


Positronium Energy (ev) 


Figure 3. Cross sections for excitation of positronium by impact with hydrogen atoms. 


I. Cross section for ionization of the positronium (Born’s approximation). 
II. Cross section for excitation of 2p state : a, Born’s approximation ; b, estimated form 
of actual curve. 
III. Cross section for excitation of 3p state: a, Born’s approximation; b, estimated 
form of actual curve. 


One other interesting case to consider is that of ionization of the positronium. 
Experience with calculations of cross sections for ionization of atoms by electrons 
suggests that here also exchange may be ignored, although the reason for this is 
somwhat obscure in view of the fact that s—s transitions are involved, at least 
at energies near the threshold. It was therefore considered worth while to use 
the formula (14), making the further approximation of representing the relative 
motion of electron and positron in the free state by a plane wave. The calculations, 
although tedious, are elementary and the results are illustrated in figure 3, in 
which the total ionization cross section is given as a function of positronium 
energy. It rises more slowly from the threshold than for excitation of atoms. 
This is because no contribution comes from excitation of s levels in the posi- 
tronium continuum. Allowance for exchange may modify this, although there 
is little evidence for its importance in ionizing collisions between electrons and 
atoms. 


§ 4. ELastic COLLISIONS OF POSITRONIUM WITH Gas ATOMS 


As soon as the kinetic energy of a positronium pair in the ground state falls 
below 5-1 ev it can only lose energy through elastic collisions with gas atoms. 
Because of the coincidence between the mass and electric centres in normal 
positronium the direct interaction with a gas atom vanishes. ‘There will, of 
course, be some polarization, but this is hardly likely to be effective except at very 
low energies. Nevertheless the elastic cross section may be quite large because 
there is quite a strong exchange interaction due to the possibility of electron 
exchange between the atom andthe pair. ‘T’his interaction is usually quite strongly 
energy dependent, increasing rapidly with decrease of the kinetic energy of the 
positronium—an effect which should be taken into account in interpreting the 
observed data on quenching, which is probably also strongly energy dependent 


(see §5). 
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We shall begin by considering the exchange scattering by hydrogen atoms 
using the Born—-Oppenheimer approximation, realizing that it is only likely to 
give a very rough indication, Because of this, the very involved calculations 
which are necessary to determine the cross section even to this crude approxi- 
mation have not been carried out in full detail. Sufficient has been done to 
obtain the order of magnitude and to decide whether the approximation is likely 
to give results of any value. 

If we denote the position vectors of the positron and the two electrons, 
relative to the proton, by rj, rg, rs respectively, then, according to the Born— 
Oppenheimer approximation, the cross section for elastic scattering of a pair 
by a hydrogen atom is given by 


Oya 2m [Yl I2sind, aaa (17) 
where e 
f0)= | [](- 2+ 5-5 +5) Meo rl) 


x #*(re)x*([h1— Fs|) exp d2{Am,- (ry + ry) — Ame. (ry + '3)} dry dry dr. .. (18) 


sis the ground state wave function of the hydrogen atom and x of the positronium, 
as in (5); kn,f, kn; are the initial and final momenta of the positronium, 
n,;.n-=cos 6 and, in terms of the kinetic energy EF of the positronium, 


P2160 EES 2 ee (19) 


It is clear that the calculation of (18) involves the evaluation of very complicated 
three-centre integrals. ‘To avoid this labour and yet obtain a good idea of the 
magnitude of Q, at different energies the following procedure was adopted. 
There is no difficulty in calculating the low energy limit of Q). It was then 
assumed that each of the four coulomb interaction terms in (18) give contributions 
which vary in nearly the same way with energy. If this were true it would be 
only necessary to evaluate the energy variation of the contribution from that 
coulomb interaction for which the calculation is simplest—the term in 1/r, 
in (18). This was the procedure adopted. Even for this term the complete 
integral is difficult to calculate, and attention was confined to the zero order terms 
only in the expansion of the plane wave terms in spherical harmonics. Thus the 
integral evaluated was 


i sin3Kr, sinkr, sin kr 
I] exp — {u(73+12) + a(T12+713)}71 + seam ce oo dry drydrz_..(20) 


where K=k|(n,—n,)| . 

Some justification for this procedure is provided by the work of Bates and 
Dalgarno (1952) for an analogous case—the capture of electrons into excited states 
by protons from hydrogen atoms. ‘They pointed out that the energy variations 
of the contributions from the two coulomb interaction terms involved (as 1/r, 
and 1/r, in (2)), is nearly the same in the cases which have been worked out and, 
assuming it to be generally true, obtained cross sections for capture to a number 
of other excited states. 

A rough check on the order of magnitude was also carried out by evaluating 
integrals of the form (20) arising from the other coulomb interaction terms, by 
double numerical integration. 
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The low velocity limit of the elastic cross section according to (18) is 2307a,?, 
but the estimated decrease as the energy increases is very rapid. Thus at a 
positronium energy of 6-7 ev it is 257a,? and at 27 ev, 0-47a,2.__ Even so the value 
at 6-7ev is probably much too large. Thus if s-scattering alone occurred the 
maximum possible value of the cross section at 6-7 ev would be 47a,?. It is true 
that even with the approximate formula (20) there are some contributions from 
p, d... etc. scattering, but these are not likely to make the value at 6-7 ev 
more than six times the maximum s cross section. We must conclude that the 
exchange interaction must be regarded as a strong coupling and the elastic 
scattering calculated by solving an integro-differential equation either numerically 
or by a variational method. In either case the calculation would be formidable. 
For this reason it is best to consider particularly a case of practical importance 
such as elastic scattering in helium, a gas which, because of the lightness of its 
atoms, is a very suitable moderator for slowing down positronium to energies 
comparable with the gas kinetic. This is reserved for a later paper. Meanwhile 
it is clear that strong dependence of the elastic cross section on positronium energy 
may welloccur. ‘This is particularly relevant in relation to quenching by electron 
exchange. 


§ 5. QUENCHING OF ORTHO-POSITRONIUM BY ELECTRON EXCHANGE 


If an ortho-positronium pair on collision with a gas atom or molecule can 
exchange an electron with an atomic electron of opposite spin without appreciable 
energy transfer then the gas concerned will be an effective quencher. 

An atom with an incomplete outer shell such as atomic hydrogen, an un- 
saturated molecule such as NO in which there is a single unpaired electron, a 
molecule such as O, in which the ground state is a triplet, or a metastable atom in 
a triplet state, such as the 23S metastable state of helium, will all be effective 
quenchers from this point of view. ‘The experiments of Deutsch and others 
(Deutsch 1953) have shown that this is so in practice for NO and O, though the 
quenching cross sections obtained are different in order of magnitude (10~1® cm? 
toe NO, 1-7? cm? for Q,). 

The quenching process is exactly similar to that which gives rise to elastic 
scattering. Except at very low energies (comparable with the energy difference 
between the singlet and triplet ground levels of positronium) the cross section 
for quenching of ortho-positronium in collision with a hydrogen atom will, 
according to the Born—-Oppenheimer approximation, be } of that of elastic 
scattering, this factor representing the chance that the spins will be appropriately 
oriented. ‘This is not of quantitative value as we have pointed out that the 
approximation probably very much overestimates the cross section in the energy 
range of importance. Since the coupling is strong, however, it is likely that the 
cross section will be of the order 7a,?, at least at energies of afewev. ‘This is com- 
parable with the observed cross section for NO but much larger than that for Oy. 
As the cross section for quenching, like that for elastic scattering, might well be 
strongly energy dependent it is important to remember that the observed cross 
sections are averages depending on the degree of moderation of the positronium 
energy. Experiments in which this is controlled in some definite way are essential 
in order to compare quenching cross sections. It must be admitted nevertheless 
that the big difference between the effectiveness of NO and O, in quenching is still 
somewhat surprising. The probable existence of other determining factors is 
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indicated by the observed effectiveness of Cl, as a quencher. Because of these 
interesting phenomena it is even more important to establish definitely how 
important direct exchange quenching is by suitable controlled experiments. 


§ 6. QUENCHING OF ORTHO-POSITRONIUM BY DIRECT SPIN REVERSAL 


There is no difficulty in estimating the cross section for conversion of 
ortho- into para-positronium by direct spin reversal in collision with an atom. It 
is only necessary to use the Breit form of the spin-orbit interaction with Born’s 
approximation. The resulting cross section is utterly negligible under experi- 
mental conditions. It is possible that if the spin reversal due to spin-orbit 
interaction is associated also with exchange between the two colliding systems of 
two electrons which initially have the same spin, the cross section may be one or 
two orders of magnitude larger, for reasons similar to those which make exchange 
predominant in determining the elastic scattering of positronium. Even so 
the cross section for quenching by spin-reversal is not likely to exceed 10~”? cm?. 


§ 7. CONCLUDING REMARKS 


Although the calculations described above do not lead to results which can be 
checked directly, they indicate some of the difficulties which must be taken into 
account in providing a thoroughgoing theory of the ultimate fate of a positron 
inagas. ‘They also serve to point out the importance of carrying out experiments 
with controlled moderation of the positronium so that quenching cross sections 
can be referred to a definite mean energy of the positronium concerned. It 
seems clear that a careful study of quenching and moderation phenomena in 
positronium will provide very useful additional data to assist further development 
of the theory of the collisions of slow particles of electronic mass with gas atoms. 

In view of the greater possibility of experimental work with helium a detailed 
theoretical investigation, taking into account as far as possible all the important 
complications pointed out above, is reserved for the case of positronium in this 
gas. 
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Abstract. An expression is derived for the van der Waals energy of two helium 
atoms, exchange terms being neglected. ‘This expression can be expanded as 
an asymptotic series in inverse powers of the internuclear distance. The first two 
terms in this series are compared with the dipole-dipole and dipole—quadrupole 
terms of previous workers. 


§1. INTRODUCTION 


HE aim of this paper has been to calculate in greater detail than previously 

the van der Waals interaction between two atoms when their electronic 

structure overlaps. ‘The reason for doing this is that it is now believed 
that van der Waals forces play an important role in the cohesion between the ions 
of solids such as silver bromide and probably between the ions of metals such as 
copper where there is a full d-band. The usual treatment of these metals involves 
an expansion in ascending powers of 1/r; while this is probably sufficient for the 
cohesive energy, it may give totally wrong results for the compressibility and 
elastic constants. ‘The aim of this paper, therefore, was to calculate the forces 
using second-order perturbation theory but without making the above expansion. 
The approximation used is to replace all transitions of the atom by one of oscillator 
strength unity. 

For simplicity we have made the calculation for a pair of helium atoms. 
The results show indeed that as soon as the overlap becomes considerable the 
exact expression bears little resemblance to the expansion, especially as regards 
the force and its gradient. Our general conclusion from this work is, therefore, 
that it would be risky to use calculated van der Waals forces in evaluating the 
elastic constants of solids. 


§2. OUTLINE OF METHOD 


In evaluating the interaction between two atoms one has to calculate integrals 
involving 7, the distance between the electrons. Previously, workers expanded 
1/r4. in powers of the reciprocal of the internuclear distance RK and obtained an 
asymptotic series for the van der Waals energy. Here 7 is taken as the variable 
of integration, and terms involving other distances are expanded as functions of it. 
Different expansions are used over different regions of space where each is valid, 
so that the exact values of the integrals are found. 
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§3. THE PERTURBATION METHOD 


Let #,, (u=0, 1,2,...) be a set of normalized, orthogonal wave functions for 
the system in the unperturbed state and let a perturbation V be applied. If E, 
are the energies corresponding to these wave functions, the sum of the first and 
second order perturbation energies is 


~ Von V 20 
AE= Voot ys E,—E, 
where Vinn= | tm* Vib ar. 


The term in the denominator depends on n but is replaced by an average value 

which is taken to be just Ey, E,, being small compared with E, (Margenau 1939). 

This gives 12 

AE=Vot+ a > VonV no: 
Eo w= 


By the rule of matrix multiplication 
ME, VonV m= (VY )oo= | fo" Vb dr; 
n= 


the energy is therefore 

AE = Vo + {(V)oo — (Voo)?}/ Eo: -++++-(1) 
This means that the van der Waals energy can be calculated using only the wave 
function of the ground state. 


§4. APPLICATION TO HELIUM 


The system consists of two helium atoms with electrons 1 and 2 on nucleus a 
and electrons 3 and 4 on nucleus b. ‘The wave function of the 7th electron is 
taken, following Slater, to be 


Pao(t) = Re ar N!? exp (— Rr,i) 
where the subscript zero denotes the ground-state wave function. Writing all 
the quantities in atomic units, the interaction between the atoms is 
( 1 1 1 1 cme Z 2 4 ) 
S| SS — - — — Se hs 
High Pya “elas tO Vege Shag Tage thy © paul aay 

Previous methods depend on expanding V in inverse powers of the inter- 
nuclear distance R. ‘This expansion is only valid if R is greater than the distance 
between electrons if the atoms were superimposed. However large R may be, 
this will not be satisfied in part of the region of integration, which is over all space. 
Because of this, the series obtained is divergent for all values of R (Brooks 1952, 
Roe 1952). It is, however, asymptotic to the exact value of the integral for 
large values of R. 

The purpose of this paper is to give the exact values of the integrals and to 
compare the results with expressions given by other workers. 


§5. EVALUATION OF INTEGRALS 


The total unperturbed wave function of the system is 


to =Yaol 1) 9(2)Pp0(3)Pvo(4) = (R8/7?) exp {— (a1 +722 +3 + Tya)}- 
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Several of the terms in the perturbation are equivalent, so the expressions for V 
and V? can be reduced to 


4 8 + 
y=(=-54 ~) 

Fab Vag "13 
Pa ( 16 64 32 48 16 

AS Tapas TabTis TasTaa a3 

32 32 4 8 4 

—— ~ +=3)}, 
Taglia  Yas%is -T13%2a «asia = 18 
It is convenient to abbreviate the integrals as follows: 


C= | Ws) — (8) ary 


2C1= J dn(3) 3 Wl3) dr 


Co= | | pa(1)ba(1) — ~ Jol 3)dal3) dr dry 
2Co= | | pa(Lpa( = 3 bn(3)ihu(3) dra dre 


nCo= Jf baba) ——— Yrl3)a(3) dr dry 


C=] [J paba() = 


erty ee 5 4c, 


7, Pools oA bu(4) dry drs dry. 


R 
1 32 
(V?)oo= —— = Cy+ R C,+ 4807 + 16,0, —32C,C, 


~—32,€54 46.7 +8Cy445Co. 2.5005 (2) 
where R=7,y. 
All these integrals can be evaluated using a method given by Barnett and 
Coulson (1951); we find 


C,=R-Y1—(14 4a)e-7] 


f 11 Sir 3 Lids Vad Ss 
c=R4[1- (147504 + 76% tare ] 
oCy=RR "(x + 1)e-* {Shi x + $E1( — x)} + 3(x — 1)e*Ei( — x)] 


1 ] 5 5 — 
pOs=hAr (set ge 24 3 x+ 3) e-? { Shi + 5 Bi(—s)} 


1 1 5 5 5; 
dete Ste dae ee oe 
+ (qe get 76% ~ 75) e*Bi(- x) — 4° | 
pC2=RR"[(x« + 1)e-” {Shi x + 4Ei(—«)—4y—$1n 2x} 
+ 4(x — 1)e"{Ei( — x) — Ei( — 2x)} — (gx? — 3x)e-7] 


Cioskhe | (w+ 1)e-*{Shi x + Ei( — x) —y—In2x+41n3}+ $(«—1)e*{Ei( — x) 


1 tt Boe 8 ieeee28 
— 2Ei( — 2x) + Ei(—3x)}— (j x? 3°+ a) er + (a + 77) | 


50-2 
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where x=2kkR, 
* sinht 2 Nee ; 
Shiv= | i dt= ee 9 (n+ 1). Ane TT (Bretschneider 1861) 
1 nN» 
Ei(—x)= -[°> — dt=y+Inx+ > fe = oe 7~ (Lowan 1940) 
IST Pls a. as (Euler’s constant). 
The following asymptotic expansions are used (Jahnke and Emde 1945) 
Con) 
Shix ~ On ra xe ’ 


; er @ n 
Ei(— x) ~- ar PAG); ah 
e = ~(). 


The expressions for the integrals can be checked by finding the limit as R tends 
to zero. ‘These limits are given by the mononuclear integrals of Barnett and 
Coulson and are easily evaluated : 


M,=k, .M,=2k*, »M,=ih*, -Mz=2k,- .VW,-4e, Mo 
where, for example, 
1 
My= | | Ya(1Pa(1) 5 Yal3)a(3) dr dre 


Substituting these expressions for the integrals into those for Vo) and (V)oq, 
equation (2), the equation (1) gives 


5 3 1 
AB=R1(44 3 x — x2 — 2”) e-2 


4 4 12 
emule / oe 1 li 11 
ORO Se Earp jak Bae =e j 
eae l(a + 5% q* ze Shix 
1 Li 11 
a ean 1 Ei(—2x) 
we Dane 2k ey 
sar a e- *Ei( — x) + 2(x? + x)e-*(2y + In3 + 2 In 2x) 
+ 2(x«* — x)e*{2Ei( — 2x) + Ei(— 3x)}+ +(4- = “*) 
ee saa ee 4 52 rey if 
4 Be aa Seis toe ae 
Set) 1 eat 
92" — 35 Sooo € i © sisi) oe (3) 


‘There are two special cases, R small and R large. 
2 
AB+ - . k+ ee i as R tends to zero. 
The first term gives the energy of repulsion between two helium nuclei. The 
two constant terms represent the electronic interaction. In actual fact the 
exchange forces will mask these terms when the interatomic distance is small. 
At large distances, an asymptotic series is obtained : 


Apo he eee 
~F, art Rt Jago t-): 
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§ 6. COMPARISON WITH PREVIOUS WorRK 


Hylleraas (1929) carried out a variation calculation for one helium atom using 
the same wave function and gives the values k= 27/16 and Ey =(—729/128 + 4) 
toa first approximation. £) is twice the ionization potential for one helium atom. 
This value of Ey, —1-6953 should be compared with the experimental value, 
—1-80711. There is no justification for using the more accurate value of E, 
since only a simple wave function is used. In any case, the form of the curve of 
AE against R is not changed appreciably. 

Substituting these values in the series for the energy, we find 

aa Bo 1740S DO R80 OR) ae eee (4) 
If the experimental value of E, is used, the coefficient is 1-638. Margenau 
(1939) gives -AE=1-61(R-*+7-9R-$+30R-+...). It seems likely that the 
third term in Margenau’s expression includes only the quadrupole—quadrupole 
terms. A dipole—octopole interaction also gives an R-! term. 


R (atomic units) R (atomic units) 
2 3 2 3 


27i2. 


a a 
a 2 
= 001 eS 
iS ~ 
= 2 
2 E 
& Ss 
So »~ 
= a 
4 3 


(a) . 

Figure 1. Variation of (a) AE and (6) R®AE with R, the internuclear distance. The full 

line is that given by the expression (3) derived in this paper. ‘The four dotted lines 

A, B, C and D are the approximations given by the first four partial sums of the 
asymptotic series (4). 


In figure 1(a) the series (4) is compared with the original expression (3). 
The four curves A, B, C and D are given by one, two, three and four terms of 
the series (4). The energy AF is plotted against internuclear distance R. ‘The 
second figure 1(6), where the quantity R°AF is plotted against R, shows more 
clearly how the addition of more terms improves the approximation. 

Within the limitations of the method the expression (3) obtained is correct. 
The graphs show that, as the atoms approach more closely, the series in inverse 
powers of & becomes a very poor approximation to it. 

Adding the exchange energy to the expression (3) will therefore give the total 
interaction energy more accurately at small separations than has previously been 
given. There is a lower limit to the separation for which the total energy can be 
found this way. ‘This is reached when the total energy is not given by the sum of 
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the van der Waals and exchange energies. The effect of including spin inter- 
actions and excited states then becomes important. 


§7. NOTES ON THE APPROXIMATIONS USED 


The use of Slater’s wave function is to some extent justified by comparison 
with the results of previous work. Thus Slater and Kirkwood (1931), using a 
variation method, find a value 1-564 for the coefficient in equation (4). Their 
calculation also avoids the approximation of neglecting all the Z,, compared with 
E,, which occurs in the perturbation method. 

Second-order perturbation is used. The third-order energy will be propor- 
tional to (V%)y9._ The order of magnitude of this term is easily seen by using the 
expansion of the perturbation. The asymptotic value, like that of the first-order 
perturbation, is zero. Consequently the change in total energy on introducing 
third-order perturbation will be small and will involve only exponential terms. 


$8. ToTaL INTERACTION ENERGY 


According to Slater and Kirkwood (1931) there is a minimum in the total 
interaction energy at about 5-5 atomic units. From figure 1 it can be seen that 
the R-® term gives only about 70% of the van der Waals energy at this distance. 
Taking the R-® term as well raises this to about 90%. ‘This difference will affect 
the position and depth of the minimum. In fact it will be deeper and shifted 
to shorter separations where the R-® approximation is even worse. 

Qualitatively this agrees with the conclusion reached by Keesom (1942) 
where the interaction energy of two helium atoms obtained by consideration of the 
second virial coefficient is compared with that given by different authors on theo- 
retical grounds. However, the present work would appear to indicate a minimum 
in the energy about five times that given by Slater and Kirkwood and shifted to 
about 4:5 atomic units separation. ‘This may indicate that the van der Waals 
energy derived here is not as accurate as would be expected or that the repulsive 
term is inaccurate at shorter separations. A third possibility is that it is already 
incorrect simply to add the two terms and that perhaps the second-order exchange 
interaction should be taken into account. The calculation then becomes very 
dificult and cumbersome. 
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Abstract. Using semi-analytic methods, accurate calculations of phase shifts are 
carried out for an exponentially screened field for electrons with energies between 
0-9 and 121 kev. Utilization of these values shows that screening has a relatively 
small effect on the scattering above 33 kev and on the polarization above 121 kev. 
The precise form of the field becomes important below 5 kev, where diffraction 
effects become marked. ‘The polarization is a maximum near 120°, both for the 
screened and the unscreened field, in agreement with recent experiments, though 
near the maximum the experimental value is only about half the theoretical. 


§ 1. INTRODUCTION 


HE study of the scattering of electrons in gases and thin foils has led to much 

information about the interaction of electrons with atomic and nuclear 

fields. At energies below 1 kev, where investigations have been carried out 
on a number of elements (Massey and Burhop 1952), diffraction effects pre- 
dominate, and these are found to depend on the range of the atomic field rather 
than on its precise form. 

At energies above 1 Mev the effect of screening of the nucleus by the atomic 
electrons is unimportant, but electron spin must now be taken into account. 
McKinley and Feshbach (1948) have calculated the scattering for all elements for 1, 
2 and 4mev electrons, using an unscreened coulomb field. At energies above 
10 mev the finite size of the nucleus must also be taken into account in the calcu- 
lations, which satisfactorily account for the observations. 

In the range 1kev to 1 Mev, however, the situation is not so clear. Few 
accurate experiments on the large-angle scattering have been conducted in this 
region.{ ‘The most accurate measurements are those of Chase and Cox (1940) for 
50 kev electrons in aluminium, and they agree with the Mott formula for coulomb 
scattering by a light element to within 5%. Calculations were carried out some 
time ago for the unscreened field of mercury (Bartlett and Watson 1940), and 
attempts were made to assess the importance of screening (Bartlett and Welton 
1941, Mohr 1943). But quantitative predictions of the effect of screening require 
the determination of a large number of phase shifts to a degree of accuracy which 
was not at that time attained, and the results do little more than indicate below what 
angles of scattering the effect of screening becomes important. More recently 
Gunnersen (1952), in connection with experiments in this laboratory, carried out a 
more accurate calculation for 1-07 Mev electrons and positrons in mercury, and 
showed that the effect of screening at large angles was small. 


+ See note added in proof, p. 717. 
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This result suggests that for a certain range of energies below 1 Mev the precise 
form of the atomic field is not important. Calculations were therefore extended 
to lower and lower energies, using in place of the usual Hartree field in numerical 
form an exponentially screened field together with such analytic procedures as 
could be devised to reduce the computational labour. Screening was found to be 
unimportant down to energies lower than previously thought. 

With little further calculation one obtains the polarization of electrons by 
double scattering. For a scattering angle of 90° the polarization for gold is 
practically the same down to 25 kev for a screened field (Massey and Mohr 1941) 
as for an unscreened field (Bartlett and Watson 1940), and such experiments as 
have been carried out are in fair agreement with theory. 

A maximum in the polarization for angles somewhat greater than 90° has been 
predicted (Mohr 1943), though the actual values given are little more than rough 
indications, since the polarization at angles other than 90° is more sensitive than 
the single scattering to small inaccuracies in the determination of the phases. The 
more accurate calculations of this paper confirm the increase beyond 90°, which is 
found to occur even for an unscreened field. The effect has recently been observed 
by Ryu et al. (1953). 


§ 2. GENERAL ‘THEORY 


The cross section for scattering per unit solid angle in the direction 6 of a beam 
of unpolarized electrons of rest mass m, velocity v and charge « is given by 


L(G) = FR t | oi Pononc tho ia etete). (Uae ae (1) 

where 2ikf(8)= > [(/+1) {exp (2én,) — 1} +1 {exp (2in_,_1) — 1}] P,(cos 4), 
2ike(O)= >4exp(2in.; 3) expt) Ee (Cost), ae eee (2) 
and k=2rymv)h, where y=(1-— 07/7); 94. 193 eee (3) 


, 1s a phase shift such that sin (kr — $/7 + »,) is the asymptotic form of that solution 
of the differential equation 


Gy) AiR — K+ 1)? — 8atmhPtVir)tG=0. 4a.ee (4) 
which vanishes at the origin, where V(r) is the modified Dirac potential 
V=yZy [r+ Zy? €4/2me*r? — 30'2/4a02 + 0/20, 
a = Qn (E—-V+me?)/he. } 
E is the total energy, Z, is the effective nuclear charge at a distance 7, and the 


primes denote derivatives with respect to r. 
The asymmetry in double scattering is given by 


22s a Fre CT NE Ole ae olen ee ae (6) 


For reasons given in § 1 an exponentially screened field was taken, the following 
expressions being used: 


One-term field: Cpl Dexp(— Bridie eee (7) 
Two-term field: Zy = 20 exp (— 1+37/a)) +59 exp (—6r/ay)......- (8) 


These fields are compared with the Hartree field for gold in figure 1. The 
two-term field was naturally chosen to give a better fit than the one-term field, but 
even the one-term field fits the true field better than the Fermi field. 


| 
| 
f 
| 
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§ 3. CALCULATION OF PHASE SHIFTS 
The following procedure was adopted for computing the phase shifts. Firstly 
the phase shifts 7, were calculated for the effective potential (5) with neglect of the 
terms in Z,” and «, i.e. for the Schrédinger potential 


[SEALS 1 ae rn SPO eae (9) 
The Born approximation then gives the following formula for the phases 
Me =(yZ/Ray) Q,(1+A2/2R7), =n es (10) 


from which still more accurate values may be obtained by applying a correction due 
to Pais (1946). ‘The Q, are spherical harmonics of the second kind which may be 
calculated for the lowest / from explicit expressions and then from the recurrence 
formula, and for the higher / from the asymptotic expansion. 

The WKB method gives, assuming V small compared with k?a,?, 


mio =(yZ|Rag) Ky {A+B} sees (11) 


ge Z 
3 


Effective Nuclear Char; 
8 


7T/Qo 


Figure 1. Variation with distance of the effective nuclear charge Zp. 


. Hartree field for gold. 

. One-term field (equation (7)). 

Two-term field (equation (8)). 

. Moliére’s three-term field approximating to the Fermi field, for gold. 


= & 


SD 


Both formulae (10) and (11) were checked against accurate calculation of the 
phases by numerical integration of the modified radial equation (4) and by the 
WKB method with the Langer modification without the assumption of V small. 
Both methods were found to give results agreeing closely over the range of / for 
which either gave accurate values after the Pais correction was applied, viz. for all 
values of / except the first few. Since extensive tables of Ky are available (British 
Association Mathematical Tables, 1937), the formula (11) is quick to apply even for 
a large number of /. ‘To the results may be applied the Pais correction, which is 
small enough for easy interpolation, finally becoming negligible for large /. 

For the first few values of / one would except the spacing of the phases to be 
nearly the same for a screened field as for a coulomb field, for which the phases are 
easily calculated (Mott and Massey 1949 a). This fact allows the calculation of the 
phases to be extended to the lowest values of /. 

Table 1 compares the phases obtained by the different methods. ‘The WKB 
K, approximation with the Pais correction is seen to give reliable values down to 
fairly low/, below which the spacings of the coulomb values may beused. At lower 
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energies greater attention has to be paid to the lower order phases, many of which 
were calculated by numerical integration. 

At lower energies the two-term field was used as well as the one-term field, but 
the necessary modification to the formulae (10) and (11) is obvious. | 

We may now discuss the necessary ‘correction’ to be added to these phases to 
allow for the effect of spin, i.e. for the use of the complete expression (5) for V. 
For a coulomb field the phases , and 7_,_, may be readily calculated (Mott and 
Massey 1949b). They differ by a small amount from the phases 7° for a coulomb 
field with neglect of spin. ‘The difference is nearly the same as the corresponding 
difference for a screened field, the error being unimportant for small /, while for 
large / the difference is small in any case. The difference is added to the value of 
nf previously calculated, to give the required phases 7, and 7_,_; for a screened field 
with spin. 


Table 1. Comparison of the phase shifts 7,° obtained by different methods for 
the one-term exponentially screened field (7) at kay= 100. 
Coulomb 


] Born Q, WKB K, Ky approxn. Biase Numerical 
approxn. approxn. + Pais corrn. 43-619 integration 
0 4-107 4-221 3-922 3-936 
1 Seilssi 3-148 3-148 3-154 
D 2-645 2:652 2-693 2-687 
5 1-894 1-895 1:8697 1:945 1-945 
10 1-298 1299 TESTS 1-318 1-318 
20 0-742 0-742 0-751 0-665 O-75i 
30 0-466 0-466 0-468 
40 0-305 0-305 0-305 


+ As J decreases the Pais correction decreases again and finally changes sign. The 
method must be discarded when this decrease begins. 


The accuracy of this procedure was checked here and there by a numerical 
calculation of the difference of »,—7,° for a coulomb and for a screened field, and 
similarly for 7_).,;—7,°, using the values of 7,°, 7, and y_;_, for a coulomb and for a 
screened field given by the WKB method. ‘The difference of the integrands 
is small and converges rapidly with increasing 7. 

The accuracy of the correction, and its utilization, are illustrated in table 2. 

‘The phases obtained in this work are estimated to be accurate to 0-01 in nearly all 
cases. 


Table 2. Illustrating the accuracy of, and the use of, the ‘ correction’ applied to 
the phase shifts 7,° for the Schrédinger potential in order to obtain the phase 
shifts 7, and 7_,, for the Dirac potential for the one-term exponentially 
screened field (7) at kay = 100. 


Te M--1— 
l yn, Coulomb Screened Coulomb Screened ny Vora 
field field field field 
0 38950 NSO 7, 0-393 a — ss) a 
1 3-154 0-143 0-135 0-481 0-499 SE20 3-64 
5 1-945 0-032 0-033 0-075 0-077 1:98 2:02 


The phases were calculated individually up to /= 30 at the energies 0-87, 5-4, 
33-0 and 121 kev energy, and thereafter at increasing intervals of /. ‘They were 
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obtained for the energies 1-95 and 12-2 kev by interpolation of their differences from 
the values given by the K, approximation. ‘The series (2) for f and g were then 
summed, usually in two ways as a check on the accuracy obtained. Firstly, the 
coefficients of the higher Legendre functions were fitted with an empirical formula 
involving the sum of terms of the form ae™, and then an analytic formula for the 
sum was applied (Mohr 1943). Secondly, the successive groups of terms of the 
same sign were added, giving a series of single terms of alternating sign whose 
convergence was speeded by using the Euler transformation (Rosser 1951). 


§ 4. THE ANGULAR DISTRIBUTION OF THE SCATTERING 


The ratio R of the calculated scattering to the relativistic Rutherford scattering 
Z*< cosect 10/4,2m?v* is given in figure 2 for a number of energies. ‘The values 


0:87 kev 1-95 kev. 


12-2 kev 
(ka,=30) 


Ratio R to relativistic Rutherford Scattering 


) 60 120 180 60 120 180 
Angle of Scattering (deg) 


Figure 2. 


. Screened field of gold (one-term field). 
Screened field of gold (two-term field). 
Screened field of gold (Thomas—Fermi field). 
. Coulomb field of mercury. 


Voores 


were calculated at intervals of 30°, but it was frequently possible to interpolate 
at intervals of 15° using graphs of the real and imaginary parts of fandg. Smooth 
curves were then drawn through the points. 

For 33-0 and 121 kev values were calculated at several angles less than 30°, 
and the resultant curve is seen to have slight kinks. Such small fluctuations 


+ A detailed study has been made of the small angle scattering in a comparison of the 
results given by theories of multiple scattering. ‘This appears in Aust. 7. Phys., 1954, 
Oy Qe 
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doubtless occur at other energies and at larger angles. At small angles, where g 
is negligible compared with f, the kinks occur near zeros of the real and the 
imaginary parts of f. 

The values of R for the coulomb field of mercury are taken from Bartlett and 
Watson (1940), using interpolation where necessary for the particular energies 
required here. The values for 5-4 kev were calculated independently, as it is not 
possible to extrapolate so far below Bartlett and Watson’s lowest energy of 24 kev. 
At the lowest two energies the values of R for a coulomb field oscillate rapidly with 
angle, and the effect of screening is overwhelming in any case, so there is no point 
in plotting them. 

Screening is clearly important at large angles for energies as low as 33 kev. 
In other words the scattering is not at all critical to the form of the field down to 
33kev. At5-4kev screening produces large effects, but the fairly small difference 
between the two-term and the one-term field does not cause any great difference in 
the scattering except beyond 150°. At 1-95 and 0-87 kev diffraction effects are 
very marked, and they are obviously critical to the form of the field. It is worth 
noting that the form of the field is less important at still lower energies, where the 
diffraction effects are associated with the predominance of a very few spherical 
harmonics of low order (Massey and Burhop 1952). The curves for the Fermi 
field of mercury at the lowest two energies are taken from Henneberg (1933). 

The two sets of phases are appreciably different for the one-term and two-term. 
fields, and hence the strong similarity of the curves for 5-4 kev is an indication 
of the reliability of the present results. ‘The curve for the one-term field would be 
expected to lie above the curve for the two-term field, especially at large angles, 
since the classical distance of closest approach is larger for the one-term field than 
for the two-term field for all but very large distances (see figure 1). 


§5. THe ANGULAR DISTRIBUTION OF THE POLARIZATION 


Figure 3 compares angular distributions of the polarization for the screened 
field with those for the coulomb field. Values of 28 for the coulomb field are given 
explicitly only at 90° by Bartlett and Watson (1940), but their extensive tables of 
functions at intervals of 30° allow one to obtain values for these angles with little 
difficulty. Values for intermediate angles are best obtained by graphical inter- 
polation, using graphs—not of the real and imaginary parts of f and g but of the 
amplitude and phase of 6"?, which vary much more regularly. The screened field 
curves for 12-2, 33 and 121 kev electrons are for the one-term field, those for 1-95 
and 5-4kev electrons are for the two-term field. 

The effect of screening is not marked at 121 kev except near the maximum of 28, 
but becomes important at 33 kev. Screening has more influence on the polariza- 
tion than on the scattering, because of the occurrence of partial cancellation in 
the numerator of the expression (6) for 25. 

The most important feature which emerges is that the polarization is a 
maximum near 120°, where it is appreciably larger than at 90°. ‘This result cannot 
be due to inaccuracy in the screened field calculations, since it is given also by the 
more accurate coulomb field calculations. "The recent experiments of Ryu et al. 
(1953) show a definite rise in 25 as the angle increases from 90° to 135° in the range 
60-130 key, but their values near 120° are only about half the theoretical values. 
The discrepancy seems a little too large to attribute to the approximate field used 
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inthe calculations. Onthe other hand due allowance was made in the experiments 
for the effect of plural scattering, the most important source of error. 

At the lowest energies diffraction maxima occur at angles where |f |? + |g |? isa 
minimum, and since this quantity occurs in the denominator of the expression for 
25, maximum values of 25 will tend to occur at these angles. Such subsidiary 
maxima in 26 are seen to occur for 5-4 and 1-95 kev electrons, though the actual 
values of 28 are probably not reliable, owing to the particular sensitivity of 26 to the 
form of the field at these energies. 


0-4 


Asymmetry, 26, in Double Scattering 


30 90 120 150 180 


Angle of Scattering (deg) 


Figure 3. Full line: screened field of gold. Broken line: coulomb field of mercury. 
The experimental points are due to Ryu et al. at 100 kev. 


For experiments in which the scattering angle is different at the two scatterers, 
comparison with theory can be made only if one knows whether the signs of 51? 
at the two scattering angles are the same or opposite (Ryu 1952). The correct 
alternative may be ascertained immediately from figure 3; for it is clear that 
5? can change sign only when 26 passes through a zero in the angular distribution. 
In other words, 5"? has the same sign between two adjacent zeros of 28. 

Finally it may be mentioned that the extension of the calculations of Massey 
(1942) on the polarization of positrons by mercury to angles other than 90° shows 
that at no angle or energy does the value of 25 for positrons become appreciable. 
There therefore appears to be little chance of detecting the polarization of positrons 
experimentally. 


Note added in proof. We had overlooked the experiments of Kitzinger 
and Bothe, Kitzinger, and Paul and Reich, which indicate significant deviations 
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from coulomb scattering at angles for heavy elements for certain electron energies 
between 150 kev and 2:2 Mev. Some doubt is cast on these results, however, 
by the recent work of Bayard and Yntema (1954, Phys. Rev., 93, 1412) at 1 Mev, 
in which agreement is obtained with theoretical values to within 13%. The 
latter authors give references to the former work. 
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Abstract. It is shown that the Fredholm method for the solution of integral 
equations can be adapted to solve the covariant scattering equations for the 
proton—neutron system and the meson—nucleon system. A practical method 
is devised for obtaining the binding energies of the deuteron and hyperon in a 
fully covariant way. As a test of the method it has been applied to the corres- 
ponding non-covariant equation for the deuteron, and satisfactory numerical 
results are obtained. 


§ 1. INTRODUCTION 
} { OST eigenvalue problems which arise in nuclear theory cannot be solved 


exactly. For non-relativistic calculations, requiring the solution of an 

integral equation equivalent to the Schrodinger equation, several 
approximate methods are already available, e.g. those due to Svartholm 
(1945) and Salpeter (1951), see also Salpeter and Goldstein (1953). But the 
covariant bound-state equations, which have been proposed on the basis of 
meson field theory, cannot be reduced to a form soluble by such methods without 
spoiling the covariance. ‘Thus the Salpeter—Bethe equation for the deuteron 
(1951) is soluble by Salpeter’s method only in non-relativistic approximation, and 
to solve the corresponding equation for the hyperon (V, or A-meson) Arnowitt 
and Deser (1953) and Fubini (1953) have had to adopt approximate non-covariant 
procedures. 

The few attempts which have been made to solve the covariant equations in a 
covariant way have led to conclusions whose interpretation is rather obscure. 
Goldstein (1953), assuming a special (unrealistic) value for the binding energy, 
found an exact solution of the Salpeter-Bethe equation for a continuous range of 
values of the coupling constant, even after suitable boundary conditions were 
imposed. ‘This result contradicts the possibility of a discrete energy level for 
the deuteron, but Goldstein has shown that the contradiction disappears if one 
introduces a cut-off energy in the virtual meson spectrum. 

The method which will be suggested in this paper for solving the eigenvalue 
problems covariantly or non-covariantly is based on the Fredholm method for 
the solution of integral equations (see Hellinger and Toeplitz 1928). ‘This 
method has already found applications to nuclear scattering problems (Jost and 
Pais 1951) and even bound-state problems (Fubini 1953) in non-covariant 
approximation. But difficulties have been encountered in applying the Fredholm 
method to the covariant equations; it is found, for example, that the integrals 
which arise are logarithmically divergent, like most of the ‘unrenormalized’ 
integrals of field theory. The purpose of this paper is to show how to remove 
these difficulties and adapt the method to practical computation, as a preliminary 
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step to solving the covariant equations. At the same time we have thought it 
worth while to test the accuracy of our procedure by applying it to a non-covariant 
problem where the answer is already known. 

The method adopted for dealing with the divergences of the Fredholm 
solution is closely analogous to the renormalization method of current field 
theory; it has already been suggested by one of the authors (Green 1954), but 
has not so far been examined from the standpoint of mathematical rigour. The 
next section is therefore devoted to the mathematical procedure required to 
express the Fredholm solution in a meaningful form. 


§ 2. THE FREDHOLM ‘THEORY 


The integral equations which we wish to consider are all of the type 


bAR=fAR)tALK lh, D(a tees (1) 
where /,(k) and K,,(k, l) may be regarded as known, and the repetition of the 
suffix s implies summation over its admissible values. _ In the covariant equations 
k and / each stand for the four components of an energy-momentum vector, 
and the integration {...d/ denotes integration over all four components of J. 
The above equation as it stands is characteristic of nuclear scattering problems, 
and the bound-state problems in which we are mainly interested are characterized 
by the vanishing of f,(k); but for the time being we shall allow f,(k) to remain. 

For the neutron—proton system, which is one of those we shall specifically 
consider, f,(k) and ¢,(k) are bispinors, so that r and s both represent a pair of 
spinor suffixes, and K,,(k, /) is a compound Dirac matrix given by 


(2m)'1K ys, (Bs 1) = {Sy(P—R)yshae(Su(D+R)Ys}nDv(R—D sees (2) 


where S;(q)=(y.q—m)' and D,(j)=(j?—p?)1. Here p is one half of the 
resultant energy-momentum vector of the system. For convenience in inter- 
preting the singularities, variable imaginary parts are added to ky, J, and py. 
For the meson—nucleon system, on the other hand, f,(k) and ¢,(k) are both 
simple spinors, and K,(k, /) is a Dirac matrix given by 


(2m)'4K a(R, 1) ={Se(D—k)ygSe(P—k—DyshapDu(l). ++ (3) 


Here p is just the resultant energy-momentum vector of the system. 

With either of these substitutions, equation (1) is of a type considerably more 
general than that to which the elementary Fredholm theory applies. Firstly, 
it is a set of simultaneous integral equations, and it involves four independent 
variables. Secondly, the kernel and one of the independent variables are complex. 
Thirdly, the range of integration of all four variables is infinite. For a discussion 
of the necessary generalizations of the elementary theory, and the associated 
literature, the reader is referred to §§ 12-13 of the treatise by Hellinger and 
Toeplitz already mentioned. Disregarding for the moment questions of con- 
vergence, Fredholm’s solution of (1) can be expressed in the form 


b(R)=fAR)+(DAJALD,A; BDA sae (4) 


D(A) = 1 — Auy + $A?(uy? — Ug) — $A3(uy3 — Buju + 2ug) +... ceca (Spm 


where 


and 


D, (A; k,l) =AK,4(R, Ll) —A2{uy KR, — Kp QR, Dt. veces (6) 
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where K,,(k, /) is the nth iterated kernel defined by 


K,,(R, l) = RR 1; 
es 7 
Kh, D = | Krol) Kas GD Gi, ” 
and 
Ure Ree rides | Mas ene (8) 


In case a finite number of the w,, should diverge, they may be put equal to zero 
or any other constant without affecting the validity of the solution for all values 
of A. On the other hand, it is necessary that all except a finite number of the w,, 
should converge; and this condition is not satisfied with either of the kernels (3) 
and (4), as we have defined them, with D,(k)=(k?—p?)-1. To overcome this 
difficulty we shall assume instead that 
Dy(R) = (k? = p?)-4 — (hk? — M?)-1 eee) 

with the intention of allowing to become infinite when it is convenient to do so. 
This is equivalent to adding a convergence factor (u?— M?)(k? — M?)-1 to D,(k) 
as previously defined. 

Bound-state problems, as distinct from scattering problems, require f,(k) =0. 
It is clear from (4) that a non-vanishing solution of equation (1) is then possible 
only if D(A)=0. We shall therefore be interested primarily from now on in the 
conditions under which D(A) can vanish. 

The integrals w,,, defined by (8) in conjunction with (2) or (3), depend only on 
the value of p=(p,?—p,?—p.?—p;")”. For large values of M they vary linearly 
with In M. ‘This can be proved by changing the momentum variables from 
k,j etc. to k’'=k/M, j’=j/M etc. in the integral expression for M(du,,/0M), and 
verifying that one obtains a convergent integral v,, independent of p as M tends 


to 0. So one has 
u,(p)=2, In (Mj) +2,() et) 
where v,, is independent of p and M, and w,(p) approaches a limit as M tends to «, 
Now the coefficient of A” in the series expansion (5) of D(A) is 
See (= 22) (=n tu, Jn 


a,! GA or al ‘ 


n 
the summation ¥’ extending over all integral values of the a, such that Dra, =n. 
Hence Pek 


DQX)= exp - > tuo} Pe emel T) 


provided the infinite series in the exponent converges. Since D(A) 1s an integral 
function of 4, the radius of convergence p of the power series rtw,(p)A” must 
coincide with the least zero of D(A). If p, and p,,(p) are the radii of convergence 
of Xrtv,A" and L7!w,(p)d’, p will be identical with the smaller of p, and p,,(p), 
and therefore insensitive to the value of M, provided / is sufficiently large. 
Even for A less than p, D (A) will approach the value zero as Mtendsto oo. ‘This 
is the explanation of Goldstein’s result that, unless a convergence factor is added to 
the kernel of the Salpeter-Bethe equation, a solution exists for a continuous range 
of values of the coupling constant A. The solution thus obtained obviously has 
nothing to do with bound states, however; the admissible solutions of the eigen- 
value problem must be discrete values of A depending on the value of p. Even with 
a convergence factor, a spurious solution of the problem will be obtained if it 
PROC. PHYS. SOC. LXVII, 8—A 51 


Jez, I. E. McCarthy and H. S. Green 


should happen that p,<p,,(p), for then p, is the least zero of D(A). Goldstein 
has solved the Bethe-Salpeter equation only for the single value p=0, so it is 
difficult to say whether his eigenvalue is spurious or not. 

To ensure that only admissible eigenvalues will be obtained, the following 
procedure is suggested. Both D(A) and D(); k, /) are multiplied by the factor 


Beer pee i, (bo) xr} ae (12) 


where p, is chosen to give the radius of convergence py of the power series 
Xr w,(po)r” its maximum value. It should be noticed that H(A) tends to oo 
instead of 0 as A tends to the smaller of p, and p,, and is therefore not an integral 
function in general. The radius of convergence of the series 


DQQEQ)=1 =A +42 (42a) — 908 (yy Fs, yt 2a, (13) 
Uy, (p) =u,(Pp) ay U, (Po) 


is pp. However, since py is, by definition of po, greater than p,(p), the series will 
converge for A=p,,(p)- 

Now u,’ (p) tends toa finite limit as M tends to ©, so our object of eliminating 
is now achieved. The only thing which remains is to specify the value of py; in 
this we are guided by physical considerations. As the value of the coupling 
constant increases, the binding energy increases, in the case of the proton—neutron 
system. It is true that for sufficiently large values of the coupling constant new 
bound states make their appearance, so that more than one coupling constant will 
allow the existence of a bound state witha givenenergy. But itis the least of these 
values (p)) which gives the ground state this energy, so pp will increase monotonic- 
ally with the binding energy 2(m—p,). The correct value of p, is therefore the 
minimum value zero; the corresponding value of p, is either Goldstein’s eigen- 
value or infinity. Assuming that the hyperon is a metastable excited state of the 
meson—nucleon system, the situation is there somewhat different, for pp is complex, 
with an imaginary part inversely proportional to the lifetime of the state. As the 
coupling constant increases, the lifetime may be expected to increase and the 
excitation energy to decrease. ‘Therefore p, will have its maximum value when 
|Py) —_m| has its minimum value zero, i.e. when py)=m.t This choice of p, allows 
one to obtain E(A)D(A) by applying standard renormalization procedures to the 
divergent integrals of D(A), without introducing a convergence factor at all. 


§ 3. PracTicaAL DETERMINATION OF EIGENVALUES 


We turn now to consider the practical problem of determining the least value 
Pw) of AX which makes E(X) D(A) vanish. Many methods exist for obtaining the 
zeros of the Fredholm denominator; these are well summarized in the recent 
monograph by Biickner (1952), but few, if any, of them are well adapted to problems 
of the type considered here. ‘The method we shall suggest is based on the fact 
that p is the radius of convergence of the series. 


—In{D(Q)E£(A)}}=> 7-14, (py. ee (14) 
When A=», the dominant contribution to the right-hand side of this equation must 


+ The existence of a stable state of the meson-nucleon system, with rest energy less than m, 
is not inconceivable ; but if it should occur, the respective roles of the nucleon and hyperon 
would be interchanged. 
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be —In(1—A/p)=Xr-1(A/p)". For sufficiently large values of 7, therefore, one 
will have 

piu. (Peele Very Neatl yee be tay ae (15) 
‘This determines p as a function of p, or, conversely, p as a function of p. 

Since the labour required for the computation of u,’(p) increases extremely 
rapidly with 7, it is essential, for the practicability of the method thus suggested for 
calculating eigenvalues, that a reasonably good value of p should be obtained from 
(15) when r=2, or 3 at most. As Ma (1954) has shown by means of an example, 
the result for r=1, is only mildly encouraging. But, as we shall show, also by 
means of examples taken from non-covariant theory, the numerical results for r =2 
are already so good that the method can be regarded as a practical proposition. 


§ 4. THE S-STATE OF THE DEUTERON 


It is proposed to test the efficacy of the method just developed for solving 
nuclear eignevalue problems by applying it to one of the corresponding non- 
relativistic problems : that of finding the binding energy of the deuteron. 

The S-states of the neutron—proton system are described non-relativistically 
by the Schrodinger equation 


P(r) +R P(r)=AV (r)P(7T) nn wee (16) 
where F? is the total energy, divided by h?/m, and AV (r) is the potential energy, 
divided by the same factor. ‘The corresponding integral equation (cf. Jost and 
Pais 1951) is te 
¢ (r) = exp (—zkr)—exp(tkr) +A | Kis) 0 (Ss) ds Mean C17) 

J0 


where K (r,s) =k V (s) [exp {tk(r +s)}—exp fik|r—s|}] —...... (18) 


in the coordinate representation which is most convenient for our present purpose. 
For V(r)=pr-lexp(—pr) (the Yukawa potential), or V(r)=p7{exp(ur)—1}"} 
(Hulthén’s potential), the integrals w,, defined by analogy with (8) are all convergent, 
so that no regularization procedure is required and the binding energy can be 
obtained quite straightforwardly as a zero of D(A). ‘This corresponds to the fact 
that a value of the binding energy can be found ( + 0) which reduces £ (A) to a mere 
constant and gives u,’=w,. 


Let D(A)=1—Afy +A*fa—ABfgt nce, wee ee (19) 
so that, according to (5), 
i= ta, fox sh is — Mo), Ja= 4 (i — 312s), etc. ...,.. (20) 
Then the approximation formula (15) will reduce to 
inp wal aay (eae ics 2.003 (21a) 
in the first approximation (discounting the case r= 1), and 
ASS Ahmet net rr (21d) 


in the next approximation. It is worth noticing that these prescriptions can be 
obtained independently as follows. Since p is a zero of D(A), it is also a zero of 


e” D(A) =14+(a—-fi)A+ (40? -af, + fo) M+... . 
Let « be chosen so as to make the coefficient of A? vanish, i.e. so that 
Sho) eae RR See ils e, (22) 
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Then one is left with the approximate equation 
Lamp p= ne 3 eae (23) 


Using (20) and (22), this is easily verified to be equivalent to (21 a). ‘To obtain 
(216) ina similar way, « and f are chosen so as to make the coefficients of Ms and 8 
vanish in the expansion of exp («A + fd?) D(A). ‘Then one finds that (23) is equiva~ 
lent to (21 d). 


§ 5. RESULTS FOR THE YUKAWA AND HULTHEN POTENTIALS 
Substituting V(r) = pr! exp (—y7) in (17), one obtains for uw, 


us=—}(ulR)P | dr |“ ds(rs)-texp {— (7 +5)}Lexp {iR(r-+5)} exp {ik lr— SI}. 
ei (24) 


For bound states k? is negative, so one substitutes 
R=te. * —  ) . e (25) 
Writing y—s=u and7+s=v, and using the identity 


c o- exp (—6v) {1— exp (—¢v)} dv=In {(6 + 4)/6}, 
(24) reduces to 


i! pl | 1+2¢—et 1] 1+ 2¢—2et dt 
nal | OND e eae 1+ 2 t 
2 Let) 4. (la Zee Zeb) | at 
‘The integrals can be expressed in terms of the function 
Ri (x)= i (€—1)1 In é aé 
1 


discussed and tabulated by Powell (1943). One has, in fact, 
Uy =e? [3R1(14+ 2e)— RI (1+¢)—4 RI (1 —2e) 


l+e : 1—2e 

+RI(; =) fa RI(; = 

—$ln21n (1+ 2e)—4$1n(1 —2e) {In2—1n (1 +2e)} 

— #{ln (Ee 2Ze) Ml = 10 a ee ee (27) 
fore <3. ‘The corresponding formula for «> can be obtained by using known 
properties of the RI function. Using Powell’s table, the following values of the 
coupling constant p were calculated from (21a) for values of « over the range gener- 
ally used to fit experimental data. In the third row below are the corresponding 
values p, determined from the variational formula 

Pe= 1:680 + 2-2655¢ — 0:2456c? + 0-144e8 
(cf. Rosenfeld 1948). 
€ 0-00 0-25 0-50 0-75 1-00 L25 1-50 
p 1-61 at Bs) 3-06 eel SRE!) 4-86 
ps 1-68 2:23 he 3°30 3-84 AL 5-01 
It will be seen that even in this first approximation the results are in satisfactory 
accord with those obtained otherwise. 
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As an additional check on the method we have computed values of p from (21 a) 
using the formula 
Uy =fe-® [{P" (2c) + gn?}-e 1 (¥ (2e)+ CH],  .....- (28) 
which was kindly derived for us by Dr. S. T. Ma using Hulthén’s potential ; 
f(x) is the logarithmic derivative of the ['-function (cf. Jahnke and Emde 1945). 
In this case the exact values p, of p can be determined, and are given in the third 
row below. 
€ 0-00 0-25 0-50 0:75 1-00 AS 150 
1-04 1-41 1-86 2-28 Va es 2215 57 
Pe 1-00 1-50 2-00 2°50 3-00 3-50 4-00 
Again the values obtained from our first approximation formula are quite. satis- 
factory. 

As the equation (16) from which these results were derived is a non-relativistic 
approximation to the Salpeter-Bethe equation, there are grounds for believing 
that the method of §§ 2-3 will be equally successful in its application to the fully 
covariant equations. ‘The result for the Salpeter—Bethe equation is virtually 
assured, while the close analogy between the deuteron and hyperon problems 
allows one to be reasonably optimistic with regard to the latter. Calculations are 
in progress in Australia directed to the solution of both equations. 
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LEETERS: TO °THE* EDITOR 


On the Propagation of Energy in Elastic Media 


The aim of this note is to investigate the transformation properties of the 
velocity of energy propagation (shortly energy velocity) in elastic media. 

The reasons for doing this are twofold: 

(a) von Laue (1950) has suggested that the energy velocity should transform 
like the velocity of a particle. In the case of the electromagnetic field inside 
matter he has used this condition as the decisive factor to accept Minkowski’s 
expression for the energy-momentum tensor of the electromagnetic field inside 
matter. Now, it would be of interest to see how far this condition is satisfied 
for the simpler case of the propagation of elastic stresses. If it is not satisfied 
(and we will show it is not), this might cast some doubt upon the validity of this 
criterion (or upon the correctness of the definition of energy velocity employed), 
since the commonly used energy-momentum tensor of the elastic body is very 
likely to be the correct one. 

(b) If the energy velocity in an elastic medium does not transform like the 
velocity of a particle, the concept of the phonon is not a Lorentz-invariant 
concept; hence the representation of the elastic energy current as a stream of 
phonons will not, in general, hold for all frames of reference. (As far as the 
customary theories employing phonons are concerned, this is no objection at all, 
since they describe the physical situation staying permanently in the frame in 
which the body is at rest.) 

Take then the energy-momentum tensor of the elastic body, 7;,= 7); of the 
form 

Sie 
Pap — 125 
— 8s 
—iS,—iS,—iS; | w 
z,B=1,2,3; w is the energy density, S, the energy current, g, the momentum 
density, p,, the components of the stress. The velocity of light c is put equal to 
1; x,=7it. (The sign of the tensor is chosen so that in the rest frame w>0. 
This entails that p,,>0 are the components of the stress and not that of the 
pressure.) 

The energy velocity w,, a three-vector, is defined to be w,=S,/w=1T4,/T 44. 
It is easy to find the conditions that w, should transform like a three-vector under 
Lorentz transformations. In general, of course, it will not. However, there is a 
much simpler way to proceed. 

If we are able to show that there exists such a frame of reference in which w, 
the magnitude of w,, tends to infinity, we have immediately demonstrated that w, 
does not transform like the velocity of a particle, since for the latter w can reach 
at most the value c= 1. 

Whether such a physical situation can actually be realized is not our present 
concern; if in principle such a frame exists, the transformation properties of 
w,, Will not be that of a velocity, and this is our main interest. 
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We show now that, indeed, this is the case, for we can find a frame in which 
Ty, goes to zero, while 7,, remains finite. From the transformation law of 
symmetric tensors of rank two we have w= (w° — 6p°,,)/(1 — 6”), where the zero 
index refers to the value of the quantities in the rest frame and f is the velocity 
of the frame. w is zero if B= +(w®/p°,,)¥”. This is real if p°,, is positive (a 
stress), and smaller than 1 if p°,,>w®. (It is hardly necessary to mention that no 
matter will withstand stresses of this magnitude.) 

In this frame T,,= —2S,=7p°,,; thus S,= —8p°,,40. Consequently, w 
goes to infinity as the speed of the elastic body approaches the value (w°/p°,,)¥?. 
For this speed the energy—density of the body is zero. For speeds higher than 
this it is negative. 

To interpret this result physically we first observe that the existence of stresses 
(and not pressures) in the rest frame is necessary for the disappearance of the 
energy—density. ‘This observation immediately leads us to the physical inter- 
pretation. 

Suppose that in the rest frame at t=0 there are applied equal and opposite 
forces pulling at opposite ends of an elastic slab. ‘The line of action of the forces 
is normal to the end surfaces. Equilibrium is maintained in this frame, and in 
all other frames as well. However, viewed from a moving frame of reference 
the two forces will begin to act at different times and, to maintain equilibrium, the 
body itself will do work against the acting force as long as the other force is not 
engaged. ‘This work decreases the energy content of the body, hence the decrease 
inw. If the acting force is sufficiently large, and the delay of sufficient duration, 
one may actually use up the total energy content of the body. In this frame w 
vanishes. Imparting a bigger velocity to the frame we may increase the delay 
still more, thereby making w actually negative. 

The quantitative analysis is now exceedingly simple. 

At t=0 in the rest frame forces + F and —F start to act on the opposite 
sides of a slab of elastic body. ‘The sides of area A are at a distance J, from each 
other. The total energy of the body is Zy. Ina frame in which the body has the 
velocity f along the line of action of the forces (c= 1), A and the forces retain their 
original values. £, the energy of the body, will be £)/(1— ?)"?, while its length / 
shrinks to /,(1—?)?._ An observer in this frame will find that the two forces 
will start to act with a delay At=/,/(1—?)*. During this time the work done 
against F will be FBAt. If the situation is to be such that this amount of work 
just consumes the energy content of the body, we have F8At=F. Substituting, 
we obtain /6?l,/(1—?)"2=£,/(1—?)'?. Dividing both sides by A and 
rearranging, we get f*=(E,/Alh)(A/F)=/p,,, since p9,=F/A. This is 
indeed the same expression for the critical velocity that we have already deduced 
by more sophisticated means. 


Department of Physics, N. L. Batazs. 
University of Alabama, 
Alabama, U.S.A. 
6th May 1954. 


VON LauE, M., 1950, Z. Phys., 128, 387. 
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The Lattice Thermal Conductivity of Silver-Palladium Alloys 
at Low Temperatures 


Although a number of measurements of the low temperature thermal 
conductivity of cupro-nickel alloys and other alloys of technical interest have 
been reported (listed by Olsen and Rosenberg 1953), comparatively little 
information is available on the lattice component of the thermal conductivity 
in alloys at low temperatures, and on the scattering processes which limit it. 
The data of Berman (1951) and Estermann and Zimmerman (1952) do indicate 
that at sufficiently low temperatures the lattice waves or phonons are scattered 
principally by free electrons, leading to a lattice conductivity «x,, proportional 
to T?. One of us (Klemens 1954 b) has shown theoretically that the magnitude 
of x, can be deduced from the magnitude of the ideal electronic thermal 
resistivity W, at low temperatures. The magnitude of xg to be expected if 
conduction electrons interact as strongly with transverse as with longitudinal 
waves, as was assumed by Makinson (1938), is about twenty times as great as 
that to be expected on the assumption of Bloch (1928) that the conduction 
electrons do not interact with the transverse waves. 

Since it is of interest in the interpretation of the conduction properties of 
monovalent metals to know whether the electrons do interact with the transverse 
lattice waves (Klemens 1954 a) we have measured the thermal conductivity « 
at temperatures between 2° and 160°K of a series of silver—palladium alloys 
ranging from 2% to 30°% palladium concentration. ‘The apparatus and 
procedure used for the measurements have been described previously (White 
1953 a). 

The total thermal conductivity is given by 


R= Ke t-Ke 5 950) eee eu on eee (1) 
where the electronic thermal resistivity is 
k= WH WOE en ee ee (2) 


W, is the residual thermal resistivity and W, is the ideal thermal resistivity. 
At helium temperatures W;« W, and x, « T?, so that 1/W,, which is proportional 
to T, can be deduced by plotting «/T against T. Having found W, and assuming 
for W;, the values previously obtained (White 1953 b) for a rod of pure strained 
silver, we can deduce «, and hence kg. 

We have also measured the electrical resistance of wires of the same «uloys, 
and found that the ideal electrical resistivity p;=p—pp, py being th~ residual 
electrical resistivity, for these alloys differs at room temperature from p, for 
pure silver by less than 2%, thus suggesting that it is valid to identify W, with 
the value for pure silver. 

The residual thermal resistance W, should be related to the residual 
electrical resistance py by 


WR jor = eS Se (3) 


where L is the Lorenz number. The experimental value of p, for the wires 
differs from the value deduced from W, by a few per cent although both the 
thermal and electrical conductivity specimens were subjected to the same 
annealing conditions. ‘This difference has been ascribed to the much greater 
deformation of the wires than the rods before annealing. 
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Figure 1, a logarithmic plot of x, against 7’, indicates that below 12°x 
kg 18 proportional to T°, as is to be expected if the scattering of phonons is 
mainly due to the conduction electrons. Additional scattering processes, 
leading to a different temperature dependence of thermal resistance, become 
apparent at higher temperatures. Figure 2 shows the variation of W,T? with 
palladium concentration, together with the values for pure silver calculated by 
Klemens (1954 b) on the coupling schemes assumed by Makinson (1938) and 
Bloch (1928) respectively. The experimental results indicate that the conduction 
electrons interact with both longitudinal and transverse waves, though possibly 
less strongly with the latter. 


Lo 
s 
E 
C 
= 
aa 
= 
ew 10 «103 
S 10 
= B 
: _— 
= | 2% Pd Strained > 
—_ o, 
2 2% Pd Annealed at 610°C ° 
3. 5%Pd »  » 610°C 5 ¥ 
4 10%Pd 650°C = 
3’ hes 5 20% Pd» ~~» B00 = 
6 20%Pd oo» =» 650°C 
730%Pd oo» » 800% ie 
=F 
M 
' 10 lo? 20 10 0 
Temperature (°k) Concentration of Pd (%) 
: ; : Dans 
Figure 1. Lattice component of thermal Figure 2. Variation of W,T for 
conductivity of silver—palladium alloys. lowest temperatures with 


composition. 


For a band of free electrons we would expect W,7T* to be independent of 
the electron concentration. The variation of WT? with palladium concentration 
below 10% palladium may be due to the approach of the Fermi surface to the 
zone boundary with increasing electron concentration. At high palladium 
content we would expect a marked increase in W,7?, resulting from the 
scattering of lattice waves by holes in the d-band. This has not been observed 
up to 30% palladium, in contrast to cupro-nickel alloys, which behave as if 
there are holes in the d-band for quite low concentrations of the transition 
element (Klemens 1954b). It is also apparent from other properties (Coles 
1952) that the system silver-palladium approximates better to the simple band 
theory of Mott (1935), which predicts holes for above 40% palladium, than the 
system copper—nickel. 

It may be noted that the lattice conductivity in an unannealed 2% specimen 
is very much lower than for the corresponding annealed specimen, while the 
corresponding change in W, is only a few per cent, indicating that the 
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imperfections removed by annealing scatter lattice waves more strongly than 
free electrons. Further experiments are being made on the effect of strain, 
and the range of electron concentration is being extended by studying alloys 
of higher palladium content and silver-cadmium alloys. 

A preliminary report on this work was presented by one of us (G.K.W.) 
at the International Conference on Low Temperature Physics at Houston, 
Texas, in December 1953. One of us (A.K.S.) is grateful to the Australian 
Commonwealth Government for a Fellowship under the Colombo Plan. 


Division of Physics, W. R. G. Kemp. 
Commonwealth Scientific and P. G. KLEMENS. 

Industrial Research Organization, A. K. SREEDHAR. 
Sydney, Australia. G. K. WuitTe*. 


4th May 1954. 


* At present at the National Research Council, Ottawa. 
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The Difference in the Multiple Scattering of Electrons and Positrons 


The various theories of multiple scattering are based on approximations to 
the single scattering which are identical for electrons and positrons. A finite, 
if small, difference in the multiple scattering is to be expected, and in fact a 
difference of the order of 10°% has been observed for argon (Groetzinger et al. 
1952). At the small angles of scattering concerned screening must be taken 
into account, but the exact method of phase shift analysis involves summation of 
series which are extremely slowly convergent at small angles, and it is difficult 
to obtain the small difference between the single scattering of electrons and 
positrons with any accuracy in this way, although the attempt has been made 
for gold (Mohr and Tassie 1954). 

For light elements, however, it is possible to use the second Born approxi- 
mation (Dalitz 1951) for the exponentially screened field Ze?v-lexp (—Ar). 
We are concerned with small angles of scattering 0, and with high energies for 
which the de Broglie wavelength 27/k of the electrons is very small compared with 
the range 1/A of the atomic field. Then the ratio of the scattering of electrons 
to the relativistic Rutherford scattering reduces to the result 


R's = K4(2 + K)-*{1 — B* sin? 30 + aA(A2 + K?) BRA? + 4K?) | 
+ $aBR-*(A2 + K?)(cosec $6 tan-\(K/2A) — 47)! wales actly 
where K=2ksin}0, k=2nrymv/h, y=(1—f%)-¥?, B=v/e, «=Z/137. The 
prime denotes the use of the second Born approximation, the suffix S the use of 


the screened field. The corresponding value R’g+ for positrons is given by 
changing the sign of « in (1). 
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The term K4(A?+K®)? is of course the result given by the first Born 
approximation. For a coulomb field A=0, and (1) then reduces to the well 
known result (McKinley and Feshbach 1948): 


RR’ =1—f* sin? 404+ aaBsind0(1—sin}0). =... (2) 


For heavy elements the second Born approximation is not accurate, but we 
apply an approximate correction, based on the fact that we know the error in the 
approximation when applied to the coulomb field, the exact calculation having 
been carried out for electrons (McKinley and Feshbach 1948) and for positrons 
(Yadav 1952). While these exact values, denoted by R without a prime, have 
been calculated only for angles of 30° and greater, they may be extrapolated to 
small angles quite safely for positrons. For electrons the extrapolation is less 
certain, but the tabulated values of the constants A, B, etc. given by McKinley 
and Feshbach may be extrapolated with greater certainty, to give values of Ry~ 
at small angles. The curves of Feshbach (1952) for R,+/Rq@ may be used as 
a check. 

We take the fractional error in the value given by the second Born approxi- 
mation for the electron—positron difference to be the same for the screened field 
as for the coulomb field, i.e. we take 


(Raw Rge)/(Reo = Rs 4) = (Ro — Ro") Ro Ko 4) aes (3) 


This ratio for angles less than 5° varies from about 0-9 for «=0-1 to about 0-5 
for «=0-6 for energies above 1 Mev, the precise value depending slightly on the 
energy. ‘The ratio increases to values above 1 at somewhat larger angles. It is 
possible, therefore, that the assumption made in (3) may give rise to errors for 
heavy elements, though the magnitude of the final results is still of interest; but 
the results for light elements should be fairly accurate. 

Let us now consider the difference in the root mean square angle of scattering 
for electrons and positrons, which we denote by 6, and 0+,,, respectively. 
‘The mean 0,,,, of these two angles is given on the theory of Moliére (1948) by 

pms = 29 max B 
where B— In B=21n (Oy4x/1-08 Onin); 
with Onin = (1°13 + 3-76 «?/8?)"2/(0-885 Z-*8kay), 
a, being the Bohr radius. @,,,x is such that the total probability of single scattering 
through an angle greater than 0,,,, is 1, its value depending partly on the thickness 
-of the scatterer. 

The appropriate value to take for the constant A determining the shielding is 
given by equating the range of the field 1/A to 1/k0,,;, (Mohr and ‘Tassie 1954). 
The final results are found, however, not to be very critical to the precise value 
chosen for A. 

We now have for the fractional difference in the value of 0,,,, for electrons 
and positrons 

me a OF a) Coma aa nl ceca air Or eey | Ora 
a (o- an a3 O* ne )/ Prax Be 


‘The last numerator may be calculated using the fact that 


9max 
Yas oa | 6? P(0) dé 
0 
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where P(0) is the probability of a single scattering through an angle between @ 
and 6+d6. For small angles we have (Mott and Massey 1949) 


P= 2B yx? Rs 0/6 
a 9max - 
so that | Pring? = 20nax | Rs d6/0. 
J0 


omax 
Hence (Carns a Cire) Cems =2B { ts (Rs- ay Rs") do/0. 
0 


The value of Rg“ — Rg* having been calculated as a function of angle from (3),. 
this integral is readily evaluated by numerical integration. 

This quantity, multiplied by 100 to convert it to a percentage, is plotted as. 
a function of 0,, for certain energies and values of «inthe figure. The percentage 
difference is seen to be quite small in most cases, and attempts to measure it 
should clearly be made with thickish foils, heavy elements and not too high 
energies. 
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The percentage difference between the root mean square angle of multiple scattering of 


electrons and positrons as a function of the root mean square angle for different 
energies and values of w= Z/137. 


The only direct measurements are those of Groetzinger et al. (1952) for 
argon («=0-13) for energies in the range 0-3 to 2mev, and corresponding values 
of Oy, between 10° and 3°. The observed difference was about 10%, but the 
calculated difference is seen from the figure to be about 1%. This large dis- 


crepancy is difficult to understand, and experiments with other elements would 
be of interest. 


Physics Department, C. B. O. More 
University of Melbourne, 


Australia. 


15th April 1954. 
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The «-Activity induced in Gold by Bombardment with Ions of Carbon 13 


The production of alpha-particle activity in gold bombarded by carbon ions 
was first reported by Miller et a/. (1950). A 25-minute period ascribed to ?°At 
was found, and some evidence for the shorter lived 2°%At was also obtained. 
Opportunity arose to repeat and extend these observations during some recent 
experiments (Burcham 1954) on the heavy ion bombardment of gold; the results 
are presented here. 

Gold foils of thickness 15 microns were bombarded in the internal *C beam 
of the 60-inch Nuffield cyclotron of the University of Birmingham. The energy 
distribution of the °C ions is continuous up to a maximum of about 110 Mev 
under the conditions of bombardment. Gross decay curves of the «-activity after 
bombardment were taken as described previously (Burcham 1954) by mounting 
the irradiated foil in an ionization chamber. Periods of 26-5+1-0 minutes, 
102+10 minutes, and 8-6+1 days were found. These periods are close 
to those tabulated for ?At, 2°’At and 2%Po. In order to confirm the presence 
of astatine isotopes, an irradiated foil was dissolved in lead at a temperature of 
about 350°c and volatile products were collected on a cooled silver foil mounted 
abovethelead. ‘The main component of «-activity found on the silver foil decayed 
with a period of about 25 minutes, and the energy of the group was found to be 
5-90 + 0-04 Mev (see figure). ‘The presence of a longer lived group of energy 
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5-73 + 0-05 Mev was also established. ‘These observations, taken together with 
the periods found more accurately from the gross decay curve, confirm the pro- 
duction of 2At and 2°7At by the (#9C, 5n) and (°C, 3n) reactions. ‘I'he production 
of 2°6Po was not confirmed chemically but the 8-6-day period is unambiguous; 
this isotope could be the electron-capture daughter of 2°6-hour ®°°At formed 
by the (18C, 4n) reaction. ‘The 7-minute isotope "At was not detected, probably 
because the mean bombarding energy was too low to favour the (°C, 7n) reaction. 

With this interpretation of the observed activities it is possible to compare 
the yields of the 3n, 4n and 5n reactions under the conditions of this experiment. 
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The results of this comparison are shown in the table, together with similar 
information for the 14N + Au reactions obtained in an earlier experiment (Burcham 
1954). The figures give very roughly the saturation activity in disintegrations 
per minute for a bombarding current of 10-®ampere; they may be in error by 


(1) (2) (3) (4) (5) 


3n 4n 5n 6n 
3C+Au 210 At 89 69 4600 56000 86000 — 
14NV-+ Au arr Emn 91 80 —t 35000 22000 8000 


(1) Reaction; (2) compound nucleus; (3) maximum excitation of compound nucleus 
(Mev); (4) potential barrier in laboratory system (Mev); (5) reaction yields. 


+ Note added in proof. Dr, Earl K. Hyde has kindly informed me that in similar 
experiments at Berkeley the production of ?°*Em in the bombardment of gold by nitrogen 
ions has been observed. 


as much as a factor of two. In compiling this table, figures for electron capture 
to «-branching ratios were taken from the article by Hollander, Perlman and 
Seaborg (1953); the a-branching of 2°%°Em and 2°Em was assumed to be small. 
Empirical masses given by Metropolis and Reitwiesner (1950) were used in 
calculating the excitation energy of the compound nucleus. Yields are given 
only for the activities which were actually observed; comparable amounts of 
other products, such as ?°°At and 2*At which decay mainly by electron capture, 
would not have been detected inthis experiment. The yields shown are, however, 
consistent with those expected on the assumption of evaporation of neutrons from 
compound nuclei whose minimum energy of excitation is determined by the 
Coulomb barrier traversed by the incident particle. 


Department of Physics, W. E. BurcHaM. 
University of Birmingham. 
7th April 1954. 
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Paramagnetic Resonance in Gadolinium Sulphate Octohydrate 


We have recently investigated the paramagnetic resonance spectrum of 
single crystals of gadolinium sulphate octohydrate diluted with the isomorphous 
samarium salt in the ratio 1: 200. The experiments have been conducted at 
room temperatures, and the samarium ions, because of their extremely short 
relaxation time, have an effect similar to that of a diamagnetic diluent (Bleaney, 
Elliott and Scovil 1951). ‘The observed spectrum is thus that of gadolinium. 

The structure of samarium sulphate octohydrate was studied by Zachariasen 
(1935) who found that there were eight ions per unit cell and that the space 
group was A2/c. In the paramagnetic resonance experiments two independent 
spectra are observed, indicating that there are two magnetically inequivalent 
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ions per unit cell. As is to be expected from the space group, the principal 
axes of one type of ion are related to those of the other by the two-fold rotation 
symmetry of the crystal, and the spectra observed with the magnetic field 
applied along corresponding axes are identical. 

The observed spectra are consistent with a spin-Hamiltonian of the form 

EPH .S+B,°P,°+ By?P,? + B,YP,° 

where g is the spectroscopic splitting factor, B is the Bohr magneton, H is the 
magnetic field, S is the spin operator, the P’s are functions of the spin operators 
defined as in Bleaney and Stevens (1953) (for instance P,?=S,?—S,?), and 
the B’s are numerical coefficients. At the wavelength used, 3-378 cm, the 
spectrum observed with the magnetic field applied along the x-axis of the 
Hamiltonian extends from 2440 to 4440 gauss, the y-spectrum extends from 
360 to 6600, and the z-spectrum from 380 to 7030 gauss. ‘The half-width of 
the lines at half intensity is 12 gauss. 

Analysis of the spectra in terms of the above Hamiltonian leads to the 
following values of the coefficients (in units of 10~* cm~?) 


3.6,°—= 1265 + 1053 Bo? =380 450; -60B,°='— 13+ 3. 


If the centre values of the coefficients given above are taken, the calculated 
positions of lines agree with the observed to within 80 gauss except in the case 
of the lowest-field line of the.y-spectrum where the discrepancy is 150 gauss. 
In the case of the x- and y-spectra, exact solution of the secular equation by 
numerical methods is necessary, and we have solved it for the energy levels 
at a number of fields; the levels at other fields have been obtained by inter- 
polation with the result that the calculated line positions are accurate only to 
+20 gauss. Our measurements do not determine the g-value to better than 1%, 
but since it is expected to be little affected by the nature of the crystalline field 
we have simply taken 1-99, which is the nearest round number to the values 
found for the ethylsulphate (Bleaney et al. 1951) and the double nitrate (Trenam 
1953). 

ae zero-field levels predicted from the above values of the coefficients are 
doublets at 0, 0:20+0-02, 0-48+0-03 and 0-82+0:03 cm. It should be 
remarked that our measurements do not determine whether the coefficients, 
and consequently the zero-field levels, have the signs stated or the reverse 
signs. But measurements of the specific heat of concentrated gadolinium 
sulphate octohydrate at low temperatures which were made by Benzie and 
Cooke (1950) and other workers, and which were interpreted in terms of a 
quadruplet level lying between two doublets, indicated that the quadruplet 
was nearer to the lower doublet. We have therefore made the choice of sign 
which brings the mean position of the two intermediate zero-field doublets 
nearest to the lowest doublet. It is interesting to notice that according to our 
work the mean position of the intermediate levels is separated from the upper 
and lower levels by amounts in the ratio 5: 3-55, which is to be compared 
with the ratio 5:3 used in interpreting the specific heat measurements; and 
that our choice gives the same sign to the largest coefficient B,° as was found 
in the ethylsulphate and the double nitrate. 

The principal axes of the Hamiltonian have been found by searching for 
those directions of applied field at which the lines are at extrema for changes 
of the field direction. The y-axis for one type of ion is inclined at 38° to the 
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b-axis of the crystal, and its projection on the ac plane lies along the c-axis; 
the z-axis is inclined at 55° to the b-axis, and its projection on the ac plane is 
inclined at 152° to the c-axis and at 90° to the a-axis. (The b-axis, which is 
the two-fold axis, is perpendicular to the ac plane; the monoclinic angle is 118°.) 
The x-axis is perpendicular to the y- and z-axes to within the experimental 
error of 1°. The lines of the spectra do not go to extrema at the same directions 
of field but at individual directions which show a scatter of 3° about the mean 
directions which are quoted above. ‘The reason for this behaviour is not at 
present understood. 

Preparations are being made to study the spectrum at a wavelength of 10 cm. 
When measurements made at this and at other wavelengths become available 
it will be possible to make a closer determination of the coefficients in the 
spin-Hamiltonian. 

It is a pleasure to acknowledge the stimulating interest which has been 
shown by Drs. B. Bleaney and K. W. H. Stevens in the work reported above. 


University of Otago, G. S. BoGLe. 
Dunedin, New Zealand. V. HEINE, JR. 
1st June 1954. 
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REVIEWS OF BOOKS 


Geometrical Mechanics and de Broglie Waves, by J. L. SYNGE. Pp. vi+ 167. 
(Cambridge: University Press, 1954.) 25s. : 


It is not generally realized that Hamilton’s contributions to dynamics were 
a product of his theory of geometrical optics. The earlier theory is indeed 
in some respects the more elegant since Hamilton’s Optics is symmetrical in 
all coordinates whereas the customary formulation of Hamilton’s Dynamics 
accords time a preferential role. One might therefore suspect that if the ideas 
of special relativity, in particular the concept of Minkowskian space, had been 
current at the time, Hamilton would have applied his optical theory to dynamics 
substantially without change. It is this task which Professor Synge sets out to 
fulfil in this entertaining little book. 

The prescription is carried out meticulously, and this is somewhat to be 
regretted since the strange terminology of Hamilton’s Optics masks familiar 
dynamical concepts and the examples, transplanted from optics, are distinctly 
uncomfortable in their new surroundings. If one compares Synge’s ‘ optical ’ 
theory of particle dynamics with that which we may obtain from Hamilton’s 
principle by replacing time by proper time (regarding x, y, 2 and ¢ all as 
‘dependent’ variables), we find that the ‘medium function’, ‘ slowness 
function’ and ‘ slowness vector’ are pseudonyms for the Lagrangian function, 
Hamiltonian function and momentum vector. 

The author emphasizes that certain relations and phenomena which we 
normally associate with wave theory appear in a purely ‘ geometrical’ theory. 
Thus the velocity of the action surfaces associated with an assembly of trajectories 
bears just the same relation to the particle velocity as phase velocity bears to 
the group velocity; but a physicist would of course object that the former 
yields no physical information while the latter does. A similar, but more serious, 
objection may be set against the treatment of refraction through a hole which 
shows that incident action surfaces emerge as spheres, since wave theory 
indicates that such refraction takes place only if the diameter of the hole is 
small compared with the wavelength of the ‘ radiation’; no such criterion 
appears in Synge’s theory since both dimensions are taken to be zero. 

The more interesting and more important part of the book is given to a 
method of ‘ primitive quantization’. ‘This is the analogue of the approximate 
method used in optics of constructing wave patterns by setting up surfaces 
normal to an appropriate assembly of rays and then assuming that such surfaces 
have the same ‘ phase’ if the optical distance between them (measured along 
any ray) is an integral number of free-space wavelengths : two action surfaces 
(which we may now identify with ‘de Broglie waves’) are supposed to have 
the same quantum-mechanical phase if the action difference (measured along 
any space-time trajectory) is an integral multiple of Planck’s constant. ‘This 
is an attractively simple rule which embraces the original de Broglie hypothesis 
and which is found to yield accurately the fine structure of the hydrogen 
spectrum. This is at first sight rather surprising, but the same formula was after 
all established by Sommerfeld by applying the Wilson—Sommerfeld quantization 
rule to a relativistic model of the hydrogen atom. 
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Most physicists will wish to know the relationship between Synge’s 
‘primitive quantization’ and other, more familiar, rules. This question the 
author does not investigate, which is a pity, for the answer is most instructive. 
It is clear from the author’s comparison with the Klein-Gordon equation that 
the phase varies in the same way as that of the W.K.B. solution of this equation. 
When applied to orbital motion, the method is identical with the Wilson— 
Sommerfeld rule; this we may see as follows. The trajectories of a multiply 
periodic dynamical system may be enumerated by parameters which include 
an appropriate number of cyclic parameters 0, ¢, etc. The adiabatic invariants, 
which according to the Wilson-Sommerfeld theory take values nh, may be 


written as 5 
x 
} do p, =~ ,~etc., 


where r enumerates all space-time coordinates. Synge’s method is effectively 
to describe geometrically an assembly of trajectories by allowing such cyclic 
parameters to take all values and then to specify that the quantum-mechanical 
phase should be single-valued over configuration space. This implies that the 
action is to change by mh as one moves around contours such as that formed 
by varying @ and keeping all other parameters fixed, which is seen to be precisely 
the Wilson—Sommerfeld rule. Of the two formulations, Synge’s is to be 
preferred as the simpler and more general. 

The book is stated to be intended “ for those who enjoy seeing a subject of 
considerable physical interest built up mathematically from a very simple basis, 
clearly stated”. Judged in the spirit of this intention, the book may be 
recommended. P. A. STURROCK. 


Graphs of the Compton Energy—Angle Relationship and the Klein—Nishina Formula 
from 10 kev to 500 Mev, by ANN 'T. Netms. National Bureau of Standards 
(Circular 542). (Washington: U.S. Department of Commerce, 1953.) 
55 cents. 


This booklet is a compilation of some eighty full-page graphs giving the 
relationships between photon energy, electron energy, cross section and angle 
in the Compton Klein—Nishina process for a very wide range of photon energies. 
It is prefaced by a brief discussion of the Klein—Nishina formula. The 
diagrams are beautifully reproduced and very convenient in use. This booklet 
should prove very useful to all those who use or study high-energy x-rays and 
y-rays, a category of people which to-day extends beyond the ranks of physicists 
alone. S. DEVONS. 


Nuclear Moments, by N. F. Ramsry. Pp. x+169 (New York: John Wiley; 
London: Chapman and Hall, 1953.) 40s. 


Following the great advance in electronics during the war, research based on 
nuclear moment measurements has increased immensely, and the methods are 
now extensively applied to the study of molecular, chemical, liquid and solid 
state problems as well. ‘This book is based on the author’s section on ‘ Nuclear 
Moments and Statistics’ in Volume 1 of Experimental Nuclear Physics, edited by 
E. Segré, and it summarizes the whole field in a manner which as is complete as 
can be expected in a book of this size. 


a tegen een arma ee ee ee 
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The first two chapters are devoted to the quantum mechanical calculation of 
the energy associated with the electric and magnetic interactions between the 
nuclei and the electrons in atoms and molecules. This is followed by well 
presented, concise accounts of the experimental techniques of measuring nuclear 
moments and the methods of correcting the results for magnetic shielding and 
resonance shifts. A table of moments for stable nuclei, complete up to 1952, is 
included. ‘The last part of this section is devoted to the significance of nuclear 
moments in nuclear theory. 

The remainder of the book is concerned with the methods of applying the 
experimental techniques used for nuclear moment measurements to the study of 
the nature of chemical bonds, locations of atoms in molecules, electron distri- 
butions in molecules, the shape of the vibrational potential in molecules, molecular 
association and dissociation in liquids, chemical exchange, excitation of hindered 
rotation in solids, strains in solids, crystal structure, electron distributions in 
metals and other chemical and solid state properties. 

Over 700 references to recent and old papers are given and there is a good 
author and subject index. Although the book is somewhat advanced for use by 
students, because of the nature of the quantum mechanics, it provides an excellent 
summary of an extensive subject and it should be of great use to research workers 
in the fields mentioned above. K. SMITH. 


Elementary Introduction to Molecular Spectra, by Borce Bax. Pp. vi+125. 
(Amsterdam: North-Holland Publishing Co., 1954.) 18s. 


The interpretation of molecular spectra is built up on a foundation of rather 
involved quantum theory including quantum mechanics. ‘The writer of any 
textbook on the subject is therefore faced with difficult decisions of where to 
start his explanations, and the resulting compromise will largely be a matter of 
taste. A treatment of molecular spectra, including polyatomic molecules, 
microwave, Raman, infra-red, visible and ultra-violet spectra, starting with the 
theory of the hydrogen wave functions and including time-dependent quantum- 
mechanical perturbation theory on the theoretical side, and some discussion of 
techniques on the experimental side, this is certainly a bold undertaking in a book 
of 125 pages. Accepting this task as given, one must admire the skill with which 
the author has fulfilled it, and it seems almost unfair to complain that the 
handling of the theory is occasionally a little superficial. Assuming Bohr’s 
frequency relation (p. 13) and hence deriving the insufficiency of classical laws 
(p. 14), this does not seem very logical. Normal coordinates and normal vibra- 
tions are used on p. 20 and p. 51, and in some detail on p. 84, but what they 
really mean is not explained until p. 86. Franck and Condon’s principle is 
stated in the wrong way often found in chemistry books ; it is not the time of the 
electron transition which is short compared with the period of vibration (in fact, 
it is very long compared with the latter), but the electronic period. 

The book is written in a lively, often colloquial style. For those who are 
engaged in work on molecular spectra it will be most valuable as a summary of the 
essential theoretical relations and of the basic facts. Students and newcomers to 
the field of molecular spectroscopy will welcome the book as a most readable 
introduction. H. G. KUHN. 
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The Cooling of a Gas by Radiation* 


By ERNEST BAUERT anp TA-YOU WU f 


* Institute of Mathematical Sciences, New York University 
} Division of Physics, National Research Council, Ottawa, Canada 


MS. received 15th March 1954 


Abstract. We consider a gas composed of atoms having two electronic states. 
Transitions between these two states can take place by collisions, and by emission 
or absorption of radiation. When the radiative transition probabilities are small 
compared with those due to collisions, a ‘temperature’ may be defined for the 
translational motion. We formulate the general problem for the case where the 
total concentration of the gas depends on the space coordinates in a given way, 
and the possibility of the ‘imprisonment’ of the radiation emitted is taken into 
account. In this case the problem leads to a pair of coupled integro-differential 
equations, from which the ‘temperature’ and the concentration of atoms in the 
excited state are obtained as functions of space and time. Neglecting the im- 
prisonment of the resonance radiation and the spatial variation of the tempera- 
ture, we have made calculations for the case when the energy difference between 
the two states is of the order k7, for a number of values of the ratio between 
radiative and collisional transition probabilities. ‘The results are applied to 
the problem of the cooling of the atmospheric gas at high altitudes (100 km) at 
night, as a result of the magnetic dipole transitions between the components of 
the ?P state of the oxygen atom. 


§ 1. INTRODUCTION 


N a recent paper, Bates (1951) suggested that magnetic dipole transitions 
between the components of the ?P state of the oxygen atom could lead to a 
significant cooling of the upper atmosphere in that region where oxygen 

atoms are abundant, 1.e. about 100km above the earth. ‘The (inverted) triplet 
state in question has splittings of the order 0-02 ev, which are of the order of the 
gas kinetic energy at these altitudes, so that the number of atoms in excited 
states of the triplet will be large; and thus, while the transition probabilities of 
the ®P,-P,, *P,-°P, transitions are small (10-°-10-*sec"!; see Pasternack 
1940), yet the total number of transitions per unit volume per second may be 
large and so may be the total energy transferred in this way. 

These considerations are limited by the assumption of a Boltzmann distri- 
bution, which is valid only for a system in thermodynamic equilibrium, and by 
the neglect of the possibility that the radiation emitted will be absorbed by other 
atoms, leading to the familiar problem of the ‘imprisonment of resonance 
radiation’. ‘The purpose of the present work is to formulate the problem of 
the cooling of a gas by the emission of radiation without assuming the Boltzmann 
distribution for the atoms in various states and without neglecting the effect of 

* This work was supported in part by Contract No. AF-19(122)-463 with the United 


States Air Force through sponsorship of the Geophysics Research Directorate of the 
Air Force Cambridge Research Center, Air Research and Development Command. 
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imprisonment of the radiation, and to carry out numerical calculations appro- 
priate for application to the upper atmosphere when the effect of imprisonment 
of the radiation is neglected as a first approximation. 

To simplify the calculations, we shall consider a gas composed of atoms having 
two electronic states 1 and 2, and distributed in space in a given manner (such as 
the gas in the atmosphere). ‘Transitions between these two states can take 
place by collisions and by emission or absorption of radiation. In a collisional 
transition, energy is transferred between the translational and electronic modes 
of the atom; ina radiative transition an atom may emit a quantum hyg, of radiation, 
or it may absorb a quantum hy, that has been emitted by another atom in the gas. 
We shall assume that there is no incident radiation from an external source having 
a frequency v2, so that the radiation energy of this frequency comes only from 
quanta emitted by atoms in the system. ‘These quanta will eventually be lost 
to the system after undergoing a series of absorptions and re-emissions by other 
atoms in traversing the gas. The problem now is to study the change of state 
of the system, starting with suitable initial conditions. At time t=0 our gas is 
in statistical equilibrium at a given temperature 7) as a result of collisions alone. 
Then, for t>0, we ‘switch on’ the radiative transitions, so that there is a net 
loss of energy from the system for t>0, and we now ask the following question :. 
at what rate is energy lost from the system? 

The behaviour of the system obviously depends on the spatial distribution of 
the atoms, and on the values of the collisional and radiative cross sections. Let the 
average cross section for gas kinetic collisions be og, and let those for excitation 
and de-excitation of the state 2 by collisions be o,, and o,, respectively, and let 
the Einstein A coefficient for the 2-1 transition be A,,. Let the total number 
density of the gas be N and the average velocity of the atoms be v. In the 
extreme case where 


Ay, > Nv», se eee (1) 


the excited atoms in state 2 are removed by emission of radiation as soon as they 
are excited by collisions. ‘The rate of loss of energy of the system is governed 
by the rate of collisional excitation (which is a function of time), and by the 
effect of the ‘imprisonment’ of the radiation in the gas. In this case, the distri- 
bution of the atoms in the two states 1 and 2, which varies with time, will not 
be given by the Boltzmann theorem at all since the departure from thermo- 
dynamic equilibrium is so great that it is not meaningful to speak of a ‘ tempera- 
ture’. In the other extreme, where 


Agi<iNten, wc at 1 ae Ae (2) 


the rate of loss of energy by radiation is so small that one may regard the system 
as undergoing a continuous transition through states which differ only slightly 
from the equilibrium state. 

These extreme cases can be treated easily, but are not general enough for our 
purpose. In the present work we shall consider the case where 


A, <Nv0,, {5 a} 


which is less stringent than (2), since in general oy >o5;, and usually og> 9}. 
Under the condition (3), the frequency of elastic collisions is high compared with 
that of emission of radiation, so that the atoms make enough collisions to redis- 
tribute their kinetic energy of translation between radiative transitions. In this 
case, it is possible to assume that while the distribution of the atoms in the two 
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electronic states 1 and 2 may deviate greatly from the Boltzmann distribution, 
yet the translational degrees of freedom may be characterized by a ‘temperature’ 
T, defined by the kinetic energy of the atoms. On this assumption, the problem 
will be to find the ‘temperature’ T and the ratio N,/N, of the numbers of atoms 
in the two states 2 and 1 as functions of time and space for certain initial and 
boundary conditions. 


§ 2. FORMULATION OF THE GENERAL PROBLEM 


We consider a gas species of number density N= N(r) that has two states, a 

ground state 1 and an excited state 2, of densities N,(r, ¢), (¢@=1, 2): 
ING) eu Tad) UN Rd oe eee (4) 

We shall define an effective temperature 7'= T(r, t) in terms of the total kinetic 
energy per unit volume. It is convenient to deal with the case when there are 
other gas atoms present in addition to the gas species we are concerned with 
primarily ; these other atoms enter into the thermal collisions, but do not partici- 
pate in any way in the radiative processes. (In the problem under consideration, 
there would be nitrogen molecules present as well as oxygenatoms.) Accordingly, 
the total number density of all particles will be X(r), which may be greater than 
N(r). ‘Thus the total kinetic energy per unit volume is 


Show widenplsty « slag ny 40o (5) 


which serves to define the effective temperature 7. 

Let the collisional cross sections for the excitation and de-excitation of the 
state 2 be o,,(v) and o,(v), where v is the relative velocity of the colliding particles. 
There will also be radiative effects specified by the rates By .p(vy.; r,t) and 
{Ao,+ Bo:p(v213 ¥,t)}, where A, B are Einstein coefficients and p is the radiation 
energy density. 


2.1. Collisional Transitions 


In a state of equilibrium we have 


I eg wy A aS a ees (6) 
and 
N2°(r)/Ny°%(r) = (2/81) EXP —€ar/RT%(8)}, wee (7) 
where the level splitting «,, is given by 
Be LOT ee ans a ne peers (8) 


M,, is the reduced mass of the colliding particles, and g,, go are the statistical 
weights of the states 1 and 2. 

If X is the total number density of particles that may excite or de-excite our 
atom, the rate of increase of N, due to collisions is 


ioe) 


(5 Nr) =N,X | dov{(v)oy(2)—N,X | dvof(r)on(o), ...--. (9) 
coll V / 0 


where f(z) is the velocity distribution function. 
The two cross sections oj, gy, are not independent, but are related atomic 
properties. In particular, if we define two velocities v, v’, related by 
Wee (ZV esp — 0 p> eg owe es (10) 
then the ratio o9(v)/o2;(v’) depends only on atomic properties such as v, v’, g, etc., 
and not on macroscopic quantities like the temperature. On account of this 
33-4 
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fact, we may calculate this ratio of cross sections from the principle of detailed 
balance for conditions of statistical equilibrium, and be sure that the result will 
still hold when there is no statistical equilibrium. 
The condition of detailed balance is | 
N,o49(v)£(v)v dv = Nooo(v’)f(v')v' dv", sew ee (11) | 
where the conditions (7), (10) must be satisfied. Equation (10) gives the result 
vdv=v' dv’. If wesubstitute a Maxwellian function for the velocity distribution 
function f(v) 


f(0) = 4n(My|2mkT)"02 exp {—Myv®/2kT}, sees (12) 
then equation (11) leads to the result 
o43(0)/34(O ) = (Se/2i (0 oye. rt eee (13) 


Substituting (13) in (9), we get} 
g = Sy or 
(5,Ne) | =XF(D) [v-N, (1+ exp (x) |. Shows (14) 


F(T)= | ; WO Cee (15) 


where 


Neither the precise form nor even the numerical value of o,,(v) is known, but in 
view of the Boltzmann factor in f(v) the precise form does not much matter as 
long as we can make a reasonable estimate of o close to the threshold vp. If we put 


On ORS, 
049(V) =| es go) eee ee (16) 
Gy U2, 
then 
F(T) = 20(2kT/7Mg)2(1 + €o,/RT) exp(—eo,/RT). «0... (17) 


2.2. The Escape of Energy by Radiation§ 
The rate of decrease of N,.(r,z) due to emission of the quantum Avg, is 
N2(, t){Aor + Borp(vars 6 t)}=Nal(r,t)y(r,t), ++ (18) 

where p is the radiation energy density of frequency v;, measured per unit 
frequency range. Instead of calculating this rate by evaluating the density p 
due to the radiation emitted by other atoms in the system, we proceed as follows. 

Let the absorption cross section of radiation of frequency v be k, so that the 
radiation intensities /,(v), /,(v), measured a distance s apart, are related by 


LyaQelexp (Rang) = eee (19) 
k, is some function of frequency v, the precise form depending on the mechanism 


responsible for the line shape. Let P(v) be the intensity distribution of the 
spectral line, so normalized that 


dvP y=), eee (20) 


J $L 
where SL indicates that the integration extends over the whole of the spectral line. 


t It is clear that in equilibrium, substituting (7) in (14) yields (ON2/0t).,=0, as must 
be the case. 

{ In writing down equation (14), we assume the form (12) for f(v), which implies 
equilibrium conditions. Since we have made the restriction (3) and have assumed the 
possibility of defining a temperature T in (5), the use of (12) in obtaining (14) is a 
consistent assumption. 

§ For the formulation of a similer but less general problem, see Holstein (1947, 1951). 


LINN  _————————————————— ee 


—_ —— 0 ee ee en ear 
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Now I(€,t), the probability that a quantum of radiation traverses a distance 
£=|r-—r’| before being absorbed, is 


eo { (wR) exp| —h, iE déN,(E, D}. eee (21) 


‘The number of quanta emitted in the volume element dr’, and directed into the 
solid angle dS/&*, per second, is 


ds ae 
tre NY rt) ais ae 9 0 Nahe sors (22) 
and thus the number of quanta A that are absorbed in the volume element 
d&§=dS dé is 
dS : ; KON Ge 

A=-— qe Nalr ,t)y(r’, t) dr OO ae. ee ene (23) 
The number of quanta absorbed per unit volume element per second at r due to 
radiation coming from all space is 


1 / 
ze) aA, 


1 tae fe (dU eg 
= ral dr Nae’, Dye, 9. Seidoss (24) 


which is 


G(r,r’; t), the probability that a quantum emitted at r’ is absorbed in unit 
volume at r, is given by 


=O) (ext 
GUC, tat) == G(r’ 7.0: b= Aes = yp einem 


Thus, from equations (18), (24), (25), the net rate of change of N,(r, t) due to 
radiative processes is 


(5 Na) = —N,(r, t)y(r, £)+ | QP INAT tt 52)G(U, hal) ee ee (26) 


at 
and combining this with (14), the total rate of change of N,(r, t) is given by 


ae 
5 Na=XF(T)LN — No{1 + (gs/e0) exp (cx/&T)}] — Nay" 2) 
+f dr'NA(r’, t)(r',t)G( 05 ft), vee (27) 


which is one of our fundamental equations. 

This differential-integral equation can be simplified somewhat if we neglect 
the induced emission of radiation compared with the spontaneous emission, so 
that equation (18) gives 

Wir, t)=Aop= constant, 4) 5) inches (28) 


This neglect is justified if there is no incident radiation from an external source, 
and if p arising from the atoms in the system is small. Using (28), equation (27) 
becomes 

0 


at N,=XF(T)[N- N,{1 + (g1/g2) exp (€o:/RT)}] —N An 


ni Be, | dr’N,(r’,t)G(r,r's t), esse (29) 
However, equation (29) still contains two unknown functions, N,(r,t) and 
T(r, t), and thus to solve the problem we need another equation, which is furnished 
from the definition (5) of the effective temperature 7. 
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2.3. Energy Balance and the ‘ Temperature’ T 


The kinetic energy per unit volume of the gas is 3k7X/2. This is changed 
only by collisions and not by radiative transitions, because the radiative processes 
by themselves change only N, and N, but do not change the kinetic energy. 
Hence, the variations of the temperature at any given position and time are 
determined by the condition 


0 {3 pee = 
gilahx] +ou(GaMe), 0 


and from equation (14) this reduces to 
d [3 ’ 
= 5 erx} + €9,XF(T)LN — No{1 + (1/22) exp (€:/RT)}]=0. ...... (30) 
In equations (29), (30) we have two coupled non-linear integro-differential 
equations which, together with the appropriate boundary conditions, will 
specify the two functions N,(r,¢) and 7(r, ¢). 


§ 3. SOLUTION OF A SIMPLIFIED PROBLEM 


The solution of the two equations (29), (30) in their full generality presents 
considerable difficulties. In the present work, as a first approximation to the 
solution, we neglect the effect of imprisonment of resonance radiation by putting 
G(r,r’,t)=0. It is clear that this will give an over-estimate of the rate of energy 
loss due to radiation for the present problem since in this case all quanta radiated 
are immediately lost, there being now no mechanism for retaining them within 
the system. 

To reduce the complications still further, we take the total densities N, X 
as absolute constants, so that there is now no space dependence left in the problem. 
Thus, our basic equations obtained from (29) and (30) are 


a) ; : i, 
o Ny+LXPCT){1 + (guigs) exp (ea/RT)} + AnIN2=XNA(D), sees (31) 
é 

at {3RTX/2} + €y)XF(T)[N — No{] + (81/82) exp (€nx/RT)}]=9,  ...--. (32) 


where now N, and 7 are functions of time only, and all other quantities (X, N, 
£19 £2) €21, Ag1) are constants. 

We now wish to solve the problem of equations (31) and (32) for t>0 with 
the following initial conditions 


T=7T,, O0T/dt=0, at: =O Tee (33) 
In order to solve the problem of (31)-(33), we introduce the following 
dimensionless variables and constants : 
n=No/N, *=€y/RT, t=cot, XF(T)=¢o9(x) \ 
§ =81/8 = 2N/3X, A= Ag,/Co. 


where ¢, is a constant of the order of the reciprocal of the time between two 
excitational collisions. 


+ Substituting (33) in (31) and (32), we find that at t=0 we have N,=N,° of equation (7), 
and also @N;/dt=—A,.N,. Both these results are eminently reasonable, and show that 
the initial conditions (33) are satisfactory for describing how radiative 2-1 transitions 
disturb the initial statistical equilibrium. 
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In this new notation, the problem is 


7) 
oe n+[A+¢(x)(1+ge")|n=¢4(x), =. saeeee (35) 

re] 
5, (1/x) +yd(x)[1—n(1+ge*)]=0, = == sseees (36) 

to be solved for 7>0 with the initial conditions 
R= NOX OT Oe at T= 0.8” ee” oe, (37) 
We shall take 

OC) 6", amare ot Senn try tre (38) 


as an approximation, bearing in mind that while the precise form of F(7) is not 
known, yet an approximation such as (38) does yield the basic, exponential, 
T-dependence of equation (17). 


3.1. Solution of the System (35)-(37) 


A standard way of solving two coupled equations is to eliminate one of the two 
dependent variables; here it is clearly convenient to eliminate m rather than x. 
If we carry out the elimination, we get 


n= {145 : a ~) / ust) Ha ECT) § f+ Sesces (36’) 


ad?x dx\?f 2 1 dx 4 bs p. TEE 
To de aoe et| ale =) Rent leer 


Ate ees ()= PE eee sees (39) 


and 


Thus the problem is reduced to the solution of equation (39) with the initial 
conditions (37). ‘The independent variable 7 only appears as d/dr, so that it is 
clearly convenient to transform (39) so as to make dx/dr (or some function of it) 
the dependent, and x the independent variable; and in particular because the 
coefficient of (dx/dr)? in (39) is —(2/x)+a small quantity {=1/(1+ge*)}, we 
introduce the new dependent variable 


1 dx 
y=(x)= Rati deemmiiee Mseien autlinese ck (40) 


which has the merit of making the y” term small (y?/(1+ge”). We now neglect 
this y? term and discuss the solution off 
2 7 


y dy/dx+yJ(x)—K(x)=0, x?J(x~)=A+gt+e 7+ geet (41) 


aK (x) =Aye 7, 
with the initial condition 


iy =A) ACER aN Ow Fv ROE AG (42) 


+ Calculations have been made and they show that the neglect of the y” term does 
not produce any significant changes, either in the general character of the solution or in 
its numerical values, for the range of parameters used here. 
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This equation (41) has been integrated numerically for the following values 
of the parameters :f 


%o= 4; g=2, = 1 A= the 107°; 1Ones 10-7. eee si slate (43) 


4) 

A detailed discussion of the solution of equation (41) is given elsewhere (Bauer 
and Wu 1954); y rises very sharply just above x, (in fact, dy/dx is 00 at x=Xp) 
to a maximum at x,, and then falls off to zero as x tends to infinity; beyond the 
maximum y(x) may be approximated by (x), defined as 


xX)=K(X)/J(e)ed =e, eens . (44) 
Once we have y as a function of x, we can find 7(x) from equation (40), as 
[ aeifa2y(x)}, 


and then inversion gives x=x(r). A transformation now gives the temperature T 
as a function of time ¢. Figure 1 gives 7(t) for T(0) = 300°K, c= 10-1 cm? and a 
number of values of the Einstein coefficient 4,,. The table gives T (10 hours) 
for 7(0)=300°K and various values of o and A). 


Az <1075 
300 
Ay=4*10->sec™ 
| A, = 4*10"4sec"! 
200 
Gg 
NX 
100} 
An = 4*107'secé! A,,=4x107sec-! 
A,,= 4x10"? sec-! 
: I= Ste eds et 
0 2 4 6 8 10 
t (hours) 


Figure 1. Nocturnal cooling: final temperatures. Starting from an initial temperature 
of 300°, the temperature is given as a function of time for c=10~18§ cm? and various 
values of the Einstein coefficient A,,. See also table. 


It is of interest and importance to see the extent to which the ratio N,/N, of 
the concentration of the two states deviates from the Boltzmann expression (7) 
for equilibrium distribution. If we denote again as in (6) the equilibrium value 
by a superscript 0, we have from (34) 

N,{t) _ (x) 


N,O(t) (oe)? 


t For the theory and the calculation to be valid, the condition (3) must be satisfied. 
As A in (34) is A=(A/X)[o,,vf(v) dv, the condition (3) in terms of A becomes A <G6/e49° 
While the value A~1 is still permissible if oS, the case A=1 and c=10~-1* cm? in 
the table does not very well satisfy the above condition, and is hence included in parentheses 
in the table only for comparison. 
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and from (7), °(«)=1/(1+ge*). Hence, from (35) 
N2(?) 


Nt) =1—y(x)e*/u, 
17x jets (pe yi(X-- ere?) a. (45) 
for x>x,. Asymptotically, for large x (i.e. large t), 


N,/N°>g/(A+g). ess 


Nocturnal Cooling 


(a) The radiative transition probability A,, (in sec~) for different values of the cross 
ae o and the parameter A. (N.B. A.;=4 107 sec—! is a reasonable value (Pasternack 
)-) 


A 1 (Or? 10 10-7 
o (cm?) 
iO (400) 0-4 410-3 4x10-> 
10st + 4x10 4x10- 410-7 
1Omee 0:04 4x10-* 41077 4x10-° 


(6) The overnight drop in temperature. The temperature listed (in °K) as a function 
of o and A is the temperature after 10 hours of radiative cooling, starting from an initial 
temperature 7)=300°K. See also figure 1. 


A 1 (Ome 10m 10-7 
o (cm?) 
OSS (7-4) 12 27 288 
10m 9-9 27 288 DIDS) 
[Os 20 16 288 299-9 300 


Thus it is seen that there will be appreciable deviation from the Boltzmann 
distribution if A is not too small compared with g. Figure 2 gives the ratio 
N,(t)/N,°(t) for g=2 and various values of A,, and o for which 4 has the same 
value 1. 


ony 10 20 30 
t (sec) 


Figure 2. Disturbance of the equilibrium occupation numbers due to radiative processes. 
The ratio of the actual number density N, excited state 2 to that predicted from 
the Boltzmann theorem for the appropriate temperature (N,° of equation (7)) is 
listed as a function of time, for the case A=1, for a number of values of the cross 
section a, and hence of the Einstein coefficient Ag). 


§ 4. APPLICATION TO THE UPPER ATMOSPHERE 


Weshall apply the calculations of the preceding section for the simplified model 
to those regions of the upper atmosphere where there are oxygen atoms. Here 
we have a triplet state *P, , . with the following energy difference and transition 
probabilities (Pasternack 1940): 

eRe PRs v=68cm} A= 1°63 x 10>>secs3. 
3P,—8P, v= 158-5 cm-* A=8'3 x 105° seca. 
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If we consider the transition P,—3P, alone, and for that region of the atmosphere 
where the total particle density X is ~3 x 1018 cm-$ (corresponding to an altitude 
of about 100km), the appropriate values of the parameters are g=5/3, »=1/4, 
X= 0-77, which are comparable with those in (43). The value of the collisional 
cross section o of equation (16) is not known, and accordingly calculations have 
been carried out for three values of o, namely 10-16, 10-18, 10°-2°cm?. The 
value 10-!8cm? may perhaps be a plausible one; corresponding to it, the value 
of cy of (34) is ~4x 102sec"t. We are primarily interested in the cooling of gas 
over night, so that we want to see how the temperature changes in a time of the 
order of 10 hours. From the results given in the table, it is seen that the fall in 
temperature is about 30°. Thus, at this altitude, the cooling by radiation over 
night is not too great. This result is a consequence of the small values of A, 
and the ratio N/Xt. For high altitudes where the relative concentration of oxygen 
atoms becomes greater (i.e. larger y in equation (36)), the effect of radiative cooling 
due to the transition in the ?P of the oxygen atom is somewhat greater. 

The above result is obtained without considering the effect of the imprisonment 
of the radiation. It is clear that taking this into account will decrease the rate of 
cooling. In the particular problem of the atmosphere discussed above, this 
effect can be expected to be small. But in similar problems where the transition 
probability A is large, it is then necessary to work with the equations (29) and (30). 
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+ In fact, for this and lower altitudes, a good approximation to the result of the 
preceding section could have been obtained directly from the ratio of the energy radiation 
for unit volume of the gas in 10 hours (calculated on the assumption of a Boltzmann 
distribution at the initial temperature) and the thermal energy density of the gas. For 
the constants in (43), this comes out to be 0:55%, leading to a fall of 16° in temperature, 
instead of the 12° shown in the table. 
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Abstract. ‘The angular distributions of the 16-1, 11-7 and 4-4 Mev y-rays from the 
reaction 'B(p, y)!2C have been determined at a number of bombarding energies. 
The angular distribution of the 16 Mev radiation is shown to be consistent with 
the accepted assignment of J =2* to the resonance at E,=163kev, and shows 
interference involving a higher level having J=1- which is identified with the 
broad resonance at E,=1390kev. ‘The angular distribution of the 11-7Mev 
radiation shows interference between the resonances at 680 and 1390kev and 
suggests the assignment J =2* to the 680 kev resonance. 


§ 1. INTRODUCTION 


X PERIMENTS on the excitation functions, angular distributions and angular 
k correlations of the y-radiations from the reaction “B(p, y)!#C have been 
made by a number of investigators (Ajzenberg and Lauritsen 1952, see also 
Huus and Day 1953, Jenkins et al. 1953, Gove and Paul 1953). In view of 
the apparent lack of agreement between some of these measurements we have 
made careful determinations, at a number of bombarding energies, of the angular 
distributions of the 16-1, 11-7 and 4-4Mev y-rays. The apparatus and method 
employed were those previously described (Rutherglen et al. 1954) except that 
a larger sodium iodide crystal was used (a cylinder 1#in. diam. x 2in.). 


§2. "THick 'TARGET MEASUREMENTS 


y-radiation was excited from a thick target of natural boron by bombardment 
with 350 kev molecular hydrogen ions (£, = 175 kev) so that the main contribution 
to the y-radiation came from the 163 kev resonance. ‘The angular distributions 
of the three y-ray components were determined and the results are shown in 
table 1. The theoretical distributions were calculated for the capture of p-wave 


‘Table 1 
E, (Mev) Experiment ‘Theory 
4 43 Li loge lose O02 W(0) ~1+(0:16+0-02) cos? 6 
11-7 W(@) ~1+(0:26+0:01) cos?@ W/(0) ~1+(0:23+0-02) cos? 0 
16-1 Io/Io9=1-08 + 0:03 W(@) ~1+-(0:344+0-02) cos? @ 


protons by ™B(J = 3-) to form a level in 2C* with J=2+, assuming a ratio 
F=0-42+0-02 (Thomson et al. 1952) for the relative participation of * channel 
spins’2and1. ‘The cascade was assumed to be 2+(M1)2+(E2)0* while the direct 
transition was calculated for 2+(E2)0*. 

The distributions of the 4-43 and 11-7Mev y-rays are in good agreement 
with the predicted functions. The result for the 16-1 Mev radiation, which is 
in agreement with that of Kern et al. (1951), does not immediately appear to fit 
into this scheme. 
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It was suggested by Biedenharn et al. (1951) that the 16-1 and 11-7 Mev 
radiations might come from different resonances. We have measured simul- 
taneously the thick target excitation functions in the range E,= 150kev to 
E,, = 200 kev and find that the two show resonance at the same energy, and that 
the resonance width is the same, within the experimental error of +1 kev. 

Another explanation would be that no 16 Mev radiation is emitted at the 163 kev 
resonance, the apparent effect being caused by the simultaneous detection of an 
11-7 Mev and a 4-43 Mev y-ray. Such events would have an angular distribution 
in reasonable agreement with the experimental observation, and we therefore 
examined this possibility closely. 

The measured intensity of the 16 Mev relative to the 11-7 Mev radiation was 
7+2%, this figure being obtained from the pulse height spectrum beyond the peak 
due to the 11-7 Mev radiation by fitting a curve whose shape was appropriate to 
a y-ray energy of 16mMev. ‘The efficiency of detection of the 4-43 Mev radiation 
was about 1/120 (a geometrical factor of the order of 1/60 and an intrinsic 
efficiency of the order of 50%), but in calculating the intensity of addition effects 
this figure must be further reduced by a factor of approximately 2 since a 16 Mev 
‘coincidence’ peak could be produced only by the simultaneous occurrence of 
a pulse in the peak of the 4-43 Mev pulse height distribution and in that of the 
11-7 Mev distribution. It is thus clear that the contribution to the observed 
16 Mev radiation from addition effects cannot exceed about 0-5% of the intensity 
of the 11-7 Mev radiation. 

These calculations were confirmed by measuring the apparent intensity of 
4-14 Mev cross-over y-ray transitions from a source of 74Na. 

It is known that the reaction “B(p, «)*Be shows strong interference effects 
in the region of the 163 kev resonance (Thomson et al. 1952), and this suggests. 
that the apparent discrepancy between the expected and experimental distri- 
butions of the 16 Mev radiation has a similar explanation. At this point it is 
relevant to consider the results of Huus and Day (1953) and of Beckman et.al. 
(1953). These are givenin table 2. From this table we see that for E,~160 kev 


Table 2 
Eros (kev) F (kev) 0410-8 bn) a y4(10-* bn) o,,,(10-* bn) 
163 Men 138 5°5 0:2 
680. 322 48°5 ees <0-2 
1390 1270 18-0 35-1 6:0 


+ Amended figure from Hint and Jones (1953). 


the tail of the broad resonance at 1390 kev will be relatively much more important 
for the 16 Mev than for the 12 Mev radiation, the resonance cross section ratio 
1399/C1¢3 being 50 tmes larger for the 16 Mev radiation than for the other. We 
are here neglecting the 680 kev resonance, which produces little, if any, ground- 
state radiation. ‘The assignment of J=1-, formed by S-wave protons, to the 
1390 kev resonance is plausible from the figures in the table and is supported by 
the results of Thomson et al. who postulated a broad level with J = 1- to explain 


the interference effects in the angular distribution of the long-range «-particles 
from "B(p, «)®Be. 
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$3. DerTAILED ANALYSIS 


The calculated expression for the angular distribution of the 16 Mev y-radiation 
from a thin boron target is 

x v2 2a*p? —-24/6ap cos? 
+3 re) Ra + 4cos?0) + a + Ecos}. 
The suffix A refers to the 163 kev resonance (J=2+) and B to the 1390kev 
resonance (J=1-), R=[(E—E£,)?+410°?]? where I’ is the total width of the 
resonance; p?=I,(E)/I'\(£) where I)(#) and I',(£) are the energy-dependent 
parts of the proton widths for protons of /=0 and /=1; a? is a constant related 
to the ratio of the peak yields at the 1390 and 163 kevresonances, 7 =x —B —5, +5p, 
where 6=tan 'I’/E—E, and «, f are the intrinsic phases of the two resonances. 
Of the constants occurring in this expression only the term «— f in 7 is arbitrary, 
the others being fixed by the results of Huus and Day (§2), by the energy 
dependence of the proton widths (Christy and Latter 1948) and by the resonance 
factors. 

In order to make a comparison with the experimental result the expression 
must be integrated over the target thickness. ‘This has been done graphically, 
making the assumption that the stopping power of boron is independent of proton 
energy over the effective energy range of the integration. If «—f is set equal 
to 90° the thick target distribution for E,=175 kev becomes 


WO) —~1— O18 cos? +032. cos*7my =... (1) 


so that J/g) = 1-14, in fair agreement with the experimental result. Instead of 
being treated as a free parameter, «—f may be calculated by the dispersion 
theory of Wigner and Eisenbud (1947). The value obtained (apart from an 
uncertainty of 7) is a—B=-—30°. Using the value 150° for «—f the thick- 
target angular distribution becomes W(@)~1—0-11cos@+0-32cos?6. The 
calculated angular distribution is thus rather insensitive to the choice of «—f, 
fair agreement with experiment being obtained over a wide range of values. 

The angular distribution apparatus is incapable, for mechanical reasons, of 
reaching angles greater than 120° to the proton direction. Some additional 
measurements have, however, been made at 60° and 120° and these are shown 
in figure 1 together with the more accurate original determinations. ‘The 
experimental points have been normalized to [,,=1 and the curve is given 
by equation (1). 


W(e) ~ 


0 (deg) 
Figure 1. ™B(p, y)#?C. 16 Mev y-ray. 
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In view of the roughness of some of the approximations, the agreement with 
the experimental points is good. Further confirmation of the preceding argu- 
ments comes from angular distribution measurements on the 16 Mev radiation 
from a thick target bombarded with protons of 500kev energy. ‘The radiation 
in that case was found to be isotropic within 3%. 


§4. THin TarGeT EXPERIMENTS 
Thin (20-30 kev) targets were made by the evaporation 7m vacuo of amorphous 
boron on to a thin backing of tantalum or copper. Thicker (up to 100 kev) and 
less uniform targets were made by painting a thin paste of amorphous boron in 
alcohol on to similar backings. The angular distribution of the 12 Mev y-ray 
component was determined at a number of proton energies between 400 and 
680 kev. ‘Typical curves are shown in figure 2(a) and (b). All the curves may 


12 4 


: Ne | 
s 
s i = 110 
= 
1-0 1-05 


09 rm) 
AAT) 2 ~©«—40 60 80 100 ~—«*120 Van 20 ~~—-40 60 80 100 —*120 
6 (deg) 6 (deg) 
Figure 2 (a). “B(p, y)?C. Figure 2 (6)= “B(py yy) -C: 
Effective Ep 400 kev. Effective Ey 650 kev. 
Angular distribution of 12 Mev y-ray. Angular distribution of 12 Mev y-ray. 
W(8) ~1+0-18 cos 6+0-11 cos? 6. W(@) ~1+0-02 cos 6+0:22 cos? 6. 


be expressed in the form W(@) ~ 1+a,cos@+a,cos?6 where both a, and a, 
vary with energy, a, falling from about 0-2 at 400 kev to zero near 680 kev, and 
a, rising from about 0-12 at 400 kev to 0-2 near 680 kev (figure 3). From this it 
follows that the 680 kev resonance cannot be formed by the capture of S-wave 
protons and that interference is occurring with another level of opposite parity. 


§5. Discuss1on 
We shall assume that the 680 kev resonance arises from the capture of p-wave 

protons by !'B(/ = 3): 1 >2 may be rejected (see Beckman et al.). It can therefore 
have J=0, 1, 2, 3 all with even parity. The theoretical coefficients of cos? 0 
at resonance then have the following values: 

JO) aaa Oi J=1, 1/13>a,>—-— 1/67; 

J=2, 7/11l>a,>—21/47; J=3,4,=—9/28. 
We see that only a state J =2* is capable of giving a coefficient a, of the correct 
size and sign. 
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It seems reasonable to ascribe the term in cos @ to interference with the J = 1- 
resonance at 1390kev. Calculations have been made similar to those in §3, 
and by fitting the theoretical coefficient of cos? 4 to the experimental one near the 
resonance energy of 680 kev, where the effect of the 1390kev resonance is 
relatively unimportant, we obtain the value F=0-45+0-05 for the relative 
participation of ‘channel spins’ 2 and 1. Using this figure and adjusting the 
phase angle «—f to make a, vanish near the resonance, it is possible to calculate 
a, and a, at all energies. _ 


400 500 600 700 
IH, p (kev) 


Figure 3. '™B(p, y)##2C. 12 Mev y-ray. 
W(0) ~1+-a, cos 6+<az cos* 6. 


The agreement with experiment is not very good, the calculated values of 
a, and a, being consistently higher than the experimental ones. For example, 
at a proton energy of 400 kev the calculated values have become too high by about 
60% for a, and 30% for ag. 

It is disappointing that a better fit cannot be obtained, but the following points 
should be noted: 

(a) The resonance cross-section data of Huus and Day have been used without 
making any allowance for the possible contribution from d-wave protons to the 
peak cross section at the 1390kev resonance. At this resonance the proton 
energy is approaching the barrier height, therefore the barrier penetrability 
factors used to find the constants in our calculation are rather uncertain. 

(6) No allowance has been made for the broad level indicated by the rise in 
the y-ray yield above 2-2 Mev proton energy (Huus and Day 1953) which may 
still have an appreciable effect even at energies of the order of 500 kev. 

(c) Owing to the rapid increase in the barrier penetration with rising energy 
there may still be an appreciable contribution from the 163 kev resonance at 
energies of the order of 400 kev. ‘This effect will be exaggerated by any non- 
uniformity in the target thickness. 

Objection may be raised to the assignment of J =2+ to the 680 kev resonance 
level on the grounds that the emission of both ground state y-radiation and 
a-particles to the ground state of *Be should occur. If we adopt the naive view 
that the 163 and 680 kev resonances are similar (both having J=2+ and F ~32), 
and that the cross sections for different modes of disintegration are roughly 
proportional, then we would expect the ground-state y-ray cross section at the 
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680 kev resonance to be 04g ~1:9x 10-&bn. This is below the limit of observa- 
tion set by Huus and Day. Similarly we would expect a ground-state «-particle 
cross section o,,~0:07mbn. This is less than the limit of intensity given by 
Beckman et al. 

It appears that the assignment of J =2+ to the 680kev resonance provides 
the best fit with our own and other data. Clearly, further detailed investigation 
is necessary at higher energies than 700kev (the highest energy available to us) 
before this assignment can be regarded as definitely established. 
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Abstract. 'The lowest excited states of nuclei differing by two particles from 
the double closed shell of ?°°Pb, can be classified in terms of two-particle 
configurations. For a two-particle configuration, this paper gives an expansion 
for the matrix elements of a short range central interaction potential of any 
exchange type, as a power series in the range of the potential. It is shown that, 
in any configuration and with forces of range consistent with low energy proton 
neutron scattering data, the zero range approximation for the matrix elements 
is good for Wigner or Bartlett forces. For Majorana and Heisenberg forces 
the zero range approximation is fair for states of highest spin, but is inadequate 
for the states of lowest spin. Calculations, applied to *1°Bi (RaE), indicate that 
the f decaying state of this nucleus has spin 0, 1 or possibly 2 and odd parity. 


$1. INTRODUCTION 


N a recent paper Pryce (1952) has attempted to predict and classify the 
if excited states of nuclei in the neighbourhood of 2°Pb theoretically on the 

basis of the shell model of Haxel, Jensen and Suess (1949) and of Mayer 
(1949, 1950). According to the shell model ?°°Pb is a spherically symmetrical 
structure consisting of a double closed shell of 82 protons and 126 neutrons. 
Pryce assumes that the lower energy levels of 2°°Pb and of 2°Bi are approximately 
those of a single particle moving in the central field of a ?°°Pb core. Similarly 
the lowest levels of 2°Pb, 71°Bi and ?!°Po are those of two particles moving in 
the same central field and interacting by some given law of nuclear force. ‘This 
interaction is treated as a perturbation on the levels of two non-interacting 
particles in the field of the ?°*Pb core. 

Pryce makes a calculation of the interaction energy of the two extra nucleons 
using a nuclear force of zero range. In order to study the effect of the range 
of the nuclear force on the interaction energy, this calculation has been extended 
to include forces of range short compared with the nuclear radius. In the zero 
range approximation, central forces of the ordinary and coordinate exchange 
type give identical values for the interaction enérgy of the two extra nuclear 
particles. The differences which appear if the forces are not of zero range have 
been investigated. ‘Tensor forces are not considered here. 


$2: Matrix ELEMENTS OF THE INTERACTION ENERGY 
In the following sections we consider the energy levels of a two- -particle 
system in a central nuclear field. If the two particles do not interact they will 
move in orbitscharacterizedi by total angular momentum quantum numbers #j 
PROC. PHYS. SOC. LXVII, 9—A 54 


758 D. M. Brink 


and j,. The angular momenta of the two particles will couple to give a resultant 
total angular momentum quantum number J, with z-component M. We can 
write the wave function of the two-particle system in this state as |j,j., 1M). 
If the two particles are identical we must use the antisymmetrized wave function 
N(ljsja IM) — joj IM)). Here N is a normalizing factor taking the value 
1//2 if jy Ajo. If j,=j_, and J is even |j1j2, 1M) is itself antisymmetrical. 

The interaction energy of the two particles in the state |j,j., JM) is given 
to the first order of perturbation by the matrix element (j,j,, JM|U|j,jJo, IM), 
where U is the potential energy of the interaction. The wave function of the 
system without interaction may not, however, be a good approximation to the 
stationary state of the interacting system. In this case configuration interaction 
must be considered, requiring the calculation of matrix elements of the type 
(jatja!, IM | U |jx{je!, IM). 

We will use a central two-body interaction potential of the following exchange 
ee U=V(r43)(w+mP,,+hP,+bP,) 


where 7,, is the internucleon distance, w, m, h and 6b are constants such that 
wt+m+b—h=—1; P, is the coordinate exchange operator, P, is the spin 
exchange operator and P, (= — P,P,) the isotopic spin exchange operator. 

When evaluating matrix elements of exchange potentials it is convenient to 
work in the LS coupling scheme. Explicit expressions for the transformation 
coefficients from jj to LS coupling scheme are given by Pryce (1952) and 
Blin-Stoyle (1953). 

Each term in the above potential can be written as a product of a spin and 
a coordinate operator. In the LS representation a matrix element of a term 
in the potential breaks up into the product of a spin matrix element and a 
coordinate matrix element. The spin matrix element has the value unity for 
a Wigner or a Majorana force and, for a Bartlett or Heisenberg force, takes the 
value 1 in a triplet spin state and — 1 ina singlet state. For a coordinate exchange 
potential the coordinate matrix element has the form 


(h'l’, LM|VP,,| hla, LM), 


where /,(=j,+4) etc. are the orbital angular momentum quantum numbers of 
the single particle states and reduces to (—)**~*<1,'l,', LM|V |Jyl,, LM). 
Thus the calculation of matrix elements of an interaction potential of any 
exchange type reduces to the calculation of coordinate matrix elements of a 
function of internucleon distance. 


2.1. Coordinate Matrix Elements 
The coordinate matrix element ¢/,’J,',LM|V|l,l,, LM) of a function V of 
internucleon distance is independent of the magnetic quantum number. By 
averaging over all values of the magnetic quantum number we obtain an 
expression for the matrix element independent of the axis of quantization. If 
we denote the value of the matrix element by F(Z), then 


L 
FL)= aq >, 6h’, LM|V | bly LM). 


2L+ 


We now make a transformation to a coordinate representation of the state 
vectors of the two-particle system. ‘The wave functions will be products of a 
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radial component and an angular component consisting of appropriate linear 
combinations of spherical harmonics. 
Thus we have 


dra Fa| lal LM) =9y(ra)balra) > C(lalaLy mM — m)Y,."(0x$.)¥i—"Oubs)- «-(1) 


The phases of the spherical harmonics are chosen to agree with the work of 
Racah (1942) and Condon and Shortley (1935). C(4/,L, mM-—m) is the usual 
vector coupling coefficient. ‘The matrix element (r,,r,|J,/l,,,LM) can be 
similarly expressed replacing /, and /, by /,' and J,’ and ¢ by % in the radial wave 
functions. 

Introducing the density function 


1 L Va le 
px("y, rs) => Tipe ea le ’ LM | V1, r.) ry, ry | dalss LM) eee eee (2) 


the expression for F(L) reduces to a double integral over the coordinates r, 
and r, of the two nucleons, 


F(L)= { | Wilnsters lent) dradre ane eee (3) 


The density function is independent of the z axis of the coordinate representation 
and depends only on the magnitudes of the vectors r, and r, and on the angle 
between them. In order to evaluate the integral in (3) in an approximate form, 
suitable for short range forces, we make a transformation to relative coordinates. 


Put 


of ee and px("y 82) =pr (My §) 
then F(L)= | { Vispe(ris) drise = aise ee (4) 


Now expand p,’(r,s) as a power series in s and put this expansion into the 
integral for F(L). V/(s) is a function of s only, and because of this symmetry, 
terms arising from odd powers of s,, s, or s, will vanish on integration over s. 
Using identities of the form 


( 4nr 
| V(s)s,°" ds = mal { V(s)s?"+? ds, 


the expression for F(L) reduces to 


F(L)=4n | V(s)s2as | oz'(r, 0) dr 
+ = [ Visystas J (9%1'(r,5)lano dr 


40 , 
+ F7| Visjs8ds | ((08)*px'(0, s)le-o dr 
+ higher terms. 
In the integrals {[(V?)"pz'(r,s)],-o dr, V? is the Laplacian operating on s in 
the density function. The first two of these integrals are evaluated in the 
Appendix, 
ter | px'(t,0) de = Py(L) | Ya*(roba*bu(r)balryr2dr, 2... (AS) 
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reducing to the results of Pryce (1952) in the special case 4, = L' and /,=4,';,and: 


4x | [V%p1 (0 8)le-ode = Py(L) | da *(ba*(r)ba(r)$al0) dr 
= PL) { Lassie S Wat baledyr dr. 
eae (A6, 7, 11) 


Higher terms can be evaluated by similar methods. 


2.2. Expressions for Matrix Elements in the jj Representation 


We will specialize in the case where j,'=j, and j’=j, and calculate explicit 
expressions for the matrix elements of the nucleon-nucleon interaction potential 
in the jj representation. Only the first two terms in the expansion for the 
coordinate matrix element will be retained. 

For convenience write 


I= k* | bP(r)p(r)r? dr 
T= R° | "(7 )bo?(7) dr 


y= RE | © (Ws) U2O)ar. 


Here R is a scale factor equal to the nuclear radius and introduced so that Jy, 
I,) and I,, depend only on the form of the radial wave functions and not on 
the nuclear radius. Also let us write 


a= (10,1 |fiJaT)Po(Z), 6, = 10,1 |fijaI)Pi(Z); 


Teel Te 
a= as (EAST 9, Ja; 1) Pol L); b= Oe (£1, I |jyjo, 1) P,(L). 


The matrix elements occurring here are the transformation coefficients from 
LS to jj coupling. Subscripts s and ¢ distinguish the singlet and triplet parts 
of the interaction. The quantities defined refer only to Wigner and Bartlett 
forces. Corresponding quantities for a coordinate exchange force will be 
indicated by a superscript M. The coordinate exchange operator has no effect 
in the zero range approximation. Thus a,“ =a,, a’ =a,. 

The matrix elements of the interaction energy can be written in terms of the 
second and fourth moments of the interaction potential and the quantities defined 
above, containing the dependence on / and on the nuclear radius. We can 
separate the effect of coordinate exchange by writing the interaction potential as 


U(r) = V(r)(w+5P,) + V(r)P,(m—hP,). 


The interaction energy matrix element then splits into two terms. The first 
arises from the Wigner and Bartlett interactions, and the second from the 
interactions containing coordinate exchange. 


Ey.= (Hida IM | U|jrjes IM) =(w +b)E,,° + (m—h)Ei.™. 


Here 
E,.° I 2 Ly 4 Lio ( 4 

=| Fe | V(r)r? dr — 5 | V(r)r* dr | (a, + <a.) + 3 | V(r)r dr (b,+¢b,), (6) 
with «=(w—b)/(w +0). . 


Sa Att ir ell meen oe 
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E,." has a similar expression with 6,”, 6,” and «™“ replacing 5, b,, and e. 
In this case «€“=(m+h)/(m—h). In these expressions « and e™ are factors 
containing the spin dependence of the force and take the value 1 if there is no 
spin dependence and —1 for spin exchange forces. 

Blatt and Jackson (1949) have interpreted low energy scattering data in terms 
of a well depth parameter s and an intrinsic range 5, which can be simply related 
to any particular interaction potential. The values of these parameters, 
determined from the binding energy of the deuteron and from low-energy 
scattering data, depend only weakly on the shape of the potential assumed, so 
we will express the moments of the potential occurring in (6) in terms of s 
and 6. For a square well potential 5 is the radius of the well in centimetres 
and if V, is the depth of the well, V)>=102 x 10-*8sb-? Mev. For a Yukawa well 
V(r) = —{U,exp(—7/B)}/(r/B), 6=2:12B cm, and U,=312x 10-*6sb-? Mev. 
Substituting these values in the expressions for the moments of the potentials 
we get 


| V(r)r* dr = 34 x 10-*8sb for both Yukawa and square well potentials, and 


| V(r)r* dr = 3-4 x 10-285 (square well) 
= 7-56 x 10-*6sb? (Yukawa well). 
Hence we get the interaction energy expressed in terms of s and 4, 
34 x 10-*6sb 0-1672 0- = zs 

tha saa | (4- zx | (a, +«a,)+ 1° (b, +b | 
for a square well potential and 
34 x 1078s 0-227] 
Fe ((e- ae) teas toto | 
for Yukawa well. ‘There are similar expressions for fix, coordinate exchange 
term E,,”. Ey, is given in Mev and R and 6 are measured in centimetres. It is 
seen that the dependence of the interaction energy on the intrinsic range of the 
potential is very much stronger for a Yukawa interaction than for a square well 
interaction. ‘The binding energy of the deuteron and low energy neutron-proton 
scattering data suggests a value s=1-:3 and b=2:-4x10°% cm. The nuclear 
radius in the neighbourhood of ?°%Pb is of the order of 8x 10-3 cm. Thus we 
get an estimate for 34 x 10°*°sb/R? =0-2 Mev. 


0: = 
E,,° = Ss 


§3. Matrix ELEMENTS FOR PARTICULAR CONFIGURATIONS 


By application of first-order perturbation theory, the dependence of the 
splitting of a two-particle configuration on the total angular momentum quantum 
number J has been investigated for three particular configurations of interest in 
the level structure of *2°Bi, namely (1,1/2, t13/2), (Goa, hoje) and (ole, lise). The 
matrix elements of the interaction potential have been computed using the 
expressions derived in §2.2 for a square well neutron—proton interaction. 

The overlap integrals of the radial wave functions J, J,) and J,, have been 
estimated using wave functions for a square well of sufficient depth to accommodate 
the k orbital level. ‘The exact form chosen for the radial wave functions is, 
however, not important. Wave functions for a harmonic oscillator will give 
results identical to within 10°%, provided a suitable value is given to the parameter 
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describing the radius of the well. The values of the radial overlap integrals 
calculated from square well wave functions are given in table 1. Table 2 gives 
values of the parameters a,, @,, b, and 6, for both ordinary and coordinate exchange 
forces in each of the above three configurations. 


Table 1. Overlap Integrals of Radial Wave Functions 


(111/25 1143/2) (Zo2, Hey) (ga, 113/2) 
Weve ie oS 2-1 2-1 
Et 5:5 3-6 3-6 
1i. 100 —30 —30 
I,.™ 100 170 170 


In order to illustrate the effect of range and exchange on the proton—neutron 
interaction energy, E,, has been computed for all possible /-values in each of 
the three configurations (i,1/2, 13/2), (Zo/2, Hoe) and (Zo, se). The following 
cases have been considered: 

(i) A zero range force with no spin dependence. 

(ii) A Wigner force with b/R=0-2. 

(iii) A Majorana force with b/R=0-2. 

(iv) A Rosenfeld mixture giving saturation of nuclear binding energies 
(Rosenfeld 1948) 

U(r) = V(r)(0-13 —0-46P, — 0-93 P.,, —0-26P,), 
again with b/R=0-2. The results are given in graphical form in the figure with 
E, plotted against J. The energy scale corresponds to choosing the interaction 
parameter 34 x 10-*6sb/R?=0-2 Mev in agreement with low-energy scattering 
data. The small value of the ratio b/R=0-2 corresponding to an intrinsic range 


(1) (ti) (iti) (iv) 


ina 


i 13/2) 


E (ev) 


a rT 


o Levels of odd spin 


(8y2, liy2) Oo ae eee 


Dependence of the interaction energy Ey, in ?!°Bi on the nuclear spin J for the three 
configurations considered, and for four types of central potential. 
(i) Zero range force, no spin dependence. 
(ii) Wigner force, b/R==0-2 
(iii) Majorana force, b/R=0:2 
(iv) Rosenfeld mixture, b/R=0-2 
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of 6=1-6x 10-8 em is chosen because of the essential inadequacy of the 
expansion (6) for larger 0. . 

For Wigner forces with 6/R=0-2 it is seen that forces of zero range give 
a good approximation to the interaction energy Ey, as calculated by the more 
accurate expressions given in §2.2. In each configuration, when the range of 
the forces is taken into account, the magnitude of the interaction energy 1s 
reduced for the states of lowest spin, while the states of highest spin are not 
much affected. These conclusions can be expected to hold for intrinsic ranges 
up to 24x10 cm, the value given by low-energy scattering experiments. 
For longer ranges than this, higher terms in the series for the coordinate matrix 
element must be considered and the method rapidly becomes unworkable. 

In the case of Majorana forces the expansion as far as the second term of 
the series can be expected to give a fair approximation to the interaction energy 
for the states of highest J in the configurations considered. For states of 
lowest J, however, the magnitudes of the matrix elements of the interaction 
potential are much reduced, even for an intrinsic range as short as b= 1-6 x 10°-cm. 
For ranges longer than this, and in particular for ranges of the order of 
b=2:-4x10°8 cm predicted from scattering experiments, the zero range 
approximation to the value of the matrix element is completely inadequate 
and the expansion as a power series in the range of the potential is no longer 
useful. In all cases the effect of the finite range of the potential is to reduce the 
interaction energy in the states of low total angular momentum J, but for 
Majorana forces this effect is much stronger than for Wigner forces. 

The effect of a spin exchange term in the interaction potential has been 
investigated by Pryce (1952) for forces of zero range. If a spin exchange 
component is included in the interaction potential, states in which the spins 
of the two particles are most nearly parallel are not affected, while the magnitude 
of the interaction energy is reduced for states in which the spins tend to be 
antiparallel, provided the spin exchange force is attractive in the triplet state. 
This result can be simply expressed in terms of the Nordheim number. If the 
two particles have total angular momentum quantum numbers j, and j, and 
orbital angular momentum quantum numbers /, and /, we define this number 
as N=(j,—4,)+(jo—ly). If N is odd the state of maximum J corresponds to 
parallel alignment of spins and the interaction energy is unaffected by the 
inclusion of a spin exchange term in the force, while it is reduced in the state 
of minimum /. For N even the state of minimum J is unaffected and the 
interaction energy in the state of maximum J is reduced. These conclusions 
are not altered when the finite range of the nuclear force is included in the 
calculations. For N odd the Nordheim rule (Nordheim 1950) predicts that 
in any configuration a state of high angular momentum should have the lowest 
energy, and the state of lowest J should have the lowest energy for N even. 
This rule will hold for the configurations considered above provided the nuclear 
forces contain coordinate and spin exchange components of sufficient strength. 


$4, APPLICATION TO THE LEVELS OF 7!°Bi 


4.1. Mass 209 Isobars 


Following Pryce (1952) we consider 2Pb or 2°°Bi as a system consisting of 
a single neutron or proton moving in a central field produced by the double 
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closed shell core of 126 neutrons and 82 protons. Some of the single particle 
levels can be classified by considering the experimental knowledge of the ground 
and low excited states of these nuclei. 

The shell model gives hg, fe, f5/2, Ps/er Pie aNd i,3/ as low states of the 
83rd proton in ?°°Bi. ‘l'he ground state spin is 9/2 so we assume the lowest level 
to be the hg, state ‘The inelastic scattering of 2:5 Mev neutrons indicates 
levels at 0-85 Mev and 1-58 Mev; but no spin assignments can at present be 
made to these states (Poole 1953, Eliot, Hicks, Beghian and Halban, private 
communication). Analogy with the closed shell of 82 neutrons would suggest 
that the first excited state of ?°°Bi is the f,/. level. 

The lowest group of states of 2°°Pb is gj, iny/2) Br/2r As/e, ge and k,5/2, where 
the k,;/. level may be strongly depressed by spin orbit coupling. ?°°Bi is formed 
by the beta decay of ?°Pb. The ft-value of the beta transition is compatible 
with a first-forbidden transition, AJ=0 or 1 and a change of parity. The 
maximum energy of the beta particles is 0-6 Mev and there are no gamma-rays 
observed in the process (Wapstra 1950). Thus the beta decay of ?°°Pb must 
be simple, all transitions leading to the ground state of °°Bi. The ground state 
of 2°°Bi having spin 9/2 and odd parity, the lowest level of 2°°Pb may be the goj. 
OF 1,1/2 State. 

Information about the excited states of ?°°Pb is available from the reaction 
208Pb(d, p)?°*Pb(Harvey 1953). Proton groups are observed corresponding to the 
ground state and excited states at 0-75, 1:56, 2:03 and 2:54 Mev. The reaction 
cross section for the 0-75 Mev level is small compared with the cross section 
for the other levels. ‘This may indicate a large orbital angular momentum 
transfer and suggests that this level may be the i,j or k,;/. state. If it is the 
i,,/2 State then the formation of the k,;/. state would probably not be detected 
in the 7°°Pb(d, p)?°°Pb reaction; but this state may still be quite low. The 
neutron binding energy determined from the above reaction is 3-87 Mev. 

In the following theoretical discussion of the low levels of ?!°Bi it is necessary 
to assume that the low levels of ?°°Bi and 2°®Pb can be adequately described by 
single particle wave functions. ‘This assumption is in line with the postulates 
of the shell model, particularly as ?°*Pb is a double closed shell nucleus, but is 
open to question. For instance the magnetic moment of *°°Bi indicates that 
the ground state of this nucleus has a more complicated structure consisting of 
a superposition of a number of independent particle states. 


4.2. The Lower Levels of 4° Bi 

*10Bi exists in two isomeric states, a beta decaying state of low spin, in the 
following referred to as f, formed in the beta decay of 7!°Pb (RaD); and a 
long-lived alpha decaying state denoted by «. The state « probably has a high 
spin. It is formed following slow neutron capture in ?°°Bi (Neumann, Howland 
and Perlman 1950). Goldhaber and Hill (1953) give the energy of «, estimated 
from a closed cycle, as 25+ 45 kev below the state 8. ‘The binding energy of 
the last neutron in ?!°Bi, obtained from a closed cycle, is 4:54 Mev (Kinsey, 
Bartholomew and Walker 1951). Comparing this with the neutron binding 
energy in ?°°Pb (3-87 Mev) we obtain a value of approximately 0-67 Mev for the 
proton—neutron interaction energy in both the isomeric states of *!°Bi. 

Recent work by Fred, Tomkins and Barnes (1953) indicates that the level 6 
has either J=0 or a small magnetic moment (<0-18 nuclear magnetons). 
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Preliminary experiments made using an atomic beam method favour a spin J=1 
(Smith, private communication). Theoretical studies of the shape of the beta 
spectrum from RaE are consistent with the assignment f=0 or 1 with odd 
parity (Petschek and Marshak 1952, Yamada 1953, Rose and Osborn 1954). 

The gamma-ray spectrum following the capture of thermal neutrons in, 2 Be 
consists of a broad line of maximum energy 4:17 Mev indicating transitions to 
a group of states within an energy range of about 70 kev (Kinsey, Bartholomew 
and Walker 1951). This group of states lies about 0-37 Mev above the isomeric 
ground states « and B of #!°Bi, as shown by the difference between the neutron 
binding energy and the maximum gamma-ray energy following the neutron 
capture. The neutron capture state should have spin J=4 or 5 and odd parity. 
Thus the group of states reached by the 4:17 Mev gamma emission can have 
spins in the range /=2 to [=7 if the gamma-rays correspond to electric dipole, 
magnetic dipole or electric quadrupole transitions. States formed in this group 
following gamma radiation from the neutron capture state would decay by a 
cascade of soft gamma-rays to one of the states « or 8. Neither of the states « 
or B is reached strongly by direct gamma transitions from the capture state. 

The reaction 2°Bi(d, p)?1°Bi shows levels in ?!°Bi with neutron binding 
energies of 4-16, 2:52, 1-95 and 1-40 Mev (Harvey 1953). These levels should 
be compared with the states found in ?°°Pb with the 2°°Pb(d, p)?°?Pb reaction. 
The relevant levels in 2°°Pb have neutron binding energies of 3-87, 2-31, 1-84 
and 1:27mev. The reaction cross sections for the various levels show a 
similar correspondence. This correspondence of levels and cross sections has 
been interpreted by Pryce (1952) and Harvey (1953) as indicating that these 
‘levels’ found in 7!°Bi are the unresolved configurations formed by a proton 
in the ground state and the captured neutron in states corresponding to the 
independent particle states of °°Pb. It should be noted that the neutron binding 
energy deduced by this method corresponds to the value obtained from the 
gamma-ray energies following slow neutron capture in 7°°Bi. ‘Thus it is probable 
that the group of states reached by gamma emission from the slow neutron 
capture state is the same as the lowest group of states reached in the ?°°Bi(d, p)?!°Bi 
reaction. 

210Pb(RaD) decays by beta emission to an excited state of 7!°Bi. The 
transition energy is low, probably about 18 kev, and the /ft-value (log ft=5-5, 
Bannermann and Curran 1952) is consistent with an allowed or first-forbidden 
transition. ‘The excited state of *!°Bi formed in this beta transition decays to 
the state 8 by gamma emission. Formerly, about six soft gamma rays following 
the beta decay had been reported, of which the strongest and most energetic 
had an energy of 46:7 kev. The level diagram to account for these gamma rays 
was extremely complicated, requiring five or six levels of low spin very close 
together near the f state. More recent work by Wu, Boehm and Nagel (1953) 
confirms only the 46-7 kev gamma ray and suggests that the other gamma rays 
previously reported were spurious. They estimate that the 46-7 kev gamma ray 
is emitted following 92 + 5°%, of the beta transitions and suggest that the remainder 
of the transitions go directly to the £ state. This work indicates that there is 
only one level of low spin near the f state. Measurements on the ratio of the 
L conversion line intensities suggest that the 46-7 kev gamma ray is an M1 
transition. The f state of Bi having odd parity, the 46:7 kev excited state 
should have spin J=0 or 1 and odd parity. 
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We will now consider possible classifications of the low levels of ?!°Bi 
consistent with the above experimental information on the basis of a two-particle 
model. We have concluded from the calculated proton—neutron interaction 
energy matrix elements given above that a good estimate of proton—neutron 
interaction energies for the state of highest spin in any configuration is given 
by the zero range approximation to the interaction potential. For these states 
we can calculate the proton—neutron interaction energy from the expression 


E\2= — Uplo(a,+ «as), »-+0e(7) 
where J, is the radial overlap integral defined above and 
Uy) = 34 x 10-*6sb/R® = 0-2 Mev 


for nuclear forces consistent with low-energy proton—neutron scattering data. 
The above work also shows that it is difficult to make an accurate estimate of the 
matrix elements of the proton—neutron potential starting from a short range 
approximation for the states of low spin in any configuration. The results 
indicate, however, a possible theoretical basis for Nordheim’s rule in a two- 
particle configuration. We will use this rule to make estimates of the interaction 
energy for such states. It appears from the diagram of energy levels given above 
that the interaction energy is small for states of spin intermediate between the 
maximum and minimum values. In the following work values of a, and a, are 
taken from Pryce (1952). 

We have seen that beta-decay data are consistent with the assignment of the 
Zo/a OF 14/9 Single-particle configurations to the ground state of ?°°Pb. Let us 
first assume the ground state of °°Pb to be the goo level. ‘Then the lowest 
two-particle configuration in ?!°Bi would be the (gg, hg). ‘This configuration 
is split by proton—neutron interaction and the levels of spin 0 and spin 9 
depressed. The diagram of levels given for the (go/, hg.) configuration shows 
that for a Rosenfeld mixture of range 1-6 x 10°! Mev the interaction energy is 
approximately 1 Mev in the state with spin J=0 and 0-3 mev in the state with 
spin J=9. A natural choice of parameters could give an interaction energy in 
the state J=0 of 0-7 Mev indicated by experiment and it is possible that the 
state (29/2, A/2)7-9 corresponds to the experimental state 8. The state (9/2, hy/2)7_9 
could correspond to the experimental state « if depressed by configuration 
interaction with states (i11/2, Ng/p)y9 and (iy4/2, fy/2)7-9- 

Assigning the gy level to the ground state of ?°°Pb the 0-75 Mev excited 
state is probably the 1,1/. level. Also it is probable that the 0-8 Mev excited state 
in 7°Bi corresponds to the f,. proton level. Making these identifications in 
209Pb and 29Bi, we then have the (gj, fy2) and (i4/2, hg.) configurations lying 
-close together at an excitation of about 0-8 Mev in ?!°Bi before the proton—neutron 
interaction is considered. ‘The proton—neutron interaction in each of the two 
states (9, fr/2)7-g and (iz1/2, hg/)z-19 is about 1-4 Mev as calculated from (7) 
using square well wave functions to estimate J). ‘Thus both these states might 
be expected to lie at about 0-1 Mev above the (g 9/2, Hyjp);_) state. Configuration 
interaction would push one of them down, which could then correspond to the 
experimental state «. 

There are three possible low-lying states of spin J=1, namely (go/2, y/2)7—1, 


(Zola fo/2)r—1» (111/29 Ngig)r—-1- All these states have odd parity and would be expected 


to lie close together at about 0-5 Mev above the (go/, hgj2);29 state before 
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configuration interaction is considered. Configuration mixing could bring one 
state of spin J=1 close to, above or below, the (go/2, hygig)y-9 State. This doublet 
would then correspond to the state 8 and the 46-7 kev excited state. ‘The present 
work cannot distinguish between the two possibilities for the spin of B, but an 
assignment of J=0 or J=1 is consistent with the predictions of the model. 
There may be a low-lying state of spin J=2 formed from the above three 
configurations. All these states have odd parity. 

The group of levels reached by gamma emission following neutron capture 
in 2°Bi, should be the group of levels in the (go/9, hg) configuration with inter- 
mediate spins /=2 to [=7. The group of states with neutron binding energy 
4-16 mev formed in the 2°°Bi(d, p)?!°Bi reaction corresponds to the formation of 
210Bi in the (gg, hg») configuration. The probability of reaching a state of 
spin J with this reaction should be proportional to 2/ + 1 if the interaction between 
the 83rd proton and the incoming neutron is small. The total number of states 
in the (oj, hgj) configuration is 100, so the state of this configuration with 
spin 1=0 would be formed with probability 0-01 and the state with 7=1 with 
probability 0-03. Thus the state 6 of #4°Bi would not be reached strongly in the 
209Bi(d, p)?#°Bi reaction. Similar considerations show that the experimental 
state « should not be reached with probability greater than 0-2 in the (d, p) 
reaction on 7°°Bi. 

Another possible low configuration in 74°Bi is (29/2, iy3/2) With even parity. 
The Nordheim rule predicts that the proton—neutron interaction energy in the 
states /=1 and J=2 of this configuration should be less than 0-6 Mev. ‘The 
state (iy4/2) 113/2)7-2 Would lie at about 0-7 Mev above the (gj, 143/2)7-2 level and 
configuration interaction could push the latter down; but the matrix element 
of the configuration interaction, [0-4— 6(b/R)?] Mev, is too small to increase the 
binding energy by more than 0-5 Mev. It therefore seems unlikely that a state 
of spin J=2 and even parity could lie close to the experimental isomeric state .. 

A similar classification cannot be made corresponding to the assignment i,;/2 
to the ground state of 7°°Pb. In this case the experimental state « would be the 
level (i13/2, hg/g)7-149. But the proton—neutron interaction energy in the state 
(Zo/2, Hg/p)r-9 would be expected to be less than in the state (ij1/2, hg/p)749 so the 
former state should lie at least 0-75 Mev above the latter. The state (i,1/9, hyojo)7—4 
would be the experimental state 8, but there is no other low-lying state of 
spin J=0 or 1 which could correspond to the 46-7 kev excited state. 


4.3. Discussion 


The increased quantity of experimental evidence available since Pryce’s 
(1952) paper was written has simplified very much the theoretical task of 
classifying the low levels of #!°Bi. Now that the experimental gamma-ray 
spectrum following the beta decay of 2!°Pb has been reinvestigated and simplified 
it is no longer necessary to postulate large splitting of high configurations to 
account for a number of closely spaced levels of low spin near the ground state. 
A much more natural assignment to the values of the various constants will 
explain the experimental picture. Pryce’s calculations with zero range forces 
suggested that the ground state of 2!Bi should be a level of low spin. However, 
consideration of the effect of range and exchange properties of the nuclear forces 
has shown that the lowest state may be either of odd parity and low spin (J=0, 1), 
or high spin (J=8, 9, 10) in agreement with experiment. 


a 
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The fact that single particle wave functions may not give a good approximation 
to the wave functions of 2°°Pb and 2°°Bi together with the inadequacy of the 
zero range approximation to nuclear forces and the first-order perturbation 
treatment make it difficult and unprofitable to make exact theoretical calculations 
on the two-particle model of ?!Bi. On the other hand the model can explain 
in a semi-quantitative way the observed level structure. It may be profitable to 
extend the application of the present model to neighbouring nuclei in the same 
semi-quantitative way as more experimental material becomes available. A study 
of the multipole orders of gamma rays and of angular correlations on cascades 
would assist in the assignment of spins and parities to the various observed levels. 


APPENDIX 
EVALUATION OF THE INTEGRALS OVER THE DENSITY FUNCTION 


First we transform the expression (2) for the density function to a form more 
suitable for further calculation. Spherical harmonics of the same argument 
occurring in (2) can be coupled using vector coupling coefficients, and then the 
sum over vector coupling coefficients reduces to a Racah coefficient (Racah 1942). 
Putting £1 *(7;)bo*(12)61(71)b2(72) = R(7, 72) the density function reduces to 


pul" y 2) = Rr, 72) — eat 
x 23, [Wht lola’, TL)Y "(815 $1) Vs" (Bas$2)C(A', J) C(lole's J). vee ee (Al) 
The coefficient C(/l’,/) is closely related to the vector coupling coefficient and 
has the simple expression 
ci [ RED 
=0 if 1+l'+J is odd, 


7g P (2L+ W(2U + 1)(2e— 2) (2g — 21) 1 (2g — 21’) 2 
pel tet f 4n(2g-+1)! | 


i C(U'J, 00) 


g! 
* (g—J)i(e—Dilg—2)I 


The product C(1,h’,/)C(//.’,J) can be expanded as a series in the products 
C(Lyl2, A)C(L,'1,', A) the coefficients in the expansion being Racah coefficients 


C(Lyh’, J) C(lala’, J) = (— 1h D> (20+ 1) Why Tale’, JA) C (lle, A)C(LL', A). 
A 


if 2g=/+l'+J is even. 


The expansion (A 2) follows from the definition of the Racah coefficient in terms 
of vector coupling coefficients, and from the relation connecting C(/,/,,A) with 
the vector coupling coefficient C(/,/,A, 00). Finally (A 1) and (A 2) give 


pully F2) = R(1, 72) — bya > [(2A + 1) WL Ly Tole’, JL) WL L'Toly’, JX) 
tN 
pall SANG Ls les rAy¥F"(6,, $1) Y) (Ae, De) | Heeteicaiet « (A3) 
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‘he integrals to be evaluated are of the form 
4 | [(V2)"pr'(r, 8)]eo dF 


where V2 is the Laplacian operating on s in the density function p;’(r,s). 
‘Transforming back to non-relative coordinates this term becomes 


rv | De) Sarkis a) Kesey ite ae (A 4) 


where VY," is the Laplacian operating on r, in the density function p;(rj, ra). 

We now go on to consider how the integrals (A4) may be evaluated and so 
calculate the first few terms of the series (5) for F(Z). In the first term of the 
series we have the integral 4rJp,(r,r)dr. Substituting the expression (A 3) for 
p,(Py, Py) and carrying out the integration we get 


47 | pr(ryr)dr=(—1yhru te | R¢r rv? dr (2 + 1)(2A+ 1) Wah‘ Ial's TL) 
x W(hh' lela’, JA) Po(A) 
SPUD RG Gr ee (A5) 


Equation (A5) follows from the orthogonality relation for Racah coefficients 
(Racah 1942). Here 
P,(L) = 4rC(Gb, L)C(t,'1,’, L)=0 


unless /, +/)+ L and /,'+/,'+ L are both even. 
‘The second term in the series for F(L) contains the integral 


4a [Ve"or(", Fe ble ac. dry. 
We can write the Laplacian in the form 


eee (eae 
OL or r 


where L? is the square of the orbital angular momentum operator of the second 
particle. Putting this form of the Laplacian into 47 J[V,?pz(r,, r2)],,--,dr, the 
* . . ~ ee: 
integral splits into the sum of two parts. The first reduces to 


a r 
— PAL) | Sab) Lat Obale)r2dr eee. (A6) 


on integration by parts. ‘lhe second part is 


~ 


P\(L) | Riviak \oieeieay (A7) 
with 


P,(L)=(—)* wees > Po(A)(2d +1)(2J +1)J(J +1) 


WEG IL) GE Nee eee (A8) 


P,(L) is not yet in a form suitable for computation because the Racah coefficients 
have complicated sum expressions and are not tabulated for high values of the 
angular momentum quantum numbers. The expression for P,(L) may be 
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simplified, however, by using a recurrence relation for Racah coefficients. This 
recurrence relation, obtained by specialization of parameters from a formula 
given by Biedenharn, Blatt and Rose (1953), is 


W(lyJ 113’, lol’) W(1,F Li,’, l,'T,) 
= 2.(2A +1) W(LAT1,', [oly VW AAL'L', L1,')W(LAl1, 1,L), 
or using symmetry relations for Racah coefficients (Racah 1942) 
W(L,Ly'lele’, JL) W(1,1F1,’, lola’) 
mes. 1)"4*(2A +1) W(Lhy'lele’, JA) W(1A1,'1,', LL’) W(1Alp,, Li,). 
SS ee ee ae ee ne oer ree rer ree (A 9) 
2/,— 1)! (2d,’ — 1)! 12 ea 
W(l,1J1,’, lol,") = —2 sto | [J(J + 1)—2,(2,+1) —2,'(2,' + 1)] 
and putting 
Leer enes (2l, + 2) ! (2h,' +2) 1732 
A(A, £) = W(1A2,'1,', Lly')W(AAlg1,, L1,) ence 


L(t, +1) +h'(b'+1) 
~ TOD. 


(A 9) gives 
J(J +1)W(LL'hly’, JL) = Da — Neat + 1)AQA, L)W(h4'L),',JA). ..(A10) 


Substituting (A10) in (A8) and using the orthogonality relations for Racah 
coefficients we obtain an expression for P,(L) 


P,(L)= oy (OX RLVA(ARL) Ps )) eater (A 11) 


The coefficients A(L,A) have the following simple form and can be easily 
evaluated 
(i) A(E, A) = A(A, L). 
2 = (1, + 13) (/,—h) 
(ii) A(L, Bice Net 1>L2A-1 and (ly +h’) Sh, Senate 
ape NE Lets iD OLAS Chat eet 
x (1,+h—-L+1)(L+h'4+l'+1)(L+h'-1L’) 
x (L+1,’—h/)(b' +h’ — £4 1)}?, 


(iii) A(L, L—1)= 


A(L, L)= raat i +1)—b(le + 1)}ta'(A' +1) —-4'(4'+1)} 


SE LeU EA pal creda acted asd slate) vals (ets 1)} 
+{L(L +1)}2]. 
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Abstract. Withasuitable transformation of parameters, it is found that the experi- 
mental angular distributions for the nuclear scattering of 340 Mev nucleons by 
light elements can be reasonably represented by a characteristic angular distri- 
bution. Within the region of validity of the first Born approximation, the radial 
distribution method has been used to determine the corresponding characteristic 
nuclear density distribution for light elements. 


$1. INTRODUCTION 


ations on the scattering of high energy nucleons by nuclei can be expected to 

provide valuable information about nuclear structure. In this connection, 
the theoretical investigations have been carried out by making use of the optical 
model of the nucleus, employing the concept of a partially transparent nucleus 
(Serber 1947). ‘The nuclear scattering of 90 Mev neutrons has been accounted for 
on this basis by assuming a uniform density distribution within the nucleus 
(Fernbach, Serber and Taylor 1949). Similarly, approximate interpretations 
have been obtained for the nuclear scattering of 280 Mev neutrons (Fernbach 
1951) and 340 Mev protons (Gatha and Riddell 1952). 

As a result of the above investigations, it has become clear that the assumption 
of a uniform nuclear density distribution is inadequate for a correct interpretation 
of the nuclear scattering of high energy nucleons. First of all, the nuclear radii 
required to correlate the experimental data at various energies appear to diminish 
with increasing energy (Mathur and Gatha 1953). Secondly, for the nuclear 
scattering of 340 Mev protons, the theoretical differential cross sections vanish at 
the minima (Gatha and Riddell 1952) in contrast to the experimental angular 
distributions (Richardson, Ball, Leith and Moyer 1952). ‘To avoid these 
difficulties an exponential tail has been attached to the uniform model (Jastrow and 
Roberts 1952). Also to correlate the nuclear shell structure with the nuclear 
density distribution a gaussian tail has been proposed (Born and Yang 1950, Yang 
1951). However, no detailed investigations are available to confirm the validity of 
these models for the nuclear scattering of high energy nucleons. Moreover, the 
dependence of the nuclear size on the nuclear mass number becomes somewhat 
arbitrary for such models. 

The above investigations on the nuclear scattering of high energy nucleons have 
been based on the correlation method. In this method the parameters of a con- 
veptual nuclear density distribution are obtained by correlating the corresponding 
theoretical and experimental angular distributions. However, within the region 
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To experimental observations and the corresponding theoretical consider- 
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of validity of the first Born approximation, one can use the radial distribution 
method (Waser and Schomaker 1953). In the present investigation we have 
employed such a method for determining the nuclear density distributions on the 
basis of the experimental angular distributions for the scattering of 340 Mev protons 
by light nuclei (Richardson, Ball, Leith and Moyer 1952). 

As a reasonable approximation, we have assumed that the nuclear radial 
parameter is proportional to the cube root of the nuclear mass number. As a 
result, we have been able to obtain a characteristic angular distribution for several 
light elements. For extrapolating such an experimental angular distribution 
beyond the experimental range we have used the criterion of positiveness for the 
corresponding density distribution (Hauptman and Karle 1950). Finally, we 
have obtained a characteristic density distribution for such light elements. 


§2. OpTicaL MODEL OF THE NUCLEUS 


In the optical model for a semi-transparent nucleus, one characterizes the 
nuclear matter by a complex refractive index, 


nm=l+kiy/Rri(Ri2ky) = ee (1) 
where the various parameters are given by 
R= (psc eine: 2. |.) eee ee (2) 


where E is the energy of the incoming nucleon, yu is the reduced mass of the 
incoming nucleon and neglecting the effect of the exclusion principle 


Ry=(mp/R)ifam(9)+fap(O)} wees (3) 
K=$p {om+ np} 
where p is the nuclear density and 


Son )sfap(O)- are the forward scattering amplitudes for (n,n) and (n,p) 
scattering respectively, and 

Cam: Say are the scattering cross sections for (n,n) and (n, p) scattering 
respectively. 


We have also used the parameters k’; =k, p-1 and K’=Kp-!. We have calculated 
K’ by assuming o,,o,, and taking the extrapolated experimental value of about 
26 mbn for oy, giving K’=26 x 10-**cm?. Since the nucleon-nucleon scattering 
experiments do not provide the forward scattering amplitudes, one obtains them 
by correlating some model for the process with the angular distributions within the 
experimental range. A model based on tensor interactions (Christian and Hart 
1950, Christian and Noyes 1950) gives k’;~20 x 10-2?cm?2, while a model based 
upon a hard core nucleon (Jastrow 1951) gives k’}~9 x 10-?7cm?.__ In the present 
investigation we have determined k’;~8 x 10-?? cm? on the basis of the normali- 
zation of the nuclear density which agrees with Jastrow’s model. 
The complex potential can now be simply written as 


V = —{(B?—p2e)/E}n'p 
where n' =k',/k+i(K’'/2k). 


The above expression is based upon the assumptions k,/k<1, K/2k<1, and 
V2/(E? —p?c*) <1 for both the real and the imaginary parts. On the basis of the 


Fg eR EY ir OR ARE el eae ae ee 


O° Seep ag 


I Lt TE ED ES eae 
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density distributions and potentials obtained during the present investigation, we 
have found that these assumptions are fully justified. The effects due to the spin 
of the nucleon can be regarded as negligible (Gatha and Riddell 1952), 


$3. Tur RapraL DISTRIBUTION METHOD 


Within the region of validity of the first Born approximation, the scattering 
amplitude is given by 


sf (s) = — (2ys/%2) | rV(r)sin(sr)dr seas (6) 
0 
where f(s)=the scattering amplitude, 
s=2ksin 30. 


The radial distribution method consists in making the Fourier inversion of this. 
integral, giving 


Ts Gyan aie) ik MiGyan(yde es ee (7) 
which leads to 
rp(n=N \ SIE()|sin Grids, aie naan (8) 


where 
N=??E lap |n' | (£2 — pct). 

A problem of great interest in the radial distribution method is the extrapolation 
of the experimental scattering data beyond the experimental range. Various 
methods are available for this purpose (Waser and Schomaker 1953). For the sake 
of its inherent simplicity, we have used the functional extrapolation method in our 
present approximate investigation. ‘This consists of using a set of simple functions 
to represent the scattering amplitude within the experimental range. These 
functions are then assumed to represent the scattering amplitude beyond the 
experimental range, provided the functions are such as to yield positive density 
distributions only (Hauptman and Karle 1950). We have found it possible to 
use gaussian functions for this purpose. 


$4, THE CHARACTERISTIC ANGULAR DISTRIBUTION 


During the previous investigations on the nuclear scattering of nucleons of 
lower energy it has been found that for a uniform density distribution R oc A¥3, 
where R is the nuclear radius and J is the nuclear mass number. ‘This suggests 
that in this investigation we introduce a parameter r’=rdA~"3, Introducing a 
corresponding parameter s’ =sA1?, we can write 


rapt) oy, li Sal eso) ait (7) GS ee geek (9) 
where p(r’)=p(r) and |g(s‘)|=1£() |/A. 


At this stage we assume that a characteristic nuclear density distribution p (7’) 
exists forlightelements. A consequence of this assumption would be the existence 
of a corresponding characteristic angular distribution | g(s’)| for these elements. 
Now it is well known that 

Hits) aon lege - yc (6) ) Rene ik ase eee (10) 


where 8 =v/c. 
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Since the available experimental data on the nuclear scattering of 340 Mev 
protons (Richardson, Ball, Leith and Moyer 1952) has been obtained for 0 >5°, 
and since the coulomb effects are entirely insignificant in this region for light 
elements, we have taken these data to represent the nuclear scattering of 340 Mev 
nucleons in general. In figure 1 we have plotted against s’ the values of g(s’) 
calculated from these data for carbon and aluminium. An average smooth curve 
which can be represented by a set of simple functions has been drawn approxi- 
mately through all these points as shown in figure 1. We have also plotted g(s’) 
for magnesium and silicon and found that these points also lie approximately along 
the same curve. Since we are interested in the present investigation in an 
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Figure 1. The characteristic angular Figure 2. The characteristic density 


distribution for light elements. distribution for light elements. 
A:p(r’). B:D(r’)=4ar?p(r’). 


approximate density distribution only, we have neglected the small minima and 
maxima indicated by the experimental points. ‘Thus within the limits of these 
approximations, we can conclude that a characteristic angular distribution exists 
for these light elements. ‘Therefore we can expect that a corresponding charac- 
teristic density distribution also exists for the light elements. 
We have found that the characteristic angular distribution can be represented 
by 
3 
g(s‘)= 7a Qsexp( 0,5") eee (11) 
p= 
where 
a,=0:01 x10" cm: . 6; =0-01 x 10-2¢ cm?; 
ag=0-11x10-%cm; 5,=0-07 x 10-2* cm?; 
a,=0°66x10-%cm;  6,=0°34 x 10-26 cm?: 


It may be noted that all these coefficients are positive and therefore the gaussian 
functions would give only positive Fourier transforms. 


2 ae Rane RR, ge ee ne ty 
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§5. ‘THE CHARACTERISTIC DENSITY DISTRIBUTION 


Introducing g(s’) from equation (11) into equation (9) we obtain 


3 
p(r)=N 2 Rp eXP (Bote) ee eel een, le MS nas (12) 
where ai 
= 3°77 10s cnx; Bp= 2894 10% cm-*; 
toe 2-94 10% cm? Be= 3°93 x 10*¢ cm 2 
&@,= 1-50. x10*5.cm-?; Bs=-.0-75210"8 emia?, 


The normalization integral for the nuclear density, in terms of our parameters 
takes the form 


4x | Re adr le ee ee (13) 
0 


Introducing p(r’) from equation (12) into equation (13) gives 

N=0-066 x 1013 cmz. 
Meuseicads to |) |= 3-43 10 *cm® Since-at-340 mey, k=4:35.x 10% cm? 
memeoptaing kK 2/4270 10-“cm*. Now taking KK’ =26x 10-2? cm? 
as obtained from the nucleon-nucleon scattering experiments, we obtain 
k,'=8 x 10-7’ cm? which is close to the value k,’~9 x 10-2’ cm? as obtained from 
the hard core nucleon model (Jastrow 1951), rather than to the value 
k,’=20 x 10°?’ cm? as obtained from the tensor interaction model (Christian and 
Hart 1950, Christian and Noyes 1950) for the nucleon—nucleon interaction. 
However, we believe that a more exact treatment will be required before this 
result can be fully confirmed. In figure 2 we have plotted D(r’) = 477 p(7’} 
and p(r’) against 7’. 


$6. THE CHARACTERISTIC ELECTROSTATIC ENERGY 


Assuming that the proton density distribution is also given by the distributions 
obtained above, an elementary derivation gives the electrostatic energy, excluding 
the self-energies of protons as 

dL ( Zia) AK Bi) ue tar a al oethtatoees (14) 


where 
3 3 


E’ =2n5? N%e > pag: Og tq/ {By (Bq + By)*?} 


Defining the mirror nuclei by Li ‘ (A + 1) and assuming that the mass difference 
of a set of such nuclei is given by the difference of the respective electrostatic 
energies, we obtain 

UNE ae (Are de Ee ED ee (15) 
where E£’ =0-55 Mev. 

This value is close to E’ = 0-59 mev obtained empirically (Elliott and King 1941). 
The theoretical derivations of E’ have been so far based upon the assumption of 
a uniform density distribution within the nucleus of the radius given by 
R215 x A'®x10-%cm. Some calculations have also been made using some 
central core models. However, in all these calculations the parameters for the 
nuclear size have been used to obtain an agreement with the empirical results. 
Such models with these parameters do not appear to be consistent with the 
requirements of the nuclear scattering of high energy nucleons. On the other 
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hand, we have first determined the nuclear density distribution completely from 
the nuclear scattering of high energy nucleons. We now find that this density 
distribution is reasonably consistent with the requirements of the mass 
differences for the mirror nuclei. 


§7. THE VALIDITY OF THE METHOD 


A very important assumption in the present treatment is the validity of the 
first Born approximation for this problem. ‘There appears to be no reliable 
criterion for testing such a validity. However, in our present approximate 
investigation: we have assumed such a validity on the basis of the following 
considerations : 

(1) Expressing the complex potential as V=V,+7V, we obtain 


2E|V,(r') |/(E2—p2c4)=0-16 and 2E|V,(r')|/(E?—p2e4) = 0-28 


at r’=0 and these ratios diminish rapidly with increasing 7’. The smallness of 
these ratios compared with unity leads us to believe that the first Born approxima- 
tion will be at least approximately valid for our problem, although it remains to be 
investigated whether the higher Born approximations make any significant 
contributions. 

(2) To test the validity of the first Born approximation for the scattering at 
different angles (Mott and Massey 1949), we have obtained 


E|V,(1/R0) |/(E2—p2e4)0 = 0:04 x Au 
E| V,,(1/k6) |/(E2— 2c) 0 = 0:06 x A18 


where 6 ~ A~13(130°), that is 657° for carbon and 0 = 43° for aluminium. 
These ratios diminish rapidly with decreasing values of 6. ‘The smallness of these 
ratios compared with unity within practically the entire experimental range can 
also be taken as a criterion for an approximate validity of the first Born approxi- 
mation. 

Another important assumption in this investigation concerns the existence of 
an approximate characteristic density distribution for the light elements. Apart 
from other reasons, the approximate nature of this assumption is alsoapparent from 
the small deviations of the experimental angular distributions for different elements 
from the characteristic angular distribution. Moreover, as a result of a straight- 
forward derivation we obtain for the elastic cross section o, « A‘. The values of 
a, calculated by integrating the experimental angular distributions (Richardson, 
Ball, Leith and Moyer 1952) do not appear to obey sucha law. However, such an 
integration requires extrapolation of the o(@) curve below the minimum experi- 
mental angle. ‘’his introduces considerable arbitrariness in the values of c,. On 
the basis of our density distribution we obtain o,=97 mbn and o,=286 mbn as 
against Richardson’s values o,=98mbn and o,=201mbn for carbon and 
aluminium respectively. Since our investigation also involves an extrapolation for 
small angles and since most of the contribution to o, comes from that region, 
any agreement between the theoretical and the experimental results cannot be 
regarded as significant. However, the disagreement for aluminium may also be 
due to the approximate nature of our assumption regarding the existence of a 
characteristic density distribution for the light elements. 


and 
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§ 8. CONCLUSION 


Within the limits of the approximations we have employed, we can conclude 
that the radial distribution method establishes the existence of a characteristic 
nuclear density distribution for the light elements which is reasonably described 
by the curve in figure 2. We believe that the results of the present investigation 
may help in the selection of more appropriate functions to represent the nuclear 
density distributions for the correlation method. 
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Abstract. The factor p=[Jp, dr], occurring in transition probabilities 
between vibrational levels, has been calculated for a number of transitions of 
nitrogen molecules. Intensities obtained from these values have been used to 
investigate the distribution of intensities among bands in auroral spectra. 


§ 1. INTRODUCTION 
i HE various band systems of nitrogen form a large part of the spectrum of the 


aurora, and a comparison of observed intensities with calculated values has 

been attempted by several workers in order to obtain information about the 
excitation processes occurring. Bates (1949) compared observed intensities of the 
N,* First Negative group and the N, Second Positive group bands in high and low 
latitude aurorae with the results of his own calculations. Pearse (1953) used 
approximate values for theoretical and observed intensities in the N, Vegard— 
Kaplan system to indicate differences between the spectra of the aurora and the 
night sky, and Seaton (1954) used calculations made by Nicholls (1950) together 
with observations by Vegard and Kvifte (1952 and earlier) to detect the wavelength 
variation of absorption in the atmosphere. 

The calculated transition probabilities used in these cases were either found by 
one of the earlier approximations, which allow quite large errors for the higher 
v-values, or were limited to low values of v, as in Bates’ work, by the complexity of 
the calculations. It seemed desirable, therefore, to extend the range of the 
calculated probabilities, and hence the theoretical basis of the comparison with 
observation. A form of distortion method for plotting vibrational wave functions 
froma Morse potential function (Pillow 1951) has already been shown to be fairly 
reliable over a wide range of vibrational levels, and has therefore been applied here 
to the systems of N, (First and Second Positive and Vegard—Kaplan). For N,* 
(First Negative group) the values used are some calculated before by a similar 
method and now extended. While this work was in progress, tables of values for 
these systems, using rather more elaborate methods but the same molecular 
constants (those quoted by Herzberg 1950), and still based on the Morse potential 
function, were published in instalments by Jarmain, Fraser and Nicholls (1953, 
1954) and by Jarmain and Nicholls (1954). Their full tables were still not available 
when these calculations were complete, and no use could therefore be made of 
them. Satisfactory agreement between the sets of values furnishes a check on the 
deduction of the wave functions from the potential function. Only comparison 
with experiment can decide whether the potential function is suitably chosen. 

Values of p=[Jyy py dr|® have been calculated for the transitions 

N, c3ll— sll (Second Positive group) 
B IT — aed (First Positive group) 
As’ — x1 (Vegard—Kaplan) 

N,t Bay — x? (First Negative group) 
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Table 4. N,+ First Negative Group 


vo” 0 1 2 3 4 5 6 7 
ee SS eee 
v 
0 0:67, 0:22. 0-07, 0-01, 
100(100)B =. 24(30)B 5(6) 1(2) 
1 0-29, 0-24, 0-265 0-13, 0:04, 
63(10)B 38(7)B 28(6)B 10(2) 2(0°8) 
5 0-04; 0-42, 0-075 0:20, 0:20; 0-09; 
13(?) 91(2)B~—-11(0-4) 24(?) 16(A)B 5(0:2) 
3 0:00, 0:11, 0-41, 0:02, 0:13, 0-19, 
32(?) 93(1)B 4 16 16(0°6) 
4 0-00, 0-19, 0-306. 0:00, 0-09, 0:19, 0:14, 
57(?) 69(?) 0 11(?) 17(0-4) 9(0-2) 
5 0-365 0:01, 0-04; 0:17, 
= 81(?) 2 5 14(0-2) 


Upper line: values of p=[fywy dr]?. 


Lower line: intensities on an arbitrary scale, calculated for uniform population of levels- 


Numbers in brackets represent intensities measured by Petrie and Small (1953). 


Bands marked (A): definitely identified; bands marked (?): possibly present, but 
masked by other features ; bands marked (B) : observed by Barbier in low latitude 


aurorae. 


Comments. Many doubtful bands are in the region of N, Second Positive group bands. 


The (3, 4) band is noted by Vegard and Kvifte as being present. 


Table 5. Excitation of N,c#II state (upper state of N , Second Positive group) 


from ground state of N, 


Values of p= [forty dr]* for v”=0 


v 0 1 2 3 4 5 
p 0-45, 0:31, 0:14, 0:05; 0:02; 0:00; 


Table 6. Excitation of N, B*1l state (upper state of N, First Positive group) from 


ground state of N, 
Values of p= [yeh dr]? for v”=0 


v 0 1 2 3 4 5 6 
D 0:04, 0-11, 0:16, 0-17, 0-17; 0:12, 0:08, 


v q 8 a et 11 12 
p 0-05, 0:03, 0-02, 0-01, 0-00, 0-00, 
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§2. CALCULATED INTENSITIES AND OBSERVED BANDS 


If the vibrational levels of the upper state of a transition were uniformly 
populated the intensity in emission of a band of origin v could be regarded as 
proportional to pv‘, the electronic transition moment being treated as constant. 
Using the calculated values of p, the values of pv* have been obtained, and expressed 
on an arbitrary scale, for the bands of the four systems which are relevant to the 
examination of auroral spectra. 

Vegard and Kvifte (1952) published the results of extensive observations on the 
aurora, and suggested identifications of a large number of features; in many cases 
there are two or more suggestions for the same wavelength. Petrie and Small 
(1952) made measurements covering the range from about 3100 to 48004, and later 
(1952, 1953) made further measurements, up to about 90004, using much greater 
dispersion, so that identifications are a great deal more definite. ‘They have also 
given integrated intensities for the bands where these could be established with 
sufficient accuracy. In the tables given here bands identified and measured by 
Petrie and Small, and some noted by Barbier (1947) in low latitude aurorae, are 
shown with the calculated intensities, and a few doubtful cases are discussed. 
Petrie and Small themselves give fuller discussion of doubtful and blended features. 


$3. NUMERICAL COMPARISON OF INTENSITIES : POPULATION RATES 
OF ExcITED STATES 


Where the measured intensities are given, direct comparison with theory can be 
made, and the relative populations of the excited levels estimated. Petrie and 
Small treated some of their results in this way, using approximate theoretical values. 

If / is the measured intensity of a band of origin v, and p=[J,%,-dr]? the 
value of log (I/pv*) can be plotted against wavelength A. Ideally the graph should 
consist of a set of straight lines, all parallel to the A-axis, and separated by amounts 
determined by the relative population rates of the excited levels. A suitable 
shift f (v’) can bring all the lines into coincidence, and the population of the v’ level 
is proportional to the —f(v’)th power of 10. This is essentially what was done by 
Seaton with the results of Vegard and Kvifte but with the ratio reversed. In that 
case the slope of the lines is considerable, and is probably attributable largely to the 
effects of atmospheric extinction. 

Using the newly calculated p-values, and a greater number of the measured 
bands, including a few of the Vegard—Kaplan system, this trend in the measure- 
ments of Vegard and Kvifte has been definitely confirmed, and is shown in figure 1, 
for the range 3000-50004. ‘The individual progressions are not shown separately, 
but the shifts used to bring them together in the case of N, Second Positive group 


Log (I/py*) +f(v’) 


xX N, 2nd Pos. group 
© N* Ist. Neg. group 
aN, V-K 


23000 3500 4000 4500 
A (A) 


Figure 1. Measurements by Vegard and Kvifte. 
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are 0, 0-2, 0:4, 0-6 for the levels v’ =0, 1, 2, 3, and these would correspond to 
populations in the ratio 1, 0-6, 0-4, 0-25 for these levels. For N+ First Negative 
group the relative shifts are 0, 0:8, 1-0, 1-2, giving populations for v’ =0-3 in the 
ratio 1, 0-16, 0-10, 0:06. Only two levels, v’ =0, 1, of the Vegard—Kaplan system 
are sufficiently reliably represented to be included, and these appear to have 
populations in the ratio of about 1: 0-4. 

The tables and photograph published by Vegard and Kvifte show the difficulty 
of ascribing an intensity measurement to one band only, and this can account for 
the scatter among the points of any one progression, and for the few bands which 
areunduly strong. The average slope of the graph represents a change in the ratio 
of measured to calculated intensity in this wavelength range of something like 
40: 1, whereas, apart from the few outstanding discrepancies, the scatter represents 
an uncertainty in the ratio of only about 1-4: 1. Seaton attributes this slope 
mainly to the effect of atmospheric extinction. There is also the possibility of a 
systematic effect due to the calibration of the intensity scale. 

The results for N, Second Positive group given first by Petrie and Small (1952) 
are now treated in the same way. Here allowance was made by the observers for 
atmospheric extinction arising from several causes. Relative shifts of 0, 0-25, 0-5, 
0-75, corresponding to population rates for the v’ = 0, 1, 2, 3, levels of 1, 0-56, 0-32, 
0-18, gives the graph of figure 2. Excluding for the moment the (3, 2) and (0, 4) 
bands, the slope of the line is very much smaller, representing a systematic 
variation in the ratio of measured to calculated intensity of not morethan 2:5: 1 over 
the wavelength range 3000-4500A. Of the two bands which lie off the line, the 
(3, 2) band, which appears too weak, is at the extreme end of the measured range, so 
that the significance of the low value is doubtful. Neither Vegard and Kvifte nor 
Petrie and Small in their later work give a numerical value for its intensity. 
Laboratory observations indicate a higher value for it. The (0, 4) band has a high 
intensity, almost certainly due to the inclusion of the H,, emission at this wavelength. 
The intensity, 2-0 on the scale used, is too high by a factor of about 2, suggesting 
that an intensity value 1-0 should be allotted to the band and 1-0 to the hydrogen 
line. 


2 x0,4 
€ 73 14 (3 
+ 2,30 QU US fem 
= 7L3i 33 
Bll Pirate eK 
Ss 1,0 
= N, 2nd Pos.group 
X32 
2 | se ere al ited 
3000 3500 4000 4500 
A (A) 


Figure 2. Measurements by Petrie and Small (1952). 


Nicholls, in a private communication to Seaton, suggests that the neglect of the 
effect of varying internuclear distance on the electronic transition moment is likely 
to introduce a wavelength trend in the direction actually obtaining. The great 
reduction in line slope in this case as compared with the last indicates that atmo- 
spheric absorption was responsible for the greater part of that slope. "The much 
smaller trend remaining may possibly be due to the effect mentioned by Nicholls. 
In any case, the detection of irregularities and the calculation of population rates 
can be carried out independently of this systematic variation. 


Ht 


ee ee ee 
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The fuller publication by Petrie and Small in 1953 of intensities measured at 
much greater dispersion makes it possible to examine on a comparable scale the 
three systems N, Second Positive group, N, First Positive group, and N,* First 
Negative group. 

Figure 3 shows the results plotted for the range 3000-5500 A. 


x N, 2nd Pos. group 
oO N,* Ist Neg. group 


Log (Z/pv4) + F(v) 


3000 3500 4000 4500 5000 
A (A) 


Figure 3. Measurements by Petrie and Small (1953) in the range 3000-55004. 


For N., Second Positive group only the v’=0, 1 progressions are here repre- 
sented by any appreciable number of bands, so that the population rates of the 
remaining levels are somewhat uncertain. ‘The rates appear to be 1, 0-5, 0-1, 0-1 
forv’=0,1,2,3. Theintensity of the(1, 6) band istoo great bya factor of about 3, 
when compared with theory, and also seems to be too great when compared with 
laboratory results. Vegard and Kvifte suggest that other features exist here, and 
the high intensity makes this likely. 

The results for N,*+ First Negative group indicate population rates for the 
levels 0-5 of 1, 0-18, 0-032, 0-016, 0-016, 0-013. Here again the higher levels are 
represented by only a few bands, so that conclusions should not be too readily 
drawn; but it does appear that the upper levels are fairly evenly, though thinly, 
populated. .The(3, 5) band is unexpectedly intense, and Petrie and Small suggest 
blending here. It is noteworthy that it lies close to the (1, 6) band of N, Second 
Positive group mentioned above. 

In the measurements of intensity for N, First Positive group bands, several 
levels are represented by one band only, and population rates for the low and 
high levels cannot, therefore, be determined with any certainty. The points 
corresponding to levels v’ = 4~9 are all brought on to one (curved) line by relative 
shifts of 0-15 v’, and the (2, 0), (10, 6), (11, 7) bands, although the only repre- 
sentatives of their progressions, agree with this scheme. ‘The (7, 5) and (9, 7) 
bands, which lie off the line, have been discussed earlier. 

There is a considerable wavelength variation of the ratio of measured to calcu- 
lated intensity in the red region. Figure 4 shows on a smaller scale, and without 
the individual band numbers, all the range of measurements by Petrie and Small, 
and this trend is marked in the region beyond 6000A. ‘This may be connected with 
the allowance for absorption, or with calibration, or Nicholls’ suggestion about 
the electronic moment, mentioned before, may have some bearing here. + 

The high latitude auroral measurements made by different observers at different 
times appear, after any wavelength trend has been discounted, to give excitation 
rates of the same order. ‘The distributions are not generally thermal in type. 


ft It is of interest to note that laboratory measurements made by Nicholls, and just 
received (private communication), show a very similar trend, though less pronounced. 
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One more set of measurements should be mentioned. Barbier’s measure- 
ments on N,+ First Negative group in low latitude aurorae, when treated in 
the same way, require progression shifts of 0, 0-2, 0-3, 0-4, indicating populations 
for the v’=0, 1, 2, 3 levels in the approximate ratio 1, 0-63, 0-5, 0-4. This 
corresponds to a much higher degree of excitation than is shown by the same 
system in high latitude aurorae, as Barbier pointed out. 
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Figure 4. Measurements by Petrie and Small (1953). 


§ 4. CONCLUSION 


At present there are not available measurements on auroral bands made 
systematically at different times or in different places under the same instrumental 
conditions. Such measurements, compared with the same calculated values for 
the intensities, would show whether there is variation from time to time in popula- 
tion rates, in atmospheric absorption, or in the relative strengths of various 
features. As an example of the last effect, we may consider the H, line. If this 
varies in strength in a manner different from the (0, 4) band of N, Second Positive 
group the irregularity noted in figure 2 should indicate this variation. Such an 
effect can in fact be found when the results of Vegard and Kvifte are compared with 
those of Petrie and Small, but from photographs taken under different conditions, 
and calibrated differently, no safe conclusion on the point can be drawn. 

‘The comparisons made here show how much information can be obtained from 
measured intensities, and indicate the value of further systematic observations. 
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The Self-Consistent Field for Aut 
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Abstract. ‘The results are presented of the calculation of the self-consistent field, 
without exchange, for Aut. 


$1. INTRODUCTION 


Ms ‘HE limited, mutual, solid solubility in the copper-silver alloy system has 
been deduced by a quantum mechanical calculation (Arafa 1949). This 
was the first successful application of quantum mechanics to an alloy 

system in which the components differ markedly in atomic size. In the calculation 

the self-consistent fields, without exchange, for Cu+ (Hartree 1933) and Agt 

(Black 1934-1935) were taken as an approximation to the fields of the solvent 

and solute atoms. The author concludes his paper by remarking that it would 

be a searching test of the method to apply the procedure to the copper-gold alloy 
system. It was with this in mind that the self-consistent field of Aut was 
calculated. 

§2. METHOD OF CALCULATION 


The details of the method of the self-consistent field may be found in papers 
by Hartree (1928 and later). These papers and others have been reviewed by 
Hartree (1946). The determination of the field involves the numerical solution 
of (Hartree 1934), 

(d?/dp*)\( Pr-"*) + [2Er? +-27Z,, —(1+4)*\(Pr)=0 —....... (1) 
_ where p=Inr, Z,=-—rV the effective nuclear charge for potential. EF is the 
: energy of the electron in the central field V=V(r); V, E and r are all in atomic 
units; P=rjs where % is the wave function for an electron in a central field, 
and /is the azimuthal quantum number. Z, is related to Z, the effective nuclear 
. charge, by 


A Aas ee ee ae a, (2) 


The first approximation to Z was made 1n a manner analogous to that described 
by Manning and Millman (1936) using the results for Cst (Hartree 1934) and 
Hg (Hartree 1935) for all groups (1s)? to (4d)'° and the results for Hg and W 
(Manning and Millman 1936) for all groups (4f)!* to (Sp)®. For the (5d)!° group 
it was assumed that a plot of the contribution to Z against p would be displaced 
to values of p slightly larger than those of the corresponding (5d)'° group in Hg?*. 

The numerical solution of equation (1) was carried out by methods developed 
by Hartree (1932-1933) for second order differential equations with the first 
derivative not present. ‘The parameter F was varied until a reasonably asymptotic 
solution was obtained. ‘The tabulated values of Pr~'? have been smoothed to 
the usual asymptotic form (Manning and Millman 1936). The numerical 
solution of equation (2) was carried out by the usual methods (Scarborough 
1950). The same integration constants were used in the calculation of P/r't? as 
those employed by Hartree for Hg to facilitate comparison. 

PROC. PHYS. SOC. LXVII, 9—A 56 


W. G. Henry 


790, 


IT-€6 
C0: S6 
OF: 96 
Or-L6 
00-001 


(Ps) 


oLU-U 

tss-0— 
180-1 — 
SCS: l= 
S98 la 


€Z0°-¢— 
brl-o— 
640°C 
688-1 — 
OSes 
800-1 — 
$9L:0— 
+8¢:0— 
60¢-0 
+69-0 
EST 
CLE 


Cr6: I 
TTS-¢ 
9F8°C 
OL6°C 
976°C 
L9L-¢ 
8IS-c 
SoC: 
1ro-1 
989-1 
C6E- 1 
OST 
0S6-0 
979-0 
cO+r-0 
$SC-0 
6ST-0 
660-0 
190-0 


96-L1 
7S-81 
£6°81 
CC-61 
00-0@ 
(ds) 


bCo'uU 
£ZL:0 
SSc:k 
979-1 
8S8°T 


9£6°1 
098-T 
19-1 
10€-T 
698-0 
8ZE-0 
LET: O— 
$+9-0— 
LADS = 
AES 
OSS Re 
660:¢ — 


LYG-C— 
ON OG 
Le6-1— 
Ae I 
1G es 
SST-O 
L€6:0 
99-1 
€LC-C 
8L£L°C 
99L-€ 
err-e 
0c9-€ 
SCL 
€09-€ 
Eve-€ 
L1O0-€ 
GLIX6 
OFE-C 


C19 
9€:-39 
CS TL 
985e2 
00:08 


(sg) 


20U°d 
096-1 
818-1 
S99-1 
90ST 


Lye-1 

colt 

by0-1 
6+06:0 
89ZL-0 
6099-0 
SZSS*0 
S99+-0 
FL8E-0 
FOLe-0 
919C-0 
6717-0 


CCLL-O 

SOTT-0 
16690-0 
940-0 
8490-0 
+6S10-0 
1$600-0 
€9S00-0 
67£00:0 
16100-0 
OTTO0-0 
€£9000-0 
9€000-0 
1000-0 
+0000-0 
10000-0 
00000-0 
00000-:0 
009000:0 


SKS EN 
OS-STI 
SHEN 
SOLD 
00-0¢T 


Gy) 


a0V-U™ 
0£0:0— 
LEv-0 
$88-0 
LOC: 1 


6S9°T 
196-1 
LO61°7 
DIE 
OLY-C 
€1S-¢ 
COS:C 
Stb-C 
LSC 
8CC°C 
80-7 
£76: 1 


C9L-1 

9th 1 

ecl-1L 
£698-0 
819-0 
F6Lh-0 
89:0 
bLyc:0 
brLl-0 
LICL-0 
(G4:1000) 
8£S0-0 
+6£0-0 
0810-0 
1800-0 
9£00:0 
9100-0 
£000:0 
£000:0 


11-£6 
Z0:S6 
0F-96 
Or-L6 
00-001 
(Pp) 


LVEU 

882:0— 
SGM ie 
YAS 
LOO 


CUliGes 
SEG 
0£0-¢— 
8S8-1— 
SS oe 
SC) ola 
S0Z:0=5 
SCC:.0 = 
$9¢-0 
SbL-0 
861-1 
LESS) 


$L6:1 
CES*C 
098-¢ 
086°C 
CL6°C 
F9L-C 
61S-¢ 
SECC 
16:1 
959-1 
COE: 1 
Obit 
0S6:0 
929-0 
cOr:0 
¥SC-0 
6S1-0 
660-0 
190-0 


96:L1 
cs: 8t 
€6°81 
cc: 61 
00-02 


(dy) 


Lib U Luo FT 
166-0 S68-1 
Styl ESL-Z 
SpLil 16£-Z 
826: 665-7, 
£96:1 89L-7 
758-1 £68-7 
L09+1 1L6-7 
OSe-1 100-€ 
808-0 $86°7 
r1E-0 976-7 
007-0— OE 8-7 
ZOL:0O— = E047 
SOP 6 CSS-Z 
LOS T— —s-E8E-Z 
168I— — £07-% 
CCT LIO? 
LICE A SES'T 
89GT—= PL 
St6u— = esi -T 
09€-IT— 6648-0 
0€9:0— rLS9-0 
191-0 b78b-0 
Zb6-0 E8rE-0 
859-1 187-0 
9LE-7 LvL1-0 
082-2 8IZ1-0 
LOT€ Zr80-0 
Ebb-€ 8450-0 
619-€ $6£0-0 
Tones 0810-0 
Z09-€ 1800-0 
CHEE 9£00-0 
LIO-€ 9100-0 
CLOT 4000-0 
9EE-7 £000-0 
et—4d JO AGL, 
I-49 = T-€6 
9€-89 20-56 
Co Vie 0-96 
98-€L  OF-L6 
00-08 00-001 
(sp) (Pé) 


F200 F 

680°c— 
VECO 
CSCIC 
OCYCm 


YEG 
LEC-C— 
L661 = 
GR 
OE Vas 
L820 
10¢-0— 
080-0 
8SS-0 
810-1 
Ott: I 
CEB: 1 


891°C 
9L9°C 
€96:°C 
640: € 
LLO°C 
COL*C 
LES*C 
9bC°C 
Lr6:1 
689-1 
£6E-1 
OST 
0S6:0 
909-0 
cOF-0 
$S7-0 
6S1-0 
660-0 
190-0 


LOAD 
CS: 81 
€6°81 
€c-61 
00:0¢ 


(dg) 


reid JO GBI, “+My ‘suOMoUNT Avy [EIPEY “1 AqRL, 


61-9 
[b-89 
SION i, 
88-E2 
00-08 


(sz) 


= ¢ 
100-0 *"/irb 
£00-0 orb 
500:0  *"/eb 
600:0 “"Vsr 
910:0 Ab 
$42Z0:0 "Jot 
S£0:0 "ch 
L80:0 “lst 
$80:0 eb 
Stl-0 | leh 
O8t:0 rh 
97-0 lat 
Ipb-O or 
61L:0  *"/e€ 
S901 S/o 
Copy aS 
688-1 "ee 
Bec. 
LIL:Z *orZ 
10-69 tec 
£9E-€ oT 
98S-€ "57 
6SL-8  WeC 
SUSE 5. BG 
ECS ee GT 
(Epis OSE) 
Sor-Ce. I 
8Z0-€ 0 
LL9-7 = 50 
SEE-7 0 
(4 000T) 
Uy 
ES SO peat 
09:89 */s0 
SOBs MES 
£6°EL 0 
00-08 
(sq) = 
(4 0001) 
Ul 


100-0 = — — — — == = pe a — Led p< “6 
700-0 = a ae aa ini oan ar a) az in = ee te 16 
£00-0 ae an mm ear cio me fi fe = a = = = «(86 
= 500-0 = = = = s = = = a i See 
nS 800-0 — — _ _ — — — — — == = — IRG 
coy 
710-0 == ome a= — = a = = = ee = - ar / 6 — 
erate eT Leip lu a 
0+0-0 — — _ _ — — — — = = = — 81/9 
£S0-0 — — — — a= ms oe a — — = ap ES 
080-0 100-0— — _ — — — = = — ae! aa =e at/9 
— cT/ 
ILT-0 Z00:0— a = = = = = = — — = 1/98 
IST-0 £00-0— — — — = = 2. ae a oe = eS reg 
Z0Z-0 400:0— 200-0 _ — ~ oS — = = a = = girs 
997-0 Z10-0— —-€00-0 — “= ae ae a = ae a Pe es 
i S+£-0 £Z0-0— 800-0 a ia a = = = = = ra aad ae 
= SEr-0 6£0:0—  +10:0 100-0 a == — — — — — — = Ets 
Ss 8rS-0 990:0— 970-0 Z00:0 = = — — — — — — == 8 
> +L9-0 901-'0— 940-0 €00-0 = os fe — = = = == aa eae 
= ST8-0 S9l-0— 840-0 S00-0 = aa = = = = = aa ae aeons 
Ss 696-0 647-0— LZI-0 600-0 sss <= = = aa = == = = STL, 
x FELT +9E-0— 861-0 +10:0 100-0— a oe = a — = = = Tel 
~ LOE-T 60S-0— 862-0 200 One 000-0 =" 100-0 a = 7 on = = ae 
S& €8¢-1 689:0—  —s bEF-0 S£0-0 $00:0— 700-0 100-0— — — — — — aa ye 
2 969-1 006:0— +09-0 750-0 010-0O— ~—++00-0 Z00:0— = = — — = = a 
B LI8-T LELI—  O18-0 LL0-0 810:0— 800-0 $00-:0— ms aa = a = — Mole 
5 LS6-1 06E-I— Sr0-T ZIT-0 Z£0:0— ~—- 90-0 010:0— oe ass == oa = = Tel 
1 $90-7 €r9-T— = LOZ T 9ST-0 ss0-0— 0£0-0 0Z0:0— aa = = = = = leh 
> 671-7 9L8-T— 8ST v1Z-0  060:0— —_ #00 L£0-0— — — a = = eo A 
1) 
a LEL-Z $90-7—  —s SLL 767-0 Itl-0— 760-0 490:0— se SS — — — L 
= 80-7 981-7— 1S61 L8£-0 +4I7-0— STO +IT-0— — —= — — = T/149 


ra 


W. G. Henry 


792 


$80°€ PUL 95-5 SEBI OFS  OSS-€ O10-7 0690 “/e9 00£:6 06S O€8-T 049-5 S980 — ley 


S8L-€ a FY 686-5 OPS IL SSb-9 SISb 059-7 Ss8O “29 00S-6 S6bS O81 S20: OrOT — MHey 
OrS-+ Hel 0Z9-S OSS. O6r-Z O0S:S O1f-€ S8OT “9 S¥O-6  SOS:S SS8-I 00ST OL? — eb 
O@E-S ely Coro SEOs OP SLS' Te OG'C OLE TL — eb 
SOT-9 THe 089:$ SZ8-T 00S:8 Obb-9 O£6-€ SOE-T 9 S86  09S-S S68-I OSE€ SOS-T S000 “Vth 
SS8-9 Mata StS 0061 SSbh6 OLeL OLbb O6bT Mins 
Oss-2 ae GOSS SZ6-1 Of€-0L SS6-L S88b SEIT “lors 0686 009-§ SI61 OSL S79 0100 | # 
SC8-S Sh6-T SOL-EL SZr-S OLT-S O€LT Fes S666 $69S_OS6'T «(OSh+ «(06L:T «00-0 “ort 
SST-8 ia 0685 SS6T OLLIE S788 SEES O8LE “Ness 036-6 S8L:S OL6T S66+ SL8-T 0010 “st 
099-8 */i19 S06-S S961 OZE-ZE S€0-6 SOS S6LT "1S 566-6 098°S O86-T SSeS SO6-L SOZ-0 MoE 
080-6 “"/or9 16S S$96:E S9L-ZI SEL6 StS OORT Mos 000-01 SI6S O86-1 OF9-S SI6-1L 096-0 “lt 
S7E-6 51/69 O1EG S061 SIIRT OLI6 Scr O08 ~ Tiss 000-01 0S6°$ 086-1 S6Z:S SI6-T OSSO “Te 
00S-6 5t/39 S16 S96: SLEEL SZI-6 SerS O18T “rs 000-01 SL6:S- 086-1 068'S SI6-l O420 _ £ 
S6S-6 et/.9 16S OL61 OLS-€L O8f-6 S9r-S S7BE “Nes 000-01 S86-S S861 Sh6S 026-1 $66-0 “Mord 
0+9-6 8T/99 SZ6S OL6L OLE 002-6 O@S-§ OSBT es 000-01 $66:S S86: OL6S Of6-E SO%L “/et% 
0S9-6 *t/e9 SE6S SLO-L OLE Ob@-6 S6S:S O88E = “Nhs 000-01 $66-S 066-1 S86:S ShOTE S6ET  “is% 
0S9-6 *T/59 000-01 000-9 066: $66-S 096-1 SSS-L S/s@ 
$S9-6 *T/29 CH6S O86:1 SL8-E1 O00E-6 OL9S OL6-1T S 000-0 000-9 S661 S66-S OL6-1 089-1 = “"et 
$L9-6 *t/29 96S 0661 OS6-E1 S9F6 0085 SOT “orb 
SOL-6 51/79 0865 0661 O86:E1 Sb9-6 SL8S 0961 “leh 000-0 000-9 $66:E 000-9 086-1 SLLT 
S86:S S661 S66EE S8L:6 S68S 096-1 “lob 000-0 000-9 $66:-E 000-9 S861 SPr8-T 
OSL:6 9 686-5 S66: 000-r1 $886 S68S S96b Sh 000-01 000-9 000-7 000-9 066-1 S68-T 
O+8-6 eT /orS 686-5 S66: 000-b1 066-6 0065 0461 “eb 000-0 000-9 000-7 000-9 $66-1 S61 
$06:6 ete $86:S $66:1 O000-r1 $266 SI6-S 086-1 4 000-01 000-9 000-% 000-9 000-% Ss6-T 
S£6°6 aT 9S 66:5 000-2 O00-FT 066-6 O£6-S 066-1 “lore 000-01 000-9 000-% 000-9 000-% SZ6T 
0F6°6 eS 066:S 000% O00-FL $666 OS6S S661 “ee 000:0f 000-9 000-2 000-9 000% $861 
06:6 ad Ea 666-S 000:Z 000-FE 000-01 O26 S66T “oe 000-01 000-9 000-% 000-9 000-% 066-1 
0S6°6 S S66-S 000-2 000-r1 000-01 O086:S S661  ‘Tré 000-01 000-9 000-% 000-9 000-2 $66-1 
SL6°6 Tey 000-9 000:Z 000:FE 000-01 066: S661 “et 000-01 000-9 000-2 000-9 000-2 000-2 
066:6 TH 000-9 000:% 000-r1 000-01 S66:$ 66-1 € 000-0 000-9 000-% 000-9 000-2 000-¢ 
000-01 + 000-9 000: 000-FI 000-01 000-9 000-¢ Z 000-01 000-9 000-2 000-9 000-% 000-¢ 
000-01 0 000-9 000:Z 000-F1 000-01 000:9 000-2 0 000:0E 000-9 000-2 000-9 000-2 000-2 
ot(PS) d o(dg) (SS) Gr) or(P) + (Fp) 2(Sp) d o(PE) 9 (FE) 2(S€) 9(4Z) (SZ) 2(ST) 


[(4u qu)’z — 11 +12)2 FO ANIBL “7 0} SuoNNgIUOD «NW °¢ IGP. 


793 


The Self-Consistent Field for Aut 


S61-8 
SST-L 
ot(PS) 


986°€ 
009-4 


(dg) 


8E8-C 
c18-9 


2(8$) 


9878-0  St0Z-0 c6S9-0 1ZSS-0 €C81-0 
099-2 Sb: vc SCLLE 0c: th S6°€91 


(Fr) ot(P+) 9 (dp) 2(Sh) or(P€) 


0 
4NY 10} Ped [=r pus ae= 


— — == — — = 8 
00:0 3=— = = = = Jaiad 
070-0 ——= Tie "orl 
0S0:0 000-0 a= se == os icy 
SOT-0 OT10-0 = = — = STL 
607-0 $Z0-0 == = — == Mie 
S9€:0 $S0:0 = a a = ST/oL 
009:0 O00T-0 = <= = = Gel 
0£6:0 SZI-0 $00-0 = = oss Sree 
O9€:L 082-0 020-0 == = = ald 
S881 O€bF-O0 SS0-0 Tel 
C8b-~% S190 SIT-O0 $00-0 aad = Ciel 
SZI-€ S780 Szz-0 S100 S000 — mene 
SSL: SSO-T S6£-0 0S0:0 S10-0 t/ 119 


OLE-+ SLZ-1 S90 SZI-0 OF0-0 $00:0 “"V/or9 
SO8-+ OLbT 066:0 092-0 §60:0 070-0 *"/69 
O9T:-S SZ9-L StrT SZLr-0 061:0 St0O-0 “99 
S8E-S SEL:E SZO-% O18:0 SS€-0 060:0 %/.9 
OIS:S 008-1 SZZ:% O8%T  O19:0 OLT-0 %/o9 
SSS-S S78T OFS-€ 006T 046:0 S870 e9 
G9S:S SE8-T OSt-b $997 OFbT OFFO “*p9 


€8S1-0 8SEl-0 
$602 


9(d¢) 3(S€) 


L-f6L 


cSO+0-0 


0-498 
9(dZ) 


=> JosonfeA “¢ qe], 


S00-0 
S10-0 
O£0-0 


090-0 
OcT-0 
OCC:0 
S8E-0 
0£9-0 
046-0 
Oct I 
086: T 
OF9-C 
O8E-€ 
OLI-+ 
SL6:4 


SYS 
OTS-9 
S8I-Z 
082-2 
S878 
OOL:8 
S£0°6 


000-0 
010-0 
070-0 


0S0-0 
SOT-0 
S0c:0 
OLE-0 
S19-0 
0S6-0 
S8E-T 
006: T 
SLY-C 
OLO-€ 
Sr9-€ 
OLI-+ 


S09-+ 
OS6-+ 
S61-S 
OSES 
Orbs 
O8F-S 
O6+F-S 


0$620-0 
0-268 
2(SZ) 

$000 =— 

010-0 $00-0 
0£0-0 $T0-0 
090-0 $£0-0 
OIT-0 90-0 
061-0 OTT-0 
OLE-0 O8T-0 
O8t-0 $L7Z-0 
002-0 06£-0 
$£6:0 S€s-0 
O0£-T $69-0 


cel cata a lS sc 


eet | 


+T7£00-0 
OLS 


(ST) 


I 


794 W. G. Henry 


To begin the calculation it was assumed that the initial approximations for 
all the groups (1s)? to (3d)!° were within the allowed limits of error. The (4f)" 
shell was treated first and the maximum difference between the estimated and 
calculated Z found to be nowhere greater than 0-025 electron. Attention was 
then turned to the outer groups. The maximum difference for the (5s)? group 
was found to be 0-015 electron, The (5d)!° group was then brought into 
approximate self-consistency and the (5p)® group adjusted to bring the maximum 
difference for this group to 0-015 electrons. In all, ten approximations were 
required to bring the maximum difference between the estimated and calculated 
Z for the (5d)"” group, which was ‘ overstable’ (Hartree 1933), to 0-025 electron. 
All groups were then recalculated using the corrected field. 


§3. RESULTS 


The maximum difference between the estimated and calculated contributions 
to Z for any one group is 0-025 electron. The maximum difference between the 
calculated and estimated contributions to Z from all groups is 0-050 electron 
which occurs at p=4-0 where the total Z is comparatively large. ‘The results 
are summarized in the accompanying tables. 
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Abstract. Certain regularities observed in the spectra of benzenoid hydrocarbons 
by Clar and by Klevens and Platt are interpreted in terms of the l.c.a.o. molecular 
orbital theory on the assumption that electron repulsion mixes together only 
configurations which are degenerate when overlap is neglected. ‘The frequency 
and intensity relationships between Clar’s «, p, 6 and f’ bands find a simple inter- 
pretation in this scheme, and the near ultra-violet spectra of benzene, naphthalene 
and anthracene are interpreted in the light of this theory. 


$1. INTRODUCTION 
[= visible and near ultra-violet spectra of aromatic hydrocarbons are of 


considerable theoretical interest, for several reasons. First, the main 

bands in these spectra undoubtedly correspond to 7-7 electronic transi- 
tions, and existing theories of unsaturated molecules stand or fall by their success 
in describing the behaviour of the z-electrons. Secondly, the aromatic hydro- 
carbons form a convenient series of molecules for comparative study; and 
thirdly, their spectra, which have been observed and studied in some detail by 
Clar (1941) and by Klevens and Platt (1949), show some remarkable regularities 
which represent a challenge to theoretical analysis. 

The main experimental findings are as follows. ‘The spectrum of an aromatic 
hydrocarbon usually contains four main regions of absorption, which from 
their intensity must be due to singlet-singlet transitions. These bands are 
called «, p, B and f’ by Clar, and 'L,, *L,, 1B, and 1B, by Platt (1949). The 
last three increase in frequency in the order p<f <f’, and are relatively intense, 
having oscillator strengths f of the order of 0-1, 1-5 and 0:5 respectively. The 
x band, on the the other hand, is invariably weak ( f-20-005) and usually occurs at 
longer wavelengths, though in some cases it underlies the p band, or appears 
between pandf. ‘The p and« bands almost invariably show marked vibrational 
structure, but the B and f’ bands rarely exhibit such structure. And finally, 
there is a remarkable relation, pointed out by Clar, between the wavelength 
maxima of the weak « band and the very strong 6 band, namely 

7 UY VATED) I On a i mere vee (1) 
This relation holds for a wide range of hydrocarbons of most diverse types. 

Let us see now whether these results are intelligible in terms of the l.c.a.o. 

molecular orbital theory. ‘This theory describes the ground state by the 


configuration 
(a)?(Po)” «++ (Lm—a)”"(Pn)” 


there being 2m z-electrons altogether; and an obvious supposition is that the 
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four bands «, p, B, B’ correspond to excitation of one electron from one or other 
of tn 4), to one or other of Yn 41) Ym+2, the lowest unoccupied orbitals. The 
corresponding transition energies, namely (€) 41) €m +2) — (€m» €m-1)» Can be expressed 
as differences between molecular orbital energies, and the results so obtained show 
quite good correlation with experiment, particularly ¢,,,; —€,, with the frequency 
of the p band (Coulson 1948, Platt 1950); but in other respects the simple treat- 
ment is inadequate. First, it requires all four transitions to be strongly allowed, 
whereas the a-band is invariably weak. Secondly, the vibrational structures of 
the bands are unexplained; and thirdly, Clar’s rule (equation (1)) receives no 
theoretical interpretation. 

These difficulties appear in an acute form in benzene, where the simple 
treatment, based on real molecular orbitals, predicts four degenerate allowed 
transitions; in actual fact the spectrum is of the normal type, except that the 
B and f’ bands coincide. In this case, however, the reasons for the failure of the 
simple theory are known. The theory fails because it does not allow adequately 
for the mutual repulsion of the electrons. This repulsion splits the fourfold 
degenerate excited level into a twofold degenerate level, transitions to which are 
allowed, and two non-degenerate levels, transitions to which are forbidden if 
the ring has Dg, symmetry. The « and p bands nevertheless appear (since 
vibrations can destroy the symmetry), but with much lower intensity than the 
f, 6’ band. (A similar situation must occur in all symmetrical cyclic polyenes 
with 4n+ 2 7-electrons, but the higher members of the series are unknown.) 

This resolution of the difficulties for benzene and the cyclic polyenes has 
led Platt (1949), and more recently Moffitt (1954), to an interpretation of the 
spectra of the ‘cata-condensed’ hydrocarbons, that is, aromatic hydrocarbons 
derived from cyclic polyenes by the formation of additional transannular bonds 
(see figure 1). Platt suggested that the general pattern of the bands may be rather 


Concer eee 


Figure 1. 


little affected by the introduction of the cross-links, apart from the removal of 
the f, B’ degeneracy, and that the low intensity of the band arises from the same 
factors that operate in benzene itself. Extending Platt’s ideas, Moffitt (1954) 
has given a more quantitative account of the spectra of cata-condensed hydro- 
carbons by the l.c.a.o. method but still retaining the so-called ‘perimeter 
approximation ’, 

However, the characteristic spectral pattern of aromatic hydrocarbons is 
not limited to the cata-condensed systems, and we have been considering the 
problem from a related but different standpoint which seems to throw light 
on the electronic transitions of alternant hydrocarbons in general (Coulson and 
Longuet-Higgins 1947). Our treatment concurs exactly with the accepted 
theory of the benzene spectrum (Goeppert-Mayer and Sklar 1938), but it seems 
to be more generally applicable than the perimeter approximation. It has the 
additional advantage of showing rather more clearly the extent to which the 
simple m.o. treatment of such systems is valid. 
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§ 2. ALTERNANT HypDROCARBON MOLECULES 


As has already been remarked, in order to understand the details of electronic 
spectra it may be necessary to take into account electronic repulsion (Longuet- 
Higgins 1948). ‘This repulsion has the effect of mixing together different electronic 
configurations of the same symmetry, so that it is not strictly correct to describe 
an electronic state as one in which there are so many electrons in %,, so many 
in %, and so on. ‘The importance of configurational interaction, however, 
would seem to depend very considerably upon individual circumstances, and 
Moffitt has distinguished two types of interaction that can occur. 

First there is interaction between configurations of equal energy and the 
same symmetry. Electron repulsion mixes such configurations extensively and 
splits the degeneracy between them. This type of interaction Moffitt calls 
first-order. On the other hand we have second-order interactions between 
configurations of relatively unequal energy; this will produce much smaller 
effects and may be neglected in a first-order treatment. In the cyclic polyenes 
the first excited configuration is fourfold degenerate, so we have first-order 
configurational interaction, which is why the molecular orbital theory fails so 
badly unless electron repulsion is taken into account. However, as we shall 
see immediately, a similar situation arises not only in the cyclic polyenes but in 
any alternant hydrocarbon. 

In the simple l.c.a.o. treatment (neglecting overlap) the molecular orbitals 
of an alternant hydrocarbon appear in pairs, with energies « +, where « is the 
coulomb integral for a carbon 2p orbital (Coulson and Rushbrooke 1940). The 
orbitals %,-1) Yins Ymit» Ym+2 Will then have energies 


Din +2 a €9 
Pont see of €1 
Din se a 


Bina > K&—€p. 
The energies of the first four excited configurations relative to the ground state 
will therefore be ea 

(hin tn +1) . 2ey 


(bn Pmie) (bm=Yms i ater 
(tm-1%m+2): 2€s. 
These relations are, diagrammatically, 
Xa= (ins pte) Cee 
X3=(Pm— eu 


= €q ne 
P= (tm ‘Yn +2) ig 
X1= (tm mss) ———— 24, 
va =eround state 2s 0), 


The second configuration will therefore be doubly degenerate, and we shall 
expect first-order configurational interaction between x, and y3, but not, as a 
rule, between y, and y,. We may draw the preliminary conclusion that x, and 
xX, represent reasonably well the wave functions of two excited singlet states 
Y, and ¥’,; but that there will also be two other singlet states ‘I’, and ‘tf’, whose 
wave functions must be mixtures of y, and ys, of the form 

P= x2c0s 8+ x3 sin 8 

Ys = — x2 sin 6+ x3. cos 6. 
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If, as we are supposing, the energies of x, and x, are identical, then we shall have 
Vo= V2(x2+ xs) 
Es= V/2(X2— Xs) 
and if, as we shall show later, the transition moments Jy)My,. dr and Jy)>My, dr 
are equal in magnitude and direction, then the transition ‘y—> ‘’; will be very 
weak, and ‘> ‘V, very strong. Finally, if the electron repulsion integral 
e 
>: leo X37 
<j 
is denoted by y, then the energies of Arse transitions will be split according to 
the equation 
ECP) — E(¥o) =< +e2—y 
EY.) -E(Fo)=ateaty 
so that we shall have two associated transitions, one weak and one strong, 
separated by a gap of 2y. 

This situation is just that which is found in practice. The remarkable 
frequency relationship (1) discovered by Clar suggests that the « and / bands are 
in fact due to the associated transitions ‘’,> ‘VY, and ‘Y,—+ V’,, the intensity of 
the latter being derived at the expense of the former. ‘The p band is interpreted 
as due to the transition ‘)—> ‘I’, as its energy is found to be well correlated with 
calculated values of 2«,; and this leaves the 6’ band to be associated with the 
transition ‘)+>‘’,. It remains, therefore, to show that 


|xoM X27 = | XoM x3 dr 
and to show that y> 0, as it must be if the « band is to appear at longer wavelengths 
than the 8 band. 

The peculiar property of an alternant hydrocarbon is that its atoms can be 
divided into two sets, ‘starred’ and ‘unstarred’, such that no two atoms in the 
same set are directly linked. A pair of molecular orbitals with energies «+e 
may then be written in the l.c.a.o. forms 


p=U*c,b, + WEP, 
p= X*C,b,— Wed, 
where the first sum is taken over the atomic orbitals ¢, of the starred atoms, and the 
second sum over the atomic orbitals ¢, of the unstarred atoms (Longuet-Higgins 
1950). Inshort, the atomic orbital coefficients in such a pair of molecular orbitals 
are equal at the starred atoms and opposite at the unstarred atoms. 
But Yn %m41 form such a pair, and so do #4, n+ It follows that 
if Pm = U* a,b, + Ua, dg, and m1 = U* bd, + 2° bd, 
then }mia=2* ap b,— 20 a, $, and Pinsa= X* b,b,— Ud. ds. 
Now Xo—> Xz and x» x3, being one-electron transitions, have moments given 


[xo M x2d7= ef bm tm dt 
[xo M x3dr= [tna Pb 4 ar 


where r is the position vector of a point in the space of integration. Writing 


Ym» Ym» Ym+v ¥m+2 in the above forms, and neglecting overlap between atomic 
orbitals, we find that both these expressions reduce to the same expression, namely 


Da,b,e [byt $,dr—S9a,b.e[ berg, dr 


by 
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and this shows that the two transition moments are equal in magnitude and 
direction: 
To calculate y, defined as 


2 
y= 2. | xe — x2 dr, 
i<j ij 
it is necessary to write down explicit expressions for y, and y3. These are 
XS Vt { | Lm—1 Vn bn Pn+2 | — | Umi Pn—1 Ly Ym +2 [} 
ae Vt { LnPm Pmt Lin +a| iT | Ln Ly Pra Pm+1 [} 
where the expressions |.... | are ordinary Slater determinants, and the electrons in 


the lower orbitals are omitted from consideration. ‘The orthogonality of the 
molecular orbitals enables us to reduce y to the simpler form 


y= 2] [ea (1) bn 1) thn (2) (2) rs dr 
= | fa 1) Yn 1) se (2) bia (2) dr 


If this expression is expanded, neglecting atomic orbital overlap, it becomes 
( ea : e 
y=|{eQ)—p2)drdret | fo(1)—o(2) dry dr, 
12 12 


- 2 
6 || eye PO\arde 
lia 
where p(1)==*a,5,¢,2(1f) and o(1)= a,b, ¢4,2(1). 
In this expression the first two integrals represent the coulombic self-energies of 


charge distributions; p and o are therefore large and positive, the largest contri- 
bution coming from terms of the type 


e2 
a2b,2| |b,2(1)— 4? (2) dry dr. 
Vi3 


In the third integral, however, there are no terms of this type, since p and o refer to 
different sets of atoms. ‘The terms in this integral will therefore be of varying 
sign and individually smaller; so we may conclude beyond any reasonable doubt 
that y will be a positive quantity. This shows that ‘I’; will be lower in energy than 
‘Y’,, and hence that the weaker of the two transitions will occur at longer wavelengths 
than the stronger. Unfortunately it does not seem possible to explain why in 


general E(¥,)—E(¥,) 
E(‘¥'3)— EP) 


but the present argument does show why A,/A;>1, which is the essential point. 


ah ee 


§ 3, ALTERNANT HYDROCARBON RaDICALS 


The situation in alternant hydrocarbon radicals such as benzyl or triphenyl 
methyl is analogous in many respects to that in the normal hydrocarbon molecules. 
The three lowest electronic configurations are: 


Pmt. ——_—o~-— pilin Ue = Listed, a+eE 
tim ——_oO-— ——————— OO m% 
Yn —Be— —6e-— —o—  %-« 


(Xo) (x1) (X2) 
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Xo represents the ground state configuration; x, and x, are the degenerate con- 
figurations (tn b%n41) and (jm~1%m)- ‘The corresponding wave functions are 
Xo— lbn—t Pn Yr| 
4,8 ae [Pina Pina Ym+a| 
Xe | bm—1¥m Ym: 
Now %,,, being a non-bonding molecular orbital, may be written in the form 
im = * a,d,, the summation being confined to the starred atoms only; and 
Yn st» Uma» being conjugate orbitals, have the related forms 


Bm 1 =2* b, $y + ay bs bs: 
Hence Ixo My, dr= ef tn riba dr=>*a,b, elt, r¢d,dr 
and [xoMxodr=— ena" Yn dr = —Y* a,b, e[b,0b,dr. 


The transition moments from yp to x, and x2 are therefore equal and opposite. 
But y, and x2, being degenerate, will be split by electron repulsion into their sum 
and difference; and the magnitude of this splitting is determined by the repulsion 
integral 


y= Braz rede = — | fins (1) hn (1) nes (2) bn 2 dr 


2. 
=—|Jo(1) =p Qari dn where p=5>*a,b,¢,2. 


y is therefore a negative quantity ; and of the two wave functions ‘’; =(y, + y2)/+/2 
and ‘I’, = (x1 — x2)/*/2 the former will have the lower energy. We therefore antici- 
pate that the longest wavelength band in the electronic spectrum will be the weak 
transition ‘’)—>‘f’,, and that at rather shorter wavelengths there will be a much 
more intense band arising from the associated transition ‘V’)— ’. 


§4. THE POLYACENES 


We shall now, by way of illustration, apply these ideas to benzene, naphthalene 
and anthracene. ‘The pioneer theoretical work on the polyacenes was done by 
Coulson, who used the l.c.a.o. method, including overlap but neglecting configura- 
tional interaction. Here we are neglecting overlap and taking into account the 
consequent first-order configurational interaction; so, as will appear, our inter- 
pretations differ from his in certain respects, though we agree with him in the 
assignment of the p-bands. 

One possible choice of real molecular orbitals for benzene is illustrated in 
figure 2; the dotted lines indicate nodal planes perpendicular to the plane of the 
molecules. and ys, are degenerate, and so are ys, and y;. 


Figure 2. 
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The configurations (.~! %;) and (s,~14,) therefore combine together, as well as 
(by) and (¥,-44;). The resulting wave functions, and their symmetries, are 
given in table 1. The usual interpretation of the observed spectrum, due to 
Goeppert-Mayer and Sklar (1938), is that the three lowest electronic transitions are 
to the B,,, B,, and E,, states respectively; this interpretation is consistent with 
the relative intensities of the bands, and is supported by a further piece of evidence 
discussed in a later paragraph. 

It should be noted, however, that the mean energies of the pairs 
(ho ths) + (es thy) and (b5-1%,4) + (431%) are not equal, as our simple theory 
predicts. Thus it cannot be strictly accurate to regard the energy of a one- 
electron excitation as a difference of one-electron energies. 


Table 1. Electronic Spectrum of Benzene 


Frequency Oscillator Name Assignment 
(cm~1) strength (f) (Clar) Wave function Symmetry 
(po *h5) — (5 yha) 
54500 0-69 od E 
BB | (bo Mba) + (hss) = 
48000 0-10 p (a 14h5) + (hg Mba) Buu 
38000 0-002 a (2-144) — (bg Mh5) Boy 


In naphthalene the orbitals 4, %;, o, 4, are as shown in figure 3. Again the 
dotted lines denote nodal planes. 


Figure 3. 


On our assumptions the configurations (#, 1 y,) and (%; -1y,) combine together 
but (, 14,) and (;-14%,) do not. ‘The resulting interpretation of the ultra-violet 
spectrum is indicated in table 2. 


Table 2. Electronic Spectrum of Naphthalene (Klevens and Platt 1949) 


Frequency Oscillator Name Present assignment 
((ocomm) strength (f) (Clar) Wave function Symmetry 
60000 0-6 ips (64 *yz) Bou 
[52500 0-20] as = a 
45500 1-70 B (64th) + hs hr) Buu 
34500 0-18 p (65g) Boy 
32000 0-002 OW (hah) — (sh) Buu 


The symbol B,, indicates a transition moment parallel to the long axis of the 
molecule, and B,, indicates a moment parallel to the central bond. The above 
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assignments of the four principal bands agree with those of Platt and Moffitt ; the 
experimental evidence for the directions of polarization of these bands is incon- 
clusive at present. 

In addition to the «, p, 8 and f’ bands there is a region of absorption around 
52500cm-! which Platt has tentatively interpreted as a distinct band due to a 
symmetry-forbidden transition. The hypothesis that this band is due to a 
7-electron transition would be difficult to reconcile with the present theory. 

When we come to anthracene the situation resembles that found in benzene, as 
there is an ‘accidental’ degeneracy in the second highest occupied m.o. and the 
second lowest unoccupied m.o. The forms of the orbitals #5 to 4) are depicted 
in figure 4, 


Figure 4. 


The orbitals 4, and x, are degenerate, with energy equal to that of #, and win 
benzene, which they closely resemble; and there is a corresponding resemblance 
between the degenerate pair 9, 4) and the benzene orbitals z,, ws. 

The allowed single-electron transitions from #5, we Ys, to Ws, Wo, Wy are: 


(7 "Hs), (Ye *%o), (5 *Ya0) (transverse) 
and (7h), (be * 4s) (longitudinal). 
Owing to the degeneracy, electron repulsion will lead to strong interaction 
between (%,-1y,) and (#;-1 49), and between (4, ty) and(%,41yY). The resulting 
excited singlet states are given in table 3. 


Table 3. Electronic Spectrum of Anthracene (Platt 1949) 


Frequency Oscillator NaERe Present assignment 
(cm~?) strength (f) Wave function Symmetry 
54000 0-65 p’ (5 Pro) — (Ye Yo) Bou 
45500 0-28 wx 5 Pro) +(e Yo Bay 
39000 23 B (fe bs) + (abo) Bu 
[28000 0-002] Y (hes) — (zo) Buu 
26000 0-10 p (fb, "Bbs) 2u 


The assignment of the p, « and 6 bands requires no comment, except that the 
data for the « band are based on inference, as it is obscured by the much stronger 
p band in the same region.. On the other hand, the upper state of the 6’ band at 
54000 will not be (%, 1%), but will involve also the configuration (%;-! %49). 
Detailed analysis, along the same lines as for benzene, shows that, of the combin- 
ations (#5 yo) + (we tw), that with the negative sign has the higher energy and 
greater intensity. ‘This leads to the assignments given in table 3. 
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Our interpretation of the 6’ band agrees with Platt’s in polarization; however, 
we regard the «’ band as a weak transverse transition, whereas Platt suggested that 
it was electronically forbidden. Our assignments are supported by the following 
additional argument. The configurations (Y¢1y%,) and (%;-tyY49) are closely 
analogous to the benezene configurations (3-1 y,) and (is.-1 45), as can be seen by 
comparing the forms and energies of the orbitals involved. These configurations 
would therefore be expected to combine in the same manner in both molecules, 
giving bands of nearly the same frequencies and intensities. Comparison of tables 
1 and 3 shows that the p and f bands in benzene are imitated in anthracene by the 
«’ and §’ bands, the intensity of the anthracene «’ band being rather greater than 
that of the benzene p band, as might be expected from the higher symmetry of the 
latter molecule. It may be noted that this analogy would disappear if the assign- 
ments of the « and p bands in benzene were reversed, and this fact lends further 
support to the Goeppert-Mayer—Sklar assignment. 


§5. Discussion 


The present interpretation of aromatic hydrocarbon spectra depends on two 
rather drastic assumptions, namely (i) that the l.c.a.o. approximation, neglecting 
overlap, is adequate for calculating the energies of.excited configurations and their 
transition moments from the ground state, and (11) that electron repulsion mixes 
together only configurations which are degenerate according to assumption (i). 
For these reasons our interpretations of the polyacene spectra differ somewhat from 
those given by Coulson (1948). More recent quantitative work by various 
authors (cf. Jacobs 1949) has taken configurational interaction into account, 
but the precise conclusions reached seem to depend sensitively on certain 
electron repulsion integrals about whose evaluation there is some dispute. It is 
dificult to know how much reliance to place on such calculations, and we 
therefore prefer a more heuristic approach by which we can obtain at least 
a qualitative insight into the regularities observed by the experimentalists. 
Of these regularities we attach particular significance to the extreme weakness 
of the x bands and the success of the simple l.c.a.o. theory in correlating the 
frequencies of the p bands in a series of hydrocarbons (Dewar 1952). These 
two phenomena receive a quite simple explanation on the present scheme. 
Again, the observed association between the « and f bands is immediately 
understandable if their upper states arise from the splitting of two ‘conjugate’ 
configurations; and lastly, the analogy between the p, 6 bands of benzene and the 
a’ B’ bands of anthracene is simply accounted for on the present theory. 

In conclusion it seems worth while to mention one interesting feature of the 
wave functions which we have used for the upper electronic states of aromatic 
hydrocarbons. ‘This is that they all give rise to a uniform distribution of the 
z-electrons over the unsaturated framework. It is quite easy to see that this is 
true of the states (%m! 41) and (m1 %m+49) Since these are obtained by trans- 
ferring an electron from a bonding m.o. to the corresponding antibonding m.o., 
with numerically equal a.o. coefficients. It is slightly different with the configur- 
ations (7, ) Yn 42) and (jm~1Ym+41)3 in the former the electron density at atom r 
exceeds that in the ground state by b,?—a,”, and in the latter by a,?—6,?. But 
if the configurations are assigned equal weight (either 1:1 or 1:—1) in the wave 
function, then these quantities exactly cancel, and the electron density at every 
atom is the same as in the ground state, where it is known to be uniform. This 
uniformity of electron distribution suggests that the best molecular orbitals to use 
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in forming our excited state wave functions may be quite good approximate 
solutions of the equations of the self-consistent field (Roothaan 1951), and this 
circumstance leads us to place more reliance on these wave functions than would 
be justified by the rather drastic assumptions from which they were originally 
obtained. 
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Abstract. 'The charge transfer processes 
H+ Be?* + H++ Bet, H+Si?+*+Ht++Sit and H+Mg?+—Ht++Megt 


are investigated using the Landau—Zener formula for the transition probability 
arising from the pseudo-crossing of the potential energy curves of the initial and 
final systems. ‘These pseudo-crossings occur at internuclear distances of 5-8,, 
9-6, and 18-9, atomic units respectively (allowance being made for the effect of 
polarizability). Itis found that the corresponding values of the energy separation 
due to the interaction between the initial and final states and 8-6) x 1071, 1-0, x 107} 
and 2:3,x10-> ev. ‘The cross sections associated with the three processes are 
calculated over a wide range of impact energies. 


$1. INTRODUCTION 
A has long been known, the pseudo-crossing of potential energy curves 


provides a means by which a transition can occur in a slow encounter 
between two heavy systems. In 1932 Landau and Zener independently 
developed simple treatments giving a formula for the cross section associated 
with such an inelastic collision. Slightly later in the same year Stueckelberg 
obtained essentially the same formula by a more rigorous method and further 
extended the theory. A recent survey (Bates and Massey 1954) of the general 
position has shown that there is a great need for detailed calculations as little 
quantitative information is available on the cross sections of the several types of 
collisions to which the Landau—Zener formula is applicable, earlier investigations 
(Magee 1940, 1952, Bates and Massey 1943) being mainly of an exploratory 
qualitative character. It is the purpose of the present series of papers to satisfy 
this need at least partially by carrying out calculations on as many examples as 
possible of each type of collision. Naturally, preference will be given, where 
practicable, to processes which either are of direct interest in some connection or 
are suitable for study in the laboratory; but, as is usual in the applications of 
quantum mechanics, the computational labour involved sets a limit to what can 
be achieved, and to provide representative data on a sufficient number of processes 
of the various types it is necessary to treat some which in themselves are unlikely 
to be of importance. 
The first paper of the series is concerned with charge transfer from neutral 
atoms to doubly charged ions 
ABE Dae Age Bt ee A wilirt iileceaiener: (1) 
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Owing to the coulomb repulsion between the resulting singly charged ions there 
is usually a pseudo-crossing of potential energy curves for processes of this type 
which are exothermic; and moreover the internuclear separation at which this 
occurs can readily be determined unless the degree of exothermicity is so great 
that the crossing point lies in the region where the potential energy curves are 
distorted from their asymptotic forms. For the sake of simplicity A was taken 
to be an H atom and B?+ to be a Be?*+, Si?+ or Mg?* ion so that the processes are 


H+ Bett =: Ht 4 Bet (+4-61, ev), > eee (2) 
He Sit!) SHeESit— (42-74,e¥), 1 v2 eee (3) 
H+Mg?+>Ht++Mgt (+1-43,ev). 9 eaeeee (4) 


With this choice an important range of values of the energy differencey AE is 
covered. The fact that the transferred electron enters a p-orbital in the case of 
process (3) whereas it enters an s-orbital in the cases of processes (2) and (4) is, 
to be sure, an undesirable feature of the set since it may complicate the pattern 
of the results; but it is considered that any such complication is likely to be of 
only a minor character. 


§2. THEORY 


If the potential energy curves U;,°(R) and U,°(R), associated with (A+ B?*) 
and (A++ Bt) respectively, intersect at an internuclear separation Ry when the 
interaction between the initial and final states is neglected then because of this 
interaction there is a certain probability that particles which approach along the 
first curve recede along the second after the encounter. ‘This probability may 
conveniently be designated Y, the subscript indicating the quantum number 
describing the angular momentum of the colliding particles about their centre of 
mass. If the influence of potential energy curves other than the two directly 
concerned is negligible the Landau—Zener formula gives that 


FP, =2P(1—P,), 2 5.0 8 © (5) 
where P=expi(w) i eee (6) 
d 
and w=7?{AU(Rx)}*/hv( Ry) aR (U2 UP) ae (7) 
R=Ry 


AU(Rx) being the difference between the true potential energy curves U;(Ry) 
and U;,(Ry), and u(Ry) being the radial component of the velocity of relative 
motion both measured at the crossing point. It should be noted that the 
Landau—Zener formula is based on the assumption that it is only in the immediate 
neighbourhood of the crossing point that there is an appreciable chance of a 
transition from one potential energy curve to the other. This assumption is 
unjustified in cases where AU(Ry) is a considerable fraction of AE. 
The cross section may be expressed as 


7 
O=Ppa2(2l+ OMe weet (8) 
with Rive Ori int ee (9) 


t+ The energy differences cited were obtained from the data in the compilation of | | 


Charlotte Moore (1949). All the systems are unexcited. Capture into the 2p 2P term | 
of Be* is also exothermic but it is only so by 0-65; ev, and consequently the crossing | 


occurs at such a large internuclear separation (~42a9) that the process does not proceed | 
at an appreciable rate. iM 
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p being the probability that the particles approach along the specified potential 
energy curve}, &; being the initial kinetic energy of relative motion and M being 
the reduced mass (cf. Mott and Massey 1949). Replacement of the summation 
by an integral and use of (5), (6) and (7) yields 
O=47R,x*p(1+A) { exp (—7x){1—exp(—nx)}x?dx, ...... (10) 
1 
where Awe GUI\( co) UR eZ) WES OP) Gn ee Cee ess (11) 


and 1 = 2m? MAU(Rx)?/k,h2(1 +2)¥2 


d 
Tn U,°—U? 
aR | Ns 


The internuclear separation at the crossing can of course be determined from the 
potential energy curves. If it is sufficiently large for the asymptotic forms of 
these to be adopted the equation to be solved is simply 


1 a a 
ale + Re - eh AN Ds eee ae a (13) 


a= 2(A)—a(A*)—a(B*) | 
a = 2ag(A) — }ou(A*) — (B+) 
in which the «,’s are the coefficients of the inverse cube terms of the potentials 


and the «,’s are the polarizabilities, the species being as indicated. Moreover in 
these circumstances 


where 


d 
aR CU Oe ee LAR Ae oo gece tee (15) 
: ee 2a, 
with Lone RAE? (a+ me): ys ea (16) 


Substitution in (12) gives 


Mes x) 
H=LA4AT*> [gaa | (1 Ay 4 al eee (17) 


in which the energies AU(Ry), EZ, and AE are measured in electron volts and the 
reduced mass JM is on the !®O-scale. It may be remarked that the dimensionless 
quantities A and p are usually much smaller than unity. 


§3. EXPRESSION FOR THE ENERGY SEPARATION 


Regarding the nuclei as stationary and representing the complete electronic 
wave function V’ bya linear combination of y, and y¢, the zero-order wave functions 
describing the systems (A + B?+) and(At + B*), it may be seen from the variational 
theorem (cf. Coulson 1952) that if Ry° is the internuclear distance at which the 
potential energy curves intersect in the absence of polarization then 


|AU(Rx°)| =2| Aie( Rx®) — Si( Rx) Hee(Rx°)|/{1 — | Sic( Rx) 7}, --- (18) 
=2| He(Rx°)— Se(Rx)Ai(Rx°)|/(1 — [Se(Rx) Ph oe (19) 

where the H’s are the matrix elements of the hamiltonian operator 4 and 
Si(Rz)=Sat(Re)=[xitxedr waves (20) 


+ For the processes considered here p is therefore unity. 
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From the definition of Ry° it is obvious that Hj(Rx°) and Hg(Ry®) are equal. 
Owing to the action of the coulomb field there is actually strong polarization 
so that if were represented, as it should be, by a linear combination of not 
merely y; and x; but also y;’ and y,’, the wave functions of the excited states, the 
coefficients of these latter would be quite large. These excited states must be 
taken into account in the calculation of the potential energy curves and of the 
internuclear distance Ry at which the crossing in fact occurs. This is done 
effectively in equations (13) and (15) above. Their direct influence on the vital 
energy separation is slight provided the polarization energies 


pi(Rx) = — 2a,(A)e?/Rx*, P(Rx) et {%o(At) mie a%o(B*)}e?/2Rx4, aaa) 


are much less than the excitation energies; for if this condition is satisfied appli- 
cation of the variational theorem gives in place of (18) and (19) the approximate 
formulae 


JAU(Rx)|=2| Hie(Rx) — Sis(Rx){Hee(Rx) +Pe(Rx)}|/1 — | Sie(Rx) 7} -- - (22) 
= 2| H(Rx)— Se(Rx){Aii(Rx) + Pi(Rx)}/{1— |Sa(Rx) PI. --- (23) 


Since the integrals involved are very sensitive to the internuclear distance the 
replacement of Rx® by Ry is important. ‘Though the additional terms p(Rx) 
and p,(Rx) are small their inclusion is significant in that it preserves detailed 
balancing. 

Processes (2), (3) and (4) can be regarded as involving simply the transfer of a 
single electron from an orbital around one passive closed core to an orbital around 
another. Denoting the initial and final wave functions of this active electron by 
¢(r,| 7) and (r,| 7), where r, and r, are the position vectors with respect to the 
two nuclei, it may be easily seen that formula (22) reduces to 


[AU(Rz)|=2|s(o 3p) cli — s\n ee (24) 


with 
s= | d(ralmalb(rolm)dr, — p=] $(ralm)®ratde, | 
MS Be | P(ra [n.)b(rp \np)ra 2 dr, 


the wave functions being taken to be real and all quantities being in atomic 
units (e?/a) for energy). ‘The corresponding result obtained from (23) is different 
in form but is of course completely equivalent. 

It is apparent physically that the one-electron approximation used in deriving 
formula (24) is valid if the binding energies of the inner electrons are much greater 
than the binding energy of the outer electron and if the crossing point lies far 
outside the core. The approximation may also be justified mathematically. 
Consider, for example, process (2) in which three electrons are concerned. The 
change in the wave function representing either of the passive electrons is very 
slight indeed (cf. Moiseiwitsch 1954) and may be neglected without appreciable 
error. Let this wave function be ¢(r, |1s, Be), and let the initial and final wave 
functions of the active electron be ¢(r,[1s,H) and (rj, |2s, Be) respectively. 
Forming the suitably symmetrized combinations representing the three electrons, 
substituting in formula (22) and writing 


| d(r,[1s, H)é(r,{1s,Be)dr, ae (26) 
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it may be seen that the previous result is unaltered except that the factor 1/(1 —s?) 


is replaced by (LB) O Lc gay’) tt een Leet (27) 
and the quantity o is replaced by 
o-t| $(rolis, Be)f(ry[2s, Be)rg 2dr. sees (28) 


Both corrections are clearly insignificant in the circumstances mentioned above, 
the first because the compactness of 4(r,|1s, Be) causes ¢ to be very small, the 
second because in addition this wave function and ¢(r,|2s, Be) are orthogonal 
so that the integral occurring in (28) almost vanishes. 


§4. DeraILeD CALCULATIONS AND RESULTS 

4.1. Using the wave function given by Biermann and Liibeck (1946) the 
coefficient of the inverse cube term in the expansion of the Si+-potential is cal- 
culated to be 2-8; atomic units. None of the other potentials contain such a term. 

Wentzel (1926) and Waller (1926) have shown that the polarizability of an 
H atom is 4:5 atomic units. The polarizabilities of the complex systems involved 
can be derived from the associated transition matrix elements using the standard 
quantal relationship (cf. Mott and Sneddon 1948). Some of the required matrix 
elements have been computed by Biermann (1946) ; the remainder were read from 
the tables of Bates and Damgaard (1949). It is found that the polarizabilities of 
Be*, Sit and Mg* ions are (in atomic units) approximately 24, 12 and 34 
respectively. 

Substitution in equations (13) and (14) yields the values of Ry displayed in 
table 1. 

Since the main contribution to the integrals appearing in the formula for 
AU(Rx) comes from rather large radial distances special care must be exercised 
with the wave functions. In the case of hydrogen there is happily no uncertainty. 
Several authors have obtained an approximation to ¢(r,|2s, Be) by representing 
it as NO Scryexp(eas ee ae (29) 
in which N is a normalization factor, c is chosen so that the orthogonality require- 
ment is met, and y is a varied parameter. The calculations give the ionization 
energy to be 17-90 ev in quite good agreement with the observed 18-21 ev (cf. 
Moiseiwitsch 1954). As the radial distances which are of importance in this 
particular instance are not unduly extreme the wave function was judged to be 
acceptable and adopted. ‘The position regarding 4(r,|3p, Sit) and 4(r,|3s, Mg*) 
is quite satisfactory for accurate computations on them have been carried out by 
Biermann and Liibeck (1946) who used a core potential containing a polarizability 
parameter which was adjusted so as to give the correct ionization energies. In 
the original paper the wave functions are presented in numerical form. It was 
found convenient to fit them in the customary manner by a series of exponentials 
multiplied by powers. Neglecting the angular part and the external factor they 
tend asymptotically to ny”*1 exp [ —(2e)!2r5], 


in which n* is the effective principle quantum number, « is the ionization energy 

and all quantities are in atomic units. ‘To ensure as much accuracy as possible 

at large radial distances a term of this form was included in the fitting series.f 
+ Actually the precise form given was not used. For the (3p, Sit) and (3s, Mg*) 


orbitals n* is 1-82, and 1-90, respectively : but little error is caused by taking them to be 
exactly 2 in each instance and this was done since the calculations are thereby greatly eased. 
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With the ¢’s as described the integrations in formula (25) for s, p and o may be 
performed analytically. The resulting expressions are somewhat cumbersome 
and need not be displayed since they are simply combinations of the J-functions 
of Coulson (1942) and may thus be recovered without difficulty. 

Table 1 shows the separation energies, AU(Ry), finally obtained. As would 
be expected they fall off extremely rapdily as Ry, the internuclear distance at 
the crossing point, increases. Going from one process to another naturally 


Table 1. Basic Data relating to the Collision Processes studied 


Orbitals of 


AU(R 
pues active electron AE Ry (Ay) 
Initial Final (ev) (ao) (ev) 
(2) 1s(H) 2s(Be*) 4-61, 5°8; 8-6) x 10 
(3) 1s(H) 3p(Si*) 2°74 9-6, 1-0, x103— 
(4) 1s(H) 3s(Mgr) 1-43; 18-9, 235% ee 


involves changes in all the parameters. The dependence of AU(Ry) on Ry 
may, however, be isolated by considering the different processes separately. It is 
found that an increment dRy (measured in atomic units) causes AU(Ry) to 
diminish by the factor exp (Jesh) 4 ee (31) 


where a is about 0-9 for each of the three processes. However, this is not a serious 
matter as the values used for the Ry’s should lie very close indeed to the true 
values. 

In table 2 the values of the various quantities occurring in formula (24) for 
AU(Rx) are given separately. It will be noted that there is little cancellation 
between the s(p — p,) and the o terms which is fortunate as severe cancellation would 
render the calculations scarcely feasible; and it will be noted too that sp, the 
polarizability correction, is small or even negligible. 


Table 2. Further Basic Data relating to the Collision Processes studied 


p p ei 
Process x (rydbergs) (eedbees (rydbergs) 
(2) —7-67, x 10-2 -+3-44; x 10-1 — 21a On —5-94,x 10-? 
(3) —9-44.« 10-3 +2:14,x 10-3 —1°3,x 10-3 —5-79,x 10-3 
(4) +-3-91, x 10-* +1-05,x10-1 —2:6;x 10-4 +1-27,x10-* 


4.2. Having determined the basic parameters the evaluation of the cross 
sections from formula (10) is a trivial task since the required integral has been 
tabulated by Placzek (1946). In presenting the results itis thought most convenient 
to take the independent variable to be &, the impact energy of the doubly charged ion 
(the neutral atom being regarded as at rest). The cross sections for processes 
(2)t and (3), Q(H, Be?*; H+, Bet) and’ O(H, Si#+; Ht, Sit) aré showneae 


{In the case of process (2) AU(Ry) is perhaps rather large compared with AE but 
in the case of processes (3) and (4) no uncertainty arises from this cause. 
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functions of & in the figure, a semi-log scale being used; that for process (4) is 
described by the simple formula 


Q(H, Mg?+; H+, Mgt)=4-6 x 10-*E4WAma,2)f, 2. (32) 


in which & is measured inev. ‘The three illustrate the remarkable range of cross 
section energy curves that can arise from curve-crossing. 

According to the Landau—Zener formula all the cross sections eventually 
fall off inversely as the square root of the impact energy. It should, however, be 
remembered that this formula is only applicable when the velocity of relative 
motion is much less than the orbital velocity of the bound electrons.{ Momen- 
tum transfer is for example ignored. It must cause the ultimate fall off to be 
extremely rapid (cf. Bates and Dalgarno 1952). The treatment also required that 
E(Ryx), the relative kinetic energy at the crossing point, should be far greater than 
AU(Rx)§; but since AU(Ry) is usually small the restriction imposed on the 
&-range is not of major importance in the present connection. 


Q(H,Si**;H*, Si") 


Cross Section (units of 11a@,?) 


Q(H,Be**; H’,Be*) 


0 1S 2:0 25 3-0 35 40 
Log [impact energy of doubly charged ion (ev)] 


Cross section—energy curves for 
H-+Be?+ + H++ Bet, 
H+Si?+ — Ht++Sit. 


Some mention has already been made of the possible inaccuracies in the 
calculations. If the estimated value of AU(R,x) for any process were, say, f times 
the true value a given cross section would occur, not at the predicted impact 


+ There are of course similar simple formulae for the other two cross sections but these 
are less useful since they are only valid at high impact energies whereas (32) is valid down 
to minute impact energies. 

{ The energies at which Be®*, Sit and Mg’* ions have the same velocity as the 
electron of the hydrogen atom are 2:24 10°, 6:95 x 10° and 6-03 x 10° ev respectively. 
In the figure, cross sections are given up to impact energies of 10*ev but this limit is rather 
arbitrarily chosen and may not be justified. 

§ Each of the curves in the figure begins at an impact energy corresponding to a relative 
energy arbitrarily chosen to be about five times the separation energy. Further work is 
needed to determine the least acceptable factor between these last. 
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energy, but at an impact energy equal to f~ times thist (cf. formulae (10) and 
(17)); however, provided AU(Rx) is not too large a fraction of AE the peak 
cross section should be correct since the value of Ry is not in doubt. Thus 
though the horizontal scale of the theoretical cross section-impact energy curves 
may be in error the vertical scale should in general be reliable. ‘The reverse is 
usually the case with the corresponding experimental curves. “Theoretical and 
experimental work should therefore complement each other admirably. 


Table 3. Rate Coefficient for Process (3) 


Temperature (°K) 1000 2000 4000 8000 16000 32000 
K(Pigsi2t Hs Sit)(10—* cm? secy*)t, (1- De (24) GS) as 6:1 75 

+ The bracketed values are unreliable as collisions in which condition (33) is not 
properly satisfied make an appreciable contribution. 


Instead of the cross section it is often desirable to know the associated rate 
coefficient. This rate coefficient « is obtained by averaging the product of the 
velocity of relative motion and the corresponding cross section over a Maxwellian 
distribution. Table 3 gives the computed values of «(H, Si?+; H*, Si*) for 
various temperatures between 1000°k and 32000°K; «(H,Mg?*; H+, Mgt) 
is found to be constant and equal to 1-1 x 10-14cm’sec"! down to very low 
temperatures. Since the Landau—Zener formula may only be used when 


E( Ry) > WOR), ae eee (33) 
the calculation of «(H, Be?*+ ; H+, Bet) would require a refinement of the theory. 
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Abstract. ‘The coulomb effect in (d, p) and (d, n) stripping reactions at low energies 
is investigated. It is shown that the angular distribution is flattened, the absolute 
cross section is decreased, and that the coulomb field contributes to the polari- 
zation of the spins of the particles. The calculations are valid for light nuclei only. 


§ 1. INTRODUCTION 
HE theory of the (d,p) and (d,n) reactions has been given by several 
authors since the original papers by Butler (1951) and Bhatia, Huang, 
Huby and Newns (1952). So far the coulomb field has been neglected 
except by Serber (1947), who takes it into consideration, but only for very high 
deuteron kinetic energies. Several experiments have, however, been performed 
with deuteron kinetic energies below the coulomb barrier, and have shown that 
the (d, p) and (d,n) reactions can still be accounted for partly by a stripping 
mechanism. It is the object of this paper to show how the coulomb field modifies 
the results of the previous theories, in § 2 for the angular distribution and in §3 
for the polarization of the spins of the particles. We give in §4 some numerical 
results. 
§2. ANGULAR DISTRIBUTION 
We consider only the case in which one particle (proton or neutron) is captured 
in a state of definite orbital angular momentum /. ‘The target nucleus is supposed 
to be infinitely heavy and, in this section, the particlesto bespinless. ‘The passage 
to the realistic case can be made in the usual way. : 
We use the following notation: r,, r,, R=3(r,+r,) and r=r,—r, refer to 
the radius vectors of the proton, the neutron, the centre of mass of the system 
neutron—proton, and the relative coordinates respectively; ky, k, and k, are the 
wave vectors of the deuteron, proton and neutron free waves; ¢ is a parameter 
related to the binding energy E of the captured particle by the relation #72? = 2ME, 
M being the mass of the particle; @ is the angle between k, (or k,) and kg. 
Gerjuoy (1953) and Horowitz and Messiah (1953), have shown that Butler’s 
formula for the angular distribution in the (d,n) reaction can be put into the 
alternative form 
m= + 


(oc | TP(6)|2 


TO)= | __ exp(—iky- tabi (Fy) Vag Paty a) dey dey... (1) 


where (rp, "n) is the incident deuteron wave function, #j"(rp) is the proton 
wave function in the bound state, with quantum numbers &, /, l,=m; V, Pr) 


> > 
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is the interaction potential between proton and neutron, and R, is a parameter 
of the order of the nuclear radius. There is a similar formula for the (d, p) 
reaction. 

We can take the coulomb field into account by making the following modifi- 
cations to (1): 

(i) Ya(rp, Ma) in first approximation is equal to F'4(R)x(r), where F(R) is the 
coulomb wave function of a particle of mass 2M and incident wave vector kg, 
and ,(r) is the internal wave function of the deuteron. The deuteron polari- 
zation is neglected. Studies of the Oppenheimer—Phillips process (Oppen- 
heimer and Phillips 1935, Volkoff (1940) have shown that the polarization is 
negligible when the deuteron kinetic energy W is greater than B—J, where B 
is the coulomb barrier, and J the binding energy of the deuteron. ‘The polari- 
zation is thus always negligible for the light nuclei for which B ~/J, the main 
effect of the coulomb field being the scattering implicit in F,(R). For the heavy 
nuclei this approximation will be valid only for W of the order of B or greater. 

(ii) In the (d, n) case ¢"(rp) takes into account the coulomb field. 

(iii) In the (d, p) case the plane wave exp(—zk,r,) is replaced by F,(r,), 
the coulomb wave function of a proton with incident wave vector —k,. 

The coulomb field can be taken into account in Butler’s theory in its original 
form if we replace the various free particle wave functions by the corresponding 
coulomb wave functions. This does not give a result formally identical with 
that obtained by our procedure just described, based on (1), but it can be shown 
by arguments similar to those of Horowitz and Messiah (1953) that the two 
methods are equivalent in so far as the polarization of the deuteron is neglected, 

We use the following integral representation of the coulomb wave function 
with incident vector k: 


F(x) = —T(1 +20) e-%!(272)-1 $ (—u) 11 —u) exp [tkux +ik.x(1—u)] du, 

vee (2) 
the integration path being a closed loop starting from u=1 and encircling u=0 
in the positive sense. ‘The constant « is equal to MZe?/h?k, M being the mass 
of the particle. Provided yj" refers to a negative energy state of the captured 
particle, it is possible to reverse the order of integration of u and of the spatial 
coordinates in (1), and we have, in the (d, n) case, 


T}"(8) = —V(1 +g) exp (—etqr/2) « (2m) H —u)-i*a-M(1 —u)iaa HP(u, 8) du 


sCeae (3) 
2 * 
Hit(u,8) =|, exp( tly, F(t) Vag ")x(") exp [ikquR +ikyR(1 —u)] dry dry. 
Degen ‘ 
eee (4) 


Af 7'(u, 0) will be calculated using the Horowitz—Messiah approximation, which 
is equivalent to neglecting the range of the V,, interaction (see Appendix I): 


fs * 
Hu, 0)~A |, <n XP (— katy) i" (rp) exp [ikqurytikary(1—w)ldr,.  ....(5) 
p 0 


Choosing a system of coordinates in which Oz lies along pp=kqa—k, and Ox 
is in the plane defined by kg and k,, and putting g=kgu, p=kag(1—u)—k,, 
1 (hy) =%("p) Y7"(wp), we have 


H7(u,0)~i AV/(Sm)O(Im) Bu, 8). saa (6) 
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©, defined by Condon and Shortley (1951), is a function of the angle between 
p and pp, and 


By(u, 6) = is PA PT oo ee CxO Lgl s) Ulan eames (7) 


For the (d, p) reaction we have, similarly, 


T7"(0) =V(1 + tag) P(1 + ta) exp {—m(a%q + %p)/2}( — 2nt) $( —u)-a-1(1 — nya du 


x (—2ni) } (—v)-®p-(1 —v) +p do x HI"(u, 0,0). seen (8) 
H?"(u, v,0)=Ai'a/(87)@(lm) Au, 0,0), nana (9) 
Au, 2,0)= | r2ilbra Wilts) exP (lara) Bai eae (10) 


with now p=k,(1—u)—k,(1—v), pp=ky—k,, g=Rgu+k,v. The approxima- 
tions involved in the evaluation of A, and B, are considered in Appendix If. 
The integrals of the form 


T=(—2ni) $( ~ 2) (1 —)£(u) du 


are computed in the following way. f(w) is an analytical function of u, without 
singularities. The integration path can be chosen as close as we wish to the 
segment (0,1) of the real axis. Therefore we approximate f(z) by a polynomial 


P=), 2) Bae 


such that P,(u;)=f(u,) for a set of real u; between 0 and 1. If we define the 
quantities A,; to be such that 


B= >.” Ayf(u) 


K,=(-1)T(1+e)[T@7 +1) +ia—r)} 
= (Varin) apart ly? © (11) 


Too years, tu) een Paine ahi a (12) 


si= Deals 1A4,,K,. 


For the purpose of computation we used u;=1/n, with n=4 or 5. ‘The approxi- 
mations were checked and found fairly good. ‘The double integral can be 
treated in the same way. Equations (3)-(8) show that J7"(6) can be looked on 
as the average, with appropriate weights, of terms Hj" closely related to the 
matrix elements /’7" of Butler’s theory, k, and k, being replaced by k,(1—v) 
and k,(1—u), where 0<v<1 and O0<u<1. The difference arises chiefly from 
the isotropic term e’®” in the integrals A, and B,. If we confine ourselves to the 
(d, n) reaction, to replace kg by k,(1—vw) is to take into account the reduction 
by the coulomb field of the kinetic energy of the incident deuteron. ‘Iheimportant 
factor in the angular distribution is the magnitude of the vector p=ka(1 — wz) —k,. 
For u=1 the angular distribution is isotropic. For w=0 we have Butler’s 
distribution. So we can expect a flattening of the angular distribution by this 
effect of the coulomb field. On the other hand, deflection of the deuterons by the 
coulomb field appears through the isotropic factor e’” and leads also to a flattening. 


and we write 


it is found that 


where 
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In the (d, p) reaction the integral A, involves values of r greater than those 
involved in B,, and so the deuteron wave function is less distorted. But we have 
to average over the effective k, (for v=1 the distribution is again isotropic) and 
coulomb deflection of the protons (q is larger than in the (d,n) case). It turns 
out from the numerical cases investigated that the flattening is greater in the (d, p) 
case than in the (d, n) case. 


§3. POLARIZATION OF THE SPINS OF THE PARTICLES 


Newns, with Huby (1953), and Horowitz and Messiah (1953) have shown 
that the spins of the outgoing particles can be polarized. Our purpose here is 
to show that, even when all refinements of Butler’s theory other than the coulomb 
effect are neglected, the polarization is not zero. We restrict ourselves to the 
(d, n) case, and we suppose that the proton is captured in a state of definite orbital 
angular momentum / and total angular momentum j=/+ 5. ‘The incident 
deuterons are supposed to be unpolarized. The polarization P, is defined as 
(N,.—N_)/N,+N_), where N, and N_ denote the number of particles having 
the x component of the spin equal to } and —4 respectively. P, and P, are 
defined in a similar way. In the system of coordinates used above, a straight- 
forward calculation leads to the following results: P= P,=0, in agreement with 
the general results, while 


Py= £413) + D7 (+ OOS IAOL | 


p., the z component of j, can take all values between } andj. The sign + refers 
to the case j=/+}3,— toj7=/—4. We note that P, =0 in the following cases: 
(i) for /=0 there is no polarization if the particle is captured in an s state; (ii) if 
the /7"(@) all have the same phase, or if only one //*(@) contributes to the angular 
distribution; this is always the case for @=0 or z, and in Butler’s theory. 


§4. NUMERICAL RESULTS 

The following numerical results are given only as illustrations of the influence 
of the coulomb field. 

(1) Angular Distribution 
(a) (d,n) reaction. 

We have used data from the experiments of Pruitt, Hanna and Swartz 
(1952) on the *Be(d,n)!B reaction in which W (laboratory) =0-94 Mev, 
ka=2:3x10"%cm", k,=46x 10cm, R,=5x10!%cm, «gel, and have 
calculated the differential cross sections for =0, 1 and 2. Figures 1 to 3 give 
o,(9) (differential cross section with coulomb field) and o(6) (differential cross 


section on Butler’s theory). ‘The scales for o,(@) and o(@) are different, and the | 
curves are made to coincide at 0=0° for /=0 and 1, and at 6=90° for /=2. | 


We have for the correspondence between the scales 


1=0, 0,(0°) =0-070(0°) (figure 1) 
1=1, 0,(0°) =0-140(0°) (figure 2) 
1=2, 0,(90°)=0-140(90°) (figure 3). 


We see that the coulomb field cannot explain the strong backward maximum | 
observed by Pruitt, Hanna and Swartz. The coulomb effect is a flattening, as __ 
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0, (9) (coulomb effect 
. included) 
ome a (8) (no coulomb effect) 


0,,(8) (coulomb effect included) 
—-—-— 0 (@)(no coulomb effect) 


90 
6 (deg) @ (deg) 


Figure 1. Angular distribution calculated Figure 2. Angular distribution calculated 
for the (d, n) reaction (J=0). for the (d, n) reaction (J=1). 


0,,(0) (coulomb effect included) 
—-— @(@) (no coulomb effect) 


0 90 180 
8 (deg) 


Figure 3. Angular distribution calculated for the (d, n) reaction (/=2). 


expected, and a slight displacement of the maximum. Other numerical investi- 
gations have shown that the displacement can take place either towards larger or 
towards smaller angles. ‘lhe zeros of the Butler formula are eliminated. ‘The 
absolute magnitude of the cross section is strongly reduced. ‘The ratio o,(@)/o(6) 
is equal to 7x%gexp(—7%q)p(%q, #)[sinh mxq}4, with 


plan) = [XI Z gon PF} 10, >. 


nb 


p(%a, @) is of the order of magnitude of |g;|* and o,(8)/o(@) of the penetration factor. 
(6) (d, p) reaction 
The calculations are made for /=0, with W=1-6 Mev ; 
Rka=kyp=h,=4x10"%em™", ag=1, «,=0-5. 
we give in figure 4.0,(@), o,(@) and o(0), i.e. the cross sections for the (d, p) reaction, 
the (d, n) reaction with coulomb field and Butler’s cross section respectively. 


818 F. Yoccox 


o,(0) and o,(0) are in the same units, while o,(0°) =0-160(0°) and o,(0°) =0-180(0°). 
The curves show that the flattening is more important in the (d, p) reaction than 
in the (d, n) reaction for the reasons mentioned above. The ratios o,(9)/o() and 
o,(9)/o(9) are of the same order of magnitude. This will not be true if the 
polarization of the deuteron becomes important, i.e. for the heavy nuclei (Z>20). 


,(0) and 7,(8) 


SSS sae seo any meats See ae SERS 0 


90 180 
6 (deg) 


Figure 4. Angular distribution calculated for the (d, p) reaction (J=0). 


(ii) Polarization of the Spins of the Particles 
The following table, corresponding to the (d,n) reaction reported above, 
shows that the polarization can be of the same order of magnitude as the polari- 


zation calculated by Newns (1953) and Horowitz and Messiah (1953), but of the 
opposite sign. 


6(°) 30 60 90 
Piles a= +0-38 +0-36 +0-32 
eae yp) —0-19 —0-18 —0-16 


§5. CONCLUSIONS 


We see that the coulomb effect on the angular distribution, in the range of 
deuteron kinetic energies considered, is small. This result is compatible with 
the results of Serber (1947), if extrapolated. The strong backward maximum 
reported by Pruitt, Hanna and Swartz (1952) at very low deuteron energies is 
not explained by the coulomb field. The absolute magnitude of the cross 
section 1s decreased. We emphasize that these calculations hold for light nuclei 
only, the polarization of the deuteron by the coulomb field being always neglected. 
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APPENDIX I 
For the (d, n) reaction Horowitz and Messiah put 
* 


|, sp, EXP (— ik «hy )HI(h) Vag") exp (+iky + R)x(r) dr, de, 
5) cs] 


* 
~4ni2M | op OXP(— thy Fp)bi"(rp) exp(dKg.ry) dry... (14) 
Dp 0 
where y(7) is set equal to e-*"/r._ Actually the left-hand side is equal to 
* 
f(s) x  exp(—tky-ry)Yi"(rp) exp (@Ka+ tp) dry sees. (15) 
where 

f(s)= | exp(—is-r)Vig(r)x(r)dr and s=k,—ky/2. ...... (16) 


Disregarding the constant factors, we see that the Horowitz—Messiah approxi- 
mation is good as long as f(s) varies slowly compared with the other integral. 
f(s) was computed by Salpeter and Goldstein (1953), and varies, for the Yukawa 
potential, from 1 to 0-7 as s increases from 0 to 9x 10cm}. ‘Thus, if there is 
a wide variation in s, f(s) sould be used as a correcting factor, dependent on wu in 
the coulomb case, but it can never lead to a backward maximum. 


APPENDIX IT 
Calculation of A, and B,. 
(1) For r>Rg, %(7,) =Al(itr,), and hence 


A, Aa IL may (igr, hy? (itrn)j(Prn)rn? dr, Se ake (17) 


where h(x) and j,(x) are the Hankel and Bessel functions defined by Schiff (1949). 
We obtain the following recurrence formula: 


(21 —2)A,=(21—1)iA,_,(t2 + @?—p?)t-1p-1— 214, 


: AY (thy. ; 
exp (RR? | -F— (Iz-s(PRo) =U 1)idPRo) 
3 He ee 
1 FePEO) (np ity) —(1— 1) PGE) ig EEE) HERD 
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Ay= —exp(—tRy + igRy)[p cos PR, + (tig) sin pRolltp{p? + (tag) 


A, = Ry? exp (igRy)h\(itRojo(PRo) + (tt + 9)P *Ao 
- arty | exp {—(f—7g)r} sinprdr[r. . 2. shies (20) 


(2) B= | exp (iar Wr \iMPr)a dry vee (21) 


Actually (79) =7 1 W_semzejnn,143(2tp), W_p.iiile being the Whittaker func- 
defined by Whittaker and Watson (1940). Using an integral representation, 


_ B= (24) 4+ 1+ ary atl (Ty) "bay dane Teeeoyaae (22) 
where é 
(y= | exp liar ier yexp {=H + 2yyrphrg dry oe (23) 
b(y) can be evaluated in terms of elementary functions. We can use 
(1p) =Ch(it'Py); 


C and t’ being defined in such a way that ¢,(7,) and Ch®(:t’r,) are equal for two 
values of 7, in the neighbourhood of R,(7,=R, and 7,=2R, for example). 
So Chj)(it'r,) is a good approximation in the region of 7, important for the integral 
B,. When / increases, t’ defined above tends rapidly to the value ¢, the coulomb 
potential being less important if there is a strong centrifugal potential. The only 
parameter is t’, and #,(2Rp)/s(Ry) = A\(2it’ Ry) /A\(it'Ry) can be calculated by the 
WKB approximation. For example, if B=0-465, t=4:30x10"%cm~1, and 
Ry=5 x 10% cm, then for /=0, #’=4-82 x 10cm; J=1, & =4-62= 10" eae 
bat = 4-35>5010 criss 
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Nitrogen Molecular Spectrum 
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Abstract. ‘The source described employs a high tension arc and can operate 
at comparatively high pressures. ‘The afterglow spectrum is that of the Lewis— 
Rayleigh glow at low pressures, but is modified at the higher pressures. Reasons 
are given for interpreting this modification as due to exchanges of vibrational 
energy occurring in collisions between nitrogen molecules. 

A modification is made to Mitra’s theory of active nitrogen. 


$1. INTRODUCTION 


HE existence of an active modification of nitrogen was reported by Lord 
| Rayleigh in the Bakerian Lecture for 1911 and shown to be associated with 
the afterglow of nitrogen observed previously by Warburg (1884) and studied 

in some detail by P. Lewis (1900). 

In these early experiments, and in the majority of the studies reported subse- 
quently, the active nitrogen was produced by a condensed discharge at nitrogen 
pressures of the order of 10-'mmHg. Rayleigh and others have also found the 
electrodeless discharge effective for certain purposes, but it is limited to lower 
pressures than is the condensed discharge and is considerably less efficient. 
By using a tube the walls of which had been specially conditioned by previous 
running of the discharge for several days with a small admixture of oxygen, 
Kaplan (1932) was able to obtain an afterglow with an uncondensed discharge. 
However, this source gave rise to a different type of afterglow phenomenon with 
which we shall not be concerned in this paper. 

In the following pages a new source of active nitrogen is described. This 
source functions at pressures from a few mmHg up to at least an atmosphere. 
Its efficiency at the higher pressures, as estimated from the intensity of the after- 
glow, is comparable with that of the condensed discharge source at low pressures. 
Some of the more important properties of the active gas at these higher pressures 
are examined, and some results are presented which seem to show the source to be 
useful for the study of the effect of collisions on the nitrogen molecular spectrum. 


§2. DESCRIPTION OF THE APPARATUS 


The essential features of the apparatus are an arc chamber, in which the active 
nitrogen is generated by means of a high tension quartz capillary arc, and a long 
observation vessel in which the properties of the active gas can be examined. 

The details are depicted in the figure. O is the observation vessel, consisting 
of a glass tube some 6 cm in diameter and 30 to 40cm long. It is made long to 
obtain a considerable depth of glowing gas and consequently greater intensity in 

PROC. PHYS. SOC. LXVII, 9—A 58 


822 C. R. Stanley 


the spectral image. It terminates in a ‘Wood horn’ to prevent reflection of 
light back along the tube. 

Spectrographic observation of the afterglow is made through the quartz 
window Q which is affixed to the tube by sealing wax. It was found in pre- 
liminary experiments that sealing wax is acted upon by the active nitrogen and is 
liable to contaminate the spectrum. ‘To avoid this, the tube is provided with a 
broad ground glass flange F and the sealing wax is confined to the outer rim of this 
flange; thus the activity is removed before the gas reaches the wax. Water 
cooling (not shown) is necessary to prevent the wax from melting. 


<Inflow 


E, 


A high tension capillary are source of active nitrogen. 


A is the arc chamber for the production of the active nitrogen. A high voltage 
a.c.arc is maintained in the quartz capillary tube T between the tungsten electrodes 
E,andE,. ‘The optimum dimensions of the capillary tube vary with the conditions 
of the experiment, but for most purposes a bore of 1 to 2mm and a length of 
1 to 1-5cm have been found suitable. ‘The arc length can be varied by advancing 
or withdrawing the electrode E,._ A cap C for the electrode E, can be inserted via 
the window Q, and is found to prevent instability under certain of the experimental 
conditions. 

The arc is operated from a 230 volt a.c. supply via a transformer giving 5 to 


10kv and up to 500ma. ‘The arc current is readily controlled by a variable 


resistance in the transformer primary circuit. 


The nitrogen supply is obtained from a cylinder and for good results needs | 


purification. Water vapour is particularly troublesome as it has a strong quenching 
action: it is removed by a train of liquid air traps designed to offer a large cold 
surface area with as little flow impedance as possible. Oxygen also has a quenching 


} 
| 


f 
) 
| 
| 
| 
| 
| 
| 
| 


| 
| 
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action and must not be present in appreciable quantity ; the requirement here can 
be largely met by using cylinders of ‘ oxygen-free’ nitrogen, but even with this an 
improvement can be effected by passing the gas through a long quartz tube 
containing copper turnings at about 800°c. Other impurities, such as carbon 
dioxide and hydrogen, are detrimental not so much through their quenching action 
as through the consequent contamination of the afterglow spectrum, and it is 
difficult to remove them satisfactorily. In all respects it has been found 
advantageous to avoid rubber tubing in the supply line. 


$3. THe SPECTRUM OF THE AFTERGLOW AT LOW PRESSURES 


The identity of the afterglow was at first based on the similarity of its spectrum, 
as observed in a direct-vision spectroscope, to that of the Lewis—Rayleigh glow, 
there being three prominent broad ‘bands’ in the green, yellow and red respec- 
tively, and apparently no other features. This was confirmed by photo- 
graphing the spectrum on small dispersion glass and quartz instruments: the 
« bands of the N, First Positive system and the f and y bands of NO were readily 
identified on the resulting spectrogram, and there appeared to be no other nitrogen 
band or line. This is exactly as described by Fowler and Strutt (1911) for the 
spectrum of the afterglow of nitrogen. 

On the first spectrograms which were obtained with a preliminary apparatus, 
there were seen in the ultra-violet and blue regions many broad diffuse bands 
that could not be identified with the small dispersion used. (It was not practicable 
to use larger dispersion as the glow was very faint in this earlier apparatus.) It was 
suspected that these bands might be connected with the sealing wax used for 
affixing the quartz observation window, for the glow was most concentrated near 
the wax seal. Hence in the new apparatus—designed primarily to give a brighter 
glow—the sealing wax was kept out of contact with the activated gas in the manner 
described in §2. It was then found that the unidentified bands disappeared, 
leaving the NOB and y bands, the OH (0, 0) and (1, 0) bands, the (0, 0) and (1, 1) 
bands of NH and, at higher pressures, some of the CN violet system. 


$4. THe SPECTRUM OF THE AFTERGLOW AT HIGHER PRESSURES 


The efficiency of the source as compared with that of the condensed discharge 
is most marked at the higher pressures. ‘The spectrum at these higher pressures 
differs markedly from the low-pressure spectrum ; as the pressure is increased from 
a few mm Hg, the other bands of the N, First Postive system appear in addition to 
the « bands, and their intensity, relative to that of the « bands, continues to increase 
until, at pressures approaching an atmosphere, the markedly anomalous intensity 
distribution so characteristic of the low-pressure glow, has given way to a much 
more uniform distribution somewhat similar to that of an ordinary positive column 
low-pressure discharge spectrum. 

This is illustrated in the Plate, which is a reproduction of photographs taken on 
Ilford Astra III plates with a Hilger glass prism instrument of medium disper- 
sion: (a) shows the spectrum of the glow at low pressure (1-4mm Hg), while 
(b) refers to a pressure of 500mm Hg. It can be seen that in (a) the emission is 
largely confined to the bands with v’=6 and 10, 11, 12; and of these, the v’=11 
emission is much the most intense. In (d) there is seen to be a marked decrease in 
intensity of the v’=11 bands, while bands with lower v’ values, many of which 
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cannot be seen at all in (a), are now quite bright. ‘The change has been followed 
throughout the intermediate pressures and is quite gradual. 

The possibility that the spectrograms might be contaminated by stray light 
from the exciting discharge was ruled out : a screen was interposed which admitted 
light cnly from the observation window, and the observation vessel was terminated 
by a blackened ‘ Wood horn’ to minimize the reflection. Asa final check, ‘ blank’ 


photographs were taken with the exciting arc on but the observation chamber made . 


dark, either by preventing admission of the activated gas or by injecting a trace of 
moist air to quench the glow. 


§5. DiscussION 


A change in the intensity distribution throughout a band system implies a 
change in the distribution of vibrational energy among the molecules in the excited 
electronic state. This may arise in a variety of ways which can be classified under 
one of two heads: (1) There may be a change in the relative rates of entry into the 
vibrational levels of the excited state, such as would arise from a redistribution of 
vibrational energy in the /cwer state or from alterations in the mechanism or 
conditions of excitation. (II) There may be some disturbance modifying the 
relative exit rate from the vibrational levels of the upper state; exchange of 
vibrational energy in collisions with other molecules is the only instance of this 
likely to be found in the sources discussed here. 

Feast (1950) reported a redistribution of vibrational intensity in the N, Second 
Positive system emitted by a high voltage arc at atmospheric pressure, as compared 
with the same system emitted by the positive column of an ordinary low-pressure 
discharge. This he attributed to vibrational de-activation resulting from the high 
collision rate obtaining in the arc, i.e. to process (II). However, the results, as 
presented, seem to admit of alternative interpretation, Feast gives no reason for 
excluding the possibility of process (I) ; indeed, the precise mechanism of excitation 
in arcs and other discharges is not known with any certainty. On the one hand, 
collisions with electrons are doubtless responsible for a large part of the excitation, 
and in view of the small mass of an electron compared with that of a molecule, one 
would expect the Franck-Condon principle to be applicable so that the relative 
entry rate would be determined by the vibrational distribution in the lower state. 
On the other hand, if molecular ions play any part in the excitation, there is 
likelihood of direct vibrational excitation, so that the relative entry rate into the 
vibrational levels of the upper state may depend on the concentration and velocity 
of the molecular ions as well as on the vibrational distribution in the lower state. 
Thus, if the part played by molecular ions changes in going from low-pressure 
discharge to high-pressure arc conditions, there will be a consequent change in the 
vibrational intensity distribution of the radiated band systems. 

Furthermore, the only theoretical work bearing on this appears unfavourable to 
Feast’s interpretation. Zener (1931), on the basis of certain assumptions which 
seem justifiable for the N, molecule, has calculated that the chance of vibrational 
energy exchange between an excited N, molecule and one in the ground state, is of 
the order of 10-4 ina collision at room temperature. If we take 5 x 10% per second 
as the collision frequency of N, molecules at atmospheric pressure and room: 
temperature and 10-® second as the mean lifetime of the excited state, then there 
are seen to be only 50 collisions during this lifetime, so that, according to Zener’s 
calculations, only about five per thousand excited molecules would suffer a change 
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in vibrational energy, a proportion too small to produce a ay detectable 
change in the spectral intensity distribution. 

The nature of active nitrogen and the mechanism of production of the afterglow 
are still matters of considerable doubt—see, for instance, the recent discussions by 
Mitra (1953) and by Oldenberg (1953)—but in comparison with electrical arcs and 
discharges there are a number of definite simplifications which permit a more 
reliable interpretation of experimental observations. It seems fairly certain from 
these discussions by Mitra and Oldenberg that electrons and molecular ions play 
no part in the excitation of the afterglow, and in any case there is no electrical field 
present. Furthermore, there is not the variation of pressure and lack of definition 
of temperature that is found in arcs and discharges; indeed, both temperature and 
pressure can be made reasonably uniform. 

Whatever the type of collision that leads to the emission of the afterglow, the 
final result of any single collision can only depend on (i) the relative velocities of the 
collision partners and (ii) the nature of the collision partners. Consequently the 
average result of all the collisions can only depend on (i) the velocity distribution, 
and (11) the nature and proportion of the particles concerned; in particular there 
can be no dependence on collision rate or pressure except via (i) or (ii). 

Due to the uniformity of temperature and the absence of an electric field, the 
velocity distribution will be a function of temperature alone and not of pressure. 

It remains therefore to consider whether or not (il) varies with pressure, and 
for this some definite suppositions must be made regarding the mechanism of 
excitation of the afterglow, for it is obvious that with some mechanisms there 
would be pressure dependence of (11) and with others there would not. 

According to Mitra (1953), dissociative recombination of electrons and N,* ions 
in the discharge produces metastable 2P and ?D nitrogen atoms. These lose their 
excitation energy and become ordinary nitrogen atoms in the ground state 4S. 
The afterglow then arises in the manner suggested by Gaydon (1947) from the 
recombination of two 4S nitrogen atoms colliding on a *X,+ potential curve—a 
process which, according to Cario and Reinecke (1949), accounts satisfactorily for 
the afterglow and also for the reduction in the brightness of the glow with increasing 
temperature. ‘Thus only one kind of particle is involved in the final excitation of 
the afterglow, and consequently the possibility of a variation in the proportion of 
the particles taking part does not arise. 

According to Oldenberg, the primary particles are nitrogen atoms in (pre- 
sumably) the ground state. ‘Three-body collisions taking place between a pair of 
these nitrogen atoms and another particle result in excitation of the third particle 
and the formation of a nitrogen molecule, and since resonance is not effective in this 
type of collision, any degree of excitation of the third particle (up to the energy of 
dissociation of nitrogen) is possible; in particular, there will be produced meta- 
stable nitrogen molecules in the a?X,,* state of 6-2ev and metastable nitrogen 
atoms in the 2P and 2D states of 3-57 ev and 2-38 ev respectively, 1.e. 


N+N+N,.>N,+N,(a) 
N+N+N—+N,+N(?D) 
and N,+ N(?P). 
Excitation of the afterglow then takes place by the transfer of the excitation energy 


from the metastable atoms to the a state molecules, which are thus raised to the 
BIT, state, as in the original theory of Cario and Kaplan. 
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Clearly the proportion of metastable N,(a) molecules may vary with pressure, 
since their rate of production depends on the concentration of inert N, molecules, 
while that of the metastable atoms does not. But in the Cario and Kaplan 
mechanism the functions of the metastable atoms on the one hand, and of the 
metastable molecules on the other, are complementaty, so that a variation in their 
relative proportions will alter only the rate of reaction and not the relative entry 
rate into the vibrational levels of the N,(B) state. 

The ratio of 2D atoms to 2P atoms is more important. Since they are produced 
by the same type of collision, their relative rate of production will be independent of 
pressure. Their loss, however, may be either (a) via collisions with N,(a) mole- 
cules or (b) by radiative transition to the ground state. Now the rates of loss via 
(a) are, for both 2D and ?P atoms, proportional to the concentration of N,(A) 
molecules, which depends on the total pressure, while the rates via (b) depend only 
on the radiation transition probabilities. So the net effect is variation with pressure 
of the relative rate of loss of 2D and ?P atoms. 

However, it can be seen that for each metastable atom lost via (a) there will be 
one photon radiated in the nitrogen First Positive system, while for each atom lost 
via (b) there will be one photon radiated in the corresponding atomic line. It 
follows that the proportion of metastable atoms disappearing via (4) will be indi- 
cated experimentally by the ratio of the corresponding nitrogen line intensities to 
the First Postive band system intensity. In the literature there appears to be no 
report of the observation of either line, and in the present experiments a careful 
inspection was made in the regions concerned (3466 A and 5200 A) but there was no 
sign of any atomic line at any of the pressures used. It is therefore concluded that 
loss via (b) is negligibly small, so that the variation with pressure of the relative 
rate of loss of 2D and 2P atoms will also be negligible. It follows that the ratio of 
the concentrations of 2D and ?P atoms will be sensibly independent of pressure. 

Summing up, it is seen that on either Mitra’s (1953) theory or Oldenberg’s 
theory there can be no change with pressure, of the relative vibrational entry rate 
into the N,(B) state, provided that the temperature is held constant. That is to 
say, process (I), as a possible explanation of the results presented in this paper, is 
excluded—the variation of temperature with pressure was considered by the 
author to be negligible in the present apparatus, at least to a first approximation, 
and this has been confirmed by more precise work which will be reported later. 


$6. CONCLUSIONS 


It would seem then that the results should be explained as arising from process 
(II), i.e. the exchange of vibrational energy occurring in collisions between the 
excited nitrogen molecules and the other molecules present. 

If this is so, then the value of the order 10-4, for the chance of such an exchange, 
suggested by Zener’s calculations, must be too small. A similar conclusion would 
follow from Feast’s observations on the spectrum of the high voltage arc in nitrogen, 
if one were to accept his interpretation of them. But in this source, as probably in 
all electrical discharge sources, conditions are too complicated for the results to be 
interpreted without ambiguity. 

Because of the comparative simplicity of the conditions, together with the fact 
that a high collision rate is obtainable, the new source would seem'to be useful for 
studying collisional energy exchanges quantitatively. 
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§7. A MopiricaTion To Mitra’s (1953) 'THEORY 


The opportunity is taken to draw attention to an omission in Mitra’s theory. 
The essential mechanism in the production of the afterglow is the inverse pre- 
dissociation of two 4S nitrogen atoms colliding on a °X,+ potential curve, after the 
suggestion of Gaydon. ‘The reaction is represented by Mitra as 

N(*S) + N(4#S)— N,(B 3I,). 
This requires the approach of two 4S nitrogen atoms with the same relative 
velocities as they might have had in the pre-dissociation process, and from geo- 
metrical considerations alone the probability of the reaction would be vanishingly 
small. The probability could be made finite only by the presence of a third body 
sufficiently massive to take part ina redistribution of energy and momentum. The 
most likely third body would, of course, be an ordinary nitrogen molecule, and the 
reaction should therefore be represented by 
N(®S) + N(#S) + No(v,)—> No(B IT) + Na(v2), 

V1, Uz denoting the initial and final velocities of the inert molecule. 

if the concentration of the active particles be denoted by n, and the pressure of 

the inert nitrogen by , then the intensity J of the afterglow can be written 
I=c(T)n*p 

where c(7) is a parameter depending on the temperature. Accordingly we should 

expect the glow intensity to vary (1) as the cube of the concentration, when the 

volume of the activated gas as a whole is changed, (ii) as the square of the concentra- 

tion of the active particles when the inert gas pressure is held constant, (iii) directly 

as the pressure when the concentration of active particles is held constant. 

These are the three relations obtained experimentally by Rayleigh. The 
reaction proposed by Mitra does not lead to them: Mitra’s suggested explanation 
for the variation of afterglow intensity with temperature is based on the necessity 
for the recombining atoms to have just the right relative velocity, and is scarcely 
plausible when one realizes the necessity for a third body. 

This modification to Mitra’s theory does not affect the considerations in §5. 
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Abstract. The free energy of an electron gas interacting with lattice vibrations is 
calculated. The linear term in the low-temperature specific heat contains a factor 
depending on the strength of the interaction. The result is compared with recent 
experiments and suggestions for new investigations are discussed. 


§1. INTRODUCTION AND DISCUSSION 


N its simplest form the theory of metals is based on the assumption that the 

if electrons are free, apart from their interaction with the lattice vibrations. 

Froéhlich (1950) discussed this interaction with the help of perturbation theory 

in terms of an interaction parameter F. He found that when F is greater than a 

critical value F, the normal distribution is unstable, and identified this state of the 
metal as superconducting. 

When F< F), and the metal is normal, the lattice interaction still has important 
effects, notably an alteration in the density of energy levels near the surface of the 
distribution. This was pointed out some time ago (Buckingham 1951, quoted 
hereafter as I) and was suggested as an explanation for the anomalous behaviour 
observed in the low-temperature specific heat of certain metals. The qualitative 
discussion in I showed that an effect of the observed order of magnitude could be 
expected, although the temperature dependence of the specific heat was not of the 
same character as that shown by existing measurements. Recent experimental 
work, however, shows this discrepancy to be spurious owing to errors in the earlier 
observations, so that there is now support for the main features of the theory. 

Itis the principal object of the present paper to determine, ina more quantitative 
way than in I, the influence of the lattice interaction on the specific heat of normal 
metals. This is achieved by employing a perturbation formalism (Schafroth 1951, 
quoted as IT) for calculating the free energy of the electron—lattice system. The 
general formalism is presented in some detail in the next section as a useful 
approach for studying the thermodynamic behaviour of a perturbed system. 

The method has the great advantage that the expressions obtained are regular, 
no singularities arising from vanishing energy denominators. It is then easy to 
show that the use of principal values by Frohlich (1950), in his perturbation 
theory calculation, was justified. 'The expression obtained for the free energy 
due to the electron—lattice interaction is separated into two terms, one depending on 
the electron distribution alone and one on the phonon distribution. The two 
terms are discussed separately ; that arising from phonon excitations is interpreted 
as a change in the free energy of the lattice due to a renormalization of the sound 
velocity. Atzero temperature this reduces to the renormalized phonon interaction 
discussion by Frohlich (1952). | From the point of view of the specific heat this 
term is taken account of automatically in the empirical lattice specific heat 
contribution (cf. detailed discussion in § 2). 


t Now at Department of Physics, Duke University, Durham, North Carolina, U.S.A. 
t Now at School of Physics, University of Sydney, Australia. 
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The other term, which depends on the electron distribution only, is our main 
concern here, and the calculations of the next section show that the free energy 
of the electron distribution is considerably modified by the presence of the 
lattice interaction. We take the Fermi energy ¢, to be large compared with 
RT and k@, where T and @ are the absolute and Debye temperatures respectively. 
It is then found that the unperturbed free energy of the N electrons, ¢,", is 
increased by a factor 1+/ when the interaction is taken into account. ‘To first 
order in the interaction constant F, 


fer ee On tae oe oe oe res (1) 
where v is the number of free electrons per atom, and 
ictaieiops tae f(4v)¥8, 41 
QO! = Ty) =isek 
(4v)4/30 ; | 2v; AV te 


The function g(t) vanishes at t=0 and approaches —1 ast-+oo. Thus we see 
that the free energy and hence the specific heat is increased by a factor 1 +7(vF) 
at low temperatures, and approached the unperturbed value at high temperatures, 
confirming the same conclusion reached in]. The actual temperature depend- 
ence of f contained in the factor 1 + g(7/0’) is given in the form of integrals, which 
cannot be evaluated in closed form. It is shown however that 1 +g(¢) first rises 
for small t and then decreases to approach zero asymptotically from above. This 
feature also emerged in figure 2 of I, where the energy level density first increases 
near C, before falling away to the unperturbed value. 

The effect of coulomb interaction on the electronic specific heat of metals 
has been discussed recently by Pines (1953). The effect is not great, and for 
sodium leads to a value of the order of 0-8 of the free electron value. Since this 
effect is independent of temperature in the range we consider, it can be regarded 
as included in the ‘unperturbed’ value and will be ignored. 

Current investigations by Hill and Smitht and by Parkinson‘ on the specific 
heat of sodium do not confirm the hump at about 7° reported by Pickard and 
Simon (1948), and presumably due to some fault in their apparatus. The 
discrepancy, remarked on in I, between the shapes of the observed and theoretical 
curves at the lowest temperatures does not now arise. ‘The preliminary results 
obtained by Parkinson indicate a linear specific heat dependence on temperature, 
for which the coefficient y has a value between one and two times the free electron 
value yp. This would imply a value for (4)!*F between 0 and 1, comparable 
with the value ~ 0-2 estimated from high temperature conductivity measurements. 

At temperatures of the order of the Debye temperature, 0, it 1s not possible 
to determine y/y, since the lattice specific heat cannot be calculated with sufficient 
accuracy. For higher temperatures, 6<7T<G/k, the lattice specific heat is 
constant and equal to the equipartition value, so that the total specific heat is 
again linear. In this region f=0, and a comparison between the high and very 
low temperature linear specific heats permits in principle a direct determination 
of the factor 1+f for T=0. It is of interest in this connection that Manning 
and Chodorow (1939) have calculated the electronic specific heat for tungsten 
and tantalum; agreeinent with the observed high-temperature values of y is 
good, whereas the observed low-temperature value for tantalum is about four 
times as great. While the theory presented here cannot be applied quantitatively 


+ Private communications. 
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to an electronic structure as complicated as that of tantalum, the large value of y 
at low temperatures may well be due to this effect of lattice interaction. 

The modification to the electronic energy level distribution near the Fermi 
level should lead to observable effects in other low temperature properties as 
well as the specific heat. 

The soft x-ray emission spectra of metals reflects directly the properties of 
the energy level distribution (Skinner 1939). At low temperatures and sufh- 
ciently fine resolution there should be a peak in the spectrum just before the edge 
of the emission band. Skinner (1940) has observed a small bump, of the type 
expected, in the spectrum of sodium at the temperature of liquid oxygen. The 
conditions of these experiments, in which the resolution was about 0-05 ev, are 
just at the limit of observability of the effect, so that a quantitative analysis is not 
possible. However, the magnitude of the observed effect is consistent with the 
present theory, which is also supported by the fact that the bump disappeared 
at higher temperatures. The explanation offered at the time of the experiments, 
namely an overlapping of bands, seems most unlikely in the case of sodium. 

Other properties of simple metals, whose measurement at low temperatures 
would be of interest in connection with the present theory, include the Pauli 
paramagnetism, the spectral and energy distribution of photoelectrons, and the 
Hall constant. For example, the observed paramagnetic susceptibility of 
sodium at room temperature is in good agreement with the free electron value of 
0-65 x 10-* c.g.s. units. The theory implies that at low temperatures this value 
should be increased by the factor 1+/, so that the experimental investigation of 
this point would be of great value. 


§2. CALCULATIONS 


We use the formalism of perturbation theory on the density matrix as developed 
in II. There the following analogue of the Taylor expansion for matrix functions 
was given. In the representation in which the operator A, is diagonal, 


Nez) =A,| 2) .- “9 eee (1) 
the matrix elements of a function F(A, + €A,) of a perturbed operator are given by 


(n| Fo(Ao + €Az)| 2") = Cn] 1] 0) Fo(A,,) + <n] Ayla’) Fans Ans) 


" 2D (n| Ay| n") <n"|Ay|n’ FAA,» Ans Xn”) aK O(e*). se eeee (2) 
Here Fy(%o,... ,x,) are the difference quotients of Fo(x)) given by 
Fy (x, eee x)= . _Fo(%) (3) 
0? ’ Ss T@i- 3) eeeeee 
JU 


They are symmetrical functions in their variables and have the following property 


for confluent arguments 


: 1 
(A <hk) ya F’,,(%9,%4, ey Xp) = Xl xpi P #-A%o» Matis: Xp) eeeeee (4) 


@,—> Xo 


which ensures that for a A; simultaneously diagonal with Ag, (2) goes over into 
the usual Taylor series. 
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This theorem is applied to the calculation of the free energy of a perturbed 
system in the following way. The free energy ¢ is determined by 


Tre?—*) 1, (CIS A iy (5) 
Let the Hamiltonian be of the form 
H= Hy + eH, ‘eo ake) is! el 6 (6) 
where the eigenstates |”) of the free Hamiltonian are known: 
Ht) =f. toe i 8 cone: (7) 
We wish to find the free energy up to terms of the order «2. We put therefore 
; P= det ed; Leos emte etn! oO Cade. (8) 
Calling then 
Pe piedd Ven ett 1) me PL (9) 


we can apply (2) with Ap = 4 )— Hy, Ay=¢,— Hy +¢9. (5) thus becomes, writing 
for simplicity <n] 1|n’) 4, = <n|¢,|n’), 


1 = 2 Fo($o— En) + <2 nl br — Hale) Fi(bo— En, bo — Ey) 
+f D dn|$o[n) Fi(¢o—E, bo - En) 
= >, <"I$1 — Hi ln") <n'|¢,— Hy |”) 


Pie Laem Pee als. ee a fee (5’) 

which yields 
2Fo($o- En) = Leta eae ee entre (10) 
>. <al¢i.— Ail) Fi(do—En, Go—En)=0, «s+ ee (11) 


2 4n| $21") Filto—Ew bo En) 
+2, dnl d1— Hin’) (n'|$,—H,|2) Fo(bo— Ens $0 — Ens $9 — En) = 9. 


{10) expresses the definition of the zero-order free energy. (11) defines the 
first-order perturbation of the free energy. For the frequent case that H, has 
no diagonal elements—as for our problem—it simply reduces to¢,=0. _Restrict- 
ing ourselves to this case and using (9) and (4), we can rewrite (12) as 


o(E,, — Er) +(1—exp[a(F£, — =) 


as= nl Hl’ (BE, —E,,)? exp {a(¢o— E,,)}- 


The advantage of the present method is apparent here: instead of the usual energy 
denominators of perturbation theory the expansion of the free energy contains 
regular expressions only, like the one in the square brackets; no ambiguities of 
the kind occurring in perturbation theory on the energy levels in an unsuitable 
representation arise here. 


+ The fact that perturbation theory on the free energy is valid even for systems with 
a degeneracy where perturbation theory on the Hamiltonian is not directly applicable was 
first noticed by Peierls (1933). 
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For our present application we take Hy to describe a system of N free electrons 
and a phonon gas in a periodicity volume G : 


> lot Dn wi[sNy, wee es (14) 
k w 
o=+4 
My, is the occupation number operator of an electron state with momentum 
hk and spin o; N,, the occupation number operator for a phonon of wave number 
w; w=|w|; s is the velocity of sound, which for the moment may depend on 
w: s=s(w). This gives for ¢) the sum of the well-known free energies 


p= EveP[140(8)] 
Seg Siobhan ok Pe (15) 
do eek ) fea dx x* log (1—e-*). 
(in Debye approximation). 
fp is the Fermi energy at T=0, given by 
h?k,? 2k? 
C= a , also N= 23057 y Got Po ae (16) 


We shall work in the representation in which NM, and %,, are diagonal; Ny 
runs over all positive integers, m,, over 0 and 1. «Hj, describes the interaction 
between electrons and phonons; its matrix elements M are taken to be 

(a) for emission of a phonon: 


Neue Ne Fl, tes Mito ly a tie ot ee eee ell 
| M|? = D(w)(Ny, + 1)(1 = tM0) Mew, 0° 3 
(6) for absorption of a phonon: 
Nw Neal Nee toms Maw >? Meee 
| M[? = D(w) Nyt o(1 = Mew, 0’) 3 


(c) for all other processes : 


| M|?=0. 
Here D(w) is an interaction constant given by 
Wee oe a ‘ 
D(w)= = G3 {ow, (nG=N/v) eC 
in Fréhlich’s notation. Inserting this into (13) we get 
go= $e +$2"s 


where, for example, 


be=2 > Dd D Dw). (Nyt 11m )erw 


(Wy) (nm) wik 
x exp [a(y— Dee —>Nyhsw)] 
y w 
y jo — & —hsw + o-H{1 — exp a(egrw— &e—hsw)} 
(<ktw —€,—fhsw)? 


(the factor 2 comes from the summation over spins). As the bracket is indepen- » 
dent of the occupation numbers NM, and n,, the sum over (Ny) and (4) can be | 
carried out. The effect of this is simply to replace N, and m, by their thermal | 


| 
| 
| 
| 
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equilibrium values: 


bf=2> D(w)(Ny + 1)(1— 74) Pere PS | 


He aed | (18) 
—v te i( | = eax 
$3°=2.5. DWN gal ~ Figo) | 
5! 
with * = eiw—&—sw, where 
Nemvlexp (dso) 1s saab sie ert (19) 
m=[1+exp «(e,—f)}-}. peti. (20) 


The two terms in (18) can then be collected under one sum &,,,,; using the fact 
that from (19), (20) 
(Nw + 1)(1 =F) iw + EXP (Ele syy — &ke— Hise) = Nii] = Fhe) 
(18) simplifies to 
= (Nw + 1)(1 = 14 )icw — LV wit( 1 — iki) 

Oa= 2 oe gt Abd eRe a a PS eorees (21) 
which is still “oni at the zero of the denominator. (The fact that the extra 
terms in the brackets in (18) actually cancel in the end is not accidental; their 
only purpose in the earlier formulae is to keep the brackets regular however 
the terms (a) and (6) be evaluated.) 

Next we wish to split up the sum in (21) into terms involving the phonon 
distribution N,, and terms depending only on the electronic distribution n,. 
By doing this our summand ceases to be regular. But as we know that the total 
expression (21) is regular we can choose an arbitrary way of defining the summation 
over the pole in the separate sums, provided that the total of these so defined 
sums reduces to(21). A convenient definition of singular integrals is the principal 
value and this has the required property. Thus we write 

Welnirs a 7) Te+w( 1 = 7) 
$.=2> Dow Alege a8; +2 >, Dw) es Tettavare (22) 

Note. It is easily seen that the first sum goes to zero with vanishing temperature 
(see below); therefore at T=(0 the change in energy of the electron gas due to 
its interaction with the phonons (which equals ¢, at T'=0) is given by the second 
term. This justifies the use of principal values in this problem by Froéhlich 
(1950). 

We first discuss the terms involving the phonon distribution Ny. They 
can be written a 

Pe UNGTIC OW) is a a) Perec: (23) 
with 
2D ST her 
a i (24) 


5s(w) = 
soy az k €kiw — €k — hisw 

(23) can be interpreted as the El in the free energy due to a variation ds(w), 
equation (24), in sound velocity. If we insert into (24) for m ,, and m, the 
zero-temperature distributions, ds(w) goes over into 5)s(w), the change in sound- 


wave interaction at absolute zero discussed by Frohlich (1952). Writing then 
OS SROnSEt 01S Be eieiens Wiad 0). ale ty-9:4 (25) 


we shall consider the effects of 5) and 6, separately. 
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The contribution to ¢,"" due to 59s will not be calculated here for the following 
reason. Its contributions are important in the same region (J ~6) where the 
Debye approximation fails. If one knows experimentally the spectrum ¢5.x,(w) 
of the sound velocity, then this should be taken to be Sexp(W) = (Ww) + 5os(w), 
i.e. 59s(w) then represents an unobservable renormalization. If, however, the 
lattice specific heat is calculated from a true lattice theory, then 3)s(w) should be 
evaluated from (24) for the same model of the lattice; the Debye approximation 
would here be misleading as 5)s strongly depends on the lattice type. We shall 
therefore omit this contribution to the free energy, taking it for granted that it 
has been accounted for in the first way. 

The contribution due to 5,s(w) can be worked out, in the Debye approxi- 
mation (taking s as constant), to give a correction 


yee oF (=) Oo Je (26) 


This is clearly negligible i in our approximation, so that ¢,?” is fully accounted 
for by the above ‘renormalization’ terms. 

We now turn to the terms not involving the phonon distribution wih which 
we are mainly concerned, i.e. 

$= 25 D(w w) ee ea (27) 
—e,—hsw 

These give rise to a change of the free energy of the free electrons by a temperature 
independent factor at low temperatures (T<@). We wish, however, to get some 
idea of their behaviour at high temperatures (T29, but RT<{,). This again 
depends upon the lattice, but as we wish only a qualitative picture we shall 
evaluate it in the Debye approximation; i.e. we put s(w)=constant, and cut off 
the phonon spectrum at w=wp, given by 


hsp =RO. o.oo (28) 
We wish to evaluate (27) under the assumptions . 
RT <6, RO<i oe ee (29) 


the realtive magnitude of T and @ remaining open. It is convenient to write for 
the Fermi distribution the following expression, valid for RT <,: 


ie) = fexplale—D]+1}%=6(C—o)— |" aeele)3(e-0-) (30) 
where 
1 >0, 
(x)= ij ee ie. (30’) 
pee 1 
o(é)= | vies ae (30”) 


| dége=t2RTY, 


and d(x) is Dirac’s 6-function, 8’(«) its derivative. When inserting this into 


(27) we will consistently neglect terms of the order RT/¢) and k0/{, relative to 
the others. The result then appears as the first term in a power series in RT/¢_ 
with coefficients being functions of 7/@. The leading term for [<8 results 


when g(€) is replaced by 47?(RT)?6(€). 
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Inserting (30) into (27) we get three terms. The first involves the product 
of two 6-functions and represents the self-energy of an assembly of electrons with 
given C; it is temperature dependent only through ¢. Now this self-energy is of 
the order N@2ms/hk, (Frohlich 1950); a change in ¢ of the order of 8 =(RT)?/¢ 
gives, therefore, a change in the free energy of the order 

2ms (RT)? nko (RT)? 
nee SS cee 
which is of the negligible order k@/¢ compared with ¢,". 

The second term arises from the cross-products between 0-functions and 
8’-functions in (30) and reads, upon replacing sums by integrals, 


SAGs (oe 
Se CGN (31) 
with 
O'(e = 
1()=2 | dk | Bww ee et ee (31’) 


where we have put D(w) = Cw and where 
hi f+1 [|k|=k>Rp, 
Ot E\ 


Te) ark (eee) dace |e ee 
(8)= Hi eS i an Ra. (k,?— k2 + o(k)w)? 
where k,?=2m(¢+6&)/h?. The evaluation of this integral is straightforward; 
care has to be taken for 2k, =wp, where the singular line k? =k,? + o(k)w, which 
gives the main contribution, leaves the domain of integration. ‘This makes it 
necessary to distinguish between the two cases 2ky< wy and 2ky> wy. 

For the case w,)>2k, we get, neglecting all terms which are of the relative 
order RT/¢ or RO/C,t 


2m\3 w,2 ¢ a 
tes ON y= 0 
Aes (=) ho ie t+ (Ray 18 


and similarly for w,<2Rp. 
If we define 


&° — (RO)? 


— 


i ee (32) 


RO’ = min [hswo, 2hsko|, 


8 2k 
oe. 6 = Ce a gia wane (33) 
2(4r)98  (20y > 2k) 


(3v)"8 — (wy <2hy) ; 
Vv i a ee Oe ee ee ee ee ee ee | he Oma a ie 2 3 
and 4 ) 2v (wp >2kp), © 


inserting J (32) into (31) gives 
Poa =Po (VFL +falT/O)} wanes (34) 
with 
We ee 1 Arg Sten ses 
f,{t)= a, dx i \! a log a3 —2x— 5 log 


+ Actually, for wo ~ 2k» these terms get somewhat more important, being then of 
RO kO kT kT > at 
the order of max k sleege 1 log am , though still negligible. 
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The remaining third term, 4.,", in the evalution of (27), which is obtained by 
inserting the second term in (30) for both 7 and Mwy is evaluated similarly and 
gives 


ore) FF CL 09k We sen eRe ae (36) 


1 
(1 + exp x,)(1 + exp x2) 
(x, +%)?—t* 


with 


r 


24s wat 
flt)= rh dx, | dey 


x {(s + x»)" log 


— (x; — x)? log 


(x1 + XQ)? (x1 — 2)? 
saa (37) 
Thus finally, writing g(t)=f,(t)+f,(t) where f,(t) and f,(¢) are given by (35) 
and (37), we obtain 
(tot Go)" =Fo Ll +r(r)F+e(T/O Vj] eee (38) 


This contains the result (I) of §1. 
It remains to study the behaviour of g(t) for low and high temperatures. 
(a) Low temperatures. Expansion of g(t) in powers of ¢ yields 


2 
g(t) = = BHog?|-Kis | = a (39) 


where K is essentially given by a transcendental double integral which cannot 
be evaluated exactly. It can, however, easily be shown that K>8, this being a 
very inaccurate lower limit (probably K = 20). 

(b) High temperatures. For t+ o, g(t) tends to —1, showing thus that 
for T> 6 the effect of the lattice interaction on the electronic free energy is smeared 
out, as was to be expected. The actual asymptotic expansion again cannot be 
given in closed form. It is, however, easy to conclude that g(t)+1 is positive 
for large t, so that the magnitude of the free energy is never decreased by the 
lattice interaction. - 
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The Thermal Conductivity of Germanium and Silicon 
at Low Temperatures 


By H. M. ROSENBERG 
The Clarendon Laboratory, Oxford 


Communicated by K. Mendelssohn; MS. received 24th May 1954 


Abstract. ‘The thermal conductivity of a single crystal of Ge and a polycrystalline 
specimen of Si have been measured in the range 2 to 100°x. Both specimens 
were very pure. The results indicate that, at low temperatures at least, the 
lattice waves are not scattered by the conduction electrons, but that their mean 
free path is limited either by the size of the specimen (for the germanium) or by 
the crystallite size (for the silicon). 


$1. INTRODUCTION 


HERE are two main reasons why it is of interest to measure the thermal 

conductivity of germanium and silicon. The first is that their crystal 

structure is the same as that of the diamond lattice. The thermal con- 
ductivity of diamond has recently been measured very carefully (Berman, Simon 
and Ziman 1953). Their experiments show that the maximum conductivity is 
much lower than one would expect theoretically, and also that this maximum is 
not as sharp as that found in other crystals, but that it has been flattened into a 
plateau. ‘Therefore experiments on germanium and silicon are of interest to 
see whether a similar effect occurs in these elements. 

The second reason for these experiments was to see whether in very pure 
semiconductors any effect due to the presence of conduction electrons could be 
detected. Electrical resistance measurements at low temperatures indicate that 
the number of current carriers must be very small, and so it is very unlikely that 
they can make any detectable contribution to the heat flow. Nevertheless, there 
might still be a sufficient number of carriers to scatter the lattice waves and in 
this way to decrease the thermal conductivity, since the measurement of thermal 
conductivity is an extremely sensitive method of detecting the scattering of 
phonons. 

The behaviour of the thermal conductivity of dielectric crystals at low 
temperatures is now well established and the temperature dependence of this 
conductivity is explained very satisfactorily by the theory as developed by Peierls 
(1929, 1935). In this, the probability of phonon-phonon scattering, and hence 
the thermal resistance, decreases exponentially as the temperature is decreased. 
Below a certain temperature, however, the mean free path of the phonons becomes 
equal to the diameter of the specimen and cannot increase any more. ‘This. 
together with the 7? dependence of the specific heat, causes the thermal resistance 
to start to increase again at lower temperatures and to be proportional to 7'-. 
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Thus the thermal resistance shows a minimum at low temperatures, below which 
the conductivity is limited by the size of the specimen. A fuller review of the 
theory and its experimental verification is given by Berman (1953). 


§2. THE SPECIMENS 


The germanium specimen, Ge 1, was a single crystal about 1 cm long and 
with a rectangular cross section of 1:2 mm by 0-6 mm. It had a resistivity of 
60 ohm cm at room temperature, indicating a very high degree of purity. Thermal 
contact was made at two points along the specimen by soldering annealed copper 
wires to it, using lactic acid as flux (Mitchell 1954). 

_ The silicon specimen, Sil, was prepared from a long thin needle of high 

purity silicon very kindly presented by Messrs. Johnson, Matthey. ‘This was 
polycrystalline and was composed of fairly large crystallites which were about 
0:2.mm in size, The sample was ground down until its cross section was about 
1-5 mm square. It was about 1 cm long. It was then nickel-plated so that thermal 
contacts could be soldered to it. The unwanted nickel was dissolved off with acid. 

The specimens were mounted so that one end was in contact with the helium 
container of a Simon expansion liquefier. A small electric heater was attached to 
the other end and the temperature gradient along the specimen was measured by 
two helium gas thermometers. Further details of the experimental procedure will 
be given in another paper by Rosenberg. ‘Thermal conductivity measurements 
were taken from 2 to 100°K. The temperature differences varied from about 
0-1 degree at the lower temperatures to about 1 degree at the higher temperatures. 


§3. RESULTS AND DISCUSSION 


The graphs of thermal conductivity against temperature which were obtained 
in these experiments are shown on a logarithmic scale in the figure. The inset 
shows the same points plotted on a linear scale. The general form is that which 
one would expect from a pure dielectric crystal. At low temperatures the graphs 
are linear, indicating that the conductivity is proportional to a power of T. This 
power is 2:4 for the germanium and 2:5 for the silicon. ‘These are less than the 
T® dependence predicted by the theory. Whilst this may be due to an over- 
simplification in the theoretical development, it should also be borne in mind 
that the specific heats of the diamond lattice elements are not strictly proportional 
to T°. All of them show a minimum in the value of the Debye @ (Hill and 
Parkinson 1952). 

At higher temperatures the thermal conductivity of both specimens passes 
through a maximum, although for the silicon this was only just within the 
experimental range. Whilst the peak of the germanium curve might not be 
quite so sharp as that of other crystals it certainly does not show the peculiar 
plateau exhibited by diamond. ‘The general form of the germanium curve is 
similar to that found by fstermann and Zimmerman (1951), but the conductivity 
of their specimen was much lower, as it was much less pure than ours. 

The mean free path of the phonons has been calculated from the values of 
the thermal conductivity in the liquid helium region. For germanium the 
specific heat data of Estermann and Friedberg (1951) have been used (@ = 280°). 
The value of the mean free path comes out to be approximately 0-52 mm. This 
is approximately the same as the smallest dimension of the specimen (0-6 mm), 
indicating that in this region the conductivity is indeed being limited by the 
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specimen size. For silicon the specific heat measurements of Keesom and 
Pearlman (1952) have been used (= 668°). In this case the mean free path of 
the phonons was found to be approximately 0:13 mm. Whilst this is much 
smaller than the size of the specimen (1:5 mm square), it is about the same size 
as the dimensions of the crystallites of which the specimen was composed 
(~0:2 mm). In the silicon, therefore, it seems likely that the mean free path 
of the phonons is being limited by the dimensions of the crystallites. A single 
crystal specimen of silicon would probably give a much higher conductivity. 
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The thermal conductivity of the germanium and silicon specimens in the range 2 to 100°K 
plotted on a logarithmic scale. The inset shows the same curves plotted on a 
linear scale. 


Thus the experimental results seem to be explained quite satisfactorily, at 
the lower temperatures at least, by assuming that the heat transport is by the 
lattice waves. ‘These appear only to be scattered by the boundaries of the 
specimen or crystallites. ‘The experiments provide no evidence that electrons 
play any noticeable part in the scattering process. It is not possible to be so 
specific about the higher part of the temperature range, but from a comparison 
of the general form of the curves with those obtained from other dielectric 
crystals it does not seem that electron scattering can be appreciable in this 
region either. 
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The Emission of Light in the Passage of Alpha Particles through Gases 


By A. WARD 
Natural Philosophy Department, Glasgow University 


MS. received 1st February 1954 


Abstract. ‘The emission of light from the tracks of «-particles in the gases argon, 
helium, nitrogen and methane has been studied using a photomultiplier. The 
specific emission along the track has been measured together with the total number 
of photons which are produced in the range 3000-60004. ‘The total number of 
emitted photons is found to be independent of pressure in the monatomic gases 
argon and helium, but varies with pressure in nitrogen and in mixtures of methane 
with argon or helium. ‘The variation with pressure is explained by a simple theory 
of quenching by collision. ‘The lifetime of the excited states responsible for the 
emission is estimated to be less than 10- second. ‘The recombination of the ions 
is shown to play no appreciable part in the production of the photons. 


$1. INTRODUCTION 


from gases near strong sources of «-particles. Similar effects are noticed in 

the residual gases and vapours of high tension accelerators and cyclotrons. 
With the advent of the highly sensitive photomultiplier having a sensitivity curve 
not very different from that of the eye and a far higher detection efficiency for 
transient light pulses, this emission can be investigated quantitatively with weak 
sources of »-particles (Grun and Schopper 1952, Auderbert and Lormeau 1949, 
1950). The present paper describes experiments upon the emission of these 
photons during the passage of «-particles through the gases argon, helium, 
nitrogen and methane. 


F ROM the earliest days of radioactivity the emission of light has been observed 


§2. THE VARIATION OF LIGHT EMISSION ALONG THE ‘TRACK 
OF THE «-PARTICLE 


Figure 1 shows an apparatus designed to measure the variation of light emission 
along the track of an «-particle as it slows up and stops in the gas. A clean 
polonium source was made from stock solution by deposition on silver and waxed 
on to a lead block at the top of the chamber. ‘The particles travelled down the 
mid-section, passed through a thin aluminium window into a small chamber 3 mm 
in depth and were finally stopped in a piece of clean crystalline quartz forming 
the bottom plate of the chamber. The gas to be investigated was introduced into 
the chamber through a copper pipe and the light produced along the c~-particle 
tracks passed through the crystalline quartz and was detectd by an E.M.I. photo- 
multiplier type 5311 placed immediately below. No liquid paraffin or similar 
usual coupiing medium was inserted between the quartz and the glass envelope of 
the photomultiplier in case the ultra-violet emission from the gas might be 
converted to visible photons which would have produced spurious counts in the 
multiplier. The photomultiplier was followed by an amplifier, discriminator and 
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scaler. Air at known pressure introduced into the mid-section provided variable 
absorption in the path of the «-particles, while the aluminium window served as a 
vacuum seal and also prevented light from the mid-section reaching the photo- 
multiplier. This method of absorption was adopted in preference to the use of 
foils in order to avoid the possibility of light from the room reaching the photo- 
multiplier between readings. It had previously been found that if this occurred 
a temporary increase resulted in the noise current from the photo-cathode having 
the same pulse height distribution as the signals due to photon emission from the 
gas in the chamber. Crystal quartz was observed to scintillate feebly under 
c-particle bombardment, but the necessary correction for this effect was deter- 
mined by introducing methane (a non-scintillating gas) into the chamber and 
repeating the observations. 'To estimate the range distribution of the particles 
reaching the chamber, as the pressure of air in the mid-section was varied, separate 
experiments were made with a ZnS screen above the quartz. 
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Figure 1. Figure 2. 


A determination of the specific emission of photons by helium under «-particle 
bombardment is shown in figure 2, and for comparison the Bragg curve of ioni- 
zation. Since the polonium source was weak it was not possible to collimate the 
z-particles and the spread in the «-particle ranges had a half-width of 5°% of the 
mean range. ‘This is not quite enough to explain the long tail in the specific 
emission curve. However, the difference between the calculated and observed 
spreads is small, and it would be unwise to lay any emphasis on it. The variation 
of emission along the track in air was found to be similar to that for helium. 

It is concluded that the specific ionization and the specific emission of photons 
in the visible spectrum follow each other closely. 


§3. ‘['HE NUMBER OF PHOTONS EMITTED IN THE VISIBLE SPECTRUM 


Although the photon emission from the gases has a line spectrum (Ortner and 
Salim 1952) it is convenient to express it in terms of N,, the equivalent number of 
photons of a wavelength at the peak of the sensitivity curve of the photomultiplier 
which would produce the same number of photo-electrons from the photo- 
cathode as the total emission from the gas when a polonium «-particle is fully 
absorbed. ‘To estimate NV, a tungsten lamp was placed forty yards away from the 
photomultiplier, thus allowing the whole photo-cathode to be irradiated by a known 
random flux of photons. ‘These photons produced pulses in the scaler in the same 
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way as the photons produced by «-particles absorbed in gases in close proximity 
to the photo-cathode and allowed a calibration of the number of counts in the 
scaler in terms of the number of photons falling on the photo-cathode. _ It is easily 
seen that On SOR od 


where is the number of equivalent photons emitted by the lamp in the visible 
spectrum in one second, @ is the fraction of the number of equivalent photons 
produced by the lamp which fell upon the window of the multiplier, < is the 
efficiency of collection of the light produced by the «-particles in the gas, S’/S is 
the ratio of the counting rates on the scaler for the «-induced gas emission and the 
lamp respectively, F/E,, is the fraction of «:-particle energy absorbed in the gas, 
and M is the number of «-particles absorbed per second. For equation (1) to hold 
it is necessary to keep E so small that rarely does the same «-particle cause the 
emission of more than one photo-electron from the photo-cathode. It was 
verified that this condition was satisfied by comparing the pulse height distribution 
from the lamp with that from the «-particles absorbed in the gases. It was also 
confirmed that single photons were responsible for the pulses produced in the 
photomultiplier by the lamp by plotting the counting rate on the scaler against the 
inverse square of the distance D between the lamp and the photo-cathode. A linear 
relationship was observed up to and beyond the counting rates encountered in the 
gas experiments. ‘The evaluation of 7 was facilitated by using a high lamp temper- 
ature because the cross integration between the emission spectrum of the lamp and 
the sensitivity curve of the photomultiplier is more accurate under this condition. 
To avoid saturation of the photomultiplier from such a bright light D was kept very 
large and it is believed that was measured to within a factor of two. For the 
calculations e was evaluated by blackening the walls of the «-particle chamber and 
estimating the average solid angle subtended by the photo-cathode to the gas. 
Some error in the evaluation of « will remain owing to the fact that the photons 
from the gases do not all pass normally through the surface of the quartz. Further- 
more, the photons passing obliquely into the photo-cathode are more likely to 
produce photo-electrons than are those which pass through the surface normally. 
The photomultiplier used in these experiments had a sensitivity of ten equivalent 
photons per emitted electron. 

The table shows the values obtained for N, for different gases at atmospheric 
pressure by substitution of the above measured quantities into equation (1). For 
comparison, the corresponding figure for an anthracene crystal is included (Birks 
1953). ‘The actual number of highly excited states produced in the gases must 


Gas Nitrogen Argon Telus Methane Anthracene 
crysta 
Ne 150 250 1000 — 9000 


by our definition of N, be greater than the numbers given in this table. Owing 
to the uncertainties involved these figures should only be taken as a guide in 
experiments using photomultipliers with response curves similar to that used by 
the author. It was found that the scintillations from air produced almost the 
same counting rate on the scaler as did those from nitrogen. This would suggest 
that the scintillations from air are due to the nitrogen component alone, in agree- 
ment with the results of Grun and Schopper. 
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§4, Tue LIrETIME OF THE ExcITED STATES AGAINST EMISSION 


In the absence of any converter, the ultra-violet light from the metastable 
states in a gas would be expected to contribute little to the counting rates in these 
experiments. The probable lifetime 7 is likely to be of the order of 10-* second 
corresponding to optically excited states. ‘To verify this would require a refined 
coincidence technique but is it comparatively easy to show that the lifetime is less 
than 10-® second. 

At low gas pressures very rarely will more than one electron be liberated from 
the photo-cathode per «:-particle, even when the gas chamber has highly reflecting 
walls. At high pressures, however, the table shows that each o-particle can 
release several electrons from the photo-cathode. If CR, the minimum differentia- 
tion time constant in the amplifier, is 10-* second and +~10~* second one large 
pulse corresponding to the integration of several electron pulses will result, 
whereas if t~10-4 second there will be several pulses whose average height 
corresponds to emission of a single electron. With CR set at 10-° second the 
average height V of the pulses due to one electron was measured by exposing 
the photomultiplier to a tungsten lamp and obtaining the plateau on the 
discriminator. (To obtain a plateau it is essential to use a photomultiplier 
with a low noise level.) V can then be taken as the value of the signal pulse in volts 
at which the counting rate on the scaler equals one half the counting rate on the 
plateau. It was found that the average pulse height from air, argon and helium 
coincided with V at low pressures but rose, with no indication of flattening off, as 
the pressure was increased. ‘The counting rate approached but did not exceed the 
number of «-particles per second. 


§5. THE VARIATION OF EFFICIENCY WITH PRESSURE 


It was found that the amount of light emitted from nitrogen, for the same 
amount of «-particle energy absorbed, varied with the pressure. ‘This variation 
is shown as the broken line in figure 3. An almost identical curve was obtained for 
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Figure 3. 


air. ‘I‘his curve was obtained using a chamber whose dimensions were small 
compared with the range of the «particles from a bare source of polonium, at the 
highest pressures used. ‘The efficiency of collection of the light emitted was low to 


avoid the possibility that one «particle might cause the emission of more than one | 


photo-electron from the photo-cathode. As has already been explained, this 


allows N the counting rate on a scaler following a pulse-height discriminator to be | 
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taken as directly proportional to the number of photons emitted from the tracks 
of the «-particles. It can be seen from figure 3 that N increases linearly with 
pressure, below 10cm Hg, but above this value the curve flattens off. 

Factors which might be thought to be responsible for the form of this curve 
include oxidation of the source, de-excitation on the walls of the chamber, self- 
absorption bythe nitrogen and the emission of densely ionizing short range particles 
by the source. ‘The effects of such factors were examined by turning the source 
away from the multiplier, changing radically the shape of the chamber and painting 
it inside, introducing an air gap between the chamber and the photo-cathode, and 
covering the source with an aluminium foil of stopping power equivalent to 
a pressure of 10cm of air. None of these control experiments were found to affect 
the observed variation of N with pressure. In addition, the same curve was 
obtained by plotting the increase in the current flowing through the photomultiplier 
as the pressure was varied. 

It is natural to attribute the saturation with pressure of the observed variation 
of photon emission to de-excitation of excited molecules (quenching) by collision 
with unexcited molecules. The application of the simple theory of optical 
quenching to this problem leads to the result that N (the counting rate in the scaler, 
which is proportional to the rate of emission of quanta from the gas) varies with 
pressure according to the relation 
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where kp = 7n,/M, 7 is the lifetime of the excited states involved, m, 1s the number of 
collisions per second in the gas, m, is the mean number of collisions before quench- 
ing occurs and K isa constant independent of pressure. According to equation (2) 
there should be a linear dependence between N-1 and p-!. The experimental 
observations are in approximate accord with this result, but there is some indication 
that processes other than collision quenching may also have to be taken into account 
in order to explain the pressure variation precisely. However, by assuming that 
most of the variation with pressure of the photon emission from the optically 
excited states is due to quenching an approximate value for my can be obtained from 
equation (2). 

The value of ny obtained in this way for the diatomic gas nitrogen is of the order 
unity when 7 is taken to be of the order of 10-* second. It is interesting to note 
that similar values for m) are found for the quenching of the mercury resonance line 
by organic vapours (Mott and Massey 1949). 

It had already been found that the light output from the monatomic gases 
argon and helium increased linearly with pressure up to one atmosphere, the highest 
pressure used. Therefore asa further test of the simple theory outlined above, the 
variation with pressure of the light output from argon or helium was investigated 
when they contained small concentrations of methane, which is known to quench 
by collision excited states in argon (Curran and Craggs 1949). 

The results for argon—methane mixtures are shown as the full lines in figure 3. 
Similar results were obtained for helium—methane mixtures. It was verified that 
methane did not appreciably absorb the photons from argon or helium by separate 
experiments in which a chamber containing methane was interposed between the 
gaseous scintillator and the photomultiplier. If the value of 7 for the argon 
excited states is taken to be of the order 10-* second, m, for collisions of excited 
argon molecules with methane molecules is again of the order unity. It can be 
seen that at low pressures the curves rise above the straight line for pure argon 
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suggesting that at low pressures the relatively long-lived ultra-violet emitting 
metastable argon states are sensitized by the methane and contribute to the 
emission in the visible spectrum. A similar effect is observed in some well-known 
fluorescent liquids, and figure 4 compares the behaviour of a xylene-terphenyl 
mixture (Kallmann and Furst 1951) with that of argon—methane at low pressures 


Terphenyl in Xylene 
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$6. THE CONTRIBUTION TO THE EMISSION BY THE RECOMBINATION OF IONS 


Since approximately one half of the «-particle energy absorbed in the gas 
appears as ion pairs which can be collected by an external field, it might be expected 
that an appreciable fraction of the light coming from the gas is due to the recom- 
bination of such ions. 

To estimate this fraction, a gas chamber was constructed with two electrodes 
to remove the ions from the gas before appreciable recombination had occurred. 
A strong «-particle source was collimated so that the «-particles were restricted to 
a path roughly equidistant from the electrodes. The ‘ view’ of the photomultiplier 
was limited to the gas in the immediate vicinity of the «-particle tracks. It was 
verified that sufficient voltage was applied between the electrodes to obtain the 
saturation current corresponding to little recombination of ions in the gas. ‘The 
counting rate of the scaler was taken as a measure of the number of photons per 
second leaving the chamber. 

In experiments of the above nature with helium and nitrogen, it was found that 
switching the collecting voltage on and off made no appreciable difference to the 
counting rate on the scaler. It is concluded that the contribution to the emission, 
made by the recombination of the ions responsible forthe Bragg curve of ionization, 
is negligible. 
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N a recent study of oxygen afterglows, Broida and Gaydon (1954) observed, 

for the first time in emission, the Herzberg bands of O,, 3X,+-X, 

When suitable v’ values had been assigned, most of the bands measured 
were found to fit into this system not only in wavelength but also in intensity 
(Pillow 1953). ‘There were observed, however, a number of bands which 
did not fall readily into the scheme, and from consideration of their wavelengths 
Broida and Gaydon suggested that most of these could be attributed to a 
transition between the upper state °X,,+ of the Herzberg bands and the upper 
state 'X,* of the atmospheric bands. ‘To test this identification the intensity 
distribution to be expected for the band system corresponding to this transition 
is here investigated. 

The calculated intensities are shown in the table, equal distribution among 
the excited levels being assumed. In plotting the wave functions for the highest 
levels of the 3X,,+ state some extrapolation is required, and numerical results 
are given therefore only up to v’=8, over which range they may be considered 
as a reliable guide to the probable intensity distribution. 


Table 1. O,: Broida-Gaydon System: Intensities in emission, on an 
arbitrary scale, assuming uniform population of vibrational levels of upper 
scale. 

di 0 1 Z 3 4 
v’ = —-—. 
0 (4568) (4881) (5232) (5631) 1 (6085) 2 
1 (4412) (4704) (6027)mal (BOS) as (5807) 5 
Zz (4272) (4545) 1 (4848) 3 (5187) 6 Ox) Y 
3 (4146) (4402) 2 (4686) 5 (5003) 10 (5357) 10 
4 (4033) 1 (4275) 5 (4543) 107 (4839) 14+ (5170) 10 
5 (3932) 2 (4162) 9 (4415) 15¢ (4695) 18¢ (5005) 8 
6 (3843) 7 (4062) 15f (4302) 21f (4568) 16t (4861) 5 
7 (3764) 17 (3974) 234 (4204) 27f (4457) 14 (4736) 2 
8 (3696) 377+ (3899) 36+ (4120) 31+ (4363) 11 (4630) 


+ Bands observed by Broida and Gaydon. 
{ Bands overlapped by other features, and possibly or probably present. ; 
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The observed bands which, it seems, can with reasonable certainty be 
attributed to this system are : 


Observed Identification Observed Identification 
(A) Band (A) XA) Band (A) 
3699 (8, 0) 3697 4124 (8, 2) 4120 
3905 (8, 1) 3899 4546 (4, 2) 4542 
3977 Get) 3974 4835 (4, 3) 4839 
4008 (10, 2) 3998 


A number of theoretically strong bands are probably present on the plate, but 
cannot be confirmed definitely as they would nearly coincide with Herzberg 
bands, or would lie in a region where identification is difficult. These over- 
lapped bands are indicated in the table. Other bands considered by Gaydon 
as possibly or probably present are (9, 0), (9, 1), (9, 2), (10, 1), and perhaps 
(11, 0), though apparently not (10,0). These would agree generally with the 
trend of the main intensity parabola. The bands (4, 4), (3, 3), (3, 4), (2, 4) 
and others which might be expected to arise from the levels v'=0, 1, 2, are 
outside the observed wavelength range. 

The presence of many bands in this and in the Herzberg system arising 
from the higher vibrational levels of the *%,,+ state indicates a high, and non- 
thermal, vibrational excitation of this state, as would be expected in a product 
of a recombination process not too strongly metastable. 

Very nearly all the features observed by Broida and Gaydon can be accounted 
for by admitting the existence of the system *2,*—1X,*, in addition to the 
Herzberg system, and there seems to be sufficient agreement between calculated 
intensities and observed bands to confirm the identity of the new system. 

Intensities have also been calculated for the atmospheric bands 1X,+—*2,~ 
involving one of the same electronic states as the system just considered. These 
bands are well known in absorption, and have also been obtained in emission, 
the most extensive observations being those made by Herman, Hopfield, 
Hornbeck and Silverman (1949), on the flame of exploding CO and O,. 


Table 2. O,: Atmospheric Bands: Intensities in emission on an arbitrary 
scale, assuming uniform population of vibrational levels of upper state. 


v" 0 1 2 3 4 
: 
0 (7619) 100+ (8647) 5+ (9968) 
1 (6882) 12 (7708) 80+ (8740) 9+ 
2 (6287) 1 (6969) 22 (7802) 70+ (8842) 13+ (9823) 1 
3 (6369) 3 (7058) 28 (7899) 54+ (8948) 15 
4 (5875) (6456) 6 (7152) 34 (8002) 37+ 


Wavelengths given are for band origins. 


+ Bands observed by Herman and others working between 7200 A and 8800 A. 


The bands corresponding to higher v’ values are faint, indicating a fairly rapid 


falling-off of population of levels with increasing v’. Precise measurements of | 


intensity were not made. 


The emission of this system in the air-glow is discussed by Chamberlain | 


(1954). 


| 


t 
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Table 3. O,: Atmospheric Bands: Intensities in absorption, together with 
approximate visual estimates compiled by Pearse and Gaydon (1950). 


Band 0,0 1,0 Zoe, on 4,0 
I(calc) 100 9 0:38 0-013 0-009 
log I(calc) 2-00 0-95 1:58 21) 3-94 
I(vis) (approx) 10 8 3 1 0 


There is a roughly linear relation between the logarithm of the 
calculated intensity and the approximate estimates, as would be expected for 
the one progression if there are no outstanding irregularities in the atmospheric 
absorption. 

The (1, 1) band has also been observed, with low intensity of the same 
order as that of (3,0). If the distribution among vibrational levels in the 
ground state is thermal, which is to be expected in the unexcited atmosphere, 
the lowest temperature that would permit the (1, 1) band to appear comparabie 
with the rest is of the order of 240°K, which is not unreasonable. 
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The Yield Curve of the ’Li(p, y)*Be Reaction 


BY Po C2rRick 
Cavendish Laboratory, Cambridge 


Communicated by E. S. Shire; MS. received 15th March 1954, 
and in amended form 17th June 1954 


been studied at bombarding energies up to 650 kev by Bonner and Evans 

(1948), and a more accurate estimate of the cross section at the 441 kev 
resonance has been made by Fowler and Lauritsen (1949). Bair et al. (1952) have 
published a relative yield curve in the range 1:8 to 5-2 Mev. I have been able to 
calibrate the latter experiment in terms of the former by examining the yield 
curve from 0:5 to 2-5 Mev. ‘The only published yield curves for high-energy 
quanta covering any pari of this range are the work of Hudson et al. (1940) and of 
Kraus (1954); the former is not very accurate and is unreliable above the neutron 
threshold, and the latter, which was not published when this work was under- 
taken, extends only up to 1-5 Mev. 

The radiation produced by proton capture at the 441 kev resonance consists 
of 17-6 and 14-8 mev quanta (Walker and McDaniel 1948). ‘These are sufficiently 
high in energy to be detected in a Nal(Tl) crystal and photomultiplier tube 
biased so that pulses due to neutro s and to y-rays from the reactions of protons 


[os absolute yield of high-energy quanta from the ’Li(p, y)*Be reaction has 
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with likely target contaminants are not counted. A 1-inch crystal was used, 
and suitable bias conditions were obtained by examining the spectrum from the 
19F(p, y)2°Ne and 19F(p,«,y)!’O resonance at 669 kev on a Hutchinson— 
Scarrott kicksorter (Hutchinson and Scarrott 1951). The bias was set to exclude 
completely y-rays of less than 10 Mev energy. 

The experiment was performed with the Cavendish electrostatic generator, 
using a thin target prepared by evaporating natural lithium on to a molybdenum 
backing. ‘The evaporation did not take place inside the target chamber, so the 
target probably consisted mainly of lithium carbonate. The thickness of the 
target was first measured at the 441 kev resonance and found to be about 40 kev. 
A yield curve was then taken at 0° between 0-5 and 2:0 mev. The voltage 
scale was calibrated using the narrow !°F(p, «, y)#®O resonances below 1-3 Mev, 
using both the Ht and the H,+ beams. 

This yield curve is shown in the figure (curve I). A resonance at about 
1 Mev is indicated and another possible one at 2 Mev. A second yield curve 
(II) was taken at the same angle from 1-0 to 2-5 Mev to examine the nature of the 
rise in yield at 2 Mev. ‘To reduce the likelihood of fluorine contamination the 
fluorine target was removed from the target chamber and the voltage scale 
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obtained by examining the 1 Mev resonance with both the H+ and the H,* 
beams. It was assumed for definiteness that this resonance occurs at 1-03 Mev, 


the position of the resonance in ‘Li(p, p’, y)’7Li observed by Brown ef al. | 
(1951). ‘This assumption is supported by Kraus (1954), who has examined the » 


yield curves of both reactions simultaneously. 


Curves I and II show that a resonance of half-width about 150 kev occurs at | 


about | Mev, and that a broad resonance or group of resonances is found at about | 


2 Mev. ‘The figure also shows the relative yields at 90° obtained at five values of / 


the bombarding energy; these indicate that the 1 Mev and 2 Mev peaks are not | 
due merely to changes in the angular distribution of the radiation. 


‘he 2 Mey resonance is not found in the yield curve of Bair et al., but shee 
statistics in this energy region are not very good. They only claim that in their } 
experiment a resonance 3% of the intensity of the 441 kev resonance would easily | 
have been detected; the height of the 2 Mev peak above its background is only | / 


0-6°% of that intensity. 


OE NR CO 
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‘These resonances do not seem adequate to explain the high level of radiation, 
and Wilkinson (1954) has discussed the possibility of special mechanisms in this 
reaction, using the present results to calibrate the yield curve of Bair et al. (1952). 
To effect this calibration a value for the mean cross section between 1-8 and 
2-4 Mev of 0-14 x 10-2” cm? is used, assuming the peak cross section at 441 kev to 
be 6-0 x 10-7? cm? (Fowler and Lauritsen 1949), 

Hill and Shoupp (1948) observed an increase in the yield of high energy 
y-rays at about 1:8 Mev, but they do not give any quantitative results. ‘The 
discovery of the 1 Mev resonance in this reaction was reported by Kraus (1953), 
shortly after this work had been completed, and he has since published a full 
study of this resonance (Kraus 1954). 
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Les Méthodes Optiques d’Orientation Atomique et leurs Applications 


Par A. KASTLER 


Ecole Normale Supérieure, Laboratoire de Physique, Université de Paris 


9th Holweck Lecture, delivered 13th May 1954; MS. received 21st Fune 1954 


Résumé. La méthode optique d’orientation atomique est située parmi l’ensemble 
des méthodes proposées et mises en oeuvre. L’excitation optique sélective des 
sous-niveaux Zeeman d’un niveau atomique excité se manifeste dans l’état de 
polarisation de la lumiere de résonance optique. En excitant des atomes avec 
de la lumiére de résonance polarisée circulairement, on peut également produire 
une population sélective des sous-niveaux Zeeman de |’état fondamental. Les 
applications des atomes ainsi orientés sont leur utilisation pour des expériences 
de résonance magnétique sur l’état excité et sur l’état fondamental, la possibilité 
d@orienter des noyaux atomiques et enfin la production d’électrons polarisés par 
effet photoélectrique des atomes orientés. 


Mr. President, dear colleagues, 


It is for me a very great honour to have been awarded the Holweck prize 
and I am very grateful to the Council of the Physical Society. As the last 
French Holweck prize-winner of this decade for which the prize was established, 
and as actual President of the Société Frangaise de Physique, I want to be the 
interpreter of the deep thanks of the French physicists to the Physical Society 
of Great Britain and to its Foreign Secretary Professor E. N. da C. Andrade for 
the initiative and the foundation of the Holweck prize. 

This prize was founded to honour the memory of Fernand Holweck, who 
was one of our greatest physicists and a man who gave his life for the liberation 
of our country. The prize came in an epoch when French scientists, in spite 
of the liberation, felt depressed by the stagnation of scientific work in France 
during the occupation and by their intellectual isolation from other countries. 
While scientific work in the Allied nations had been activated by the war problems 
and the struggle for victory, it had been paralysed in our country, and this state 
of things inclined us to despondency. 

In creating the Holweck prize and in stipulating that it should be given 
alternately to a French physicist by your Society and to a British physicist by 
our Society you showed us that in spite of our delay in scientific activity you 
had for us a feeling of equality and so you helped us to restore in our minds the 
self-reliance which we had lost, and for this we are so deeply grateful. Now 
the Holweck prize will be awarded again next year to a British physicist and then 
the first decade will come to the end. We all desire deeply that the bonds of 
friendship it established between our two societies may continue during further 
decades. The Council of the Société Frangaise de Physique is proposing that 
for the next decade the grants may be taken in charge by our Society and we hope 
that you will agree with this proposal. 
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The subject of my lecture is to deal with “optical methods of atomic 
orientation and applications of this orientation”. If I have to tell you of some 
work to which I contributed I am conscious that I could only do this through 
the constant help of my masters, my colleagues, my pupils and through constant 
stimulation coming from foreign colleagues. I am especially indebted for a 
great part of the inspiration and results of which I want to speak to my young 
friend Jean Brossel, who had the chance to improve his knowledge in physics in 
England and in the United States. 


INTRODUCTION 


"ETAT quantique d’un atome est caractérisé par un certain nombre de 

vecteurs L, S, i, F qui représentent des moments cinétiques en unités fi: 

L résultante des moments orbitaux, S résultante des moments de spin 
électronique, J=L+S, i moment nucléaire et F=J+i. 

Lorsqu’un état donné J (ou F) est différent de zéro, l’atome est paramagnétique 
(si J =0 et 140 le paramagnétisme est purement nucléaire) et peut exister dans 
2J +1 (ou 2F+1) sous-niveaux magnétiques différents m; (ou mp) qui corres- 
pondent a des orientations quantifiées différentes du moment cinétique et du 
moment magnétique de l’atome dans |’espace. 

En absence de champ extérieur ces sous-niveaux possédent la méme énergie, 
et a l’état d’équilibre thermique chacun de ces sous-niveaux est peuplé par le 
méme nombre d’atomes. On dit que les niveaux sont ‘dégénérés’ et les 
propriétés de l’ensemble des atomes présentent le caractére d’isotropie. Nous 
dirons que les atomes sont ‘orientés’ lorsqu’une différence de population 
importante existe entre ces sous-niveaux magnétiques. 

Une telle orientation plus ou moins prononcée peut étre obtenue soit sous 
linfluence d’un champ directeur, champ magnétique ou champ électrique 
cristallin, sott—comme nous le verrons—par une irradiation optique anisotrope. 
L’agitation thermique (les chocs dans un fluide, les ondes thermoélastiques 
dans un réseau cristallin) produit un effet de désorientation. Pour réduire cette 
désorientation il faut soit opérer sur la matiére condensée a trés basse température, 
soit agir sur la matiére a un état de densité tres faible ot les chocs sont rares 
(gaz sous faible pression ou jet atomique). On peut donc classer les méthodes 
d’orientation en quatre groupes suivant le procédé directeur et suivant l'état de 
la matiere utilisée : 


_—7 1. Solide a tres basse température. 
“—~s 2. Jet atomique. 


_—7 1. Solide a tres basse température. 
>» 2. Jet atomique ou gaz raréfié. 


A. Méthode magnétique 


B, Méthode optique 


La méthode A1 utilise la répartition d’équilibre thermique dans un champ 
magnétique. Celle-ci est régie par la loi de Boltzmann: 
n/n, = exp {—(W,— W,)/RT} 


ou W,— W, est la différence d’énergie entre deux niveaux quantiques qui sont 
ici des niveaux d’orientations différentes dans le champ. Si p est le moment 


Letters to the Editor 
Section A 


A Possible Variation the Rate of Local Penetrating Showers, by J. G. Darpis 
and C. B. A. McCusker. 


The Elastic Scattering of 125 MeV Electrons by Beryllium, by K. M. Gatua, 
N. J. Pate and P. F. Pate. 


The Total Cross Sections for the Nuclear Scattering of High Energy Nucleons, 
by K. M. Gartua and G. Z. Suan. 


Radiative Transitions in j-j Coupling, by G. R. SATCHLER. 


Section B 


Measurements on some Semiconducting Compounds with the Zinc-Blende Structure, 
by F. A. Cunne LL, J. T. EpMonp and J. L. Ricuarps. 


the recoil motion. Details are given of the application of some of the methods 
to the measurement of the half-lives of the levels of 16O at 6-13 Mev (E3 transition), 
6-9 Mev (E2) and 7-1 Mev (E1), with the following results : 
6:13 Mev, 5x 10-% <7<10"1'sec, 6-9 Mev, 7<1-2 x 10-1*sec, 
7-1mMev, 7<8x 10-' second. 


The Angular Correlation of Annihilation Radiation, by K. L. ERDMAN. 


Abstract. ‘The departure from exact 180° angular correlation of quanta resulting 
from positrons annihilating in various materials has been measured. ‘This 
provides data as to the momenta of the centres of mass of the annihilating electron— 
positron pairs. It does not appear possible to account for the data on the 
assumption that the positron achieves thermal energy by lattice collisions before 
annihilating, so that such measurements may not be simply related to the 
momentum distribution of the more loosely bound electrons in the absorbing 
substance. 


Plasma Oscillations in a Periodic Potential: the One-Zone Theory, by J. HUBBARD. 


Abstract. ‘The collective description of electron interactions in the presence 
of a periodic potential is investigated. It is shown that there is a reformulation 
of the problem which lends itself to a treatment closely resembling the free 
electron case. ‘This treatment is carried through, and it is shown that the results 
are formally very similar to those for free electrons. For a parabolic band the 
main effect of the potential is to replace the electronic mass m by the effective 
mass m*. ‘The present theory applies only to the electrons in one Brillouin 
zone, and cannot be used when there is substantial overlapping of the occupied 
levels of this zone. 


The [110] Magnetostriction of some Single Crystals of Iron and Silicon—Iron, by 
E. W. Lee, 


Abstract. Using the results of a previous paper by the author on the shape of 
magnetization curves, the magnetostriction of single crystals of iron parallel to 
the [110] direction have been calculated as functions of intensity of magnetization 
and field strength, using the Neel model of domain structure. It is found that 
the magnetostriction is dependent on crystal width in a manner analogous to that 
found for the magnetization curves. Measurements on three crystals of Si-Fe 
show good agreement with their calculated behaviour. It is shown that in 
general the domain vectors in the demagnetized state are not uniformly dis- 
tributed along all the easy axes and the distribution varies from one crystal to 
another. ‘I‘he actual distribution is evaluated in the two cases where it is found 
possible. 


The Angular Correlation of Successive y-Rays in Ni at Low Temperatures, by 
H. R. Lemmer and M. A. Grace. 

Abstract. ‘The angular correlation of the y-rays excited in the decay of ®°Co has 

been measured in a paramagnetic crystal at 288°x and at 20°K to eliminate the 

influence of relaxation phenomena. No significant difference between the 

measurements was observed, each giving the full angular correlation. This 

is discussed in relation to the interpretation of nuclear orientation measurements. 
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Inelastic Collisions between Heavy Particles—III: Excitation of Helium Atoms in 
Fast Encounters with Hydrogen Atoms, Protons and Positive Helium Atoms, 
by B. L. Motserwitscu and A L. Stewart. 

Abstract. Born’s approximation is used to calculate the cross sections for the 

processes = —_ H(1s) + He(1s?)>H{(2s, 2p, 3s, 3p, 3d or C) + He(1s 2p'P) 

where C represents the continuum. It is found that these double transition 

collisions are collectively much more effective at high impact energies than the 

simple single transition collision H(1s) + He(1s?)H(1s) + He(1s 2p!P) which is 
also investigated. 
Born’s approximation is further used to calculate the cross sections for the 


processes H{e+(1s)(or H+) + He(1s?)-+He+(1s) (or H+) + He(1s 2p'P) 


double transitions being here found to be unimportant. 


An Investigation of the (y, n) Reaction in Cu, Zn and Ag, by D. St. P. BUNBURY 
(Research Note). 


Phase of Matrix Elements in Nuclear Reaction and Radioactive Decay, by R. Husy 
(Research Note). 


Section B 


The Effect of Intense Magnetic Fields on Electroluminescent Powder Phosphors, by 
Aa, INCE. 


Abstract. 'The effect of intense magnetic fields on Ss Pteroens powder 
phosphors is investigated to furnish information which should be helpful in 
developing a theory of the mechanism of electroluminescence. No quenching 
effect was observed even for magnetic field intensities as high as 1-3 x 10° oersteds. 
The significance of this result is discussed. 


Mechanisms of Creep in a Precipitation Hardened Alloy, by G. C. E, OLps. 


Abstract. The binary alloy 97% copper—3 % silver was selected as the most 
ideal alloy for research on the creep process in a precipitation hardened alloy. 
A heat treatment was devised which gave a slightly overaged Widmanstatten 
structure of high internal hardness and maximum stability. Wires of the alloy 
were subjected to deformation over a range of constant stresses at temperatures 
from 100°c to 300°c. ‘Two mechanisms of transient creep were observed and 
were found to be complementary. The first mechanism occurred at the lower 
temperatures giving creep strain proportional to In(time), whilst the second 
mechanism in which creep was proportional to (time)'/* appeared and became 
dominant at higher temperatures. A quasi-viscous creep mechanism was also 
observed which at high temperatures was more important than the transient 
process. The linear nature of the quasi-viscous creep was limited by a critical 
time, and was believed to be governed by the plastic deformation which occurred 
on loading. The three mechanisms observed agree with some theoretical 
analyses which have been put forward. 
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The Effect of Particle Shape Variations on the Coercivity of Iron Oxide Powders, 
by W. P. Osmonp. 

Abstract. A gaussian distribution function for the variation of the axial ratio 
m of powder particles is suggested as the explanation for the measured values 
of the coercivity of y-ferric oxide powders being less than the theoretical values 
for particles of the observed mean shape factor 7. Superposition of the theoretical 
hysteresis loops for 20 packets of equal volume, each assumed to consist of particles 
with one value only of m, approximating to such a distribution gives values of 
bulk coercivity in very close agreement with measured values for two particular 
examples of widely different mean shape factors. In the light of these results 
explanations are offered of some other observed values for this oxide, and it is 
suggested that this mechanism may account in part for results obtained by Weil 
some years ago for precipitated ferronickels. 


Thermoelectric and Galvanomagnetic Effects in Lead Selenide and Telluride, by 
Eat. PUTLEY. 

Abstract. Measurements of the thermoelectric power and the Peltier, Nernst, 
Ettingshausen and Righi—Leduc effects are described. It is shown that the 
behaviour of these effects is in accordance with the expectations of standard 
semiconductor theory. The coefficients are also calculated from the known 
values of the Hall coefficient and conductivity of the specimen and good agree- 
ment is obtained between the measured and calculated galvanomagnetic 
coefficients. From observation of the Peltier effect an estimate of the thermal 
conductivity is obtained. Comparison of the measured and calculated value of 
the thermoelectric power enabled the effective mass of carriers in PbSe to be 
estimated. 


The Hall Coefficient, Electrical Conductivity and Magneto-Resistance Effect of 
Lead Sulphide, Selenide and Telluride, by E. H. PuTLey. ; 


Abstract. ‘The experimental procedure and results are described for measure- 
ments of the Hall coefficient and electrical conductivity of single crystals and 
natural specimens of PbS, PbSe and PbTe over the temperature range 
77-1000°K. Some measurements at 20°K are also described. The magneto- 
resistance effect was also measured on some specimens at a number of tempera- 
tures between 20°K and 300°K. 

At high temperatures all specimens show intrinsic behaviour. This will be 
discussed in detail in a subsequent paper but the behaviour in the extrinsic range, 
the temperature dependence of the mobility and irreversible effects found at high 
temperatures are discussed. It is concluded that the general behaviour of the 
effects considered can be accounted for by the usual semiconductor model. 


Ferromagnetic Properties of Oxidized Mn,Sb, by G. D. Apam and K. G. 
STANDLEY (Research Note). 


Electrical Conductivity of some Condensed Aromatic Hydrocarbons, by D. O. 
Norturop and O. Simpson (Research Note). 


An Apparatus for Heat-Treatment and Quenching Small Specimens in a Vacuum 
from High Temperatures, by 'T. H. ScHortetp (Research Note). 
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A Nuclear Emulsion Study of the Radioactive Decay of Actinium X (?8Ra), by 
B. F. BayMaAN and M. A. S. Ross. 


Abstract. A nuclear emulsion method has been used to obtain the absolute 
intensity of the conversion electron spectrum following the radioactive decay 
of AcX. The results have been used in conjunction with the other available 
knowledge about the decay to show that in the level scheme of An there are three 
strong transitions having energies of 144, 154 and 268 kev and probably a fourth 
of 122 kev, all of which are either pure M1 or M1 with only a small admixture 
of E2. All four of these transitions probably go directly to the ground state 
of An. Estimates of the absolute intensities of these transitions and of several 
other less strong transitions have been made, and it is shown that the absolute 
intensity of K x-ray fluorescence is at least 0-3 and probably 0-5 quanta per 
disintegration. 


An R.F. Probe for the Mass-Spectrometric Analysis of Ion Concentrations, by 
R. L. F. Boyp and D. Morris. 


Abstract. It has become increasingly evident of recent years that a detailed 
study of the processes occurring in gas discharges often requires a means of 
analysing and studying separately the various ionic species. ‘This is true even 
in the case of the inert gases. 

This paper describes the development, and analyses the action, of a versatile 
probe which can readily be moved radially into and out of a discharge tube and 
which is able to distinguish between ions (positive or negative) of various masses. 
With this instrument it is therefore now possible to make probe studies on a 
particular species of ion in the presence of others. 

Basically the instrument is a very small 12 stage linear accelerator which 
discriminates in favour of ions of a particular mass-charge ratio passing through 
its sampling orifice. It is of high sampling efficiency and this, together with its 
mobility and the absence of a magnetic field, givesit certain pronounced advantages 
over the magnetic method of analysis. 


Electron Capture: IV—Capture from Helium Atoms by Fast Protons, by B. H 
BRANSDEN, A. DALGARNO and N. M. KInNc. 


Abstract. A modified Born approximation is used to calculate the cross sections 
for capture of electrons from helium atoms by fast protons and for capture from 
hydrogen atoms by helium ions. A comparison is made with experimental 
data and it is shown that the Brinkman—Kramers approximation is inadequate. 
The theoretical results lend support to the data of Hasted and Stedeford and 
cast serious doubts on the accuracy of the data of other experimentalists. 


Measurement of y-Transition Lifetimes by Recoil Methods, by S. Devons, 
G. Mannince and D. St. P. Bunsury. 


Abstract. Methods of utilizing the recoil motion of excited nuclei produced in 
disintegrations, to obtain estimates of the half-lives of excited states are described. 
They involve measurement either of the distance moved by the recoiling nucleus 
before radiation occurs, or of the small Doppler shift in frequency produced by 
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Section A 


The Binding Energies of ?H and *He, by G. ApraHam, L. Couen and A, S. 
ROBERTS. 


Abstract. ‘The binding energies of 7H and *He are calculated as part of an attempt 
to solve the ‘consistency’ problem of light nuclei. A phenomenological two-body 
interaction, with central and tensor forces of different range, is assumed, the 
parameters being taken from a recent paper by Feshbach and Schwinger. The 
inclusion of additional sets of D-states in the wave functions is found to have 
a very appreciable effect on the binding energies. A rough calculation shows 
that the contribution of spin-orbit forces may not be negligible. Without 
a more extensive investigation into the effects of the additional D-states and the 
effect of spin-orbit forces, it is impossible to conclude that the interaction used 
leads to a satisfactory solution of the ‘consistency’ problem, 
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magnétique de l’atome, égal A —gup,J (g=facteur de Landé, p= magnéton de 
Bohr), l’énergie d’orientation est égale 4 —.H cos @ et la différence de population 
entre deux niveaux m, voisins devient n./my=exp (—gepH/kT). Dans le 
cas des ions paramagnétiques et en particulier des ions du groupe du fer ou 
le moment de spin est seul orienté par le champ (g=2), on obtient des. 
orientations notables a basse température, orientation pratiquement complete, 
cest a dire concentration des atomes dans le niveau le plus bas (m= —J), 
ala température de l’hélium liquide. Cette orientation se manifeste dans les 
proprictés magnétiques: la susceptibilité paramagnétique de la substance 
approche de sa valeur de saturation. Elle se manifeste également dans les 
proprié€tés optiques: disparition dans le spectre d’absorption de certaines 
composantes Zeeman, augmentation d’intensité d’autres composantes provenant 
des niveaux Zeeman les plus bas, enfin polarisation rotatoire paramagnétique 
liée a ces variations d’intensité (voir les travaux de Jean Becquerel et de ses 
collaborateurs (Becquerel 1934, 1943)). 

En réalisant des températures encore plus basses et en utilisant des champs 
internes, magnétiques ou électriques, plus intenses que les champs artificiels 
extérieurs, des orientations nucléaires importantes ont été récemment obtenues 
par cette méthode a Oxford et a Leiden (Simon, Rose et Jauch 1951, Blin-Stoyle, 
Grace et Halban 1953). 

La méthode A2 est appliquée dans la célebre expérience de Stern et Gerlach 
qui permet la séparation magnétique des atomes dont l’orientation spatiale est 
différente. Le développement de cette méthode et son application a |’étude des 
phénoménes de résonance magnétique par Rabi et ses ¢leves sont trop connus 
(Kellog et Millman 1946, Ramsey 1953) pour qu’1l soit nécessaire de les rappeler 
ici. 

Quant aux méthodes optiques, la premiere B 1—-qui consiste a irradier par 
de la lumiere polarisée un solide a basse température contenant des ions 
paramagnétiques fluorescents (ions de terres rares)—n’a pas encore été essayée. 
A la condition d’étre mise en oeuvre a des températures sufhsamment basses 
(helium liquide) ot: les temps de relaxation spin-réseau sont devenus nettement 
plus longs que les durées de vie des niveaux optiquement excité¢s, des résultats 
positifs sont a prévoir. L’intérét de cette méthode serait de nous renseigner 
sur les mécanismes de relaxation entre niveaux optiquement excités. 

La suite de notre exposé va étre consacré a l'étude de la dernicre méthode B2 
et a l’évocation de quelques unes de ses applications. 


ORIENTATION DES ATOMES DANS UN ETAT OPTIQUEMENT EXCITE 


Cette méthode est basée sur le fait que l’excitation optique des atomes par 
un faisceau lumineux convenablement orienté et polarisé conduit a une 
population sélective des sous-niveaux Zeeman de |’état optiquement excité. 
Cette sélection se refléte dans l’anisotropie d’intensité et dans la polarisation 
de la lumiére réémise par résonance optique ou par fluorescence (Mitchell et 
Zemansky 1934, Pringsheim 1949). Cette polarisation est trés sensible aux 
chocs et 4 des champs extérieurs de direction arbitraire aussi faible que le champ 
terrestre. I] est donc nécessaire de travailler sur des vapeurs a trés faible pression 
ou sur des jets atomiques et dans un champ magnétique de direction convenable, 
4 moins de réaliser une compensation rigoureuse du champ terrestre. Si ces 
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conditions sont observées, il est possible d’obtenir une sélectivité totale des 
sous-niveaux Zeeman de l’état optiquement excité. Voici quelques exemples: 
(i) Excitation de la vapeur de mercure par de la lumiére de résonance 2537 A 
polarisée rectilignement. La figure 1 indique la structure Zeeman des niveaux 
atomiques qui interviennent et de la raie pour les isotopes pairs du mercure 
dépourvus de spin nucléaire et qui forment 70°%, du mélange naturel. 


ee aa +1 Z 
orf o -1 ° <1 m 
| 
c- ct 
6'S, ° ° mt 
Figure 1a. Schéma Grotrian. Figure 16. Schéma Heisenberg. 


Figure 1. Composantes Zeeman de la raie 2537A de l’atome Hg. 


Nous utiliserons deux modes de représentation ayant chacun ses avantages. 
Le schéma Grotrian (figure 1a) est conforme a |’échelle d’énergie. Les sous- 
niveaux Zeeman sont séparés verticalement. La schéma Heisenberg (figure 15) 
étale les niveaux Zeeman horizontalement de facon a placer sur une méme 
verticale des niveaux de méme my. Dans cette représentation une transition 
a(Am=m'—m"=0) est représentée par une fleche verticale, une transition 
ot (Am=m'—m" = +1) par une fléche inclinée vers le haut a droite, une transition 
ao (Am=m' —m" = —1) par une fleche inclinée vers le haut a gauche. L’inclinaison 
des fleches correspondant aux composantes Zeeman nous renseigne donc 
immédiatement sur état de polarisation de celles-ci. Rappelons qu'une 
composante Zeeman 7 correspond a un vecteur électrique vibrant parallelement 
au champ magnétique, des composantes Zeeman o+ et o a des vibrations 
circulaires dans le plan perpendiculaire au champ et dont le sens de rotation 
est celui du courant magnétisant (o*) ou le sens inverse (oc). 


mi 
A 


Figure 2. 


Considérons un triédre trirectangle Oxyz, la cellule de résonance étant en O, 
un champ magnétique H dirigé suivant Oz, et irradions les atomes Hg par de 
la lumi¢re se propageant suivant Ox et polarisée rectilignement avec son vecteur 
électrique £ paralléle 4 Oz. Cette orientation de vecteur électrique correspond 
a la composante Zeeman 7 qui sera seule excitée et donnera des atomes excités 
au sous-niveau Zeeman m,=0 de l'état 63P,. Ces atomes ne pourront réemettre 
que la seule composante Zeeman 7. Un observateur situé sur Oy observera 
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une lumiére de résonance complétement polarisée, un observateur placé sur Ox 
observera une intensité d’émission nulle. Avec le mercure naturel on a observé 
des degrés de polarisation atteignant 85°%, mais si on répétait l’expérience avec 
un isotope pair pur, par exemple !°*Hg, il est certain qu’on atteindrait 100°% de 
polarisation, la polarisation imparfaite étant due 4 la présence des 30% d’isotopes 
impairs '°Hg et ?°'Hg conformément a la structure Zeeman des composantes 
hyperfines de leur raie de résonance. 

(i) Un deuxieme exemple de sélection par excitation optique est fourni 
par l’excitation par échelons de l’atome de mercure. Comme |’a montré 
Fuchtbauer irradiation simultanée par les raies 25374 et 4358A permet 
d’atteindre le niveau excité 73S,, point de départ de I’émission de fluorescence 
du triplet visible 4046-4358-5461 A (figure 3). La figure 4 montre la structure 
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Figure 4. Schéma Zeeman de |’excitation 
par échelon en lumiére naturelle du 


6's niveau 7°S, de l’atome Hg. 
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Figure 3. Diagramme des niveaux 


d’énergie de l’atome Hg intervenant 
dans |’excitation par échelon. 


Zeeman des 2 raies excitatrices. Ici l irradiation, suivant Ox, par les deux raies 
2537 et 4358 A en lumiére naturelle en présence d’un champ magnetique paralléle 
a Ox, permet d’exciter sélectivement le sous-niveau Zeeman m,;=0 de [état 
73S,, et cette sélection se manifeste par une polarisation caractéristique des trois 
radiations de fluorescence (Kastler 1936, 1946). 

(iii) L’atome de sodium va nous fournir un troisitme exemple: Virradiation 
de la vapeur de sodium par la raie jaune formée du doublet D, (58964), 
D, (58904) porte l’atome Na du niveau fondamental 3S). au niveau excité 
3?P,/., 37Ps/. La figure 5 indique la structure Zeeman des niveaux et des raies. 
Les schémas montrent qu’une excitation en lumiére naturelle ou en lumiére 
polarisée rectilignement ne produit pas d’orientation intéressante a l'état excite, 
mais une irradiation en lumieére polarisée circulairement (0+) permet d’exciter 
exclusivement les niveaux Zeeman m,;>0. MHanle (1927) a montré que dans 
ces conditions les atomes émettent, dans une direction paralléle a celle du faisceau 
lumineux excitateur, de la lumiére dont la polarisation circulaire est complete. 
Nous pouvons dire que l’excitation en lumiére circulaire fournit des atomes 
excités dont les moments magnétiques sont dirigés dans le méme sens, et pour 
état 3?P,)/. la saturation paramagnétique est atteinte. I] est vrai que le schéma 
simple que nous venons d’envisager ne s’applique qu’en présence d’un champ 
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magnétique suffisamment élevé pour ddécoupler du spin électronique le spin 
nucléaire dont nous avons fait abstraction. Lorsque le champ magnétique est 
faible il faut tenir compte de la structure hyperfine des raies excitatrices. Dans 
ce cas la discussion est un peu moins simple, mais en revanche l’orientation 
atomique réalisée par l’excitation en lumiére circulaire s’accompagne d’une 
orientation nucléaire analogue 4 celle obtenue dans les solides a trés basse 
température. 


ORIENTATION DES AToMES A L’ETaT FONDAMENTAL PAR POMPAGE OPTIQUE 


Réexaminons la figure 5. Par excitation optique de l’atome de sodium en 
lumiére circulaire droite nous avons obtenu un peuplement sélectif des sous- 
niveaux Zeeman de l’état 3?P excité. Les atomes excités retourneront a | état 
normal en émettant les composantes Zeeman issues des niveaux excités. Les 
nombres inscrits 4 cété de ces composantes représentent les probabilités de 
passage correspondantes. L’excitation par D,, o* fait passer des atomes de 
Pétat my= —1/2 du niveau fondamental a létat my= +1/2 du niveau 3?Pjj9. 
Ces atomes excités retomberont a 1’état fondamental suivant le jeu des 
probabilités de passage: deux tiers d’entre eux retourneront a létat de 
départ m;= —1/2 par émission de la composante Zeeman o*, mais un tiers ira 
vers l'état m,=+1/2 du niveau fondamental par émission d’une composante 
Zeeman 7. Nous pouvons appliquer des considérations analogues a |’excitation 
par D,, o*. En définitive grace a l’excitation optique un certain nombre d’atomes 
a Pétat fondamental aura transité de létat m,;=—1/2 vers état my= +1/2. 
Nous avons réalisé une pompe optique (Kastler 1950, 1951). La pompe optique 
est une pompe qui fuit, puisqu’un certain nombre d’atomes élevés au niveau 
excité revient a l’état de départ, il n’empéche qu’en principe, au bout d’une 
illumination infinie, tous les atomes ses seront concentrés a l'état my= +1/2. 
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Figure 5. Schémas Zeeman des raies D, et D, de l’atome Na. Les nombres inscrits 
a cété des transitions sont proportionnels aux probabilités de passage. 


Quel est le degré d’orientation qu’on peut obtenir au bout d’un temps 
@illumination court, avec les intensités des sources lumineuses dont nous 
disposons? L’expérience nous a montré qu’en illuminant un jet atomique de 
sodium sur un parcours de 20 a 30 cm (ce qui correspond a un temps d’illumination 
d’environ 10-4 seconde) avec la lumiére d’une lampe a sodium Philips commerciale, 
il est possible d’atteindre des degrés d’orientation notables, de l’ordre de 30 a 40% 
(Brossel, Kastler et Winter 1952, Cagnac 1953, Hawkins et Dicke 1953). Nous 
pouvons deéfinir le degré d’ orientation par le rapportd =(n4—n_)/(n4.+n_), 2, étant 
le nombre d’atomes de l'état my = +1/2 et n_ celui a l’état my= —1/2 du niveau 
fondamental. 

Mais ici se pose une question: Comment mettre en évidence |’orientation 
des atomes du jet? On pourrait songer a utiliser ce jet d’aimants atomiques 
pour produire une force électromotrice induite dans un circuit voisin et il est 
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probable que les méthodes modernes de détection électronique seraient assez 
sensibles pour mettre en évidence une telle force électromotrice qu’on pourrait 
d@ailleurs moduler. Nous avons préféré employer une méthode de détection 
optique dont voici le principe: Considérons encore une fois la figure 5 et 
supposons que la concentration des atomes a l'état m,;=+1/2 soit totale. 
Illuminons le jet avec de la lumiére de résonance polarisée rectilignement de 
facon a n’exciter que les composantes Zeeman 7 et analysons la lumiére o réémise 
a laide d’un analyseur circulaire. La lumiére réémise ne contiendra que des 
composantes o*. Siau contraire les atomes du jet ne sont pasorientés, les intensités 
I,+ et I,- des deux composantes circulaires de sens inverse sont égales. La 
différence relative p=(f,+—J,-)/(I,++J,-) fournit donc une mesure du degré 
d'orientation des atomes. Une méthode photométrique différentielle permet 
d’enregistrer directement la différence /,+—J,- (figures 6 et 6a). 


Photomultiplier 


G+ tllLumination 


Figure 6 a. Circuit 
électrique des photo 
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Ge tluminatt Gy 3 
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Figure 6. Schéma du montage de pompage optique. A, Région 
d’orientation. B, Région de détection. 


APPLICATION DES ATOMES ORIENTES 


Nous allons maintenant envisager les applications des atomes orientés. Nous 
considérerons successivement trois domaines d’application: (i) utilisation des 
atomes orientés pour des expériences de résonance magnétique, (il) orientation 
des noyaux atomiques, (ili) production d’électrons polarisés. 

(i) Les transitions de résonance magnétique sont des transitions spectrales 
entre sous-niveau magnétiques d’un méme niveau atomique. Provoquées par 
un champ magnétique de haute fréquence répondant a la condition de résonance 
v=AE/h elles ont pour effet d’égaliser les populations des niveaux qu’elles font 
communiquer. La résonance magnétique désoriente les atomes orientés. Elle 
est donc détectée optiquement par la modification d’intensité et l'état de 
polarisation de la lumiére de résonance optique (Brossel et Kastler 1949, Brossel 
et Bitter 1952, Brossel 1952). Cette méthode mise en oeuvre par Jean Brossel 
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sous la direction du professeur F. Bitter 4 M.I.T. lui a permis d’étudier la 
résonance magnétique du niveau optiquement excité 6°P, de l’'atome de mercure 
et de vérifier dans tous les détails les formules théoriques qui régissent le 
phénoméne de résonance magnétique. Les figures 7 et 8 montrent des courbes 
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Figure 8. Courbes de résonance de l'état excité 6°P, de 
Vatome Hg, isotope 201 (¢=3/2) (d’aprés Brossel 1952). 


Transitions: F=3/2, mp: +32 +4et —$2 —3. 
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Figure 7. Courbes de résonance de 
Pétat excité 6°P, de l’atome Hg, 
isotopes pairs. En ordonnée J, 
(d@’aprés Brossel 1952.) 


de résonance obtensues par Brossel pour les isotopes pairs et pour l’isotope 2™Hg. 
Le spin nucléaire modifie complétement la fréquence de résonance dans un champ 
magnétique faible. A partir de la largeur des courbes de résonance il a été 
possible de déterminer la durée de vie du niveau 6°P, qui a été trouvée égale 
1,55. 10~" seconde a 1% pres pour tous les isotopes de mercure. Récemment cette | 
expérience a été reprise 4 Paris par Blamont et Brossel (1954) en superposant | 
au champ magnétique un champ électrique qui lui est paralléle. Il a été ainsi | 
possible de mettre en évidence l’effet Stark du niveau 63P, qui se manifeste par 
un dédoublement de la courbe de résonance dans un champ électrique de l’ordre 
de quelques kilovolts par cm (figure 9). L’effet est trop faible pour étre accessible 
aux méthodes de la spectroscopie optique. | 
La méthode optique a été appliquée par P. Sagalyn 4 M.I.T. a l’étude de la | 
résonance magnétique du niveau 3?P5). de l’atome de sodium. Cet auteur a pu 
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mesurer des intervalles hyperfins et a montré que le noyau *83Na possede un 
moment électrique quadrupolaire non nul et positif. Ce résultat malgré sa 
faible précision [O=(1+0,6).10-°> cm?] permet des conclusions importantes 
sur la structure du noyau Na (Sagalyn 1954, Moszkowski et Townes 1954). 


champ 

valeurs calculées. 
ii dans les formules de 
eS Breit -Rabi 


{ 
! 
{ 
t 
a 
“ 
2 


Figure 10. Effet Zeeman de la 
structure fine de l’état fonda- 
mental 3S. de l’atome de 
sodium. 


Figure 9. Effet Stark du niveau 6°P, de l’atome Hg. 
En ordonnée J,, en abscisse le champ magnétique H. 
Courbe I : sans champ électrique. 

Courbe II : avec un champ électrique de 50 000 volts/cm 
E || H (d@’aprés Blamont et Brossel 1954.) 


Récemment Series 4 Oxford a pu étudier par la méthode optique la résonance 
magnétique du niveau 52P,), de l’atome de potassium, par illumination de la 
vapeur de potassium avec la deuxiéme raie de résonance A\=4047 A (communi- 
cation privée). II est d’ailleurs possible de combiner la méthode d'orientation 
optique dans un état excité avec la méthode de détection de Rabi, et Rabi 
lui-méme (1952) a fait des tentatives pour étudier ainsi la résonance magnétique 
dun état optiquement excité. 

L’orientation des atomes de sodium a |’état fondamental par pompage optique 
des atomes d’un jet a permis d’étudier la résonance magnétique de l’atome de 
sodium a 1’état fondamental et de contrdler l’influence de la structure hyperfine 
sur cette résonance. Les quatre minima de résonance prévus (figure 10) 
ont été observés (figure 11), mais 4 notre surprise des résonances intermédiaires 
trés fines sont apparues lorsque l’amplitude du champ de radiofréquence a été 
augmentée. De telles résonances, observées également par Kusch grace a la 


-méthode de Rabi, correspondent 4 l’interaction de plusieurs quanta ¢lectro- 


magnétiques avec l’atome (Brossel, Cagnac et Kastler 1953, 1954, Kusch 1954, 
Besset, Horowitz, Messiah et Winter 1954). 

(ii) Une deuxiéme application de l’orientation atomique est |’orientation 
nucléaire. Lorsque, comme c’est la cas de l’atome *°Na, le niveau électronique 
fondamental est paramagnétique (J0), le spin nucléaire 7 est couplé avec le 
vecteur J et l’orientation atomique, par pompage optique, réalise simultanément 
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une orientation nucléaire. Nous projetons de répéter l’expérience avec des 
atomes de sodium radioactifs ?2Na (c¢=3) ot Vorientation nucléaire doit se 
manifester par une anisotropie du rayonnement y émis. Le calcul montre que 
dans ce cas le nombre de désintégrations dans un jet atomique est insufhisant a 
moins de recourir 4 des doses dangereuses de produits radioactifs. I] faut opérer 
sur la vapeur et la question est de savoir s’il est possible d’éviter que des atomes 
de sodium radioactifs ne s’incrustent dans les parois du récipient. 
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Figure 11. Courbes de résonance magnetique de niveau fondamental de l’atome de sodium. 
En abscisse, le champ magnétique directeur. En ordonnée, le signal de résonance 
I,+—Ic— (d’apres Brossel, Cagnac et Kastler, 1953). 


(iii) Enfin une derniére application des atomes orientés est la production 
d’électrons polarisés ou orientés par effet photoélectrique. Le premier qui 
semble avoir fait des tentatives dans ce sens est le Professeur Dicke a Princeton 
University en produisant l’effet photoélectrique sur des atomes orientés dans 
un état optiquement excité, mais le nombre d’électrons obtenus ainsi est faible 
car la proportion d’atomes excités est petite. L’orientation des atomes a l’état 
fondamental permet de produire l’effet photoélectrique directement sur l état 
fondamental. Pour des atomes de sodium des radiations ultraviolettes de 
longueur d’onde inférieure a 2412 A sont nécessaires pour détacher des électrons. 
Les régles de sélection qui régissent I’ effet photoélectrique (niveau supérieur dans 
la bande du spectre continu) sont les mémes que celles qui régissent les transitions _ 
spectrales de l’effet Paschen—Back: AS=0. L’état de polarisation de la lumiére 
qui produit l’effet photoélectrique est sans influence sur le moment de spin S, 
elle ne modifie que le moment orbital L. Ces régles ont été établies par la théorie | 
quantique (Sauter 1931). Elles sont d’ailleurs évidentes dans le cas des atomes 
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ayant un seul électron de valence: les conditions d’effet Paschen—Back exigent 
que la séparation des niveaux Zeeman produite par le champ extérieur soit 
supérieur 4 lintervalle de multiplet. Ces conditions sont bien réalisées pour la 
transition qui détache l’électron de l’atome, car le niveau fondamental de départ 
est, dans le cas des atomes alcalins, un niveau de spin pur (J=S=1/2, L=0) 
et lintervalle de multiplet des niveaux ?P tend vers zéro lorsque le nombre 
quantique principal du niveau d’arrivée tend vers l’infini. Un champ magnétique 
trés faible convenablement orienté suffit donc pour réaliser les conditions d’effet 
Paschen—Back. II en résulte plusieurs conséquences: (i) Il n’est pas possible 
d’obtenir des électrons orientés en faisant agir sur des atomes non orientés de 
la lumiére polarisée circulairement produisant l’effet photoeléctrique. (11) Il faut 
orienter préalablement le spin électronique des atomes. L’état de polarisation 
de la lumiére qui produit l’effet photoélectrique est sans importance. On peut 
donc utiliser de la lumiére naturelle intense et des faisceaux de grande ouverture. 
Mais il ne suffit pas de produire des électrons polarisés, il faut savoir reconnaitre 
leur état de polarisation ce qui est sans doute plus difficile. On peut utiliser 
dans ce but la diffusion sur des atomes étudiée par Mott (Mott 1929, 1932, Sauter 
1933). Mais ce sont la des projets d’avenir et il convient d’arréter ici cette vue 
d’ensemble sur les probléemes liés 4 la production et a l’application des atomes 
orientés. 
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Abstract. By use of a King furnace the absorption spectra of In vapour in the 
near and vacuum ultra-violet have been observed. Fourteen new absorption 
lines of the In1® spectrum have been found in the Schumann region, and the 
normal sharp and diffuse series extended. Classification of the strongest of the 
vacuum ultra-violet lines leads to an amendment of the sp” term assignments of 
McCormick and Sawyer in the isoelectronic spectrum of SnIl. 


§1. INTRODUCTION 


of atomic indium, have been made in the course of a programme of work, 

of which the general aims and main experimental details are explained in 
paper I of this series (Garton 1952). A brief note (Garton 1950) reported some 
initia! results for indium. 

The ground state of the In atom is 5s*5p?P%jj 3/2, and the series spectrum, 
with its term system built on the 51S, ground state of the ion, was summarized 
and extended by Paschen (1938). Recent work of Meggers and Murphy (1952) 
has yielded new infra-red lines of the series spectrum, and enabled location of the 
52F° and 62F° terms. 

The Ini? spectrum arises from the configurations 5s5pml (l=s, p,d,...), 
the terms of which converge to the 5s5p+3P®° levels of Int; the highest of the 


ck observations, here reported, of the ultra-violet absorption spectra of 


latter levels lying 109704cm™! above the ground state of the neutral atom, the | 


whole 1” spectrum will lie at wavelengths greater than 911A. The 1° configurations 
combining optically with the ground term are 5s5pmp, each of which, for 
m greater than 5, gives eighteen levels; in the case of the lowest 1° configuration, 
5s5p?, the number of levels is limited by the Pauli principle to eight, viz. in Russell— 
Saunders notation, *P, 2S, 2P, 2D. 


Included in Paschen’s (1938) list, are the 1” terms 5s5p?4P, 2D, 5s5p6s4P°, of — 


which the first-named was originally placed by Sawyer and Lang (1929) and 
Lansing (1929), and is certainly established; the other two terms are tentative, 
and it is doubtful if sp?*D can be separately distinguished from the s?d 2D series. 
which it perturbs. 

By examination of the absorption spectra of indium in the quartz ultra-violet 
and Schumann region, it has now been possible to locate the remaining terms ?S. 
and ?P of 5s5p? and several of the 5s5pmp?Sj/. terms, and to extend considerably 
the ordinary S and D series. 


} 
- 
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§2. EXPERIMENTAL 


The absorption spectra were photographed with a 1-metre normal-incidence 
vacuum grating, in the range 1070-22004, and with a Hilger medium-quartz 
spectrograph in the range above 21004. With either a hydrogen tube or a 
Lyman-continuum ‘flash-tube’ (Garton 1953) providing the background con- 
tinuum, sets of graduated exposures were obtained with the small King furnace at 
a succession of temperatures up to 1500°c. . In all cases a slow current of helium, 
purified over copper oxide and liquid-air-cooled charcoal was maintained within 
the furnace envelope. Wavelength measurements were made with reference to 
various emission and absorption lines inevitably superimposed on the Lyman 
continuum, and arising from traces of impurity or the disintegration products of 
the silica capillary used. ‘The quartz-region plates were measured with reference 
to iron and copper lines as listed by Harrison (1939). 


§3. RESULTS AND DISCUSSION 
3.1. Schumann Region 


Figure 1 (Plate) is a reproduction of a typical set of exposures, obtained with 
the Lyman continuum as background, at the succession of furnace temperatures 
indicated. 

At the long wavelength end of the 1250° and 1400° pictures, the higher members 
of the 5?P°,.-m?S,/. and 5?P°,.-m*Dz3. series can be seen converging to the 
common limit near 2143A. The region of strong continuous absorption repre- 
sents, of course, the ionization continuum beyond that limit. ‘The absorption 
coefficient of this drops quickly towards shorter wavelengths, and is evidently 
low at 18004. Apart from these features, there are present fourteen absorption 
lines, marked A to N, representing combinations of the ground doublet term with 
1” terms. 

The most striking feature of the spectra is the isolated group of five intense lines 
between 1760 and 16404; these lines show considerable auto-ionization broaden- 
ing, which is particularly marked in the 17574 line. The other 1” lines, all of 
which lie below 14004, are considerably weaker. 

Wavelengths, wave numbers, intensities, characters and classifications of the 
lines are given in table 1, together with the positions of the newly identified levels, 
measured upward from the ground level. ‘The intensity figures are estimated on 
an arbitrary scale, with 100 for the strongest line, and are judged largely from order 
of appearance with rising vapour pressure. ‘This visual estimate takes as much or 
more account of line-breadth as of central intensity. Moreover, absorption lines 
starting on 5?P%,). are at a disadvantage, since that level lies some 0-25 volt above 
52P9,.,.. For these reasons the intensity figures bear little relation to relative 
f-values. 

From table 1 the lines B to E form the PP’ multiplet, lines A, J, M, N are 
assigned to the series 5?P°3,.~5s5pmp ?S4/. (m=5-8); lines F and G form a pair 
exhibiting the ground-term interval, and presumably their upper level ‘ X’ belongs 
to 5s5p6p. The latter level has no obvious correlation with any of those of sp?. 
Four lines are unclassified, the only significant point amongst them being that 
K and G show a difference of 2475cm1, closely resembling 


5s5p(®P,-P,) = 2478 cm 
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in In 11; this suggests that K starts on 5?P%/, in which case another level can be 
placed at 77068 cm"?. 

The grounds for the assignments of table 1 are as follows. Of the strong group 
A to E, the line A is most affected by auto-ionization; its upper state is therefore 
taken to be 5s5p22S,/... The remaining four lines then form the PP’ multiplet, 
and are relatively less diffuse as expected from Shenstone’s rules (1931). Lines 
J, Mand Nare also diffuse, and together with A appear to form a series converging 
on 5s5pP%, Inu, if we assume their common lower state to be 5?P%3j9._ “This 
convergence is in accord with Hund’s scheme. ‘The absence of the combinations 
of the supposed spp?Sj4j. levels with 5?P%,). calls for explanation, especially as 
regards the missing companion 5?P°,).-sp?”S,j/. of the intense line A. In LS 
coupling the missing line would have half the intensity of 5?P°3).-spp?S,/, and 
would be relatively stronger in absorption because of the low population of 5 ?P®.)9. 


Table 1. Schumann Region Absorption Lines 


Line Avac(A) Veacccm 4) I Classification 
A WiS7eS 56905 100UU 5 ?P°s;9-SsSp? *Si/2 
B 1740:9 57442 10U 5 ?P°3,2-5s5p? *Pij2 
@ 1711-1 58442 100u 5 2P%, -Ss5p? Py)» 
D 1676-2 59657 50U 5 *P*, 9589p" “Pays 
E 1648-7 60652 100u 5 2P0, .-5s5p? 2Ps,o 
F 13 S1e7, 72377 Os 5 7B spe= Oe 
G 1340-6 74593 2s Bed het oe 
H 1333-4 74996 Os 
I 1323°5 75555 1s 
J 1319-5 75784 2U 52P, .SsSp6p 2S) 
K 1297°5 77068 Os 
Ib, 1232°5 81138 Os 
M 1213-0 82438 Ou 5*Pes, 2-SSSp7p"Si/2 
N ADS 85487 Ou 5 ®F°,,.-5s5p8p"S1;¢ 
5s5p* ?Py;2==59657 cm} SsSp6p *S4;2=77997 
2P 960652 Tp 2S, >—84651 
25 -— 59118 8p 2S, 2=87700 
NC —=/45 98 


In jj coupling the following argument leads to the expectation that the combin- 
ations with 5 ?P°,), will be absent. We may suppose the In 1” terms formed by 
addition of the s-electron to terms of 5pmp Ini1; in jj coupling terms of 5pmp 
with J =0 can be obtained from 5p,jmpy,jp and 5ps/mpsjo, and the LS labels of 
these would be 'S,, °P,. Nowin Sn1, the 'S, terms of pp configurations converge 
to 5? P21. of Sn 11 (Meggers 1940), and are therefore to be correlated with 5ps),mps/9. 
On adding the s-electron it is thus a fair presumption that in 5s5pmp of In1, 
?S4/,1s to be correlated with 5s5ps/mpz/2, so that with progressive change from LS 
to jj conditions, the combinations 5?P°,,.-spp?S,/. will disappear, and the 
5 ?P°./>-Spp *S4/2 series will converge on 5s5p*P°®,, as found. Moreover, the large 
breadths of the 75). levels will operate to decrease the central intensities of the 
absorption lines, and thus accelerate the weakening of the 5?P°,,. combinations 
with increasing departure from LS conditions. It will be noted that, amongst the 
weaker lines below 14004, the ground-term interval appears only once; this again 


i 
| 
} 
} 


Investigations of Atomic and Molecular Absorption Spectra: III 867 


is to be anticipated with approach to jj coupling. Identification of the unclassified 
lines must await experiments with a longer absorbing path, which should yield 
further lines. 

It will be seen from figure 1 that the absorption coefficients from the ground 
into the strongly auto-ionizing levels sp?2P, 2S are high, for example, much 
greater than that to the ionization continuum at the 5?P°,/. limit. Short of a 
determination of the integral of the absorption coefficient over the lines, it is 
somewhat hazardous to make statements regarding the relative f-values of these 
transitions as compared with those of the series spectrum and ionization continuum, 
since it is well known that a broad line can be mistakenly regarded as more intense 
than a sharp one, for lack of adequate resolving power. However, as indicated in 
Part I of this series, there are grounds for believing correct an impression obtained 
from inspection of the absorption spectra, that a large part of the oscillator 
strength of the In atom is associated with the 1° lines. 


3.2. Isoelectronic Spectra 


For the spectra isoelectronic with In1I extensive observations and analysis exist 
only for Snir, in which McCormick and Sawyer (1938) have identified long series 
and made assignments for all the terms of 5s5p”; identification of 2S and ?P of the 
latter was made from the group of five lines listed in table 2, classified as shown in 
the second column, the component 5 ?P°,/.-sp??P,/. being considered absent. 
Apart from intensities, which are not comparable for reasons mentioned, the Sn 1 
line group is closely similar to the Ini group A to E; accordingly, the amendment 
of the Sni1 classifications shown in the third column is suggested. ‘The screen- 
ing constants obtained from Sommerfeld’s regular-doublet formula applied to 
5s5p? A?P gives 34-6 and 31-1 respectively for Ini and Snu. 


Table 2. Snir 5#P°5s5p?2P, 2S Combinations 


Classification 
X (A) McC &S Suggested amendment 
1180-51 SPP e-ep ars 5 ?P°,;o-sp? *P3/2 
122370 —sp? "Sie Sop? Pane 
1243-00 5 ?P°3, 9-sp? P32 5 ?P°s,9-sp? *P3j9 
1290-86 oa eae —sp? *Pijs 
1316:59 —sp? *Pi/2 —sp* "Sie 


Partial analyses of Sbu have been made by Lang (1930) and Lang and 
Vestine (1932), and of Te1v by Rao (1931). It does not seem possible to find 
analogues of the In A to E group in the published line lists, and application of the 
doublet laws indicates that, of the sp? terms named in these spectra, only 7D falls 
in the place expected; further experimental work on these spectra is needed. 


3.3. Near Ultra-Violet 


Exposures on the medium-quartz spectrograph, with the hydrogen-continuum 
as background, gave good photographs of the 5?P%jj.-m *Sy/, and 5 ?P°y).-m?Ds/5 
absorption series up to m= 24 and 30 respectively (Figure 2, Plate); previous 
emission spectra (Paschen 1938) had reachedm=15. ‘The use of higher dispersion 


+ Note added in proof. 'The impression that large f-values often attach to ‘ Beutler 
lines’ strongly broadened by auto-ionization (cf. Garton 1952) receives support from 
recent measurements of Marr (Proc. Roy. Soc. A, 1954, 224, 83) on TIl; he finds 
f=0°52 for 1610 6?P°,).-6s6p *D3)2 against 0°20 for the strongest resonance line. 
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for the wavelength measurements was not possible at the time since the speculum- 
metal gratings available had very low speed at the short-wavelength end of the 
quartz region. As it is, the results given in tables 3 and 4 are accurate to 0-02 A. 
Discounting the poorly visible last line (m= 24) of table 3, the series fits to 

+0:7cm-1, a Ritz formula v= A — R/n*?, with ; 

n* =m — 3:72697 + 0-29910/m?, 

A=46670-5 + 0-7 cm7}. 
Paschen’s (1938) limit 5 ?P°,/.=46669-93 cm~1, based on the ?F series is thus 
substantially confirmed. 


Table 3. Inz 5?P°/.-m?5S,j. Series 


m Nair (A) Vyae (cm—") m Nair (A) Vyac (cm~") 
13 2202-19 45395°1 19 2163-82 46200-0 
14 2190:81 630-9 20 61:22 255-6 
155 82-38 807-1 21 59-05 302-4 
16 75-98 941-9 22 57:18 342-2 
iy 70-99 46047 -4 23 55-66 374°9 
18 67:03 131-6 24 54:37 402°6 


Table 4. In1 5?P°j;.-m?Ds. Series 


m Nair (A) Vyac (cm7") m Nair (A) Vyae (em) 
11 2211-14 45211-4 Dil 2156-69 46352-7 
12 2197-39 494-3 D2; Doane, 384-3 
13 87:38 7102°5 23 54-00 410-6 
14 79°85 860-3 24 52-89 434°5 
15 74:07 982-2 25 51-93 455-2 
16 69-52 46078 -6 26 Sirs, 472°5 
17 65-88 156:1 27 50-41 488-1 
18 62-89 219-9 28 49-78 5017, 
19 60-44 YDS 29 49-20 514-2 
20 58-40 316-0 30 48-68 525°5 


The ?D series is less regular, presumably owing to perturbation by 5s5p?2D, 
and there is little point in fitting an elaborate series formula. 

The only other significant feature of the near ultra-violet spectra is the presence 
of the 5*P—5s5p?*P group as five sharp absorption lines, thus confirming the 
earlier identification. 
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Abstract. ‘The analysis of Davydov and of Tonks and Allis has been repeated 
to obtain the electrical and energy transport equations for a plasma subject to 
a magnetic field in which the isotropic part of the distribution is assumed 
Maxwellian but in which the momentum transfer due to electron self-interactions 
can be neglected. The validity of the various simplifying assumptions is 
considered. ‘The exact coefficients have been evaluated and because of their 
unwieldy nature simpler approximate expressions are suggested and compared 
with the correct coefficients. The galvomagnetic and thermomagnetic effects 
are considered and it is shown that in addition to the Hall effect the Ettingshausen 
effect may also be important in laboratory discharges. The latter is suggested 
as a possible cause of the retrograde motion of an arc spot in a transverse magnetic 


field. 


$1. INTRODUCTION 
ik theoretical work which has been done on the velocity distribution of 


electrons in a non-uniform plasma, subject to a magnetic field, has so far 

been directed mainly at evaluating the forward and transverse diffusion 
coefficients and the associated electrical and thermal conductivities. Using the 
Lorentz method of solving Boltzmann’s equation, Davydov (1937) and Tonks 
and Allis (1937) have determined these coefficients for the case in which the 
isotropic part of the distribution function is Maxwellian, but in which the 
electron self-interactions can be neglected in the momentum balance equations. 
The more general case in which the positive and negative particles in the gas 
are of comparable mass and in which the self-interactions cannot be neglected, 
has been treated by Chapman and Cowling (1939) and Cowling (1945) using 
the Chapman-Enskog method of solution. ‘The results for the electron com- 
‘ponent of a completely ionized gas using this method have been evaluated by 
Landshoff (1949). 

The coefficients of the terms in the transport equations obtained by Davydov, 
and by Tonks and Allis are of an unwieldy form since they involve the exponential 
integrals erf(x) and Ei(x). ‘Tonks (1939) has compared the forward and 
transverse diffusion coefficients with the approximate but much simpler 
expressions obtained by mean free path theory and has shown that the latter 
are a sufficiently good approximation for most gas discharge applications. In 
this paper similar approximations are suggested for the thermal diffusion 
coefficients and the energy transfer coefficients. It has been found that good 
approximations are possible with quite simple expressions. 
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The galvomagnetic and thermomagnetic effects are implicitly contained in 
the transfer equations in the above papers, but they have not been studied as 
such, and apart from the Hall effect no attempt has been made to consider their 
importance in the behaviour of a discharge in a magnetic field. A considerable 
amount of theoretical work has of course been done on the theory of these effects 
in solid conductors, with which the effects are normally associated (see for example 
Sommerfeld and Frank 1931). The results are not immediately applicable to a 
plasma since they are based on a Fermi distribution for the electron velocities, 
but the method of treatment is essentially similar. From the point of view of 
statistics the plasma will resemble a semiconductor, but, since the magnitude 
and sign of the galvo- and thermomagnetic effects depend on the variation of 
the electron free path with velocity, the effects in the two media may be widely 
different. 

In this paper the same assumptions are made as in the work of Davydov 
and of Tonks and Allis. Their equations for the transport of charge and energy 
are used to demonstrate the galvo- and thermomagnetic effects. The derivation 
of these transport equations is outlined so that the various simplifying assumptions 
and their limits of validity can be indicated. ‘The importance of these magnetic 
effects in laboratory discharges is considered. 

Using Cartesian coordinates, a simple problem is considered in which an 
electric field Z is applied to the plasma in the z direction and a magnetic field H 
in the y direction. ‘The plasma is assumed uniform in these two directions. 
In the x direction, however, there are assumed to be density and temperature 
gradients and also a further component of electric field, X. 

The various field vectors are therefore: 


E=X,0,Z H=0, H, 0 \ 
Vn = dn/dx, 0, 0 VT=dT/dx, 0, 0 
where n and 7 are the electron density and temperature. 
The above orientation of the vectors is by no means the most general but 


it is sufficient for the demonstration of the galvomagnetic and thermomagnetic 
effects. 


J 


§2. THE VELocITY DISTRIBUTION FUNCTION 


As in previous work the assumption is made that the electron velocity 
distribution is approximately isotropic so that a good approximation to the : 
distribution function is obtained by taking the first two terms in an expansion | 
in spherical harmonics (see Morse, Allis and Lamar 1935, Davydov 1937). . 
Thus 


f= fol%s Ys 35 €) + (=) cf, 4,28) 0). ee eee (2) 


where fdudvdwdxdydz is the number of electrons in the element of phase: 
space dxdydzdudvdw; u, v, w are the components of the particular electron | 
velocity c. ‘This assumption is justified provided: | 

(i) EeA<3kT/2, where A is the electron mean free path for collisions with) 
other types of particles in the plasma, and 3k7/2 the mean random energy of 
the electrons. ‘This relation will be true even for large electric fields if thet 
electrons lose the energy they gain from the electric field mainly by collision’, 
with the other particles of the plasma. The average energy lost by an electron 


| 


| 
| 
[ 
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in such a collision is small compared with its total energy. This is roughly true 
even if inelastic collisions are numerous since on the average at optimum electron 
energies at least three to four elastic collisions will be made per inelastic encounter. 
(The assumption will be made later however, that the inelastic collision frequency 
is small compared with the frequency of elastic collisions, a condition which is 
true for most laboratory discharges.) ‘The random energy of the electrons must 
therefore build up until the small fraction lost per collision is comparable with 
EeX and condition (i) will be satisfied. ‘The electrons will lose their energy in 
this way if A is small compared with the dimensions of the containing discharge 
tube. In addition the spatial variation of E must be sufficiently slow to enable 
the electrons to attain the appropriate mean energy. 

(ii) A/n| Vn| <1. If this is not satisfied then clearly appreciably more 
electrons will approach a point with velocity ¢ from the high density side than 
will approach with velocity —c from the low density side. 

(iii) A/T |VT| <1, for the same reasons as (ii). These conditions are 
considered again in §3. 

In the case considered there is no drift motion in the y direction, so that 


elo te/at faa. tee terns poets (3) 


where f, and f, are the components of f,. 

The fundamental equation which f must satisfy is Boltzmann’s equation 
(see Chapman and Cowling 1939, p. 46) and with the particular field vectors 
chosen this takes the form 

af af e af (af 
v5 — 5 (X—wH) SE 5 [Z4utlise = (3) Sao dos (4) 
where steady state conditions are assumed and (0f/0f),,, is the rate of change of f 
due to collisions. Electromagnetic units are used and —e has been taken as the 
electronic charge. 

Following the method of Davydov, equation (4) can be resolved into three 
component equations which give respectively the conservation of energy, and 
momentum components in the w and z directions, for electrons with velocity 
magnitude in the range dc. ‘These are: 


cof, Xe Ac*f,) Ze o(cif,) _mN WcOf) 


aaa ern ia Nig oto (5) 
COlg eA COO nar LG 

Bae Go han afet he eee (6) 
LECIO LA ee COL 7 fee 

Sass dice ae Senta epee (7) 


where w is written for He/m. ‘The first terms on the right-hand sides of these 
three equations are the rates of change of energy and momentum components 
due to elastic collisions between electrons and the neutral gas atoms or molecules. 
The A terms represent the contributions due to all other types of collisions made 
by the electrons. WN is the density of gas atoms, M the mass of an atom and 
QO its cross section for momentum transfer for electrons with velocity c. 2 is the 


mean free path 1/NQ. 


61-2 
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The assumption is made that the frequency of collisions with positive ions 
is small compared with frequency of collisions with neutral atoms (i.e. that only 
a small fraction of the gas is ionized). Secondly the contributions due to inelastic 
collisions are neglected. This leaves only the electron self-interactions to 
contribute to the A terms. 

Experimental evidence suggests that in many laboratory discharges, in which 
the electron density is not too low, the form of f, is Maxwellian; and therefore 
in the subsequent work this will be taken to be the case. From the point of view 
of the theory developed here this amounts to assuming that the two parts of A, 
(due to electron self-interactions) are the most important terms in equation (5). 
The solution for f, obtained by equating A, to zero is the Maxwellian function, 
On the other hand, the electron self-interactions will be neglected in the 
momentum balance equations (terms A, and A;). These two assumptions will 
be compatible provided 

Tika << MEMO OE ee (8) 


where 7.) Tee are the mean collision intervals for electron—neutral atom and 
electron-electron collisions. Mr,,,/m is the order of magnitude of the time | 
taken for an electron to lose by collisions with neutral atoms a total amount of 
energy equal to its mean energy. If the condition (8) is true the electron self- . 
interactions will be more important than electron—neutral atom collisions as far : 
as energy transfer is concerned but less important for momentum transfer. 

It has been suggested that partially organized electron oscillations occur in: 
the plasma of a discharge and that these play a major role in the maintenance of | 
a Maxwellian distribution of velocities (Gabor 1952). Unfortunately this does : 
not increase the range of validity of the above assumptions since such interactions ¢ 
are likely to contribute to the terms A, and A, as well as to A,. In fact such: 
oscillation may account for observed diffusion currents across a magnetic field: 
being many times larger than those predicted by the formulae of Tonks and: 
Allis and of Davydov (see Guthrie and Wakerling 1949). In general, it must’ 
be assumed that any form of plasma oscillations will invalidate the transport: 
formulae derived here. 

Following Davydov, the terms A, and A, are neglected and the Maxwelliani 
function is taken for fj. Equations (6) ae (7) then yield the solutions for fa) 
and f,: 


. 
: 
| 


ne —Xfo | oat 1 dn _ Hea skP) 3kT) dT wa\ Ze 
1+ T+ (r/o? | Ley at “<QRT? dx i er 


thy eoo wa\[ Xe 1 dn | (mc?—3kT) dT Ze 
Se= meta {- (= Lert nde’ ORT? = | ar a eto ee 
Before proceeding it is worth noting that these equations justify the assumption, 
that | f, |< f, and that therefore fis approximately isotropic provided conditions (i) | 
(i1) and (ili) of §2 are satisfied. At first sight it might appear that the conditions; 
could be made less stringent by introducing the reduced mean free path: | 
All 1+ (wA/c)?] instead of A where c is the mean random velocity. This may be 
true in certain circumstances but it is not true in general. Thus if the ‘forces :) 
are balanced such that f,,=0, I 


ois Bel mc*—3kT\ dT “f wA Ze 
RT i dx NN” ORT? =) ee 
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Afo wr\2Ze Ze Zen 
fea aay (=) iad | =~ arto 
and | f,|<fo only if ZeA/kT <1, which is condition (i). 
From equations (9) and (10), the components of the electron current density 


I,, I, and of the energy transport due to the electrons W,, W, are obtained 
directly by means of the integrals: 


whence: 


© ¢3 2 3 -) 
1,=—4ne | Sfade I= —4ne | fede 
) 02 


rc0 pd POO pnd 
W,,=2nm | fede W,=2nm | = fade | 
0 0 


In addition to f) the one further quantity in (9) and (10) which may be a 
function of c is 4, the mean free path, and some assumption must be made as 
to the variation of A with velocity before the above integrals can be evaluated. 
Since the various terms depend on different powers of X the variation of A with 
velocity can affect not only the magnitude but the signs of the components of |! 
and W, as will be seen below. 

It is important to point out that even for constant A the terms in (9) and (10) 
due to the various ‘forces’—the electric force, the magnetic ponderomotive 
force, the concentration and temperature gradients—depend on different powers 
of c, with the exception of the terms due to the concentration gradient and the 
electric field. It is because of this that, with the one exception, it is not possible 
to produce a balance between any two of the ‘forces’ without thermal or electric 
effects resulting. In other words it is not possible to get a balance such that 
say both J, and W, are zero if only two of the ‘forces’ are acting (with the one 
exception). If J,=0, W,#40 or if W,=0, 1,40, so that either a heat flow or a 
current is set up. If there are boundary effects this may set up a third ‘force’. 
Once there are three ‘forces’ it is possible to get a balance such that both /,, and 
W,,are zero. In this form of equilibrium however, there is still not a Maxwellian 
velocity distribution. /, is zero for at most only two distinct values of c; for other 
values of c, f,, will be sometimes positive and sometimes negative. 


§3. TRANSPORT FORMULAE FOR CONSTANT MEAN FREE PaTH 


For the purpose of demonstrating the thermomagnetic effects the transport 
equations (11) will be integrated for the case of A constant with respect to electron 
velocity. The method of integration has been indicated by Tonks and Allis and 
yields the transport formulae 


EAT Xe u dn it dT Ze 2 
pa neD< a RT * n dx alte aig oh Lee ge (12) 
Xe l1dn [Pete Ze 
I=neD{— Bi (G+ - z) — BaF ap +o gr FLIES (13) 
pee leor ea Ze 
W,= —n(2T)D {ys (Fe + = Fe) tng ther Sekeaiels (14) 
Xe l1dn aL Ze 
W,= —n(2kT)D | ~8y (F st - a) = Digler tngp eee (15) 
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where 
0g = Tn ht exp (i*) Bi (29). PO eS oe (16) 
y= 4+ b+ ht —(h2 + 8)h4 exp (h?) Ei(h?) Cotten (17) @ | 
B, = 4a Al 1 — 2h? + 4h3 exp (h?) F (h)] epee) | 
Bo = 4a 2h[2h2 + 2ht—4(h2+ 2)hexp(h2)F(A)) see (19) 
yl te tht — be exp() Ei). 9. = =s eee (20) 
yy= 8 — 4h? —Lht—1h8 + 4(h2 + 8)h8exp(h2)Ei(h2) is (21) 
8, =4rllA[3—4h? +h4—2hPexp(h?)F(h)] nee (22) 
89 = 40h e— ht ho + 2(h? + SPF (h)) (23) 


Ei(#2) = | Se F (h) =4n'?(1 —erf (h)} = | _ exp(—a*)dx, 
jh? 4 Jh 

D is the diffusion coefficient Ac/3, and h=2wr/7"2, where 7 is the mean collision 
interval A/c, and c is the mean random velocity (8k7/7zm)!2. With the exception 
of 5, and 6,, which are a factor of two greater, these coefficients are identical with 
those obtained by Davydov.t 

The coefficients are plotted against f/ in the figures 1(a)-4(a). The only 
exceptions to the general pattern of these curves are «, and f,, the coefficients 


Figure 1. Figure 2. 


for forward and transverse thermal diffusion. Unlike the other forward coefficients | 
%» is not decreased by a magnetic field for values of h between 0 and 1, in fact it | 
is slightly increased. Only for values of h greater than unity is the thermal | 
diffusion reduced. ‘This effect is due to the fact that thermal diffusion is the | 
resultant of two drift motions. Fast particles (mc2>3kT) have a mean drift | 


t+ The coefficients «,, %:, etc., satisfy Onsager’s reciprocal relations if W is replaced by | 
the heat flow vector W—(3kT/2)I. 
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in the direction of the heat flow whereas slow particles drift in the opposite 
direction, since the concentration gradient is negative for the former and positive 
for the latter. For the particular variation of A with c chosen (A constant) the 
drift of the fast particles predominates. With small magnetic fields the decrease 
in the motion of the slow electrons is greater than the decrease in the motion 
of the fast electrons and hence the resultant mean diffusion is increased. With 
large magnetic fields the diffusion of both sets of electrons is substantially reduced 
and in this case the resultant is decreased. 
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Figure 3. Figure 4. 


Again at small f, although in the forward direction the drift of the slow 
electrons is appreciably less than that of the fast electrons, because the magnetic 
field has more effect on the slow particles the transverse components are nearly 
equal. Since the transverse components are also in opposite directions the 
resultant transverse thermal diffusion is small. As a result B, is much less than 
the other transverse coefficients for small h. At larger magnetic fields the drift 
of the fast particles becomes more important and f, is of the same order as the 
other coefficients. 

$4. APPROXIMATE FORMULAE 


It is obvious that the coefficients given by equations (16)-(23) make the 
transport equations extremely unwieldy for use in a particular diffusion or 
conduction problem. Because of this, Tonks (1939) has used the much simpler 


coefficients 
1 WT 


OF ee Taher ye? Pia iacas\e” ce seee (24) 

These are the coefficients obtained by approximate mean free path derivation 
of the current transport equations, and as Tonks has pointed out they are 
moderately good approximations for «, and f, over the whole range 0<h< 
(see figure 1(b); the worst error is 57°% for «, at large h). Because of the errors 
involved in the various simplifying assumptions which must be made in most 
gaseous discharge problems these formulae are sufficiently good approximations 
in most cases. 
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On the same basis approximate formulae have been sought for the other six 
coefficients, and it has been found possible to get very good approximations with 
expressions of the same form as «,’ and f’. ‘These are: 


ie ir Els heated eee Oy Seah 
2 14+4(w7)?’ 2 14 10(wr)? + 2(w7)*’” 
1 f 37/4 | 
Al = 1+ 4(wr)?’ oF = 1+4(wr)?? ronalenens (25) 
A Iota x1 _ Semis | 
Ye Teen? 98 T+ or? | 
The ratios a/%’, Be/Bs’, ... etc., are plotted in figures 2(b)4(d). It is 


seen that the errors involved are never greater than 20%. (yg and 45, are 
remarkably good approximations, the maximum error being about 3%.) The 
transverse coefficient for thermal diffusion B,’ has a somewhat different form 
to that of the other transverse coefficients because of the different variation 
with / described above 


§5. THERMOMAGNETIC EFFECTS 


Returning to the equations (12)-(15) these can be regarded as the general 
form of the transport equations for all possible variations of mean free path 
with electron velocity if D and the coefficients «, 8, y, 6 are taken as arbitrary 
functions of the temperature and magnetic field. With the aid of these equations 
the galvomagnetic and thermomagnetic effects can be identified as follows. 
(The coefficients in each case are defined by analogy with the definition for solid 
conductors.) 


(a) The Galvomagnetic Effects—Appled Forces Z and H 
In the presence of the magnetic field H (parallel to Oy), the electric field Z 
produces a longitudinal current parallel to Oz,(neDa,Ze/kT), and a transverse 
current (neDB,Ze/kT) parallel to the x axis. The latter is the Hall current and 
if X, is the transverse electric gradient required to reduce IJ, to zero the Hail 
coefficient is given by: 
R=X,/l ees (26) 


(The coefficient is called the adiabatic coefficient if the condition W,=0 is 
applied, and the isothermal coefficient if the condition is dT/dx=0.) 

In addition the applied forces produce a longitudinal energy flow (—2nDy,Ze) 
and the transverse energy flow (—2nD8,Ze). If the balancing field X, is acting, 
in general —y,X 0,2 and there is a resultant transverse energy flow W,. This 
is the Ettingshausen effect. If (dT/dx), is the temperature gradient required to 
reduce W,, to zero the Ettingshausen coefficient is given by 


P= oa. ae (27) 


A plasma with uniform density is assumed throughout these definitions. 
The transport equations show that a density gradient behaves similarly to an 
electric field and hence such a gradient in the presence of a magnetic field will 
produce effects similar to the galvomagnetic effects. 
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(6) The Thermomagnetic Effects—Applied Forces dT/dx and H 
The applied forces (dT/dx, H) produce a longitudinal current neDa,T-1dT/dx 
parallel to the applied force dT/dx (thermal diffusion), and also a transverse 
current —neD§,T~1dT/dx in the z direction, which is the Nernst effect (transverse 
thermal diffusion). The Nernst coefficient is given by 


—Zy 
Q= HdT/dx aisle Sens 


where in this case Z, is the transverse field required to reduce J, to zero. (As 
with the Hall effect there are adiabatic and isothermal coefficients.) 

The forces produce also a forward energy flow (—2nDy.kdT/dx) parallel 
to dT/dx and a transverse energy flow (2nD8,k dT/dx) in the z direction. Again, 
in general, y,Z)e/RTA5,7-1dT/dx and there is a resultant transverse heat flow. 
This is the Righi—Leduc effect and the coefficient is 


— (ET /0z)o 
Hd] 104 cases tod hard eultet nie 


where (¢7/0z), is the temperature gradient which would have to be introduced 
to make W, zero. 

The negative signs in the definitions (28) and (29) are merely due to the 
particular orientation chosen for the applied forces dT/dx, H. ‘The expressions 
for P, QO, R and S in terms of the component coefficients «, 8, y, 6 have been 
evaluated by Sommerfeld and Frank (1931) and will not be given here. In most 
gas discharge problems the transport equations will be more useful than the 
coefficients P, O, R and S. 


S= 


§6. THE IMPORTANCE OF GALVOMAGNETIC AND 'THERMOMAGNETIC EFFECTS 
IN LABORATORY DISCHARGES 


The primary effect involved in most cases of gas discharges subject to a 
magnetic field is the Hall effect and this has received considerable attention in 
the treatment of such problems. Rather surprisingly, however, no consideration 
appears to have been given to the Ettingshausen effect which must be associated 
with the Hall effect. A simple estimate will therefore be made of its order of 
magnitude in a typical low pressure discharge. 

The two thermomagnetic effects are produced by a temperature gradient. 
For these to be important the quantity T7-'AT must be comparable in magnitude 
with Ee/kT. Now the types of discharges in which the magnetic effects in general 
will be important are essentially low pressure discharges where 7 is sufficiently 
large to give wz an appreciable magnitude. Except for extremely low pressures 
the order of magnitude of Ee/kT is rarely less than 10~! cm™, whereas in such 
discharges no appreciable temperature gradients appear to have been observed. 
The reason for the absence of temperature gradients in such discharges is 
probably the fact that the ambipolar diffusion currents to the walls carry 
sufficient energy (kinetic and ionization energies) to dissipate most of the energy 
generated by the discharge currents. Allowing also for radiation, only a small 
fraction of the energy has to beremoved bynormal heatconduction. ‘This plusthe 
high heat conductivity of the electrons means that only very small temperature 
gradients are set up. These considerations suggest that the thermomagnetic 
effects will rarely be important in laboratory discharges. 
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The Ettingshausen Effect and Discharges in a Transverse Magnetic Field 

A simple idealized discharge is considered in which a current J, is produced 
by an applied electric field Z in the z direction. The discharge is assumed uniform 
in the y direction and subject to a magnetic field applied in this direction. The 
discharge is assumed non-uniform in the x direction. The appropriate vectors 
are therefore those chosen in (1) and the appropriate transport equations for 
the x direction—i.e. the transverse direction normal to both Z and H—are 
equations (12) and (14) (it being assumed for the moment that the condition A 
constant with respect to c applies). 

By eliminating X and the concentration gradient from these two equations: 


We OnT 4 te 
og 


al 
tan Ze 
—n(2kT)D {(ve-71 “2 aa t (8-7 *) Tf: ie (30) 


In most practical cases the transverse current 7, is small and if this term 
and the temperature gradient term are neglected, equation (30) reduces to 


ma Bp, \Ze 
W,,= —n(2RT)D {b.-ne 7 os (31) 
The approximate formulae (25) for the coefficients are introduced giving 
By WOT 
W ,=4nkT (i = a.) LZ ESS ih Se SR eee (32) 


where wu is the electron mobility De/kT. 

Thus even when [, is negligibly small and the temperature gradient is zero, 
there is still a transverse heat flow. This is of course the Ettingshausen effect. 
Its magnitude is nkTV where V is written for the velocity wryZ/[1 + }(wr7)?]. 
This is the same heat flow as would occur if all the electrons were travelling with 
a velocity V in the x direction each carrying the energy RT. For appreciable 
magnetic fields V is a substantial velocity. For wr=1 it is equal to a third of 
the electron drift velocity parallel to the discharge current J,.t For wr>1 it 
is equal to Z/H which in most cases is still a substantial velocity: for example, 
for Z=1 vem‘ and H=100 Gc, Z/H is 10*cm sec‘, and for »=10™ anges 
corresponding to 3 ev, W,, is 0-5 w cm’?. 

From these considerations it is clear that the Ettingshausen effect constitutes 
an appreciable heat flow which is likely to be comparable with the other energy 
currents in the gas such as that parallel to the discharge current J, The rise 
in temperature which this effect will lead to on the side of the discharge towards 
which the heat is flowing, will be governed by the facility with which the extra 
energy can be dissipated by such processes as extra ionization, heat losses to a 
wall, conduction in the longitudinal direction, etc. From the magnitude of the 
Ettingshausen heat flow however, it seems likely that in some cases it will play 
an appreciable part in deciding the character of the discharge. 


Retrograde Motion of Arc Spots 


It is seen from equation (32) that for the particular case where the mean — 


free path A is assumed constant with respect to electron velocity, W,, is positive. 
In other words the heat flow is in the opposite direction to the force acting on 
the discharge current I, given by Ampére’s law which in this case is in the | 

t That the drift velocity in the z direction J,/ne is uZ follows directly from eqns. (12), | 
(13) and (24), when I,=dT/dx=0. | 
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negative x direction. ‘This fact calls to mind the experimental observation 
that low pressure arc spots subject to a transverse magnetic field move in the 
opposite direction to the Ampére force. The theoretical explanation of this 
retrograde motion is uncertain. 'Thermomagnetic effects in the metal have 
been suggested (Smith 1942) but this has not been generally accepted (Gallagher 
1950, Yamamura 1950). Space charge effects and diffusion effects have also 
been suggested (Gallagher 1950, Yamamura 1950, Longini 1947, Himler and 
Cohn 1948), but no consideration has been given to the possibility of the 
Ettingshausen effect occurring in the discharge immediately above the arc spot. 
‘The above considerations suggest that this effect may be important. 

If the mechanism of the spot is the direct transfer of energy from electrons 
in the gas to electrons in the metal leading to thermionic emission, since the 
Ettingshausen effect causes one side of the discharge to become hotter than the 
other, the position of the arc spot will move in this direction. This is the direction 
of retrograde motion. On the other hand, the Hall effect tends to push the 
electrons in the discharge in the ‘correct’ direction, and by means of the space 
charge generated, this force is shared with the positive ions. (The resultant 
force on the electrons plus the positive ions is the Ampére force.) The Ampére 
force and Ettingshausen effect therefore oppose each other, the former acting 
on the discharge column and the latter affecting the position of the hot spot. 

The Ampere force is proportional to the product of the arc current and the 
magnetic field, and is independent of the pressure. The Ettingshausen effect 
however, is dependent on the pressure through the mean collision interval + 
in the factor w7/(1+4w?7?). This factor also gives the variation with magnetic 
field through w, and since the electric field Z will not vary much with current, 
the Ettingshausen effect will be relatively independent of the current. At high 
pressure and small magnetic fields (wr<1), therefore, the Ettingshausen effect 
will be small and the Ampere force will predominate. ‘The Ettingshausen effect 
has a maximum at wr= 1/2, and at low pressures and large magnetic fields, it 
again becomes small, and the Ampére force will again predominate. For inter- 
mediate values of wr the Ettingshausen effect will predominate. Lastly, an 
increase in current for constant pressure and magnetic field will favour the 
Ampere force. These qualitative conclusions agree with the observed motion of 
arc spots with variation of pressure, magnetic field and current (see Smith 1942, 
Gallagher 1950). 

In addition, it has been observed experimentally (Smith 1948, Cobine and 
Gallagher 1949) that if the cathode is heated so as to become thermionically 
emitting, the direction of motion of the arc changes to the correct direction. 
This effect is also in agreement with the above explanations since in these 
circumstances the cathode spot is not dependent on the heat received from the 
gas above the spot, and will be free to move in the correct direction. Lack of 
experimental information on the pressure and electron temperature in the arc 
immediately above the spot prevents a quantitative check of the theory.t 


§7. THE EFFECT OF THE VARIATION OF MEAN FREE PATH WITH VELOCITY 
If in equations (9) and (10) for f, and f, the mean free path, instead of being 
assumed constant, is taken as a function of c, it is clear that the relative magnitude 
of the various terms in the integrals (11) will be altered. ‘Thus, for example, 
if A is proportional to c, in equation (9) the magnetic ponderomotive force term 
+ See Note Added in Proof. 
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is proportional to the same power of c as the electric field and concentration 
gradient terms. Hence a balance is possible between these ‘forces’ at all 
velocities and there will be no Ettingshausen effect. If A varies more rapidly 
than linearly with c then the Ettingshausen heat flow is reversed and is in the 
same direction as the Ampére force. Similar considerations show that thermal 
diffusion, the Nernst effect and the Righi-Leduc effect are also dependent in 
sign and magnitude on the variation of A with velocity. The Hall effect is 
dependent only in magnitude on the variation of A. 

The variation of mean free path with velocity is therefore a fundamental 
factor in deciding the magnitude of these effects, i.e. in deciding the value of 
the coefficients in the transport equations. Care must therefore be exercized 
in applying equations (12)-(25), which are good approximations only when the 
electron mean free path can be assumed approximately constant over the velocity 
range for which the distribution function has appreciable magnitude. Lastly, 
as discussed in §2, it should be noted that in general the presence of plasma 
oscillations will invalidate these transport equations. 
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NoTE ADDED IN PROOF. 

Recently two further mechanisms which will give retrograde motion of arc 
spots have been suggested by Robson and Von Engel (1954) and by St. John 
and Winans (1954). The former is based on the effect of the local self-mag- 
netic field at the arc spot and the latter on the effect of the space charges and 
the magnetic field on the motion of the positive ions. ‘These mechanisms and 
that suggested above predict different variation of spot velocity with arc current, 
but the experimental results are not sufficiently definite to decide between the 
mechanisms. ‘Thus at high pressures near where the transition to forward 
motion occurs, an increase in current favours forward motion (Gallagher 1950, 
St. John and Winans 1954), but at low pressures an increase in current increases 
the retrograde velocity (Gallagher 1950, St. John and Winans 1954). 
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Abstract. ‘The B-spectrum of Tl has been measured using thin evaporated 
sources in a spheroidal field B-spectrometer. ‘The end-point was found to be 
at 766+2 kev. Small deviations were found from the unique shape of spectrum 
predicted for a first-forbidden transition with a spin change of two units. The 
deviations extend up to about 400 kev. 

The possibility that the decay is second forbidden and that the ground state 
of 2°T'] has even parity is noted. 


$1. INTRODUCTION 


HE f-decay of ?°Tl resembles that of radium E in that no y-transition 
| seems to be present. ‘There is a weak decay by electron capture to Hg, 
which has been estimated by der Mateosian and Smith (1952) to occur in 
1:5+0-5 per 100 disintegrations. The f-ray end-point has been found by 
Lidofsky, Macklin and Wu (1952), using a magnetic spectrometer, to be at 
765 +10 kev, in agreement with the 766+2kev found in the present work. 
They concluded that the spectrum shape agreed with the theoretical shape for 
a first-forbidden transition with a spin change of 2 units and a parity change. 
There was, however, an excess of f-rays below 150 kev which is not explained 
because the theoretical shape is definite and cannot be adjusted. ‘The present 
measurements do not extend to low energies but they show a small excess of 
slow f-rays which can be traced to energies as high as 400 kev. 

Smith (1952) has shown that this shape of spectrum can be explained as a 
second-forbidden transition with a spin change of two units and no parity change, 
because contributions from several matrix elements can be adjusted to fit a variety 
of shapes. Both these degrees of forbiddenness give the ground state of ?*Tl 
aspin ]=2. A state of odd parity can easily be explained on the shell model by, 
for example, assigning the odd proton and odd neutron to sj). and f;/. states, 
respectively. The difficulties of explaining a state of even parity are considerably 
greater. 


§2. PREPARATION OF SOURCES 


The spectra were obtained from disc sources of 2mm diameter made by 
condensation 7m vacuo of thallium on to 40 ng cm? nylon films which had been 
painted with an almost invisible layer of colloidal graphite to prevent source 
charging. ‘The condensed deposits were transparent and had a metallic lustre, 
and their unitormity was verified by traversing a small aperture across each 
source and counting the collimated f-rays which passed through. ‘The deposits 
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were protected by thin covering films of formvar about 10 wg cm™ in thickness. 
The metal was prepared by electrolysing a sulphate solution made from 100 mg 
of active T1,O0, supplied by Atomic Energy of Canada Ltd. 

The source thicknesses were estimated roughly on the assumption that the 
specific activity of 100 mc g~ quoted by the suppliers was correct. One estimate 
was made by counting the total B-activity of the source over a known solid angle, 
and this value was checked by comparing the area of the B-spectrum found in 
the spectrometer with the area found for the F-line of thorium B from a source 
of the same diameter. The absolute intensity of the thorium (B+C) source 
was found by counting the «-rays with a thin-window proportional counter. 

The thicknesses found for the sources A and B were 0-11 and 0-028 mg cm. 
These figures should be multiplied by a path factor of sec 74° (3-63) to allow for 
the increased path in the source due to the small glancing angle between its 
surface and the focused sheaf of /-rays. 


§3. THE SPECTROMETER 


A spheroidal field spectrometer was used with the bafHes placed in the 
positions illustrated elsewhere (Richardson 1952, figure 1B). The selected 
sheaf of rays was emitted at a mean angle of 74° to the axis of the spheroid. The 
ring-slit of 9 cm radius was 1:7 mm wide, giving a resolution of 3%. 

The ring window round the Geiger tube was covered with nylon of 0-3 mg cm? 
and the filling mixture was alcohol vapour (at about 1-5 cm pressure) and argon 
(added to a total of 11 cm). The magnetic field was measured by a spinning 
coil mechanism similar to that of Hedgran, Siegbahn and Svartholm (1950) 
using the centroids of the A, F and M lines of Th(B+C+C’) for calibration. 


§4. THE SPECTRA 


The values of y, =k,(N/f)'? and y. =k,(N/fC,7)1? are plotted in curves 1 and 2 
of the figure against «, the electron energy (including rest energy) in units of 
mc? = 510-96 kev. N is the number of £-particles found per second ina momentum 
interval of fixed width and k, and k, are convenient normalizing constants. 
Values of f were taken from the U.S. National Bureau of Standards Tables (1952). 
Cy, is the correction factor of Konopinski and Uhlenbeck (1941) for a first- 
forbidden transition with AJ= + 2, in which only the matrix element ¥;,B,; can 
contribute. | 


Cyr= 8 [ B,;|° ($Lo(€o— ce)? + $L,) 


Iii tees as BO . Fe blip Rs 
¥ pak a pal ps 
Values of Ly and L, were obtained from the tables of Rose, Perry and Dismuke 
(1953). ZL, varies slowly with « and differs slightly from the approximation 
(1+.S)/2 used in the explicit formula of Konopinski and Uhlenbeck for C,>. 
By fitting a straight line to y, by the method of least squares, using the points 
above 450 kev weighted inversely as their squared statistical errors, the end-point 
is found at «9=2:4992+0-002 (W,=766+1 kev). The probable errors are 
computed from the deviations from the straight line, assuming the momentum 
calibration to be exact. Errors in the calibration would perhaps increase the 
probable error to +2 kev. 
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In curves 3 and 4 of the figure the deviation from the C,, type of spectrum 
is shown by the more sensitive method of plotting against e€. 


¥3=R3N [feo — €)* and Ya=hyCyr. 


ys depends on the choice of ¢, and is plotted for the three values 2:505, 2-501 
and 2:4972. In y, the value chosen for ¢, is 2-500. 


Y Curves | and 2 
q 
Ws 


y Curves 3 and4 


+ tos b BB :9-4-3F- QoS 


0 cae L ne n n n ee =a fe oath [5 
1-0 14 1-8 a2 26 
€ (units of mc?) 


Energy spectra: curve 1, y=k,(N/f)1”; curve 2, y=k.(N/fCyp)!”. Correction factors : 
(a) unique first-forbidden factor, curve 4, with €y=2:50, y=R,Cyp; (0) experi- 
mentally observed factors, curves 3a, 3b and 3c, y=k3N/f(€9—€)? with €y=2-4972, 
2:501 and 2-505 respectively. Circles: source A, 0:11 mgecm~*. Crosses: 
source B, 0-028 mg cm ?. 


§5. Discussion 


The experiments show more f-rays between 400 kev and 100 kev than are 
predicted by the Cjy spectrum. The fall in the curve below 100 kev is due 
partly to window absorption and partly to source absorption. ‘The latter must 
be present because the fall is greater than that found by Saxon (1951) for window 
absorption in nylon. 

It seems unlikely that the small surplus of f-rays above 200 kev can be due 
to back-scattering or source thickness distortion because the sources A and B 
gave similar spectra above 250 kev. However, there is a little uncertainty due 
to the presence of the covering film and to the unusually low glancing angle of 
emission. he surplus of £-rays never exceeds 5°%, so that its reality, which 
would indicate second forbiddenness, is not established beyond final question. 

Second forbiddenness would require the ground state of ?°*T'l to have even 
parity, which would be unusual for a heavy odd-odd nucleus in which the odd 
neutron and odd proton normally belong to configurations of opposite parity. 

Another puzzling feature of the ?T'l f-decay is the apparent absence of 
B-excitation of the 374 kev 2+ level of the daughter nucleus ?%Pb. ‘This has 
been discussed by de Shalit and Goldhaber (1953). ‘These authors and Bohr 
and Mottelson (1953) note that the long y-ray lifetime of the 2+ state of ?°*Pb 
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suggests that it is a nearly pure neutron state in which the protons bound in 
the stable 82 shell are not excited. A f-decay to such a state would be very 
weak. Support for this view of the 2+ state has been obtained by Frauenfelder, 
Lawson and Jentschke (1954), who find its magnetic moment to be very small, 
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Abstract. It is shown that the deviations of nuclear magnetic moments from the 
Schmidt lines can be accounted for in terms of simple interconfigurational 


mixing. In particular it has been found possible to explain the large deviation 
eer Bi. 


$1. INTRODUCTION 


TTEMPTS to account for the considerable deviations of the nuclear magnetic 
moments of odd A nuclei from the Schmidt values predicted for the 
single particle model (SPM) of the nucleus can be conveniently divided 

into three categories. 

In the individual particle model of the nucleus the various nuclear properties 
are attributed to all those nucleons which are outside closed shells; in particular 
for light and medium heavy nuclei assuming strong spin-orbit coupling and using 
the concept of charge independence it is possible to account partially for the 
deviations in the magnetic moments from the Schmidt values (e.g. Flowers 
1952a). According to this model, however, the magnetic moment of a nucleus 
consisting of a double closed shell and one odd nucleon should not deviate from 
the SPM value. This is certainly true for 1?O where the deviation p,=0-02 
nuclear magneton (n.m.); on the other hand °°Bi, which consists of the very 
stable 2°*Pb and an odd proton, has a magnetic moment deviating by 1-4n.m. 
from the SPM value. So far no explanation has been given for this discrepancy. 

The collective model of the nucleus proposed by Bohr (1953) attempts to 
account for nuclear properties in terms of a collective motion of the nucleons 
in the form of quantized surface waves. By this mechanism it has been found 
possible to account to some extent for the deviations of the magnetic moments 
of a large number of nuclei; again, however, ?°°Bi is predicted to have a small 
deviation from the SPM value. 

Finally a number of authors have attempted to account for the deviations in 
terms of interaction effects which, loosely speaking, modify the intrinsic nucleon 
moments. In particular the magnetic moment anomalies of +4n.m. for 3H 
and *He have been fairly satisfactorily explained using meson theoretical methods 
(Villars 1947). For heavier nuclei, however, it seems that any deviation in the 
magnetic moment due to interaction effects will be of the same order of magnitude 
as that for 3H and *He and therefore much too small to account for the observed 
deviations. { 


+ Now at the Clarendon Laboratory, Oxford. 
t This point, together with other aspects of the problem, is discussed by Ross (1952). 
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In the present paper an attempt is made to explain the overall behaviour of 
nuclear magnetic moments in terms of simple interconfigurational mixing in 
the individual particle model of the nucleus. It is found that certain types of 
admixed configurations give a large contribution to the magnetic moment and that, 
by assuming a simple form for the internucleon interaction, it is possible to account 
quantitatively for the deviations of nuclear magnetic moments (including *°*Bi) 
from the Schmidt value. 


§ 2. INTERCONFIGURATIONAL MIXING | 


There is necessarily a very large number of configurations which can be admixed 
with the SPM configuration and which will cause a deviation in the magnetic 
moment of a nucleus from the Schmidt value. However, if the amplitudes of 
the admixed configurations are small, then from the point of view of the magnetic _ 
moment the most important admixtures are those giving contributions to the 
magnetic moment linear in the amplitude. In the present paper it is shown that 
those admixtures which contribute in this way do, in fact, have small amplitudes, 
so that second-order effects can be neglected. Further, work in progress indicates 
that the amplitudes of other admixed configurations are also small. For the 
above reasons no further account is taken of second-order contributions. Under 
these circumstances it is convenient to describe the mixing for a nucleus of spinj 
in terms of a wave function of the form 


Vi= Xt Dobos ELAR cub (1) 


where x; corresponds to the SPM configuration and the ¢,, ; represent admixed 
configurations, such configurations being characterized by the variable p. . 
Further, according to the individual particle model of the nucleus, x; and 4, ; ; 
can be expanded in terms of single particle wave functions in jj-coupling. 

The magnetic moment of the nucleus (in nuclear magnetons) is then obtained [ 
by calculating the expectation value of the operator &,(g,"6"+g,"L") using the : 
above wave function, the summation being taken over all nucleons in the nucleus. « 
g," and g," are the spin and orbital g-factors for the mth nucleon and 6” and L”" 
are the appropriate spin and orbital angular momentum operators. Thus 


J é ei -* t - 
b= ms ti"12 (8s o,”" + 2 iL Nh: Ke ) ioe: (2) 


where the nuclear wave function is constructed to represent a state in which! 
the total angular momentum has a component m along the axis of quantization. | 

If all the «,, are zero then the Schmidt value for the magnetic moment is: 
obtained. On the other hand a large deviation from this value is to be expected; 
if terms linear in the «,, are non-vanishing. Since the magnetic moment operator) 
is a single particle operator, the condition for this is that x; and ¢,, ; must differ 
at most by one single particle state and that then the orbital state must be the 
same. ‘The only possible type of admixed configuration which satisfies this 
condition is one in which a single nucleon is transferred from a state Lis al 
to 1;_, 4, and it is the effect of such admixtures which will be considered in the 


remainder of the paper. lI 
For spin } nuclei it has been shown by Blin-Stoyle (1953 a) that, using a short-\ 
range interaction between nucleons for this type of interconfigurational mixing}. 


corrections to the magnetic moment of the right sign and magnitude are obtained| 


—_——. 
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In particular, it is shown that the magnetic moments of p,). nuclei should not 
deviate appreciably from the Schmidt value, whereas s,. nuclei will in general 
deviate considerably from this value. 

When configurational mixing is considered in relation to nuclei with spin 7 
greater than } it is apparent that several possibilities exist for the form of the 
admixed configuration according as j=/—4 orl/+4. (i) Ifj=/—4, then admixed 
configurations in which one of the odd (O) nucleons in the state J;,_),, is excited 
to the /;_, , state will give a linear contribution to the magnetic moment except 
in the case that the 7=/—4 shell consists of one hole when the Pauli principle 
forbids such an admixed state. Similarly (11) if 7 =/+4, then admixed configura- 
tions in which a /;_,,, O nucleon is excited to the /,,_, _, state will contribute except 
in the case that the pales + shell consists of one particle only, when the Pauli 
principle again forbids the admixture. Finally (iti a) for bothj =/— $ andj=/+4 
there is the possibility, as with spin 4 nuclei, that an O or E (even) nucleon is 
excited from a state /’;,_),, to l’;»_,_, or (iib) that an E nucleon is excited from 
[5-143 to ly_j4. 

In the work which follows it transpires that the largest contribution to the 
magnetic moment arises when there is the greatest number of cross terms both in 
the calculation of ~ and «,. This occurs when the admixed configurations are 
of type (i) or (11) above because of the large number of terms arising from the 
antisymmetrization of the wave functions. Also for type (iii) admixtures 
excitation of an O nucleon is found to be more important than excitation of an 
E nucleon. 

For the purposes of calculation it has been assumed that in the unperturbed 
state the even nucleons are coupled to spin zero. Thus the calculations apply 
rigorously to all spin 4 nuclei and those in which the E nucleons form closed 
shells or sub-shells. In other cases the proper procedure is to solve the secular 
problem for the shell model ground state and then to consider admixtures to 
this state. However, if the ground state has a large contribution from the state 
in which the E nucleons are coupled to spin zero (as is frequently the case (Flowers 
1952b)), then the treatment presented will still be a reasonable approximation. 


§ 3. CONFIGURATIONAL MIXING OF ‘TYPE (1) 


We consider here 7=/—+4 nuclei for which configuration mixing of type (i) 
is possible (i.e. the calculations do not apply to nuclei having only one hole in the 
1,,-; shell). The calculation is formulated in terms of three particles, two of 
which in the SPM are in the state J,_;,, coupled to spin zero and one of which 
is excited to the same state as the odd nucleon in the admixed configuration. 
This treatment will be rigorously valid only when there is a single nucleon 
in the j=/—4 state; in other cases the corrections which should be applied will, 
however, be of second order, and all such terms are ignored in the following 
calculations. 


Thus, symbolically, 
Xi~ [(G)o°(4),1; and b,j oe [(dj. L)(4)I; 


where j=/—4, j’=/+4 and the admixed configurations are now characterized 
by the angular momentum J to which j and j’ are coupled. 
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Suitably antisymmetrized functions are then 
x"(2.3)= 3075 Dae Sop Qe ™ BWyM(Dy wevaee (3) 
i (1,2, 3)= NPECL 4 Th, yh (2W(B Wy") we enee (4) 


where P is the usual particle permutation operator taking values +1 according 
as the permutation is even or odd. The normalization factor N; is given by 


N =(6=6Cjy PR ee (5) 
where 


Cy=OI EDWG HTT). OO. ee (6) 


The magnetic moment of the nucleus to first order in the amplitude of the 
admixture is obtained by substituting (1), (3) and (4) into (2) and dropping all 
second-order terms in «,. 

The correction px, to the SPM value of the magnetic moment is then given by 


He= 22st J = oe leans (7) 
2) - (UP. n n m 
where hb (xi 12(8s 6 tar, I ¢%5- 


Substituting from (3) and (4), after some manipulation the expression for p; 
reduces to 


(1-8) (24 + 1)\¥? A) ie St 
by panty AEE) [SylV/3—(—)' (25 + IAW is AZ) oe (8) 


where C, is given by (6) and g, and g, are the spin and orbital g-factors for the 
O nucleons. 

In order to calculate the «; we use a delta function for the form of the inter- 
nucleon interaction and take account of the singlet and triplet interactions in the 
manner set out by Pryce (1952). Of course, for this particular case when all 
the nucleons considered are of the same type, the interaction will only take place 
in the singlet state and the inter-nucleon potential can be taken to have the form 
V(r)=A,d(r) where Ag is the strength of the singlet interaction. Now by first- 
order perturbation theory we have 


a= —xglV dsp AE=—MyJAE aan, (9) 


where AF (always positive) is the energy difference between the SPM and the © 
admixed configurations (the spin-orbit splitting energy in this case). On 
substituting for V(r), xy; and ¢,,; the following expression is obtained for M;: 


2(2) 
wy eee 2. (Yi WG Gs IN)IB;:575 «+ +(10) 


where J; #7 As [bt 49(P» q)d([r DD Ti ral) by: ii(P> q) dy aia. 


Here, ¢;.;;(P,q) is a wave function representing nucleons p and q in the single | 
particle states #,(p) and 7,(q) coupled to give a total spin 7, and similarly for | 
b;:4(P)q). Rewriting these wave functions in an LS ie aie scheme, we find | 
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where (jji|7L.S) are jj-LS transformation coefficients for spin 4 2 particles (see 
e.g. Blin-Stoyle 1953b). P(z; Ul) is related to the angular integral i in the matrix 
element and is given by 

(22-2)! [ (22+ 1) lel Ge4+D! 72 .... 
errr caarmun | éiseve 
ye if 7 is odd, 


es is the singlet interaction energy and can be expressed in terms of the single 
particle radial functions by 


es=As | | Rul(r)|*7? dr. 


The final expression for the correction to the magnetic moment is from (7), 
(8) and (10) (and tee pay =j+1), 


2(¢,—&) ee 1)W(1i)5, 
me VAE(G + 1) 553 1—3W(11) 
7 (2I +1)(2i+ 1) WAS) Wi) F, 
a Pee 0) canes aiYekes etree 
where W(ab) = W(j'qj; ab) and J;= 9;.5;-;. 


In (12) J can take all integral values from 1 to 2/ and can take all even integral 
values from 2 to 2/—2. 

It is convenient to express , in the form p,=A,é, where A,' is known and 
&(=«,/AE) depends primarily on / but also on m, and is expected to vary in an 
indeterminate manner from nucleus to nucleus. 

The values taken by 4,’ for odd proton and odd neutron nuclei are given in 
table 1. The application of these results to particular nuclei will be considered 
im §5. 


P(i; I) = 


Table 1. Values of A,’ for j=1—$ 


/ fh Odd proton Odd neutron 
2 3/2 —2:-2i 1-83 
3 5/2 = Dit 2°42 
+ 7/2 —3-26 2:70 
5 9/2 — 3-36 2:79 


§ 4. CONFIGURATIONAL MIXING OF ‘TYPE (ii) 


We now consider those j =/+ 4 nuclei which have more than a single particle 
in the /;_,,, state. The calculation is again formulated in terms of three particles, 
all three of which in the SPM are in the same state /;_;,, with two coupled to 
zero angular momentum, whilst in the admixed configuration one of these 
particles is excited to the /,,_; , state. “Thus, symbolically 


Xp ~L AS )j]5 and bs,5 ~ (40s; 
where j=/+4, j’=/—4 and the admixed configuration is now characterized by 
the angular momentum / to which j and j’ are coupled. 
Suitably antisymmetrized wave functions are constructed as for 7=/— 
nuclei and the calculation for », goes through in a similar fashion to give for fe 
correction to the magnetic moment 


He He= > 251); 
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where 
m=te-e) | qaeagey | Bal V3 27+! WU WIN) (13) 
and «,;=—M,/AE. Here 
J= a1 Eee 2.[(2i+ LW Gis Jt) — 8) Bis5j5 oe ee (14) 
and J;.;-; is given by (11) with 7’=/—4. 


The final expression for the correction to the magnetic moment is then 


1 _ (27 (12) AH, 21+ 1)W(12)5, 
A(gs—8) [4 7 | > a (27+ IW) J; +Dy +1)W(12) 


Me™ ABQ +1)L G+1) 1—3W(11) 1—(21+1)Wa) 
(2J +1)(2i+1)W(1/) Wi, 
an | eS We eere are (15) 


In (15) J can take all integral values from 1 to 2/ and 7 can take all even integral 
values from 2 to 21. 

Again it is convenient to express p, in the form A,'é, where A,’ is known and 
£,is the parameter already introduced. The values obtained for the A,’ are given 
in table 2. 


Table 2. Values of A,’ for j=/1+4 


l 7 Odd proton Odd neutron 

1 Sy 3-62 —3-00 
2 SP 5-11 —4-24 
Bg 7/2 4-43 —3-68 
4 9/2 5-04 —4-18 


§5. COMPARISON WITH EXPERIMENTAL VALUES FOR [, 


Before a comparison between theory and experiment can be made it is necessary * 
to obtain some estimate for the magnitude of the parameter ;=es/AE. Since ¢g 
is certainly negative and AE is always positive, it is clear from inspection of f 
tables 1 and 2 that the calculated corrections to the magnetic moments will have : 
the correct sign, i.e. inwards from the Schmidt lines. In principle ¢, could be : 
calculated by assuming some radial dependence for the single particle wave : 
functions and an appropriate value for Ay. However, in view of the approxi-- 
mation of a delta-function interaction (particularly bad for light nuclei) and! 
uncertainty in the form of the radial dependence of the nucleon wave functions, | 
the value obtained is likely to be in considerable error. Furthermore, there is: 
generally some uncertainty as to the magnitude of the spin-orbit splitting. 

In one case, however, a reasonable estimate can be made for €,. For ?°Bi} 
(hg. odd proton nucleus) the assumption of a delta function for the inter-nucleon! 
interaction is a reasonable approximation, and Pryce (1952) has estimated for this) 
case that —eg ~0-5—1:O0mey. In addition, the spin-orbit splitting AE for /=5) 
is well known to be about 2Mev, so that —£;~0-25—0-5. To explain they 
observed deviation in the magnetic moment a value €; = — 0-43 is required, wy 
is in satisfactory agreement with the theoretical prediction. 

For other nuclei it is more satisfactory to treat €, as a parameter which, since 
it oepenee mainly on /, should have approximately the same value for j =/—4 1 and) 

j=!+4 nuclei and should also be roughly independent of whether the nucleus). 
{s an odd proton or odd neutron type. 
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Considering all those nuclei whose magnetic moments can be treated by the 
above methods, values of , have been chosen to fit the experimentally observed 
mean deviations in the magnetic moments. The values of £, so obtained 
are €;= — 0-38, €&,= —0-26, &£;= —0-20, é,= —0-24, &,= —0-43. In figures 1 
and 2 it can be seen that the general trend of the derivations is reproduced using 
these five parameters. 
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Figure 1. Schmidt diagram for odd proton nuclei. 
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Figure 2. Schmidt diagram for odd neutron nuclei. 


As pointed out earlier in the paper, the deviations of nuclei with one particle 
in aj=/+ 4 state or one hole in aj =/— 4 state cannot be explained by this mechan- 
ism. Nevertheless there are some nuclei of this type which do deviate consider- 
ably from the Schmidt lines. ‘There are two possible reasons for this. Firstly, 
throughout the paper the distribution of nucleons in the various levels has been 
taken to be that given by Klinkenberg (1952), and it is certain that in a number of 
cases the configurations given are not, in fact, correct. Secondly, there can be 
first-order contributions to the magnetic moment from inter-configurational 
mixing of the type (iii) mentioned in §2: (a) when an O or E nucleon is excited 
from a state l’;,_) ,, to l’;,_y_,, both of the states being different from that J; of the 
odd particle, and (b) when an E nucleon is excited from J;_),, to ly_, 4. The 
magnitude of the deviation in the magnetic moment cecultinte from this type of 
admixture is considered in the following paragraph. 


§ 6. CONFIGURATIONAL MIXING OF 'T'yPE (iii) 
For this type of mixing the results given by Blin-Stoyle (1953) apply; thus 
pe = —M,™ p,/AE Peivaia nO) 


where x=O or E according as the excited ‘core’ nucleons are of the odd or even 
type and AZ is the spin-orbit splitting between the states j’=/'+ 5 andj” =Il'—} 


Hy is given by 
Qyl’ 
= 2(8.-8)| sopra | aera tes 
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where g, and g, are the spin and orbital g-factors for the excited core nucleons. 


(l’=land x=E in case (ii15)). 


* PAG a0 Aas» 14) BOD) eke 
M,“= -l amy (2)’ <p] Dae ) (2i+1)WU 105 1) Dy: i995” (18) 
and BO) = deg Ct |n0)< ff 7 a0) PG; dL pane ee ee (19) 
Wy = eg j't [U0 Cis [WO PG; eae Ge : 


eee eee 


Here eg 7=Agy [| Ruut r) Rar) 272 dr where Ay is the triplet interaction 
strength. 


Using the above relations, it can be shown that 


2eg M, SS) = (€g = ca) M, Oct ee © ee (21) 


so that in calculations it is sufficient to evaluate only JY ,,,, which is considerably _ 


simpler in form than J. 


For purposes of computation it is more satisfactory to express ¥;°).,,. in 
terms of Racah coefficients which are already tabulated. ‘Thus after some 
algebra we can write for as 


eg J(2j'—1) 


d= (8-8) Sap oes D (i+ |WUFs W) PPG: W) for j=1-4 
eee (22) 
=(g,— ne 7 =X 26+1)|WG7'y; 1)? PG: WW) for j=1l+4 
eee (23) 
and by (21) 
Gye Sot Es BUN Oe or a (24) 


A idee (gs—20)0 Lido 


The correction to the magnetic moment is again most conveniently written in 
the form p.,= Ci; ny where for a given type of admixture C%, has a definite 
value and where 7;(=<«g/AFZ) is again treated as a parameter whose order of 


magnitude and sign are known. 


Comparison with experiment. 


If we assume, following Pryce (1952), that e, = eg, then equation (24) reduces 
to the following form: 


pg) = 0-3 for an odd neutron nucleus 
pg) = 0-2 1, for an odd proton nucleus 


which indicates that admixtures of states of E nucleons are less important than 
admixtures of states of O nucleons. Thus, since it is generally possible to admix 
an O nucleon state we shall not further consider E nucleon admixtures. Further, 
in view of the uncertainty in the correct value of 7,, it has not been thought worth 
while to present detailed results for andnane nuclei. The overall situation 
can be stated as follows. ‘The values of | Ci, | obtained for the different possible 
admixtures vary between 0-7 and 1-2 for 7=/—4 nuclei and between 1:6 and 2:4 
for 7=/+ 4 nuclei, in agreement with the experimental observation that j=/+4 
nuclei have generally larger deviations than7=/—4nuclei. In addition, the sign 
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of Ci; is always such as to give a deviation in the magnetic moment in the 
required direction. Values of 7, between — 0-2 and —0-5 then suffice to explain 
the observed deviations. It is satisfactory that these values of ny, are of the same 
order of magnitude as the parameters €,( = ,) introduced in § 5. 


§ 7. Discussion 


It is apparent from the foregoing calculations that the magnetic moment of a 
nucleus is very sensitive to admixtures of certain types of configurations, namely 
those which lead to first-order contributionstothe magneticmoment. In particular 
the moment can be expected to deviate considerably from the Schmidt value 
when there is more than one nucleon in aj =/+4 state or more than one hole ina 


j=/— state. Furthermore, even if these conditions are not satisfied, there can 


still be an appreciable deviation resulting from admixtures of other types of 
configuration. 

In certain cases, however, the distribution of nucleons among the various 
single particle states is such that no type of admixture can lead to a contribution to 
the magnetic moment linear in the amplitude of the admixture. Under these 
circumstances it is to be expected that the magnetic moment will lie close to the 
Schmidt value. ‘The condition for this is that the nucleus should consist of doubly 
closed shells in both the LS and jj sense plus or minus an odd nucleon. ‘The only 
nuclei which satisfy this condition (other than p,), nuclei, which should have a 
small deviation in any case) are ‘0, 'JF, $iCa, 38Ca, 33K. Of these nuclei only 
the magnetic moments of '{O and 73K are known, and their deviations are 
particularly small, being 0-02 and 0-27n.m. respectively (the latter value results 
from a hyperfine structure optical measurement and may be in error). On the 
other hand a nucleus like ?°°Bi, which has doubly closed shells in the jj sense only, 
plus an odd proton, has a magnetic moment considerably different from the single 


_ particle value. 


It is apparent that these first-order deviations in the nuclear magnetic moments, 
which result from mixing of the two components of a spin-orbit doublet, can be 
attributed to a breakdown in the pure jj-coupling model of the nucleus. The 
situation is now one of intermediate coupling, but approached from the jj extreme 
rather than the more usual approach from pure LS coupling (e.g. Lane 1953). 

The calculations presented in this paper have been carried only to first order, 
terms of order ~,” being neglected. More correctly, the wave function describing 
the state of the nucleus should have the form 


Y,=[1- 2.07)" be me Pe ay Py, j 


leading to a reduction in the first-order correction to the magnetic moment by a 
factor [1—%,«,?]4?. However, since the magnitude of «, is never greater than 
0-2 and is usually less than 0-1, this correction factor is small. Further, if second- 
order terms are not neglected then the correction to the magnetic moment will have 


the form 

He = 02 (u® — pugp) +o (1 — 02) 82 
where represents second-order contributions from admixed configurations, ju 
represents first-order contributions and pgp is the Schmidt value. It is generally 
found that both the terms in the first bracket contribute in such a way as to 


increase the deviation and so compensate for the reduction in the first-order terms. 
This argument also applies to admixtures which do not contribute to uw. 
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Abstract. ‘The paper gives the results of x-ray measurements on the variation of 
the lattice parameter of lithium with temperature. The mean thermal coefficient 
of expansion of lithium varies from 3-5 x 10-5 at —914°c to 4:7 x 10-* at 20°c. 
The expansion of the material over this range of temperature is closely represented 
by the equation a,=a,)(1+ «t+ Bt? + yt?) where aj=3-4992kx; «=4-6640 x 10°; 
B=3-8791 x 10-8; y= —11-445x 10-41. After deformation at liquid air tempera- 
ture lithium is found to contain a face-centred cubic structure as well as a body 
centred cubic structure, which confirms the findings of C. S. Barrett. The 
lattice parameters of these structures at —194°c were found to be 3-4760kx 
{body-centred cubic) and 4:370kx (face-centred cubic). After annealing the 
material at room temperature and afterwards obtaining its x-ray pattern at 
liquid air temperature the body-centred cubic structure remained alone. 


§ 1. INTRODUCTION 


FTER the development of a low-temperature x-ray camera (Owen and 
AN Williams 1954) suitable for the investigation of small plates of material 
and the accurate measurement of the temperature of the specimen 
between room and liquid-air temperature when the specimen was simultaneously 
oscillated and rotated in the x-ray beam, it was decided to investigate the 
expansion of lithium in this range of temperature, as only few observations 
have been carried out on the material at these low temperatures. The x-ray 
camera was such that the temperature of the specimen could be maintained 
constant at any value for a length of time far exceeding the period necessary to 
obtain a good photographic record of the x-ray pattern. Values of the lattice 
parameters of lithium at room temperature have been determined by Aruja and 
Perlitz (1940), Lonsdale (1945), Hume-Rothery (1945) and Simon and Bergmann 
(1930), the latter having determined the expansion of lithium in bulk from 
liquid-air to room temperature whilst Lonsdale determined the lattice parameter 
at the two extreme temperatures for a single-crystal specimen of lithium of 

98-5°%, purity. 

§2. MATERIAL 

The lithium specimens used in this investigation were prepared from a lump 
of the material, kept under paraffin, the purity of which was 99-92%; the 
impurities were as follows: sodium, potassium and magnesium, each not more 
than 0-:01%, calcium 0-05%. 

Since lithium tarnishes very rapidly if exposed to the atmosphere, all operations 
such as cutting, moulding, etc. were performed under parafin. For examination 
in plate form flat discs about 6 mm in diameter and about 1 mm thick were prepared. 
After being allowed to anneal at room temperature for three hours the specimen 
was removed from the paraffin and to prevent oxidation its surfaces were quickly 
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covered with a layer of Apiezon L grease before being mounted in the specimen 
holder of the camera, a sheet of glass 0:2 mm thick being inserted between the 
specimen and the copper backing plate to cut off reflections from the copper. 
It was arranged that an annulus of the material was irradiated by the incident 
x-ray beam. 

§ 3. EXPERIMENT 

Several x-ray diffraction photographs were taken with the lithium plate 
after annealing at room temperature but the patterns obtained were not 
satisfactory in that the high-angle reflections were weak and indistinct even 
after ample exposure had been given. It was evident that better annealing 
conditions were necessary; the specimens, covered with grease and sealed off 
in an evacuated glass tube, were therefore annealed for 12 hours in a water bath 
maintained at 90°c. Employing unfiltered cobalt Ka radiation patterns were 
obtained which were sufficiently clear for measurement and to apply the Lu—Chang 
(Lu and Chang 1941) extrapolation, the resulting lattice parameter value being 
3-5025 kx at 18°c, which agrees with that obtained by Lonsdale and Hume-Rothery. 
To obtain reflections at higher Bragg angles copper radiation was used; since 
the reflections in the pattern were not well defined and, with a disc specimen, 
extended over only a limited range of reflecting angles, it was decided to attempt 
to obtain a full pattern at room temperature with a Debye—Scherrer camera of 
effective radius 55-63 mm, by means of which a fibre specimen could be rotated 
in the x-ray beam. After several attempts, a satisfactory specimen was made by 
using a mould consisting of four polished steel quadrants which fitted together 
to form a cylinder with a central hole about 0-8 mm diameter along its length. 
This method of preparing specimens had been successfully employed in the 
laboratory for other problems (Owen and Williams 1947). ‘The specimens 
produced in this way were fairly uniformly cylindrical. They could be mounted 
in the fibre specimen holder of the Debye—Scherrer camera showing very little 
wobble on rotation. ‘The x-ray patterns obtained with these specimens could 
be measured satisfactorily and the Nelson and Riley (1945) extrapolation applied. 
‘These measurements yielded consistent values of the lattice parameter of lithium 
at room temperature. 

Satisfactory results at room temperature having been obtained, x-ray 
exposures with lithium in plate form were made on the low-temperature camera. 
Here, however, the specimen could not be placed in direct contact with the copper 
backing plate carrying the thermocouple junction because of the interposed 
glass sheet, and the temperature of the specimen was therefore deduced from 
the lattice parameter of silver: a semi-circular disc of silver was placed alongside 
a semi-circular disc of lithium in the specimen holder and exposed simultaneously 
in the x-ray beam, as in the double-specimen technique referred to in the paper 
describing the low-temperature camera (Owen and Williams 1954). It was 
arranged that the ‘mean’ reflecting surface of each specimen was as near as 
possible in the same plane and over the centre of the camera. That this was 
successfully achieved is shown by the Lu-Chang (1941) extrapolation graph, 
the inclination of which to the cos ¢ axis was small. 


§4, CHANGE OF LaTTICE PARAMETER WITH TEMPERATURE 
Many photographs were taken at different temperatures in the range from 
— 194°c to room temperature. ‘The temperatures recorded by the thermocouple 
agreed closely with the temperatures deduced from the lattice-parameter 
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measurements of silver, in spite of the fact that the glass sheet intervened between 
the specimen and the copper backing plate to which the thermocouple was 
attached. 

The variation of the lattice parameter of lithium with temperature is shown 
in figure 1. ‘The expansion of lithium over the range from—194°c to +20°c is 


Lattice Parameter (kx) 


-200 -150 -100 -50 0 20 40 
Temperature (°C) 


Figure 1. Variation of the lattice parameter of lithium with temperature. 
closely represented by the equation a,=a,)(1+ «t+ Bt? +t?) where a) =3-4992kx; 


#=4-6640 x 10-5; B=3-8791 x 10-°; y= — 11-445 x 10-". The mean coefficients 
of expansion «[=(a,—)/a t| at different temperatures are given in table 1. 


Table 1. Mean Coefficients of Expansion of Lithium 


Temp. (°c) «10° ‘Temp. °(C) a x 105 ‘bear, (CO wilde 
+20 4:7, —90 4-2, —170 3°66 
—30 4-5, —110 4-0, —190 SoK 
| —50 4-4, —130 3°95 — 194 3-44 
{ —70 4-3, —150 BO 


The results of previous workers are summarized in table 2. The values of 
the lattice parameters in the table against Simon and Bergmann were calculated 
from their measurements on the material in bulk assuming the value of the lattice 
parameter at 2()°c to be that found in the present investigation. It will be observed 
there is good agreement between all the values. The present results confirm 


— eS <= 


Table 2. Summary of Lattice Parameters of Lithium in kx Units 


Source ‘Temperature (°c) 
+20. 30 60 100 140 180 183 194 
Aruja & Perlitz SLO — — — 
Lonsdale 3-5023 3:4762 — 
Hume-Rothery SE 023 — 
Simon & Bergmann 3:°5025 3:-4946 3:4899 3:4845 3-4801 3:-47069 — = 
Present work 3:°5025 3:-4944 3:4899 3:-4847 3-4802 3:-4765 3:4763 3-4755 


Lonsdale’s values at 20°c and — 183°c, and the lattice parameter values between 
room temperature and —180°c, deduced from the thermal-expansion curve 
of Simon and Bergmann, agree closely with the present values with the 
exception of the value at —180°c where the difference 0-0004kx is just 
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outside the limit of experimental accuracy. On the whole the agreement is very 
satisfactory; the slight differences that are found may probably be accounted 
for by the different degrees of purity of the specimens. 


§5. Low-TEMPERATURE TRANSFORMATION 


A low-temperature transformation in lithium has been discovered by Barrett 
(1947) and confirmed by Barrett and Trautz (1948). ‘They also confirmed the 
results of previous observers that lithium does not transform spontaneously 
from its normal body-centred cubic structure when its temperature is lowered 
to that of liquid air, but they found that when lithium is suitably cold-worked 
at liquid-air temperature and examined at that temperature two forms of lithium 
co-exist: a face-centred cubic structure as well as the body-centred cubic 
structure is present, showing that only part of the material is converted into 
the new structure. The purity of the lithium originally used was 99-45% and 
the results were later confirmed with material of 99-86% purity. 

The low-temperature camera now available was very suitable to examine 
this transformation further and to determine with fair accuracy the lattice 
parameters of the two structures. For the purpose a lithium specimen measuring 
approximately 3 mm cube was prepared and compressed at room temperature 
between steel plates, reducing the thickness by about 20%. ‘Then the specimen 
was put into liquid air and by kneading it in different directions in the jaws of 
a pair of insulated pliers it was brought back approximately to a cubic shape. 
By a special arrangement the specimen was compressed between two steel plates 
whilst it was immersed in liquid air and a reduction in thickness of 70% produced. 
The compression was carried out slowly in stages, the whole operation taking 
about two minutes to perform. ‘The specimen, after compression, was stored 
in liquid air until x-ray exposures could be started. Although lithium tarnishes 
readily at room temperature, specimens stored in liquid air retain their bright 
metallic surfaces; after storage for 50 hours in liquid air the surfaces remained 
untarnished. : 

When the specimen is being mounted on the camera liquid air flows 
continuously over it and the specimen holder; it is accurately positioned by 
means of a template which is also precooled. A special technique was followed 
in order to mount the specimen with its mid-plane over the centre of the camera. 
During the x-ray exposure the specimen is rotated in its own plane and oscillated 
about a vertical diameter in its mid-plane whilst being kept bathed in liquid air. 
It is so arranged that an annulus of the surface is irradiated by the x-ray beam. 
Copper radiation filtered through 0-025 mm of nickel was used and exposures 
up to two and a half hours at liquid-air temperature had to be made to obtain 
a satisfactory record of the diffraction pattern. 


$6. RESULTS WITH COMPRESSED MATERIAL 
As stated above all the specimens were compressed, mounted on the apparatus 


and photographed whilst they were immersed in liquid air. In each case the | 
reduction in thickness on compression was 70%. ‘The following is typical of | 
the sequence of operations carried out on each specimen; compressed, stored | 


for 17 hours in liquid air, photographed with filtered copper radiation, the 


exposure lasting about two and a half hours and the x-ray beam falling at an | 


angle of incidence of 44° on the surface of the specimen. The slot of the camera 


cassette did not allow the reflections at angles lower than the (200) reflection to | 
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appear on the film; these were recorded on a second piece of film mounted 
inside the cassette but could only be used to examine the quality of the reflection. 
The following is a description of the diffraction patterns recorded on the film: 


Body-centred cubic structure Face-centred cubic structure 

Reflection Intensity Reflection Intensity 
(110) Strong (CU Medium 
(200) Medium (200) Very faint 
(211) Very strong (220) Medium 
(220) Medium (311) Medium 
(310) Medium (222) Faint 
(222) Medium 400 ae 
(321) Strong sth } Notisiple 
(400) Very faint (420) 
(411) Medium, diffuse (422) - 
(420) Medium, diffuse (333) cWeStaee Te 

Wea il 


The specimen was allowed to reach room temperature and remain at this 
temperature for 40 minutes, when it was again immersed in liquid air and a 
diffraction photograph taken. ‘The pattern obtained now did not show any 
face-centred cubic reflections, but all the body-centred cubic reflections were 
present and a new effect was observed, namely, some of the reflections were split 
into two. ‘The specimen was again brought to room temperature and remained 
at this temperature for a further 17 hours. It was then immersed in liquid air 
and again photographed; the split reflections remained and the characteristics 
of the pattern were exactly the same as before, and as described below. 

The same phenomenon was observed with other specimens treated similarly. 
The films reproduced in figure 2 (Plate) will illustrate the effects observed. The 
first pattern (a) is that obtained with unfiltered copper radiation and a specimen 
of undistorted lithium at liquid-air temperature; it shows only body-centred 
cubic reflections. ‘The second pattern (4) is that obtained with filtered copper 
radiation and with lithium compressed at liquid-air temperature; it shows a 
mixture of body-centred and face-centred cubic structures. ‘The third pattern (c) 
was also obtained with filtered copper radiation after the compressed specimen 


Body-centred cubic structure 


Reflection Intensity SDE 
(110) Strong Unresolved into w, and ~, components 
(200) Strong Unresolved; split into two 
(211) Very strong Unresolved; split into two 
(220) Medium Unresolved 
(310) Strong Unresolved; split into two 
(222) Faint Unresolved 
(321) Strong Unresolved 
(400) Faint Unresolved 
(411) Strong Resolved 
(420) Strong Resolved 


had been allowed to anneal for about 40 minutes at room temperature and its 
temperature afterwards reduced to liquid-air temperature; this shows all the 
body-centred cubic reflections with some split into two. 

The lattice parameters of the two structures found together after compression 


at liquid-air temperature were measured. ‘They had the following values at 
] 194°CE Gyeg= 34760 KX, G;,,.=4:370 kx. 


900 E. A. Owen and G. I. Williams 


The value of the lattice parameter of the body-centred cubic structure agrees 
closely with the value of the lattice parameter of the same structure when present 
alone. The transformation of the material thus takes place in part only, and the 
portion that is not transformed is not affected by the presence of the transformed 
material. 

The splitting of the reflections from certain planes needs further consideration 
before a final explanation of the phenomenon can be offered. ‘The main 
characteristics of the pattern when the splitting of the reflections occurs are 
(i) the (110) and (220) reflections are not split: the former is strong and the 
latter is of medium intensity; (ii) in all the x-ray patterns observed after 
deformation of lithium at liquid-air temperature, annealing at room temperature 
and lowering the temperature again to that of liquid air—these processes 
occurring in sequence—the same reflections, namely (200), (211) and (310) 
are split; (iii) the components of the split reflections are well resolved and sharply 
defined (see figure 2(c)). 

Several possible explanations of the splitting were considered. A slightly 
distorted body-centred cubic structure producing a body-centred tetragonal 
structure will not explain the effect because other reflections in addition to those 
observed should be split. Neither is it explained on the assumption that it is 
due to an oxidized layer, because the reflections from this layer would be 
distinguishable from those from the body of the material. The patterns showing 
the effect were obtained after the material had been annealed at room temperature, 
that is, after recrystallization had taken place. Also the variation of the intensities 
of the reflections in the pattern indicates the presence of preferred orientations, 
as would be expected in recrystallized material after deformation. ‘These con- 
siderations coupled with the fact that a comparatively thick specimen (about 
1 mm thick) had been used to obtain a satisfactory diffraction photograph, provide 
the more likely explanation because planes in large crystals well separated from 
each other in depth of material come in turn into positions for reflection as 
the specimen is simultaneously oscillated and rotated. Furthermore, since the 
x-ray beam makes an angle of about 45° with the surface of the specimen, the 
effective thickness is about 1:5 mm, thus increasing the possible separation 
of the crystals. Also, since in recrystallized material after deformation the 
crystals have definite orientations, this will probably account for the limited 
number of reflections that show the effect. Further observations with the x-ray 
beam falling on the specimen surface at different angles of incidence would be 
desirable; the present authors will not have an opportunity to do this. 
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Abstract. It is shown that Feynman’s proof of the existence of a generalized 
Bose-Einstein condensation in liquid helium can be carried through on the basis 
of fewer and less restrictive assumptions than he actually makes. The under- 
lying physical idea proves to be very similar to those put forward by a number of 
other workers. His treatment using a Bil wave function is also examined, and it is 
concluded that the resulting energy-spectrum may very well be nearly correct, 
in spite of the fact that it does not agree numerically with that assumed in the present 
form of the Landau—Khalatnikov theory. Some serious difficulties in the latter 
theory seem to call for an adjustment of the parameter A to a larger value. ‘This is 
in just the direction needed to improve the agreement with Feynman’s theory. 


$1. INTRODUCTION 
[: a series of papers Feynman (1953a,b,c, 1954) has approached the liquid 


helium problem along two distinct lines. 

A. He proves (1953a,b) that, if certain assumptions are granted, liquid 
helium may be expected to show a transition that is a direct generalization of that 
shown by the perfect gas model. Inthe Appendix we show that the assumptions 
actually made by Feynman (1953b) and by Chester (1954) can be weakened 
considerably. Virtually all that need actually be assumed is: (a) a plausible 
generalization of the ‘ Kirkwood approximation’, (6) an assumption that, in the 
limit of a very large assembly, the function S(K), the Fourier transform of the two- 
atom distribution function, has a singularity at K=0, the singularity being of any 
type that justifies replacing, for example, equation (32) by (32a) in Feynman’s 
paper (1953 b). 

The conditions under which assumptions such as (a) can be made are not 
accurately known, even for a classical liquid. Assumption (b) seems to require 
that the interatomic forces are ‘not too large’, but no precise criterion has been 
obtained except for models of ‘ one-particle’ type. 

B. Feynman (1954) shows that A. Bijl’s (1940) assumption, that the wave 
functions of the assembly can be satisfactorily represented by the expression 


d a ExDi7K. toe eee? ip died el aware (1) 


(where ¢ is the wave function describing the ground state), leads to an energy 
spectrum that is “best possible’ in the sense that the energy for a given K is 
lower for an exponential function in (1) than for any other function. ‘This is 


E(R\SIR*mS(R) case (2) 
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(where S(K) is the Fourier transform of the two-atom distribution function). 
This spectrum, using present knowledge about S(K) from neutron diffraction, 
turns out to be qualitatively very like the energy spectrum introduced semi-— 
empirically by Landau (1947). Since Feynman could not obtain quantitative 
agreement with Landau’s empirically determined value of the parameter A (the 
smallest energy of a ‘roton’), he concluded (1954) that the wave function (1) is not 
sufficiently good over the whole of the important range of K. In this paper we 
shall show that the contrary assumption, namely that the spectrum (2) 7s sub- | 
stantially correct, is perfectly tenable in our present state of knowledge, and 
further, that this assumption removes some very serious difficulties confronting | 
the Landau theory in its present form, as developed by further papers (Landau and | 
Khalatnikov 1949 a,b, Khalatnikov 1950, 1952). 


§2. RELATIONSHIPS BETWEEN FEYNMAN’S THEORY OF THE TRANSITION AND THE | 
IDEAS OF SOME OTHER WORKERS 


Feynman’s interpretation of the transition of the liquid in terms of a certain | 
property of the two-atom distribution function introduces an idea that is hard to) 
formulate in concrete terms. Perhaps this is not surprising ; after all, the transi- - 
tion itself must be a consequence of the fact that the He atoms have to be considered | 
from their wave aspect. In the nearly perfect gas the transition may be attributed | 
to an ‘apparent attraction’ between atoms in the same quantum state (Bijl, de Boer - 
and Michels 1941, Mott 1949). It can also be described as an ‘apparent attrac- - 
tion’ between atoms in ordinary space (Matsubara 1951), or as an increase in the : 
‘local density as seen from the location of a particular atom’ (in the sense : 
defined by London 1943)+. Yet another description of what is probably the same ! 
effect is due to Penrose (1951), who shows that the assumption that the Schrodinger * 
representative of the density matrix does not vanish as |r—r’|— co would lead | 
to the two-fluid picture of HeII as a consequence. (Penrose’s discussion is : 
based ona ‘one-atom’ model, but clearly implies the sameidea of attraction between 1 
atoms of equal momentum, and is not hard to relate to the discussion based on the : 
distribution function for two atoms.) Another attempt to put into concrete form 1 
these correlations in momentum between small numbers of atoms was made by ' 
Temperley (1952 b, 1953), who introduced the idea of ‘ small’ clusters in liquid He. . 
All these ideas seem to be different ‘ pictorial’ descriptions of a typically wave- - 
mechanical effect. See also Mikura (1954). F 

The contentions of all these workers may be summed up in the claim that it is 5 
possible for the interaction energy to be large enough to cause liquefaction, and | 
yet not so large that the ‘statistical attraction’ is altogether masked. For the: 
extremely crude model of liquid He, in which we consider two interacting atoms ; 
moving in a smoothed potential representing their interactions with all the other ; 
atoms, we should expect the effect of the ‘statistical attraction’ to become un- - 
important as soon as the interaction between the pair was a few times the critical | 
value needed for the formation of a bound level, because the two typical atoms | 
would then spend nearly all their time in close proximity in any case. If, as is the 
case with He atoms, the interaction energy is of about the critical value, the two! 


+ For interactions of the type and strength actually occurring between He atoms (about |) 
sufficient to lead to a bound state between two isolated atoms) the signs of these effects become + 
. | 
uncertain. 
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forms of ‘attraction’ are of comparable importance. No similar quantitative 
criterion has yet been set up for the many-atom model. As Feynman’s (1953 b) 
paper does show some promise of leading to this, it seems important to know 
exactly what assumptions are required in order to carry through his proof of the 
existence of a transition, and this question is considered in the Appendix. 


§ 3. RELATIONSHIPS BETWEEN FEYNMAN’S PROPOSED WAVE FUNCTION 
AND OLDER MODELS 


Feynman (1954) gives arguments to show that a wave function such as (1) is 
competent to give an approximate description of three types of situation: a few 
atoms ‘ following one another round a ring’, an atom moving through the liquid and 
“pushing others aside’, or an atom moving in a ‘cell’ representing the effect of the 
rest of the liquid. His arguments could equally well be applied to a fourth model, 
an atom moving in a spatially periodic potential representing the smoothed effect 
of the remaining atoms. The third and fourth models were considered by other 
workers (Temperley 1947, Fraser 1950, Prigogine and Philipott 1952, 1953 a,b,c, 
Buckthought 1953, Mikura 1954), and are capable of describing various. 
properties of the liquid, but it is difficult, in any concrete case, to determine the 
‘best’ choice of the adjustable constants. As Feynman (1954) suggests, these 
diverse models may really be different approximate descriptions of the same thing, 
the typical ‘local reshuffling’ of molecules that must constantly occur in any liquid. 
Indeed, wave function (1) may perhaps be the long-sought ‘ physical model’ of the 
liquid state, as it differs, in essential particulars, from both crystal and gas. Inthe 
rest of this paper we shall examine the hypothesis that (2) does represent a reasonable 
approximation to the energy spectrum of liquid He. ‘The fact that the wave 
function (1) gives rise to an energy spectrum of the desired type does not, by ttself, 
enable us to come to any conclusion about the probable accuracy of (1), nor to 
decide whether or not this wave function is accurate enough for the calculation of 
transport effects. ‘0 see this we need only notice that a spectrum very similar to 
(2) results from the model of a ‘ Hooke’s law’ solid, with a suitable choice of elastic 
moduli, even though the corresponding wave functions are completely different 
from the set (1). (For a description of the ‘solid-like’ wave functions see, for 
example, Temperley 1952a.) We shall leave aside the difficult question whether 
it is more correct to calculate mean free paths using the method of Landau and 
Khalatnikoy (1949a,b), based directly on the energy spectrum together with 
quantum hydrodynamical considerations, or whether it is better to use perturba- 
tion calculations based directly on the wave function (1). In this paper we shall 
take the position that, even if the Landau—Khalatnikov process zs the more correct 
one, it is still possible to accept the energy spectrum (2) as being nearly right. 
Put in another way, we shall criticize Feynman (1954) for making too gloomy an 
appraisal of his own theory. 


§4. SomE CONSEQUENCES OF ACCEPTING EQUATION (2) AS CORRECT 


The spectrum (2) calculated by Feynman (1954) does not differ greatly from a 
pure Debye spectrum (without ‘ cut-off’). _ Now it has always seemed to the writer 
that the only proper way to interpret the complete specific heat curve of liquid He 
is to analyse it as a normal Debye-like curve, with a typical A-point anomaly 
superposed upon it, instead of adjusting the parameter A so as to account for the 
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whole of the extra observed specific heat, which is what Landau did (1947). In 
particular, the fact that the specific heat of HeI suggests practically the same 
Debye temperature as we calculate from the observed velocity of sound c,, using 
a ‘phonons only’ model (Dingle 1952), taken in conjunction with the fact that the 
‘low temperature’ portion of the specific heat curve of HeII (below 0-6°K) 
suggests a very similar Debye temperature, seems to be decidedly more than an 
accident, and this is also consistent with the idea of describing both liquids by 
means of a single Debye-like spectrum such as (2). (In this paper we use the 
terms ‘phonon’ and ‘roton’ merely as convenient means of describing various 
parts of the spectrum (2), which is the sense in which Feynman (1954) and 
Landau (1947) also use these terms.) 

We already run into difficulties in trying to explain even the equilibrium 
properties of liquid He by means of Landau’s (1947) spectrum. Any such 
spectrum, if interpreted consistently according to Bose statistics, leads, as is 
well known, to a specific heat curve without any falling portion, and hence to much 
too large a value for Hel. ‘To avoid this difficulty, Landau (1941, 1947) was 
forced to assume, entirely ad hoc, that his spectrum, or at all events the ‘roton 
part of it’, breaks down completely at the transition temperature, and he supposed 
that this happens because of the interactions of the rotons and phonons. Such an 
occurrence is not a priori impossible (though it is hard to see why analogous effects 
should not occur in a solid lattice described by a Debye-like spectrum), but two 
very definite objections to such a hypothesis can be made: (a) Feynman’s physical 
arguments (1954) for the wave function (1) apply quite as well to the HeI as to the 
Hell region, and, for that matter, almost equally well to any ‘simple’ liquid. 
Moreover, some Debye-like model does seem to be wanted for ordinary liquids 
(not to mention He 1), see Frenkel (1946), yet Landau’s assumption would mean 
that the applicability of a spectrum such as (2) to a liquid is, in practice, restricted 
to the one case of He II for which the numbers of excitations are small in the liquid 
region of temperatures. (b) A much more satisfactory theory of the transition 
is already available on the lines indicated by Feynman (1953 b), and it had already 
been established (‘Temperley 1952 a) that analogues of Bose-Einstein condensation 
can be found for certain many-body models. 

Further objections to choosing a value of the constant A to be of the order of 
k x 10°K appear when we consider the transport data. Let us provisionally accept 
the Landau-Khalatnikov (1949 a,b) method of calculating mean free paths as 
correct. It is now necessary to point out that they altogether neglect certain 
relatively simple types of process, whose existence has been pointed out by quite a 
number of workers (Kramers 1952, Dingle 1952, Temperley 1952a, Feynman 
1954, Price 1954). Examples of such processes are: (a) The analogue for a 
liquid of ‘ Umklapp’ processes. Since a liquid has short distance order only, such 
an effect, corresponding to Bragg reflection, may be ‘smeared out’ in comparison 
with what occurs in a solid, but whis does not mean that it is altogether negligible. 
(b) ‘lwo phonons with nearly parallel directions of propagation can combine to 


form a third without violating the conservation laws. These three-phonon | 
processes ought to be considered before invoking higher order ones. Unless their ° 


effect can definitely be shown to be negligible compared with the higher order ones, 
the good agreement with experiment shown by the Landau—Khalatnikov theory in 


its present form, Khalatnikov (1952), must be considered to be based on the? 
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cancellation of two errors (a wrong choice of constants plus the neglect of certain 
low-order processes). ‘This situation can perhaps be eventually rectified by a 
further revision of the Landau (1947) spectrum, probably including an increase in 
the value of A, a step that also seems to be called for by the above considerations 
based on the specific heat. 


§5. THE A-TRANSITION 


We do not yet know in detail how to incorporate a theory of the A-transition 
into Feynman’s (1954) theory based on wave function (1), though it is quite easy to 
state the problem of statistical mechanics that is involved. We know (Temperley 
1952a, Feynman 1953b), that an analogue of Bose-Einstein condensation could 
occur in a many-particle type of assembly for essentially the same reason that 
makes it possible in a one-particle type of assembly, namely that, even in a very 
large assembly, we must always allow in some way for the fact that a finite number of 
molecules is present. 

There are at present two quite distinct statistical-mechanical methods of 
allowing for the finite number of molecules in an assembly. Unfortunately they 
are not equivalent, and the present problem seems to call for some new process 
intermediate between the two. ‘The general problem of finding such procedures 
is being studied, as it will almost certainly be relevant to certain other difficult 
questions concerned with liquids, such as the ‘communal entropy’ problem. 
The two methods at present available are as follows: (a) We can limit the total 
number of modes in the energy spectrum. ‘The use of a ‘cut-off’, chosen so that 
the total number of modes is equal to 3N, is familiar in the Debye theory of specific 
heats, and has been shown to be nearly correct by later, more accurate investi- 
gations. In the present problem Ziman (1953) has proposed, but only as a rough 
approximation, a process practically equivalent to limiting all integrations to a 
spherical region of K-space. (b) We can limit the number of excitations in the 
assembly. Ina one-particle type of model the total number of excitations is just 
N, and there is an obvious extension of this to cases in which a certain excitation 
refers always to a definite number of elementary particles, as in a theory of Mayer 
type (1940). This process is usually carried out by means of a ‘selector variable’ 
technique (or the practically equivalent method of an undetermined multiplier 
related to the chemical potential). 

As Feynman (1954) points out, in the perfect gas case the ground state wave 
function is just a constant. Method (6) is then entirely correct, as each excitation 
in (2) then refers to one atom, but this definitely ceases to be true in other cases. 
(One excitation involves more than one atom to an extent that probably depends 
on the magnitude of K.) Method (a) is reasonable for a solid lattice, and possibly 
for ordinary liquids, but is obviously much too crude for use in the present context. 
It merely results in the specific heat approaching a finite value at ‘ high’ temper- 
atures, and removes altogether the transition that we are looking for. Method (6) 
is reasonable for small interactions, and, in conjunction with a spectrum such 
as (2), can be made to give a transition of approximately the observed type, but, as 
we have seen, spectrum (2) without a cut-off process of the type called for in 
method (a) completely fails to describe the Hel region of the specific heat. 
Thus again we seem to require some combination of these two methods. Similar 
remarks seem to apply to the calculation of p,, the ‘ density of normal fluid’. 
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§ 6. CONCLUSION 


The fact that the energy spectrum (2) cannot be yet combined with existing 
theory in a way that gives agreement with experiment does not prove that this 
spectrum is wrong. Existing theory is incomplete in certain respects—quite 
enough to account for the difficulties noted by Feynman (1954). 
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APPENDIX 
Removal of some of the Assumptions made in Feynman’s Treatment of the Generalized 
Bose-Einstein Transition 


The problem studied by Feynman (1953a,b) reduces to that of finding a 
workable method of estimating the integral in his equation (7) (1953 b), which is 


a . ae m’ 
ye) Pc | sae 3 Pa)? | iy(Ze zy et ze ee (A 1) 


where z; is the vector specifying the position of the 7th atom, Pz, is the vector into 
which z; is changed by the effect of the permutation P acting on the N atoms, and 
px(Z, Zz)... Zy) 18 proportional to the probability of finding the first atom near 


the end of z, and atom 2 simultaneously near the end of z, etc. The work of | 


evaluating (A 1) can be arranged in a way that enables us to take over nearly 


LL eT 


— Se a 


On Feynman’s Theory of Liquid Helium 907 


unchanged the mathematical results used by Mayer and others (see, for example, 
Mayer and Mayer 1940, Chap. 13 and Appendix 11) for the expression of the 
configuration integral in terms of cluster integrals. Consider, for example, the con- 
tribution to (A1) from the permutation represented by the cycles (123) (45) (67). 
This is 

{biol NR ee Set iene eI ete ibe (A 2) 


where ¢,, stands for exp [(—m’/28h?)(z, —z,)?] etc. 
To evaluate (A 2) we make a ‘generalized Kirkwood approximation’ by 
assuming py to be proportional to 


P2(Z1, Ze)Po(Zes Z3)Po(Zs, Z1)Pa(Zay Z5)P2(Zg, Z7)Py—7(Zgs++Zy)s ve eeee (A 3) 


The integration over the coordinates of the N —7 atoms unaffected by this permu- 
tation can be carried out at once, leading simply to a factor proportional to V"~’, 
while the remainder of the integral (A 2) factorizes into f,?f;, where 


f= | a | PasPo(Zay Z5) dZ,dz; = | ote | Perea(Ze: Z,)dz,dz, | 
f= | Sat | $12b23h31Po(Z1 Z2)Po( Zo) Z3)Pa(Zs, Z1) AZ, dZy dz; Ff 


the higher f,’s involving longer cycles. Since all the coordinates range over the 
same volume I, all possible configurations of the atoms concerned are allowed for 
in the f,’s, each one of which depends only on the length s of the corresponding 
cycle and not at all on the numbering of the atoms init. In practice, configurations 
in which two atoms are far apart contribute little to the f,’s, because the corres- 
ponding ¢ is small, while overlapping configurations also contribute very little 
because p, is then very small. 

The definitions in (A4) differ slightly from Feynman’s own definition of the 
f,’s (1953 b, equation (24)), but avoid the difficulties he finds when s equals 1 or 2. 
(We have not yet given our definition of f,, but we now put it equal to V.) We can 
now complete the theory on exactly the lines indicated by Feynman (1953b), 
except that, in his equation (26), we must replace I*(K) by I’*-1(K), and in his 
equations (27) and (28) we consequently have p(0)=1. Each possible permu- 
tation contributes to (A1) a product of powers of the f,’s corresponding to the 
numbers of cycles of each length into which the permutation is decomposed, so that 
the contribution of each permutation depends only on its ‘type’, and the evalu- 
ation is completed by using the well-known expression for the number of permu- 
tations of N objects of a given permutation type. 

The ‘factoring’ of a permutation into non-overlapping cycles is closely related 
to the fact that, in the development of Mayer’s theory, each term in the configur- 
ation integral corresponds to a distinct method of connecting points in a plane into 
non-overlapping groups. Integration over the coordinates of the atoms in any one 
group (or cycle) can then be carried out quite independently of the positions of the 
remaining atoms. If we include all possible terms in the configuration integral, al/ 
interactions have already been taken into account, and it is redundant to introduce 
interactions between clusters. ‘The argument is readily modified to apply to the 
present treatment. Integration over the coordinates of the atoms in any one 
polygon can, without any qualms, take place independently of any other polygons, 
and it is unnecessary to include self-crossing polygons in the definition of the f,’s as 
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Feynman does. Since the polygons do not overlap, integrals like (A 2) can be 
factored. 

We conclude that the passage from equation (7) to equations (27) and (28) in 
Feynman’s (1953b) paper requires the ‘generalized Kirkwood approximation’ 


(A3) as the only assumption, some of the other assumptions made by Feynman — 


not being needed. We agree entirely with Feynman (1953b) and Matsubara 
(1951) that the transition results from the behaviour of terms corresponding to. 
long permutation cycles. 


Many of the mathematical complications dealt with by Mayer and Mayer (1940) _ 


arise from the necessity of providing for cases in which some of the cluster integrals. 
are negative. In an expression such as (A 2), all the ‘polygon integrals’ into 
which it can be factored are necessarily positive, and the method of steepest 
descents used by Feynman (1953 b) then leads to correct results. 

As explained in the text (p. 901), a further assumption about the behaviour of 
S(K) as K-—0 (in the limiting case of a large assembly of constant density) seems 
to be required before the existence of a transition can be definitely inferred. 
(We recall that not all ‘ one-particle’ models lead to a transition.) 


ee 
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Abstract. ‘The Born approximation is applied to the collision of electrons with 
normal hydrogen molecules. Cross sections are calculated for collisions accom- 
panied by the vibration-rotation transitions 0, 07, / ([n=0, 1], [7=0, 2, 4]) 
for incident electron energies between 0 and 250 ev. Special attention is given 
to the choice of the interaction potential, the form of which has a marked effect 
upon the pure vibrational excitation function in the low-energy region where a 
sharp peak appears. The rotational excitation does not show the same sensitivity. 
Elastic scattering is also treated and the results are in satisfactory agreement with 
those of previous workers. 


§ 1. INTRODUCTION 


OMPARATIVELY little attention has been paid to the possibility of the 

excitation of molecular vibrations and rotations through electron 

collisions. Experiments by Bailey (1932) and others provide indirect 
evidence that in passing through a molecular gas electrons with insufficient 
energy to cause electronic transitions suffer energy losses far in excess of what 
would be expected if only elastic collisions took place. ‘This has been interpreted 
by some as due to excitation of vibration and rotation, but lack of data on the 
probability of such inelastic collisions makes a quantitative appraisal of the 
position impossible. 

Quantum mechanical calculations have been carried out, for the case of 
hydrogen, by Massey (1935) and Wu (1947), who considered only the excitation 
of a single vibrational quantum. From an analysis of the experimental data 
Bennett and Thomas (1942) have concluded that rotational excitation may be 
quite important in removing energy from very slow electrons. In hydrogen 
there are no low electronic states (appreciable electronic excitation not occurring 
until the electron energy reaches 8-8 ev, when excitation of the repulsive #2, 
state begins). 

Apart from providing much needed information, an investigation of the 
excitation of rotation and vibration by electron collisions is of some interest 
in itself. In view of the large ratio of the colliding masses, a small cross section 
for energy transfer by this means is to be expected from purely dynamical 
considerations. ‘The present paper is devoted to calculations of cross sections 
for the vibrational and rotational excitation of hydrogen. For completeness 
elastic collisions, being a special case, are also included in the discussion. 
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§2. GENERAL THEORY 


The solution of the general integro-differential equation describing the 
scattering of an electron by a molecule is complicated by the lack of spherical 
symmetry of the interaction potential. In the case of a diatomic molecule the 
potential is symmetrical only about the line joining the two nuclei, and the 
scattering amplitude therefore depends upon the direction of this axis relative 
to the path of the incident electron. For sufficiently high electron energies 
the distortion of the incident wave by the attractive potential of the molecule is 
small, so that Born’s approximation may be employed. Neglecting exchange, 
and considering the centre of mass of the molecule to be at rest, we can then 
write for the differential cross section for scattering through an angle @ into the 
solid angle dw Ky 402 


K, i! 
with Ke2=80(E-E)/h,  K2=80(E—-E)/h2, E=E,+ hy, 


T5(0) dw = | MiP dw ececes (¢9) 


Ma= | | { USP * exp GK n)V(r, R)dRdrds—— (2) 


in which £ is the total energy of the composite system; w is the velocity of the 
incident electron and pits reduced mass; E; and E;are the initial and final energies 
of the scatterer; K and n are defined by Kn= K,n,— Keng, n, and n; being unit 
vectors in the direction of the incident and the scattered electron, respectively ; 
r is the position vector of the electron with respect to the centre of the molecule; 
R is the relative position vector of the nuclei and 7 represents the aggregate of 
molecular electronic coordinates; ‘’; and ¥’, are the total wave functions for the 
molecule in its initial and final states; and V(r, R) is the interaction potential 
for the electron in the field of the molecule (cf. Mott and Massey 1949). 

For a collision which does not result in a change of the electronic state of 
the molecule the integration over the coordinates 7 may be performed immediately, 
yielding ; 

M,,= | | ®(R)O,*(R)exp(iKr.n)V(r, R)dRdr (3) 


where now 9, and ©, are the initial and final nuclear wave functions. 


§3. THE INTERACTION POTENTIAL 


If the potential field of a homonuclear diatomic molecule may be split into 
two similar parts, each centred about a nucleus 


Vir, R)=U(lr+3R[)+U((r—-3R)), see. (4) 


then (3) may be written in the form 
M,,=2 | cos{iKn.R}O@,* dR | U(s|)exp@Kn.s)ds....... (5) 


When the mutual interaction of the constituent atoms is negligible the form of U 
will be independent of R and the molecule can be regarded as two separate 
scattering centres. An inspection of (5) shows that as the cosine tends to unity 
the integral will vanish on account of the orthogonality of ©; and ®,, so that _ 
in this case (i.e. for low energies) it is not permissible to neglect any possible 


dependence of U on R. The importance of this fact was first pointed out by | 
Massey (1935). 
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For a single hydrogen atom, U has the form 
U(r1)=(1+1) texp (—2ry)}/r4 


where r, is the distance from the nucleus. In the presence of another atom, as 
in a molecule, this is modified to 

U(r,) =(1 + Zr) {exp (—227)}/7, saat Gates as (6) 
where Z assumes the role of a screening parameter or effective nuclear charge. 
Wang (1928), using a variational treatment, has shown that Z is not constant 
but is a function of R, the internuclear distance. Starting at the value unity 
for infinite separation, it first decreases slightly as the atoms approach and then 
increases again fairly rapidly, taking the value 1-166 at the equilibrium distance 
Ro, in the region of which the variation is practically linear. It is only in this 
region that the nuclear wave functions are of appreciable magnitude, so that, 
following Massey, we may expand Z about R, in a series 

Ze Let (R—R)\Zo us 6 | eine (7) 

where Z,=Z(R,)=1:166; 2)’ =(0Z/0r)p_p,= —9-23; Ry=1-40. Derivatives 
higher than the first may be neglected. Inserting (7) in (6) gives, to the same 
approximation, 


U(r) = {exp (—2Z 7r,)} {2 4 . AACE DA Oe Ry} pts. ccs (8) 


A calculation of the molecular field based on this formula is in good agreement 
with the results obtained by Moiseiwitsch} using the full Wang function. The 
field does not, however, include a quadrupole term, which defect may be serious 

in the very low energy region (cf. Stein et al. 1954). 
The interaction potential used by Wu (1947) was a spherically symmetric 
one, Viz. 2 exp(—2Z,r) 
Deer at secre bpm ics 


with S=(1+2Z,R+4Z,7R*)exp(—2Z)R). Quantitatively this function does not 
accurately reproduce the molecular field calculated by more refined methods: 
it has, for example, a single pole at the centre of the molecule whereas the true 
field has two poles centred on the nuclei. 
Returning to equation (8), “4, now becomes 
My = 80 | ®®,*{4+ B(R—R,)}cos(3KR.m)dR ae (9) 
where A=(8Z,2+ K*)(4Z,2+K%)*, B= —64Z,3Z,'(4Z,2+ Ky. 


(1+ Zor) 


§4. MOLECULE AS A LINEAR VIBRATOR 


We will first consider the scattering produced by a molecule whose symmetry 
axis is fixed in space. ‘This is not a hypothetical situation, for a trivial calculation 
shows that the molecule can only turn through a very small angle during the 
effective collision time associated even with slow incident electrons. We can 
therefore regard it as a linear vibrator, but since in practice we have randomly 
orientated molecules, it is necessary to average the cross sections initially obtained. 

The most convenient wave functions available are those for the simple harmonic 
oscillator modified to the needs of the present problem by adjusting the parameters 
so that they reproduce, as far as possible, the spectroscopically determined 


+ We wish to thank Dr. B. L. Moiseiwitsch for making his results available to us prior 
to publication. 
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molecular constants (cf. Herzberg 1950). In this approximation the mth vibrational _ 


state is represented by ©,=V fexp(—Fe He)? 7 1 (10) 


Zn 
M being the reduced mass for the system and vy the fundamental frequency. 
The matrix element -%; given in (9) may be evaluated by writing ;KR.n=pR 
where p=4{K,cos6;— K;cos6-}, 0,, 4; and 6;, ¢, being the angles defining nj _ 
and n,; in spherical polar coordinates with the line of nuclei as polar axis. Then 


we have K?= K;2+ K;?—2K;K;{cos 6, cos 6; +sin 6;sin0;cos¢} ...... (11) 


where $=¢,—¢,. Thus, for a collision in which the first vibrational level is. 
excited, - 
A i= : {exp (— p?/8«)}{ Ap sin pR, + B(1 —p*/4a) cospRo} ...... (12) 


L 1/2) 1/2 | 
with = w=aN*(R-Ry), a= 4M vo/h, 40 Sar 


and the averaged total cross section is 
eben. = 
Ooi(Ki) ~ 4o2 K; | | | exp (- Ae 
2 2 
x {ap sinpR, +B (1 is r) cos pRe| dcos0,dcos0d une (13) 
a, being the radius of the first Bohr orbit. 


§5. MOLECULE AS A VIBRATING ROTATOR 


In the preceding section we have treated the scattering by a molecule — 
considered as a one-dimensional oscillator. Such a treatment suffices so long — 
as we are only interested in vibrational excitation, but it is of course inadequate | 
if we wish to investigate the probability of excitation of the molecule to any — 
particular rotational level for a given simultaneous vibrational transition. This — 
could be done by combining the vibrational wave functions above with the 
wave functions for a free rotator (that is, the surface harmonics Yi m(&7m 


Pee ©, =A, exp(=})H(2)¥,n(E9) (14) 

where now Ny ={Ro + (n+ 4)/Q}AURY 

However, more accurate nuclear wave functions have been given by Fues (1926). 

These are obtained by solving the wave equation for the internuclear potential: 
U(R) = — D+ 277v,?MR,(1 — 2/p + 1/p?) 


where p= R/Ry, and D, vo, M, Ro are the depth of the potential curve, fundamental 
frequency, reduced molecular mass and equilibrium distance, respectively. The 
radial wave functions are 


R,i(p) = Na 07 exp ( = Sbp) Lis. n(bp) kee: (16) 
: - VAN +1 T(n at 1) 1/2 
me Noo Garay | (RTa ray 


a=t+ {y+ (+4) 
b=2y2(a+n),  k=2a—1 
y=4r?y,MR,2/h; 
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in which » and 7 are the vibrational and rotational quantum numbers and 
Lk.,(dp) is the associated Laguerre polynomial indicated. Since y is a large 
number (~36) a and 4, and therefore the wave function, are practically indepen- 
dent of 7. ‘The complete nuclear wave function can now be written 


®,1.m(P> g, 7) =R,,i(p)Yim(é; ”). 


Returning to equation (9), we can evaluate M, by expanding the cosine in the 
form ED 
cos {4KR.n}= >(—1)"(4r+1)So,4,(4KR)Po,(cos€) ...... (17) 
0 


S,(x) denoting the spherical Bessel function (7/2x)!*J,(x) and P,,(cos€é) the 
Legendre polynomial. 
This gives for the transition 1,l,m,— nglom, 


2a 


Maa=8r | | ‘ > (= 1) Gr+ IP, (C08 £)Yigu(&s 1)Yiam( 1) 008 & dy 
x | ; SeURR)R (RR, (Ri A+B(Re Ry) Rod. cece (18) 


where K?= K,?+ K,?—2K,K;cos 0, @ being the angle of scattering. It is at once 
evident from (18) that -/,, will be zero unless m,=mz,, and J, and J, have the 
same parity, i.e. the rotational quantum number can change only by an even 
integer. 


§6. RESULTS AND DiscussION 


6.1. Elastic Scattering 


The elastic scattering of electrons by hydrogen molecules already has a 
considerable literature and it is not therefore intended to dwell on it here in 
any detail (cf. Massey and Burhop 1952). In the present connection elastic 
scattering arises as a special case when the changes in the vibrational and 
rotational quantum numbers are both zero. ‘The angular distributions so 
obtained are in good agreement with the results of previous authors, but fail 
to show the rise observed beyond 90° for all electron energies—a failure 
generally attributed to the inadequacy of the Born formula. A very slight rise 
is found, however, for energies greater than about 70 volts. In figure 1, curve A, 
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Figure 1. Elastic and rotational excitation cross sections of H, : 
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the total elastic cross section is plotted as a function of the electron energy. It 
will be seen that as the electron energy is decreased the cross section approaches 
the finite low-velocity limit of 9-17a,?._ Fisk (1936) has carried out calculations 
for slow electrons using a method analogous to that of Allis and Morse (1931) 
for atoms, obtaining a low-velocity limit of about twice this value, and at the 
same time resolving a Ramsauer effect below lev. At high energies the | 
calculations are in good agreement, the present theory giving for the asymptotic | 
form of the cross section (3:66/K;,”)za,?. 


| 
6.2. Inelastic Scattering | 
| 


The excitation of vibrational and rotational levels of the molecule may take | 
place either separately or simultaneously. In figure 1, curves B and C, we have > 
plotted as a function of the electron energy the cross sections for pure rotational _ 
excitation from the ground state (n=0, /=0) for transitions in which A/=2, 4. 
(AZ=0 of course corresponds to an elastic collision.) ‘These transitions correspond 
to energy changes of 0-044 and 0-144 ev respectively. The associated cross 
sections are much less than the elastic cross sections, the maximum values being 
smaller by successive factors of 10 and 20. The positions of the maxima are 
also of interest, occurring as they do at electron energies of 40 and 200 volts . 
approximately. The cross sections increase rapidly until the maxima are : 
reached, where, as the electron energy is increased, they begin to fall off again, © 
taking the asymptotic forms (0-73/K,”)za,? and (0-13/K;,?)za,? respectively. : 

In figure 2 we display in a similar fashion the excitation functions for the : 
same rotational transitions accompanied by a vibrational transition An=1 | 
(n=0--n=1). The energy changes involved here are 0-513, 0-555 and 0-650 ev ° 
respectively. In the case of AJ=0 (vibrational change only) there is a sharp peak | 
at about 1-2 ev (which we shall return to in the next section) together with a | 
second broader maximum in the region of 38 ev. The curves for AJ=2 and | 
Al=4 exhibit characteristics similar to the corresponding curves in the case 
An=0, but in contrast to that case the cross section for AJ=2 is of the same : 
order of magnitude as that for AJ=0 except at very low energies. The cross 
section for AJ=4, however, is much smaller. Again the positions of the maxima | 
are noteworthy, occurring this time in the regions of 25 and 120 ev. As before, , 
the asymptotic forms vary as K;® with proportionality constants 0-032, 0-026 » 
and 0-0036 (in units 7a)°). 


es 


6.3. Discussion 


The rotational excitation cross sections present little difficulty in interpretation. 
In every case the maximum occurs far beyond the threshold energy, and it would | 
indicate that the controlling factor is the amount of angular momentum rather ° 
than energy brought up by the incident electron. Owing to the large mass ratio, 
and the rapid decrease of the interaction with increasing impact parameter, this } 
condition can only be fulfilled by going to high electron energies. The 
explanation of the detailed form of pure vibrational excitation curve is less } 
obvious. Although the Born approximation is not expected to give reliable ) 
results at very low energies, the significance of the sharp peak cannot be lightly | 
dismissed. In figure 2, curve A, the cross section for the same transition | 
(An =1, Al=0) has been plotted again, calculated this time without the inclusion | 
in the interaction potential V of the term in 0Z/0R. The curve so obtained I 
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has a single maximum in the same position as the second maximum of the first 
curve (at approximately 38 volts). ‘he peak in the vibrational excitation function 
can therefore be attributed to the variation of the effective nuclear charge with 
internuclear distance.t In the energy region below 38 volts the cross section 
is due almost entirely to the contribution from this effect. With increasing 
energy the predominance diminishes rapidly, and beyond the second maximum 
its contribution to the total cross section becomes inappreciable. ‘This explains 
in a satisfactory manner how, in the low energy region, the explicit dependence 
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Figure 2. Vibration—rotation excitation Figure 3. Comparison of vibrational 
/ cross sections of H, for vibrational excitation cross section for linear 
transition 7=—O0s7—1.) A,/—0S/=0; oscillator with that for rotating 
Bel—0--/—2-C, /—0--1-—4,, allowing vibrator summed over rotational 


| for variation of effective nuclear 

{ charge with nuclear separation; 
A’, /=0+/=0, neglecting variation 
of effective nuclear charge. 


states: A, B allowing for variation 
of effective nuclear charge; A’, B’ 
neglecting variation of effective 
nuclear charge. 


of V on R can increase the cross section by a considerable factor, and it also shows 
that the same is not true for higher energies. 
From the foregoing it seemed advisable to investigate the effect in relation to 
_ the other collision processes. ‘This has been done, and the results show that 
in no other case does the contribution to the cross section from the term in 
0Z/0R amount to more than a few per cent of the total, throughout the entire 
_ energy range considered. 
The results discussed so far are those based on the theory of §5 using the 


vibrating-rotator model for the molecule. 


approximately proportional to (Z)’) 


We shall now consider the effect of 


+ The magnitude of the cross section at the peak is rather uncertain, for it is 


2 


determined. 


* and the derivative Z,)’ is far from being well 
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suppressing the rotational degrees of freedom as was done in $4. Since the 
information obtained in this way is not so rich in detail and the computational 
labour is formidable, a much smaller range of energies (0-30 volts) has been 
covered. The calculations do, nevertheless, provide valuable comparison data. 
Only the vibrational transition n=0—n=1 has been treated in this manner, 
and the excitation function so obtained is plotted in figure 3 as curve A. This 
curve is to be compared with the sum of the excitation functions shown in 
figure 2 which is plotted as curve B. Curves A’ and B’ correspond to A and B 
but with the value of 0Z/0R taken as zero. We thus see that the linear oscillator 
model of the molecule reproduces all the characteristics of the vibrating—rotating 
model, summed over the rotational quantum number. 

Morse (1953) has shown that the energy lost to the excitation of rotation— 
vibration of a molecule by an electron is of the same order of magnitude as that 
lost through momentum transfer in an elastic collision. An analysis of the cross | 
sections presented here supports this conclusion. At low velocities more energy 
is lost to the excitation of the 0, 0-1, 0 transition than to the other inelastic 
transitions. Above 12 volts the rotational excitation 0, 0-0, 2 is the most 
effective in absorbing energy. On the basis of these results it is quite impossible 
to explain the large fractional energy losses observed for slow electrons in 
molecular gases. 
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The Photo-Ionization Cross Section of Lithium 
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Abstract. ‘The photo-ionization cross section of lithium is calculated using 
Hartree-Fock wave functions. Good agreement is obtained between the dipole 
length and dipole velocity formulae for the cross section over the wavelength 
range considered, 2300A—-1800A4. ‘The mean value at the spectral head is 
found to be 1:16x 10-' cm?, considerably smaller than either of the previous 
theoretical estimates by Hargreaves (1929) and by Trumpy (1929). The cross 
section curve rises on the short wavelength side of the series limit, as was found 
by Hargreaves. 


§1. INTRODUCTION 


EASUREMENTS of the photo-ionization cross section of atomic lithium 
have been made recently by Tunstead (1953). ‘The cross section is 


found by him to be 2:5 + 1-0 x 10718 cm? at the spectral head (2300 4), 
and to fall off towards shorter wavelength approximately as \*°. This is at 
variance with the theoretical results of Hargreaves (1929) who evaluated the 
quantal dipole length formula for the cross section using wave functions derived 
by the self-consistent field method. He found the cross section to be 2:9 x 10-18 cm? 
at the spectral head, rising toa maximum at 19304 and falling off thereafter. No 
such maximum was obtained by Trumpy (1929), whose calculations agree with 
the measurements of Tunstead in that they give a cross section proportional 
to A®® on the short wavelength side of the spectral head (where, however, they 
give it to be 3-7 x 10-18 cm’). 

The differences between the two sets of calculations and the measurements 
reduce the confidence that can be placed in any one of them. Optical transition 
probabilities are in general sensitive to the detailed nature of the wave functions 
involved and hence the extent of the agreement between theory and experiment 
provides a useful criterion for the accuracy of these. Seaton (1951) has shown 
that in the case of sodium the theory can reproduce the main features of the 
experimental results if Hartree-Fock wave functions are used. In this paper 
a similar calculation is carried out for lithium. 


§2. "THEORY 


With the initial wave function ‘’; normalized to unit density and the final 
wave function ‘’, normalized to represent a core function of unit density together 
with a wave of unit amplitude at infinity the photo-ionization cross section for 
ejection of a bound electron into the continuum with velocity v is given by the 
standard quantal formula 


3274mze2 1 


Le eT oe a [ee (S11) ede thee (1) 
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where w,is the weight of the initial level, v is the frequency of the incident radiation, 
r; is the position vector of the jth electron and e, m, ¢ and h have the customary 
meanings; the summations ©, and », are over the initial and final states 
respectively (cf. Bates 1946). 

Equation (1) expresses the cross section in terms of the familiar dipole length 
matrix element, but we can equally well express it in terms of the dipole velocity 
or dipole acceleration matrix elements by means of the identities (Chandrasekhar 


1945), : h o | 
| pee e rj) Wed = 4x2my { a = VV s dr eer eee (2) | 

3 | 

1 : 

ee oa |" “(> VV) ¥edr, baal (3) 


where V is the potential energy term in the Schrodinger equation. The use of | 
separable wave functions considerably simplifies the expressions for the absorption 
cross section, and for the alkali metals (cf. Seaton 1951) it reduces to 


a,=855x10-%I+<)@jo%em®= ee (4) 


in which J is the ionization potential and « is the energy of ejection of the electron, 
both in rydbergs; @, is a factor allowing for the distortion of the core, and a isa 
quantity which depends on whether the dipole length L, velocity v or acceleration A — 
formula is employed, being given by 


o(L)= iP P(ns|r)rP(ep[r)dr se (5)an 
2 ;2 
o(V)= rae | ; P(ns|r) {; P(ep|7) + = P(ep| } ar ~~ eae (6) 
AZ pe 
o(A)= 7a: | : P(ns|7) : Plep|7)drune to oe eee (7) | 


where ¢ is in atomic units, the P’s are the radial wave functions indicated, P(ns |7) ) 
being normalized in the usual manner and P(ep|7) being normalized to have an | 
asymptotic amplitude of «1/4 and Z is the atomic number of the system concerned. . 
Formula (7) takes the simple form stated because the terms in (3) which arise » 
from the mutual interactions of the electrons cancel to zero and we can write ? 


r; 
> oe apa 


The acceleration matrix element now only differs from the dipole length integral | 
in the radial part and is reduced in the same way when separable wave functions : 
are introduced. 


§3. THE Wave FUNCTIONS FOR LITHIUM 


Hartree-Fock radial wave functions P(1s|r) for the Lit ion, and P(2s|7)) 
for the Li atom series electron, have been published by Fock and Petrasheny 
(1935). The corresponding radial function for the free electron P(ep|7) is ai 
solution of the equation | 

dq 6-—4Y,(1s, 1s Z 2 Y,(\s, : 

[ gat +e ais =P) pis| =O 


a ; Capea ke P(ep|r)+ 3 
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where we have used the well-established notation of Hartree (1946-47). This 
equation was solved by the method of Fox and Goodwin (1949), the exchange 
term being initially taken as zero or some other suitable value and successively 
improved. 

With P(2s|r) and P(ep|r) carefully tabulated and the latter suitably 
normalized (cf. Bates and Seaton 1949) it is a simple task to evaluate o by any 
of the alternate formulae. However, in computing o(L) the function P(2s|7r) 
given by Fock and Petrashen was considered insufficiently accurate at large 
radial distances. For large ry one may use the Coulomb potential and the 
experimental term value in the equation for P(2s|r) and solve in terms of a rapidly 
converging series (cf. Bates and Damgaard 1949). ‘This solution was fitted to 
the function of Fock and Petrashen at r=5-2a,, making it possible to tabulate 
P(2s|r) to four significant figures over the range required. 

As the core is only slightly distorted by the series electron @, was taken to 
be unity. 


§4. RESULTS AND DiscUSSION 


4.1. The integrals o(L), o(v) and o(a) have been evaluated using the experi- 
mental ionization potential, 0-3964 rydberg, and the photo-ionization cross section 
derived for a series of values of «, the energy of ejection of the photo-electron, 
near the spectral head. No serious problems due to cancellation of the positive 
and negative parts of the integrals arose. The quantity 1—D (see Bates 1947), 
equal to the ratio of the value of the radial integral to whichever is the larger, 
the positive or the negative part of the integral, takes the values 0-288, 0-375 and 
0-530 in the case of o(L), o(v) and o(A) respectively evaluated at the spectral 
head.t As a result the integrals should not be unduly sensitive to small changes 
in the wave functions. The results are compared with previous theoretical and 
experimental determinations in the table, these last being taken from a graph 
in the paper by Ditchburn, Jutsum and Marr (1953). 


The Photo-Ionization Cross Section of Lithium using 
Hartree-Fock Wave Functions 


Qin) Mnitsel mem 


e= 0 0-02 0-04 0-06 0:08 0-10 
Evaluated by 
Dipole length 1-20 1-29 (1355) 1-40 1-43 1-45 
Dipole velocity tes (heal 1:26 1-30 iL ogy? 1-34 
Dipole acceleration 34-0 26:7 2 16-7 Sins) 10-6 
Hargreaves (1929) 29 3-0 31 aha) Bo? 3-1 
{Trumpy (1929) 37 Bi S107) 3-6 35 3-4 
Experiment 235 2-4 Died, 2:0 1:8 1:5 


{ The results cited here are taken from a diagram in 'Trumpy’s original paper covering 
a wide wavelength range (see comments in main text). 


+ For comparison it may be mentioned that in the case of sodium Seaton (1951) gives 
0-082 and 0-111 for the quantity 1— D using the dipole length and dipole velocity formulae 
respectively. In spite of the comparatively high sensitivity thus indicated, Seaton obtains, 
as has already been mentioned, good agreement with the measured cross sections. This 
is highly suggestive, for the calculations described in the present paper are based on the 
same approximations as he adopted. 
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If we ignore the absurdly high cross section given by the dipole acceleration 
formula the agreement between the absorption curves deduced from o(L) and 


o(v) is very encouraging. The shape of both these curves is similar to that of — 


Hargreaves (1929) who used ‘self-consistent’ field wave functions. ‘Thus the 
main effect of the introduction of exchange is the reduction in the magnitude 
of the cross section by a factor of 2:5 approximately, a reduction comparable 
with the corresponding reduction found by Seaton (1951) in the case of sodium. 

The rise in the cross section with decrease in wavelength near the spectral 
head might at first seem disturbing in view of the agreement between the 
theoretical calculations of Trumpy (1929) and the experiments of Tunstead 
(1953), the absorption curve falling off with wavelength as A*° near the series 


limit in both cases. However, it must be borne in mind that both the bound | 
and free wave functions employed by Trumpy are rather crude, the former being | 


merely a product of an exponential and a simple polynomial in r and the latter 
an unmodified Coulomb wave function. In any event his results appear to be 
in error. His analysis can be very rapidly checked using the formula derived 
by Bates (1946b). It is found that the values he gives for the cross section should 
be multiplied by a factor of 1:2. ‘This does not affect the shape of the curve, but 
it is found that his formula does in fact yield an increase in the cross section with 
increasing energy of the incident radiation, the maximum, however, being quite 
near the spectral head.t All of the theoretical calculations on lithium thus 
favour an absorption curve with the maximum cross section shifted from the 
spectral head towards shorter wavelengths, as was first found by Hargreaves. 
The cross sections obtained with the Hartree-Fock wave functions should be 
the most reliable. It is probably best to take a mean of the dipole velocity and 
dipole length results. 

4.2. The dipole acceleration formula has not received a very wide application. 
It was first used by Chandrasekhar (1945) to determine the photo-ionization 
cross section for H~ with a very accurate variational ground state wave function 
(including 7,, terms) and a plane wave approximation to the continuum state. 
The agreement between all three cross section formulae was found to be good. 
In his work on helium Huang (1948) has used wave functions of comparable 
accuracy to those used by Chandrasekhar for H~ but, because of his incorrect 
choice of Z=1 in the dipole acceleration formula (see formula (7) of this paper), 
his published results must be multiplied by a factor of 4, and when this is done 
they are in good agreement with the cross sections he has derived using the 
length and velocity formulae. 

Such good agreement between the three cross section formulae cannot be 
expected when Hartree-Fock wave functions are used. Nevertheless the 
magnitude of the cross sections in the case of the acceleration formula applied 


to lithium (see table) was surprising. It was thought interesting to apply the » 


acceleration formula to sodium{ at the spectral head. The value obtained is 
1-2 x 10- cm? which is far larger than the values 1-0 x 10-!%cm2and 0-7 x 10-1%cm? 


computed by Seaton (1951) using the length and velocity formulae respectively. } 


+ Seemingly Trumpy did not carry out computations close enough to the spectral head 


to detect the effect. 

{ I acknowledge, with thanks, my indebtedness to Dr. M. J. Seaton for supplying me 
with the Hartree-Fock wave functions for the sodium continuum and for some helpful 
comments on the acceleration formula. 


—re~ 
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The reason for this discrepancy becomes apparent if one attempts to derive a 
relation between the velocity and acceleration matrix elements using separable 
wave functions. The differential equations obeyed by the wave functions ‘’, and 
‘T's which we adopted differ from the exact Schrodinger equations only in certain 
small terms, R; and Ry respectively, but the derivation of the relation under 
discussion requires the neglect of terms such as 


|W" > vjRear 
2 9 


and, as may easily be demonstrated in specific cases, such terms are not small. 
The acceleration formula may thus give very inaccurate cross sections. 
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Abstract. Experiments are described in which quanta emitted by water under 
alpha-particle bombardment have been detected. Differentiation between 
light pulses arising from liquid water and any gas present above the water 
surface has been accomplished by utilizing the difference in their times of duration, | 
From measurements made of the absorption of the quanta from water by various | 
gases an upper limit of the wavelength of 1900A is suggested. The importance : 
of quantum emission in radiation chemical experiments is discussed but, owing ; 
to the apparently very high absorption coefficient of the water, it is difficult : 
to assess the contribution from this phenomenon. 


§1. INTRODUCTION 


connected with scintillations from liquids when subjected to nuclear particle : 

bombardment. It has been shown that when some pure solvents are : 
subjected to alpha-particle bombardment photons are emitted (Belcher 1951). . 
Some evidence of such photon emission has been reported in the case of water ' 
(Dee and Richards 1951, Belcher 1953), and the purpose of these experiments : 
was to investigate this phenomenon further. 

It has been shown that in liquid only a small percentage of the theoretical | 
number of ion pairs produced by the passage of an alpha-particle can be collected i 
by means of an electrostatic field (Jaffé 1913, Richards 1953). In view of | 
this, and of the relatively large chemical effects produced by alpha-particle : 
bombardment, the possibility of photon emission becomes of considerable : 
interest. Such a process might well explain the production of radicals necessary | 
for chemical reactions in a volume which, though small compared with the : 
bulk of the liquid, was large compared with the original column; in this way ) 
the probability of radical combination was reduced. It was decided to in-- 
vestigate water as many chemical experiments have been carried out using? 
it as a solvent, and as it is probably an important factor in most biological | 
experiments. As is well known, the overall efficiency of water as a scintillator) 
must be low since it cannot be used for counting purposes; it has been suggested! 
that this is because water has a high coefficient of absorption for the radiations| 
produced. In an attempt to overcome this difficulty in previous experiments| 
thin water films supported by quartz slides were used. ‘This technique involved} 
the problem of differentiating between the quantum emission from water and| 
that arising from the quartz (Birks and King 1953), which has created doubts) 
as to the validity of the experiments. In the experiments described in this paper} 
the water surface actually under alpha-particle bombardment was observed,} 
thus allowing sufficient water to be used to stop the alpha-particles. | 


le recent years considerable work has been carried out on the problems ; 


\} 
1p 
| 
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§2. EXPERIMENTAL 'TECHNIQUES 


The experiments consisted in observing the light pulses emitted by a water 
surface under alpha-particle bombardment. Since it is impossible to eliminate 
all gases from over a water surface and the use of a thin alpha-window was 
undesirable due to photon emission from thin films (Richards and Cole 1951) 
it was necessary to differentiate between the light pulses from the gas and those 
from the liquid. ‘This was effected by making use of the difference in duration 
of the light pulses emitted by the two media. Some information about the 
frequencies of the quanta emitted by water was obtained by filtering the radia- 
tions through different gases. Owing to the wavelengths involved and to the 
apparently low quantum efficiency of water, it proved impossible to use a 
spectrograph. 


HA. Head Amplifier 

R_ Guard Ring 

G Grease Screen 

L Perspex Light Guide 
S$ Source 

PP’ Pipes for Gas Flow 
C Water Container 

J Screw Jack 


Figure 1. 


§3. APPARATUS 


Figure 1 shows the general design of the photomultiplier assembly used in 
these experiments. ‘The apparatus consisted of an eleven-stage EMI photo- 
multiplier, type VX 5045, which was fitted with a Perspex light guide, the 
free end of which was thinly coated with Apiezon M grease to act as a scintillation 
screen for ultra-violet light. A light-tight metal chamber, fitted with a water 
container whose position could be adjusted by means of a screw jack, could 
be attached to the photomultiplier case. Provision was made to enable any 
desired gas to be passed between the water surface and the end of the light 
guide. A head amplifier was mounted directly on to the base of the photo- 
multiplier and suitable precautions taken to reduce ‘ background noise’ to 
a minimum. ‘The signals so produced were then fed into an amplifier of 
conventional design having a gain of up to 10° and fitted with variable integration 
and differentiation time constants. ‘The pulses were analysed by means of a 
discriminator and single-channel pulse-amplitude analyser. 
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The alpha-particle source was 15 mc of polonium mounted on a platinum 
foil 2cm long, 2mm wide and 0-01 inch thick. This was mounted inside a 
small collimator made of aluminium on a thin Perspex strip across the end 
of the light guide. All water used in these experiments was triply distilled 
immediately prior to use to reduce the possibility of any scintillations being 
caused by impurities. Unfortunately, due to experimental difficulties it was 
impossible to conduct experiments free from dissolved gases. 

For the investigation of light pulses emitted by gases, an internally polished 
aluminium tube was fitted on to the photomultiplier assembly (figure 2). One 


P Perspex Light Guide M Mirror 
$ Source C Collimator 


Figure 2. 


end of this tube was fitted with a Perspex light guide and the other with a 
collimator so designed that no alpha-particle emitted from the source mounted 
immediately outside the cylinder could strike the walls. Provision was made for 
evacuating and filling the cylinder with any desired gas. 


$4, ExPERIMENTAL PROCEDURE 


Since water has low efficiency as a scintillator it was first necessary to adjust 
the time constants in the amplifier to their optimum values for differentiation 
between light pulses from water and those from the gas volume above the liquid 
surface. This was accomplished by making use of the jack incorporated in 
the water container. ‘The liquid surface was first lowered so that no alpha- 
particles emitted by the source could strike the liquid, and the counting rate 
was recorded. ‘The liquid level was then raised until it was 1 mm from the 
source and the counting rate was again noted. This procedure was repeated 
until the optimum settings for the time constants were found. Dry air at 5°c 
was passed over the water surface for 1} hours before readings were taken in order 
to reduce the water vapour concentration as much as possible; the counting 
rate was recorded both with the surface of the water 1mm from the source 
and in the lowered position. ‘The experiment was repeated with various other 
gases flowing over the water surface. The effect of water vapour was also 
studied by stopping the flow of cold dry air and allowing the temperature of | 
the apparatus to rise, at the same time noting any change in the counts recorded. 
With this method any effects on the grease screen and other parts of the apparatus 
due to emanations from the source were eliminated since these were independent | 
of the position of the water surface and hence made the same contribution to 
the counting rates for both positions of the water surface. The possibility 
that x-rays arising from the alpha-particles in the water might produce changes _ 
in the counting rate was eliminated by blackening one end of the Perspex light | 
guide and repeating measurements. 
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A further differentiation measurement was obtained by determining the 
optimum value of the time constants for pulses obtained from gases. For this 
purpose the aluminium cylinder was mounted on the photomultiplier case 
and the source placed in the collimator. The cylinder was evacuated and 
filled with the gas under investigation at a pressure of 2 cm Hg and the counting 
rate noted for various settings of the time constants. 


§5. RESULTS 


The counting rates observed from the water surface and from dry air, using 
the same time constants, are shown in figure 3. It will be noted that under the 
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Figure 4. Effect of water vapour on counting rate. 
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conditions chosen water is a considerably more efficient scintillator than air. 
The maximum pulse heights recorded were of the order of four times noise level, 
but, as can be seen, the counting rate was considerably less than the rate of 
bombardment of the surface by alpha-particles. This fact may be due in 
part to the poor geometry for light collection of the apparatus which was necessary 
for observing the surface actually under bombardment, and in part to absorption 
by the water. 

When ethyl alcohol or carbon dioxide were passed over the liquid surface 
no change in counting rate was observed for the two positions of the water 
level. The effect of water vapour is shown in figure 4, and it will be seen that 
at 18°c a 1 mm air gap saturated with water vapour absorbs about 66% of the | 
emitted light. This value was confirmed by experiments in which the air 
over the water surface was not previously cooled and dried. It would appear 
therefore that the radiations emitted from the water are absorbed by ethyl 
alcohol vapour, carbon dioxide and water vapour and so must have a wavelength - 
of less than 1900A. Further, the blackening of one end of the Perspex light | 
guide eliminated all counts to the water and the gas, and so eliminated the : 
possibility that the difference in counting rates was due to X-rays. 

Further confirmation that the pulses recorded in the previous experiments ; 
were due to emission from the water was obtained from the duration of the light : 
pulses arising for gases. Figure 5 shows the counting rates observed from | 
gases for different settings of the time constants of the amplifier. It will be: 
seen that by utilizing the appropriate values of the time constants a large measure : 
of differentiation may be obtained. It would appear from the results obtained | 
that light pulses from gases have a duration of up to 10-° second. Whilst this : 
time is large compared with known lifetimes for excited atoms it must be» 
remembered that some of the excited states will most probably be formed by , 
the recombination of ions, and it is therefore the recombination time which will | 
control the maximum duration of the pulse. The duration of pulses from : 
liquids from the same evidence is not greater than 10-7 second. However, the : 
method used is not capable of any great accuracy since allowance must be made: 
for the time constants in the head amplifier which in this case were of the order 1 
of 10? second. 

§ 6. CONCLUSIONS 

From the experiments described it would appear that when a water surface ¢ 
is bombarded with alpha-particles quanta are emitted. From the absorption’ 
of the various gases used above the liquid surface the wavelength of the light’ 
must be less than 1900A. Since water has a strong absorption band in this: 
region no reliable estimate can be made of the efficiency of the original quantum: 
emission process, and it is therefore very difficult to assess the importance of) 
this process in radiation chemistry. It would appear unlikely that this ligh 
is produced by means of the well-known Cerenkov effect since the alpha-\ 
particles from polonium have less than the critical velocity for this process ink 
water. 
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The Photo-Ionization of Neon 


By M. J. SEATON 
Department of Physics, University College, London 


Communicated by H. S. W. Massey; MS. received 30th June 1954 


Abstract. Previous calculations of the photo-ionization cross section of neon 
have been extended to wavelengths just beyond the L, edge at 256A. The 
absolute value of the calculated cross section is found to be in reasonable 
agreement with the experimental results of Lee and Weissler and of Ditchburn 
and Marr, but compared with the calculated results the experimental curve 
rises more steeply just beyond the threshold and falls more rapidly at higher 
energies. 


(1939) using wave functions calculated without inclusion of exchange 

and the usual dipole length formulat and by Seaton (1951a) using 
exchange wave functions and both the dipole length and dipole velocity 
formulae. Laboratory measurements of the cross section have been made 
recently by Lee and Weissler (1953) and independently by Ditchburn and Marr 
{unpublished). ‘The two experimental determinations are in good agreement. 
The wavelength range covered by the laboratory measurements is greater than 
that for which calculations were originally made. ‘The results of further 
calculations, made in order to extend the comparison between theory and 


sk photo-ionization cross section of neon has been calculated by Bates 


_ experiment, are described in the present note. 


From the first ionization threshold at 573A to the L, edge at 256A it is 
necessary to consider the two transitions 2p->kd and 2p—ks, k/27 being the 
wave number of the ejected electron. Beyond the L, edge the 2s—kp 
transition must also be considered. The corresponding calculated cross 
sections will be denoted by a,(n/+kl+1). ‘The various contributions may 
be discussed separately; detailed formulae quoted by Seaton (195la) will 
not be repeated. 


(i) 2p+kd. At the threshold a,(2p—kd) was first calculated using 


Hartree-Fock wave functions for both the bound electrons and for the ejected 
electron. It was found that the radial function for the d wave was not far 
different from the corresponding coulomb field radial function. ‘The calculations 
were then repeated using an analytic approximation to the bound wave function 
together with the coulomb radial function for the ejected electron, use being 
made of a general formula due to Bates (1946a). ‘This calculation gave results 
which differed by 5°% or less from the results of the first calculation. For energies 
beyond the threshold the results obtained using the general formula were adopted 


+ Comparison between the dipole length and dipole velocity formulae is of little signifi- 
cance using non-exchange functions ; the two formulae give identical results if both bound 
and ejected electron wave functions are calculated in the same central field and if the 
theory €,; parameters are used in place of the observed energies. It may be noted, however, 
that in the work of Bates the wave functions for the ejected electron were calculated in the 


field of OF. 
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after multiplying by a constant close to unity to give agreement with the more 
exact threshold calculation. ‘These results have now been extended to shorter 
wavelengths. 

(ii) 2p->ks. Exchange calculations were made at the threshold and, slightly 
less accurately, at energies corresponding to wavelengths of 458 and 381A. At 
the higher energy the 2p —ks transition was found to contribute less than 10% 


to the total cross section. Extrapolation of the matrix elements, bearing in — 


mind the way in which the ks radial functions vary with energy, indicates that 
a,(2p ks) remains small for still higher energies. In consequence a detailed 
calculation scarcely seems justified. The simple approximation was adopted of 


assuming constant ratios a,(2p—ks)/a,(2p—kd) for wavelengths less than — 


381A. 
(iii) 2s,->kp. The general expression for the cross section is 
a,(2s-> kp) = 1-71 x 10-48(1,, + €,p) |o(2s > kp) |? cm? ...... (1) 


(Bates 1946b), ¢<,, being the energy of the ejected electron and J/,, the relevant 
ionization potential, both measured in rydbergs (13-54 ev). The matrix elements. 
are given by 


seep | “ P(2s)r P(kp) dr.) <!uins 2aus a age ee (2) 


o(2s>kp |V)= os | P(2s),; P(kp) + a P(kp) fdr a (3) 


for the dipole length and dipole velocity formulae respectively, the radial functions — 
P(kp) being normalized to asymptotic amplitude «,,-¥* and r being in atomic — 


units. 


Hartree-Fock functions P(kp) have been calculated previously (Seaton — 


1951b) for an electron in the field of 1s?2s?2p* Na+, and found to give Na 
photo-ionization cross sections in satisfactory agreement with experiment 


(Ditchburn, Jutsum and Marr 1953). ‘These functions should not be far — 


different from the corresponding function in the field of 1s?2s2p*Net+. The 
Na functions were therefore used to calculate a,(2s—+>kp) for Ne. 

The final results are shown in the figure. Compared with the experimental 
curve drawn by Lee and Weissler the experimental curve drawn in the figure 


Ay x10" (a, in cm?) 


600 500 400 300 
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Photo-ionization cross section of Ne as a function of wavelength. a, b, experimental — 


results; c, theory, non-exchange wave functions; d, theory, exchange wave functions, 


dipole length formula; e, theory, exchange wave functions, dipole velocity formula. — 
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shows a, to be smaller at the threshold and to increase more rapidly just beyond 
the threshold. However, our curve appears to be in better agreement with the 
experimental points plotted by Lee and Weissler and is confirmed by the 
measurements of Ditchburn and Marr. The dotted part of the experimental 
curve is stated by Lee and Weissler to be of a lower accuracy than the full-line 
curve, and in particular the magnitude of the discontinuity at the L, edge is 
uncertain by a factor of 2 (Weissler, private communication). 

It is seen that the exchange theory gives reasonable results for the absolute 
magnitude of the cross section but does not give such satisfactory results for the 
shape of the curve. Comparison between the exchange and non-exchange 
calculations emphasizes the sensitivity of the calculated results to details of the 
wave functions. It has been remarked previously (Seaton 1951a) that the 
agreement between the exchange and non-exchange results at the threshold 
must be regarded as largely fortuitous. Bearing in mind both the experimental 
uncertainties and also the error arising from the use of the kp radial function 
for Na, the calculated magnitude of the L, discontinuity may be regarded as 
being in reasonable agreement with the experimental value. 

It is possible that polarization effects are important in determining the exact 
behaviour of the cross section close to the threshold. In this connection it is 
of interest to note that Mott and Massey (1949) suggest that neglect of 
polarization is probably responsible for a comparatively minor discrepancy 
between exchange theory and experiment for the scattering of very slow electrons 
by He. For the higher energies it is probable that the error arising from the use 
of a coulomb kd wave is greater than at lower energies; as the wave function 
becomes more compact potential and exchange distortion might be expected to 
become more important. It may be noted that the less satisfactory agreement 
between theory and observation at the higher energies does not arise from the 
approximations used for a,(2p—ks); if the true value of a,(2p ks) were smaller 
than the estimated value the calculated curve would not be altered significantly, 
while if it were greater the discrepancy between theory and experiment would 
be increased. 
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Emission of Electron—Positron Pairs from Light Nuclei 
III : y-Transitions in the Reaction '°N(p, y)'°O 


By G. GOLDRING 
Imperial College of Science and Technology, London 


Communicated by S. Devons; MS. received 15th April 1954 and in amended form 
11th Fune 1954 


Abstract. In two recent papers by the author in cooperation with Devons and 
with Lindsay, investigations of internally produced pairs in various nuclear 


| 


reactions in solid targets have been reported. In this paper an apparatus is — 


described for the investigation of internal pairs produced in a °N gas target by 
proton bombardment. A search was made for a cascade transition from the 
13-05 Mev level in !6O through the 6-06 Mev level to the ground state, but no 
indication for such a reaction could be found. 


§ 1. INTRODUCTION 
[oe ground state of the 1®O nucleus, and the first excited state (at 6-06 Mev 


excitation energy) have the same angular momentum, the same parity and 

the same isotopic spin (0* and 7 =0) (Hornyak et al. 1940); we therefore 
expect all nuclear reactions leading to the ground state to be accompanied, where 
energetically possible, by a similar reaction leading to the first excited state. A 
study of the branching ratios of related reactions of this type is of interest because it 
furnishes some information on the relation of the wave functions for the two states. 
The analysis is most straightforward for electromagnetic transitions where the 
dependence of emission probability on quantum energy is well known. In the 
following an experiment will be described in which an attempt is made to measure 
the relative probabilities of the y-transitions to the ground state of !®O and to the 
6-06 Mev state, from the resonance level excited in the reaction !N (p, y)#®O with 
protons of 1-05 Mev energy. 

At this proton energy, in addition to the proton capture y-transition (13-05 Mey) 
to the ground state of '®O, much more intense y-radiation of 4:47 Mev energy is 
produced by the process ’N(p, «)!#C*. For the neighbouring, sharper, reson- 
ance levels at proton energies of 0-898 and 1-21 Mev, only this latter y-radiation 
from 'C* is present. (Details of the resonance levels are shown in the table 
which is compiled from the results of Shardt, Fowler and Lauritsen (1952).) 


E, (Mev) Eo (Mev) T (kev) Y (4:47)  Y (13-05) 
0-898 12-95 2-2 11-3 
1-05 13-05 150 16-7 1 
1-21 13-24 22:5 55 


Ey, is the energy of the bombarding protons, Eo is the excitation energy of the 4*O compound 


nucleus, J’ is the total width of the level, Y (4:47), Y (13-05) are the numbers of quanta | 


emitted from a thick target per incident proton, arbitrarily normalized. 


At all three resonances, the y-radiation will be accompanied by internal 
conversion electron—positron pairs, and if, in addition to the direct 13-05 Mev 


y-transition, a cascade transition through the 6:06mev level of 16O occurs, | 
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then there will be an additional contribution to the pairs from the monopole 
transition (0, + +0, +) from the 6-06 Mev to the ground state of 160. 

The small value of the conversion coefficient for pair creation in y-transitions, 
together with the characteristic angular correlation of the monopole pairs (Devons, 
Goldring and Lindsey 1954), makes the detection of the latter a very sensitive 
method of measuring the preceding y-transition. In particular, if quite a small 
fraction of the transitions from the 1-05 Mev resonance are via the 6-06 Mev level of 
16Q, then the angular correlation of the pairs at this resonance will be markedly 
different from that at the other two resonances. In fact, as described below, no 
appreciable difference was found, which enables one to place an upper limit 
to the relative number of y-transitions, from the 1-05 Mev resonance, to the ground 
state and 6-06 Mev levels of 16O. 


§ 2. APPARATUS 
The electron—positron detectors were two electron counter telescopes set in 
coincidence. Nitrogen gas enriched to 67% in N was used as a target and 
bombarded through a mica window 0-7mgcm thick. The target assembly 
is shown in figure 1. The wall thickness of the tube containing the &N was 
0-003 inch in the region near the target, A. In order to avoid radiations from Al 


Target Region 


Tin Foil 


Oo 0 cm 5 
Gas Inlet 


Figure 1. 


bombarded by protons the window holder was copper plated, and the rear wall 
of the target chamber was lined with tin foil. Proton bombardment of both copper 
and tin gave rise to soft x-rays which were recorded in the electron counters. 
These counts were eliminated by placing tin foil absorbers of 25 mg cm? over the 
front counters, and of 12mgcm-? over the rear counters. ‘The counters were 
arranged with one telescope fixed with respect to the target, and the other one 
could be rotated about an axis coinciding with the axis of the beam. ‘The axes 
of both telescopes were in the plane through the centre of the target chamber 
perpendicular to the beam. 


§ 3. EXPERIMENTAL PROCEDURE 
As a preliminary check, a CaF, target evaporated on Al foil 0-2mgcem? 
thick, was placed at the centre of the target chamber, and pairs were produced 
by the reaction !9F(p, «7)!6O, with proton energy 840kev. ‘The angular corre- 
lation of the pair emission was found to be 1+0-85cos@f. ‘The calculated 
correlation for the geometry used is 1+0-96cos6; the difference was interpreted 


+ Similar results were obtained by Devons and Lindsey (1949), using the same general 
arrangement. 
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as due to scattering. This amount of scattering was not considered excessive 
for the present measurements. 

In order to obtain enough yield from the broad 1-05 Mev level it was desirable 
to have the target as thick and as concentrated in space as possible, 1.e. a high gas_ 
pressure; on the other hand care must be taken to avoid the 0-898 Mev and the 
1-21 mev levels which give rise to other y-radiations from the reaction 

SOND, Wine nla 

This was accomplished as follows: a mica absorber 1 mgcm ? thick was placed : 
at the position C (figure 1). When the 1-05 Mev level was investigated, the proton — 
energy and the gas pressure (about 5cm) were adjusted so that the 1-05 Mey _ 
voltage region would be at the centre of the target chamber, the 0-898 Mev region | 
well inside the mica absorber, and the 1-21 Mev region inside the mica window, B. 
An additional absorber of Dutch metal, 0-3 mg cm? thick, was inserted in position _ 
D in order to concentrate the effective target region towards the centre of the 
target chamber, and so reduce the radiation from remote parts. 

The excitation curve for electrons and positrons, measured in a single counter- » 
telescope, is shown in figure 2, curve 1. The lower peak appears double because, 


i 
Energy (MeV) 


Figure 2. 


as the proton energy is increased the level is excited first in the region between ° 
the window B and the absorber D and then in the central region of the chamber. ' 
The difference in height between the two maxima is interpreted as being due to’ 
the fact that the field of view of the counter-telescopes is limited to a region in’ 
the neighbourhood of its axis. ‘This also permits us to assume that most of the< 
externally produced electrons recorded by the counter-telescopes originate ini 
either the wall of the target chamber or in the front wall of the front counter.’ 
On this assumption one would expect the contribution from externally produced| 
pairs to the total number of counts in the telescope to be only of the order of 10%,, 
most of the counts being due to internal pairs. ‘This was verified in the following) 
way: a copper absorber 0:2 mm thick was inserted in front of the telescope, andi 
the number of telescope counts was found to be slightly reduced. Had the) 
counts been due to external electrons, they should have increased about threefold.| 

The width of the two lower peaks in curve 1 is due to straggling of the protons, 
in the gas, the window and the Dutch metal absorber, and also to the non-uniformity) 
of the window. y 

| 
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The position of the 1-05 Mev level cannot be distinguished on curve 1. To 
locate this level, a lead radiator was placed in front of one of the telescopes and a 
brass absorber 2mm thick (enough to stop the electrons produced by the 
4-47 Mev radiation) was inserted between the front and the rear counters. 
Curve 2 of figure 2, gives the number of coincidence counts per single count in 
the front counter; it follows very closely the excitation curve for the 13-05 Mev 
radiation. 


§$ 4. MEASUREMENTS 


The expected monopole pairs from the 6-06 Mev level in *O must be discri- 
minated against the background of conversion pairs from the 4-47 Mev level in !2C. 
A fairly good approximation to the angular correlations in both processes is 
obtained by neglecting the rest mass of the electron in comparison with the 
transition energy. ‘The angular correlation in the E2 transition in !2C is given 
in this approximation by Goldring (1953, §3): 


Z i 8 
Fu2(9) = 3,790 7 90% u=1—cosé, 


and the monopole pair angular correlation is given by f)(0)=2—wu. ‘The ratio 
So/fa2 has a flat maximum at u=4—14/8. At u=1(0=7/2) the value of fo/fre 
is not much different from the maximum value, whereas the total yield of pairs is 
greater, and the discrimination against scattered electrons considerably better 
than atw=4— 4/8. The telescopes were therefore set at 6 =7/2 and the number 
of coincidence counts per single telescope count (denoted by 7) was measured 
at the 0-898 Mev level and at the 1-05 Mev level, and also at the 840 kev level in 
the reaction !°F(p, «7)!®O, with the CaF, target described above. The coinci- 
dence counts were corrected for random coincidences and for background counts, 
determined by replacing the heavy nitrogen with air. The results, arbitrarily 
normalized, were: 


for the 0-898 mev level y,=1+0-15 | 
forthey|-Oomiev level@ = ieler F155 > Gee Pe (1) 
from a CaF, target  7g3=5°6+0-2 j 


The accuracy of the measurements was limited by the fact that a considerable 
fraction of the background was due to external electrical disturbances and could 
not be established accurately. ‘The location of the two levels by means of the 
curves in figure 2 is not very accurate, and the uncertainty from this source has 
been incorporated in the errors in (1). Another source of error derives from the 
fact that whereas the radiations from the 0-898 Mev level and the F +p level 
originate in a sharply defined region, the 1-05 Mev level is spread almost uniformly 
over the length of the target chamber between the absorbers C and D (figure 1). 
‘This error is, however, relatively unimportant. 


§ 5. INTERPRETATION 


The relative coincidence rates 7, 73 in (1) refer to pair emission from the 
4-47 mev level in !2C and from the 6-06 Mev level in !*O respectively. For 7, 
we have: 

cs 71€+73X0 2 
eg = e+yd ee Eas ar ( ) 
PROC. PHYS. SOC. LXVII, IO—A 
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where « is the pair conversion coefficient for the 4-47 Mev y-radiation, x is the 
ratio of the number of 13-05 Mev quanta to the number of 4-47 Mev quanta emitted 
at the 16O resonance level, and 5 is the branching ratio for the cascade transition 
through the 6-06 Mev level in 16O and the direct transition to the ground state. 
The small contribution of conversion pairs from the direct 13-05 Mev y-transition 
or competing cascade y-transitions, and also from the 13-05—6-06 Mev y-transition 
has been ignored in (2). 
For the branching ratio 6 we get: 


= 

Cie mes | 

; X N32 ©) ; 

From (1) we see that y2—7, is not larger than approximately 0-3. Using the 

values «= 1-3 x 10-3 (Rose 1949), y=0-07 (cf. the table above), we get from (2) 
and (3)'0<1-3 x 10s. 

The dependence of the transition probability T(/) for electromagnetic 2!-pole 
radiation, on the transition energy fiw is given by 7(l)~(fw)?’*1M (Blatt and. 
Weisskopf 1952, p. 595) where WM is the square of the absolute value of the nuclear 
matrix element as defined by Blatt and Weisskopf. For the transitions under | 
investigation w,/ws=7:15/13-05 =0-55 so that 

M,/M, <0-01 if the transitions are dipole radiations, 


M,/M, <0-025 if the transitions are quadrupole radiations. 


It is extremely improbable that the transitions are of higher order of forbid-- 
denness than E2, because the branching ratio for y and « emission is large in the: 
13-05 mev level as compared with the 12-51 Mev, 12-95 mev levels which have been » 
established as 2~ (Kraus et al. 1953), and which therefore decay by M2 y-emission. | 

It should be noted that according to the single particle model M,/M,~1 | 
(Blatt and Weisskopf 1952, p. 627), whereas according to the liquid drop model, | 
M,/M,~,/0,~2 (Blatt and Weisskopf 1952, p.628), which makes the 
discrepancy even larger. 
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The Absorption Spectrum of Bismuth Selenide and Bismuth Telluride 
in the Region 2900-2200 A 


By C. B. SHARMA 


Lucknow University, Lucknow, India 
MS. received 19th March 1954 


Abstract. Several new band systems have been observed in the absorption 
spectra of BiSe and BiTe molecules in the vapour state at high temperatures 
(1000° to 1300°c). All the band systems lie in the quartz ultra-violet region. The 
band-heads have been analysed and the following constants obtained : 


Molecule System A Ve Qu nena We Deivae 
BiSe I 2900-2700 35617°5 264-7 0-40 304-00 2-00 
BiSe II 2350-2200 44425 264-7 0-40 316-00 2-00 
BiTe I 2942-2814 — 208°5 Os52) = = 
BiTe II 2454-2382 208°5 0:52 — —— 
BiTe III 2390-2315 42870 208°5 0:52 164-40 0-40: 
BiTe IV 2374-2279 43116 208-5 (52 263 -00 0:96 
BiTe V 2276-2200 “= 208°5 02 — — 


§ 1. INTRODUCTION 


N continuation of his previous work on SbS, SbSe and SbTe molecules the 
] author (1953) has studied the absorption spectra of BiSe and BiTe molecules 

in the vapour state at high temperatures. No previous data are available on 
these molecules. Several new band systems have been observed and analysed. 

In some of the measurements the absorption bands of the diatomic molecule 
Bi, were also observed but they were accounted for since they are well known from 
the studies made by Nakamura and Shidei (1935), Almy and Sparks (1933). 
Fortunately they do not interfere with the present measurements. 


§ 2. EXPERIMENTAL 


The experimental arrangement was the same as described by the author in his 
paper on SbSe and SbTe molecules. A mixture of equal amounts of pure bismuth 


_ and selenium or tellurium was kept in a silica tube which was placed in a graphite 


vacuum furnace. ‘The band systems were well developed at about 1000—1200°c. 
No rotational structure was resolved on a medium quart: spectrograph. 


§ 3. RESULTS 
3.1. BiSe Molecule 


Two new band systems have been observed and the band-heads measured. 


Both the systems are degraded to the violet. 


System I. 
System I lies in the region A= 2891-27124. ‘The wave numbers fit well with 


the formula 


v (em) = 35617-5 + (304-0 w’ — 2-0 u’?) — (264-7 u" —0-4.u"?), 
where u=v+ 3. 
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Table 1 
A (A) Int. v vu" A (A) Int. ue uv” 
2890-2 2 0 4 2800-0 a 2 2 
2868-8 5 0 3 2782-0 10 1 0 
2865 -4 5 1 4 ZIIDD 7 2 1 
2848-5 8 0 2 2759°3 10 2 0 
2844-3 3 1 5 YS EP? 4 3 1 
2826°3 10 0 1 Di S73 3 3 0 
2823-2 5 1 2 2735°3 9 4 1 
2805-2 9 0 0 2712°8 7 6 2 | 
2802:6 6 1 1 | 
: 
System II. | 


System II lies in the region A= 2318-2200 A. ‘The wave numbers fit well with | 
the formula 


v (cm-) = 44425 + (316-0 w’ — 2-0 w’2) — (264-7 u” —0-4.u"2) 


whereu=v+3. 


Table 2 

A (A) Int. wv’ wv’ X (A) Int. v vu" 
2317°5 3 0 5 2240-3 6 4 4 
2303-6 3 0 4 2233-2 10 1 ‘ie F 
2289°7 5 0 3 2230-9 8 2 1 
2275-8 9 0 2 2229-0 7 3 2m] 
2273-4 5 1 3 2227-2 7 4 3H 
2262°3 10 0 1 2217°8 8 2 0 | 
2259-8 8 1 2 2216-0 8 3 18] 
2255°5 4 3 4 2214-2 8 4 2 | 
2249-0 10 0 0 2212-6 6 5 ‘> 5 
2246-7 7 1 1 2203-2 3 3 0 
2244-2 8 2 g: 2201-3 6 4 1 
2242-2 6 3 3 


3.2. BiTe Molecule 

Five new band systems have been observed which are all degraded to the violet. . 
Systems II, III and IV overlap. In systems I, II and V the number of bands is 5 
small and hence no satisfactory analysis could be made. 


System I. 

This system lies in the region A= 2942-2814 A. The band-heads with their ¢ 
intensities are 2944-0 (7), 2926-1 (8), 2908-8 (8), 2891-8 (7), 2875-0 (10), 2871-4 (9), , 
2854:5(10),. 2835-59), 2817*6(2). 


System II. 
System II lies in the region A= 2454-23872 A. | 


Table 3 ! 
d (A) Int. v’ vy” (A) Int. of | 
2453-5 3 0 6 2405-6 10 0 ) 
2441-2 4 0 5 2393-8 10 0 
2429-3 7 0 4 2382+1 9 0 
8 0 3 


2417-4, 
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System III. 


System ITT lies in the region A = 2390-2315 A. The wave numbers fit well with 
the formula 


v (em) = 42870 + (164-4 w’ — 0-4-u'2) — (208-5 u” —0-52.u"2) 


where w=v+H. 


Table 4 

X (a) Int. v’ v" A (A) Int. v vu" 
2390-0 3 0) 5 2344-5 7 0) 1 
2378-5 5 0 4+ 233555) 8 i 1 
2367-2 6 0 3} Do osee, + @) 0 
2359-9 gh 0 2 2324-3 8 1 0 
2348-7 a 2 3 PENS SS 3 D 0 

System IV. 


System IV lies in the region A= 2374-2279 A. The band-heads fit well with 
the formula 


v (cm) = 43116 + (263-0 u' — 0-96 vu’) — (208-5 wu” — 0-52 u"?) 


where u=v+}. 


Table 5 

X (A) Int. v’ v" AX (A) Int. Uv’ vu" 
2373-3 5 0 5) 2311-6 10 2 D 
2362-3 6 0 4 2309-0 10 3 3 
2350-8 ff 0) 3 2306°3 a) + = 
2339-8 8 0 2 2303-1 10 1 0 
2336°5 8 1 3 2300-6 10 2; 1 
2333-7 4 D 4 2297-9 8 3 2 
2331-0 + 3 5 2295 3 8 4 3 
2328 -4 - 0 1 2289 -4 9 2 0 
2325-35 8 1 2 2287°1 8 3 1 
2322-6 6 2 3 2284°-5 7 4 2 
2319-9 8 3 = 2281-8 5 5 3 
2317-3 3 0 0) 22793 4 6 a 
2314-2 8 1 1 


System V. 

System V lies in the region A=2276-—2208 A. ‘The number of bands is too 
small for complete analysis. ‘These wavelengths and intensities are 2276-5 (5), 
2264-4 (3), 2250-9 (4), 2244-0(7), 2235-0(10), 2228-4(7), 2218-6(6), 2208-4 (6). 


§ 4. Discussion 

The conditions of formations of these molecules appear to be very critical. 
In absorption the bands appear at about 800°c but are best photographed between 
1000 and 1200°c. 

Considering the data for PbSe, Pb'T’e and Bi, molecules it is expected that the 
value of w,” in the ground state for BiSe and BiT'e molecules should be of the same 
order. This is confirmed by the results obtained here. 

Jevons (1944) discussed the trends of coefficients of IV-VI groups and V—-V 
group molecules and showed a two-fold parallelism between the two groups. ‘The 
data for V-VI groups molecules also show similar trends. w,” shows a decrease, 
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uv 1/2 


as expected, with increasing number of electrons. w,’u1/? which governs the | 


force constant remains almost constant for the BiO, BiS, BiSe and BiTe molecules. 


Molecule Number of electrons We” Op ge? KAD = 
BiO 91 695:9 25 
BiS 99 386-0 2:6 
BiSe 117 264-7 2:6 
BiTe 35 208°5 2-4 
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RESEARCH NOTES 
Vibrational Transition Probabilities of Diatomic Molecules: III 


By P. A. FRASERt+ 


Department of Physics, University of Western Ontario, London, Canada 


Communicated by R. W. Nicholls; M/S. received 28th June 1954 


1953, to be referred to as I and II respectively) an approximate analytic method 

of evaluating vibrational overlap integrals was presented. It will be recalled . 
that the basis of the approximation was the replacement of «, and a, of the two 
Morse potentials each by some mean «, analytic evaluation of the overlaps then 
following. Parameters depending on «, and a, were adjusted to correspond to 
the new «. When the changes in «, and «, were small, any compensation to 
improve the overlap integrals was rightly ignored, and when the changes were 
large, the ‘7,-shift’ method was introduced in IJ to provide a compensation, with 
considerable success. 

The purpose of this note is to present for these latter cases a more rational 
improvement based on first-order perturbation theory. 

The following nomenclature will be used throughout: ‘new potentials’ 
for the adjusted potentials; ‘original potentials’ (meaning clear); ‘approximate 
overlap integrals’, written (v’, v’)); and ‘improved overlap integrals’ (v’, v”) for 
overlap integrals presumably closer to those of wave functions in the original 
potentials than are the approximate overlap integrals. Notation is otherwise the 
same as in I. 

It is possible to write 


U;(r —1e;) = U;’ (r — 7) +5 U; (7 — 793), (Kg tae eee) ete. \e: (1) 


where U; are the Morse potentials and U;’ are the new potentials. 5U; may be 
considered as a perturbation on U;’ giving U,, and through perturbation theory it 
is possible to express the wave functions in U, in terms of the wave functions in U,’. 
This is a convenient possibility, since overlap integrals of wave functions in U,’ 
and U,’ are amenable to analytic integration. ‘The difference of the original and 
new potentials was calculated to the first non-vanishing term, and found to be 


i two previous communications (Fraser and Jarmain 1953, Jarmain and Fraser 


3U,=D/ 2 xg, fee BO Fee WW esUa, ATS (2) 
where D,’ is the dissociation energy of the potential U,’, D,’ =(«,),;?/4(@¢_%.);, and 
where x,=« (7 —7,,). 

To apply perturbation formulae matrix elements of x,? are required. ‘They are 
not available in the literature; however, matrix elements of x; are available 
(infeld and Hull 1951, Herman and Shuler 1953). Since the matrix elements of x,3 
were required to be known but approximately, they were evaluated from the 
‘cube’ of the x; matrix, terms of order K,’~*” only being retained, where 


+ Now at Department of Physics, University College, London. 
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K; =(,);[(@ex,);-. This is the lowest order term appearing in any matrix 
ne. of x. To this order the only non-vanishing matrix elements are 

(v |x [v—3), (v]xF|v—1), (e[~P|v+1), and (v|xF|v+3), where v is the 
vibrational roti number of the vth level in potential U,’. For example, to 
this order 


(v |xP|e—3)=(2 |x; |e—1)(v— 1] x; |e—2)(e—2 |x; |e — 3). 


Using the approximation 


(v |x, Jo—1)= lel ee (3) 
it is easily found that i 
(v [x3 |o— jx [er jin OOP () 
o|at|o-1=3| mers |” Seaton (5) 


with obvious changes for the other two matrix elements. 

Finally, using the formulae of first-order perturbation theory and making a 
zeroth approximation to the energy difference denominators (that is, dropping 
the quadratic term), the following is obtained for the improved overlap integral: 


(v', v")=(', vot is a = {3 eee ey" (v’ —3, 0"), 


: 
v vt+l1 32 , : 
olgk -1e"»-3| pa | (wv +1,v"), 

sok v+2)(v' +1) 12, A 
a ea ere 

i (x — og) Kaas brace above with (K,— K,), \ (6) 

a 4 |v’+v",(v'—3,v"))>(v’, v” —3), etc.f> 
The K, and K, in the above are the adjusted values, the prime having been dropped 
to correspond to the final notation of I. ‘The improved overlap integral-is thus : 
given by a linear combination of approximate overlap integrals which are obtained | 
by the methods of I and the second part of II. In practice it is often possible, and |! 
proper, to neglect the outer terms in the braces, bearing in mind that this is an 7 
approximate calculation. ‘They should be retained only when the inner terms . 
give effectively nothing. Order of magnitude calculation with neglected terms : 
show that the approximations made to 6U; and to the matrix elements are such 1 
that the results are good to quantum number 6 for |«—«;|/« up to 10%. Thee 
formula, incidentally, gives an indication of the accuracy of the approximate ¢ 
method of I and II for any particular case. 

It can never be emphasized too strongly that one must be thoroughly consistent! 
about phases of the wave functions in applications of perturbation theory. If they 
formulae of I and II for approximate overlap integrals are used, there will be i 
trouble—the factors (—1)”*” must be included. The matrix elements of x3” 
were calculated with the same phase convention. 

The method has been successfully applied to nine bands of the CN violets 
system and the results shown in the table. Values of the overlaps for this system) 
calculated numerically were available for comparison since they were used) 
in the justification of the ‘7,-shift’ method of II. The molecular constants andi 


; 


mean « used are as in table 1 of II. ‘The method is being used at this laboratory, | 
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to make any necessary improvements to tables of overlaps calculated by the 
method of I. 


CN, B?X+-—>x?d* (Violet) Vibrational Overlap Integrals 


vw” 0 1 2 
AK 


0:95; —0-28, 0-08, 
0 0-95, —(0-27, 0:07, 
(0-95) (—0:273) (0-074) 
0-29, 0-86, O37 e 
1 0:28, 0-88, ~0-34, 
(0-28) (0-88 ,) (—0°:34,) 
0 045 0 ‘40; 0) ‘785 
2 0-03; 0-37, 0-833 
(0-034) (0:37) (0-83) 


The three lines in each group indicate respectively: approximate overlap integral; improved 
overlap integral; overlap integral from numerical integration. 


The research reported in this note has been sponsored by the Geophysics 
Research Directorate, Air Force Cambridge Research Centre, Air Research and 
Development Command, under Contract No. AF 19 (122)-470. 


REFERENCES 


Fraser, P. A., and JARMAIN, W. R., 1953, Proc. Phys. Soc. A, 66, 1145. 
HERMAN, R. C., and SHULER, K. E., 1953, ¥. Chem. Phys., 21, 373. 
INFELD, L., and Hui, T. E., 1951, Rev. Mod. Phys., 23, 21. 

JaRMAIN, W. R., and Fraser, P. A., 1953, Proc. Phys. Soc. A, 66, 1153. 


The Detection of Electron Pairs in a Cloud Chamber 
with Internal Counters 


By P. J. CAMPION? anp W. T. DAVIES 
The Clarendon Laboratory, Oxford 


MS. received 23rd Fune 1954 


HEN studying, by means of a random sampling cloud chamber, the 

\ x ; emission of electron pairs from a solid source which emits in addition 

single electrons and y-rays, it is frequently dificult and sometimes 

impossible to decide whether paired tracks constitute a true electron pair or are 
associated by chance. 

The difficulty is more acute than for the case of pair production in gases by 
y-rays when the origin of the pair is usually clearly visible. Under these circum- 
stances the main problem is to distinguish between true pairs and cases of large- 
angle single scattering of electrons. ‘This can be satisfactorily achieved by using 
sufficiently well collimated beams of y-rays. 

With solid sources, on the other hand, the origin of the tracks may be 
unobservable because of light scattered from droplets condensed on the concen- 
tration of ions in the neighbourhood of the source; or, if observable, it may be 
common to several tracks. 


+ Now at Atomic Energy of Canada, Ltd., Chalk River, Ontario, Canada. 
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A method of indicating the tracks of contemporaneous particles is thus a 
desirable feature of cloud chamber technique. 

Hodson, Loria and Ryder (1950) in a comprehensive paper have shown that 
the expansion of a Wilson chamber can be controlled by the discharge of an 
internal proportional counter forming part of the active volume of the chamber 
and operating in coincidence with externally placed counters. We have extended 
this technique to the control of the expansion by the coincident discharge of two 
internal proportional counters so that if, for example, a source emitting electron 
pairs is placed in a suitable position relative to the counters the expansion can be 
induced by paired particles. 

The essential parts of the counter system are visible in the photograph (Plate). 

A and A’ denote the wire anodes which are of 42 s.w.g. platinum. A horizontal, 
earthed brass rod of diameter approximately 1-5 mm is mounted 1 cm above and 
below each wire and serves to limit the vertical depth of the sensitive region of 
the counter. A 3mm thick brass septum S, the full depth of the chamber, 
effectively screens one counter electrically from the other and also reduces the 
chance of both counters being traversed by a single particle. ‘There is a gap of 
8:5 cm between the free end of S and the wall of the chamber at the point where 
electrons enter through a thin mica window W. This allows the source to be 
placed close to the window without restricting unduly the solid angle within 
which electron pairs may be observed to trigger the chamber. 

In operation the chamber is taken through two or three cleaning cycles during 
which there is no voltage on the counter wires. When cleaning is complete and 
conditions are thermally steady a voltage sufficient to operate the counters in 
the proportional region is applied. When a coincident discharge occurs a pulse 
generator removes this voltage within 5 wsec. ‘The expansion itself occurs about 
10 msec later. 

The photograph also shows a 4:45 Mev pair from C* produced by the 
reaction *Be(«, n)!“C* in a source placed outside the chamber. 

The particles triggering the chamber are clearly indicated by droplets 
condensed upon the beads of ionization X and X’ which surround the inter- 
section of the horizontal projection of the tracks with the counter wires. These 
beads arise from the positive ions created in the discharge. 

The sign of the particles is indicated and their momentum determined by 
applying an axial magnetic field of 550 gauss with the usual arrangement of 
Helmholtz coils. 

Thus | is the positron and 2 the electron of the pair. A second positron, 3, 
has clearly traversed the chamber after removal of the counter voltage and may 
have been associated with the faintly visible electron, 4. 

The unambiguous identification of the pair particles removes a further 
drawback of the cloud chamber method as applied to the study of pair production. 
Previously, it has been customary to use as a condition of acceptance of the tracks 
as a genuine pair, the agreement, within arbitrarily close limits, of the measured 
energy with the mean energy of a large number of cases or with the expected 


energy, where this was known by other methods. This leads to the rejection or | 


false pairing of tracks of particles which have suffered multiple scattering in 
excess of an arbitrary value. 

In a preliminary test of the system we have filled the chamber with a mixture 
of 5 parts argon and 1 part helium by volume, at a total pressure of about 60 cm Hg, 
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and used ethyl alcohol as the stabilizing and condensing vapour. ‘The r.m.s. 
spread in the projected radius of curvature due to multiple scattering is then 
approximately 20°%. ‘To this must be added an error of about 5°% in the curvature 
measurements themselves. 

A comparison between measurements on 56 triggered pairs and the distribution 
to be expected from the same number of 4-45 Mev pairs which have undergone 
multiple scattering in the gas—vapour mixture is given in the figure. The smooth 
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curve is calculated from Bethe’s treatment of multiple scattering curvature 
(Bethe 1946) taking the average value for the individual track length as 15 cm. 
We make the simplifying assumption that energy is divided equally between the 
components of the pair. 

It is evident that the spread in measured energy is reasonably well accounted 
for by the multiple scattering in the tracks and the errors of measurement. Its 
magnitude makes the interpretation of the four triggered, higher-energy pairs 
somewhat uncertain. However, their occurrence is in agreement with the previous 
observations of Davies and Harries (1952) using a randomly operated cloud 
chamber in which air at about 60 cm Hg was used as filling so that the multiple 
scattering was appreciably less. 

By increasing the magnetic field to 1000 gauss, and replacing the argon filling 
by a lighter gas at higher pressure, it is hoped to reduce the multiple scattering 
error to a value comparable with the error in curvature measurement while 
keeping a sufficient value of ionization density and diffusion coefficient to allow 
electron tracks to be measured. Modifications to the coils and chamber to 
permit of this being done are almost complete. 

In conclusion we may mention that the yield of pairs from beryllium bom- 
barded by alpha-particles from 80 mc of polonium is 1 in 5 triggered expansions. 
This may be compared with 1 pair in 20 expansions for a randomly operated 
chamber and 200 mc of polonium. Discussion of this yield will be given 
elsewhere. 
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The Resolving Time of an Internal Counter Controlled Wilson 
Chamber 


By P. J. CAMPION} anp W. T. DAVIES 
The Clarendon Laboratory, Oxford 


MS. received 23rd June 1954, and in amended form 16th Fuly 1954 


use of two internal proportional counters operated in coincidence to detect 

electron—positron pairs in a cloud chamber. In this note we show that the 
resolving time of a chamber controlled by one or more internal proportional 
counters can be considerably shorter than with other methods of control or 
operation. 

To obtain the highest degree of time discrimination in a random sampling 
Wilson chamber one must limit the sensitive time—i.e. the interval after the 
expansion during which condensation can occur and the droplets grow to visible 
size—and arrange that the gas mixture shall have a high diffusion coefficient 
for ions so that the diffuseness of the tracks of particles traversing the gas before 
the expansion shall be as marked as possible. It is not feasible, however, to achieve 
a resolving time of less than about 0-04 sec by these measures. Moreover, any 
improvement in this direction on the higher values generally used is at the cost 
of a proportionately decreased yield of experimental data. Decreasing yield 
also sets a practical limit to a reduction in the proportion of chance associated 
events by the use of weak sources. 


I: the preceding note (Campion and Davies 1954) we have described the 


When a Wilson chamber is controlled by counters the selected particles. | 


traverse the gas before supersaturation and the resulting tracks are diffuse. 
When external counters are used (Blackett and Occhialini 1933) or there is an 
internal ionization chamber (Cohen 1951) the age of a track must be deduced 


solely from its diffusion breadth, which is proportional to \/(Dz7) where D is. | 


the diffusion coefficient for ions of the gas filling and 7 the time interval between 
transit of the particle and the onset of supersaturation. Under favourable 
conditions two non-contemporaneous tracks may be resolved if the ratio f of 
their widths is about 0-7 (Wilson 1951). If one of the two particles concerned 
is assumed to trip the counter system the resolving time is clearly (1/f?—/?)z,, 
where 7, is the delay between triggering and expansion. ‘Taking a value of | 
0-01 sec for 7, we find a resolving time of about 0-015 second. 

In the case of a chamber controlled by an internal counter working in the 
proportional region we may study the appearance of the bead of ionization | 
surrounding the counter wire at the triggering point. The radial expansion | 


of the bead in the high field near the counter wire is very much greater than } 


the broadening of a track by diffusion in the same time interval. This method | 
of control should therefore, as was first pointed out by Hodson et al. (1950), | 
bring about a considerable reduction in resolving time. 

To investigate the resolution obtainable a collimated beam of alpha particles 
was made to traverse an internal counter consisting of a thin platinum wire as} 
anode and a hexagonal arrangement of wires forming an open cage cathode. | 


+ Now at Atomic Energy of Canada, Ltd., Chalk River, Ontario, Canada. 
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The arrangement was similar to that described by Hodson e¢ al. (1950). The 
e.h.t. was removed electronically after the receipt of a pulse. The minimum 
time required for the removal of the e.h.t. was 5 sec, although this figure 
was later reduced by circuit modifications. ‘The removal could also be delayed 
by known times ranging from microseconds to milliseconds. 

A series of photographs was taken showing alpha particles triggering the 
internal proportional counter in which the removal of the e.h.t. was delayed 
by known amounts, and the results compared with those obtained using the 
minimum delay possible (i.e. 5 wsec). At 50 usec delay the discharge bead 
had expanded into a ring of diameter sufficient for its hollow nature to be 
recognized in a photograph by visual inspection. We may take such 
recognition to be a suitable criterion of resolution. By using microphotometer 
techniques to detect the expansion of the discharge the resolvable time interval 
between two discharges could be reduced still further. 

As an example we show photographs (a), (4), (c) (see Plate). In (a) the e.h.t. 
was removed within 5ysec and in (4) within 200yusec. In obtaining these 
two photographs no special precautions such as reducing the light intensity 
were taken to enable the two peaks in the horizontal projection of the discharge 
ring to be more easily distinguished. ‘The radial expansion of the bead is readily 
apparent. In (c) the delay was only 50sec and the illumination was reduced 
slightly in order to allow a photometric analysis of the discharge. ‘The expanded 
nature of the bead is, however, still clearly visible on the negative without use 
of photometry. A slight asymmetry about the counter wire is due to gas 
motion during the expansion. 

The radial spread of the bead is chiefly determined by the motion of the 
positive ions during the time interval between passage of the particle and removal 
of the voltage. It depends to some extent on diffusion and on motion due to 
self-repulsion during the expansion time of the chamber. Calculation shows 
that the last factor is insignificant, while a comparison between the bead and 
the breadth of the «-particle track in photograph (c) indicates that the limit of 
resolution set by diffusion will be appreciably less than 50 usec. ‘The above 
photographs were taken under favourable conditions for resolution which may 
not occur in a practical application such as the one described in the preceding 
note. However, even in this case a delay of 200 usec may be taken as a conser- 
vative figure for visual resolution, an improvement of about 100 times over a 
randomly operated chamber or one controlled by external counters or internal 
ionization chambers. 

Since the e.h.t. was removed within 5 psec of the detection of a coincidence 
it follows that a particle traversing the counter at a time later than this will not 
produce a discharge bead. Hence, in the above pair experiment some confusion 
will arise only when an unassociated particle traverses the chamber in the interval 
between 200psec before or 5ysec after the pair. With the source strength 
actually employed this was very unlikely and no photograph had to be rejected 
because of such confusion. 
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The Reaction °Be(d, *He)*Li 


By M. M. WINN 


Department of Physics, University of Birmingham 


Communicated by W. E. Burcham ; MS. received 29th May 1954 


§ 1. INTRODUCTION 


HE radioactive nucleus ®Li(71/,=0-85 sec) is easily identified as a reaction 
product because of its characteristic decay by the emission of high-energy 
beta particles followed by breakdown of residual *Be nucleus into two 
alpha particles. Production of §Li in the reactions ®Li(t, p), “Li(n, y), 7Li(d, p), 
°Be(y, p) and “B(n, «) (Ajzenberg and Lauritsen 1952) by photodisintegration 
of boron (Sheline 1952) and by high-energy spallation (Barkas and Tyren 1953) 
has already been established. Evidence has now been obtained for production 
of this nucleus in the bombardment of beryllium by 20 Mev deuterons. This 
is ascribed to the *Be(d, *He)®Li reaction for which the calculated Q-value is 
— 11-37 + 0-07 mev, corresponding to a threshold deuteron energy of 13-9 Mev, 


§ 2. EXPERIMENTAL METHOD 
The apparatus is shown in figure 1. 20-mev deuterons from the 60 inch 
Nuffield cyclotron were extracted into a shielded room. The energy of the 
deuterons could be varied by interposing aluminium absorber foils in the 
path of the beam. The stopping power of these foils was calculated from 


Absorber Foil 
heel 


Photomultiplier 


Light Guide 
Zinc Sulphide Phosphor 


Deute 
Sf becias | ~ vi Target 


Figure 1. Apparatus. 


the range-energy curves given by Aron, Hoffman and Williams (1951). *Li 
was detected by observing the decay alpha particles rather than the beta particles 
because of the high background of gamma radiation near the cyclotron. 
According to the kinematics of the reaction the nucleus °Li is projected into 
a cone whose semi-angle increases from 0° at the threshold to 46° for incident 
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deuterons of 20 Mev. ‘The alpha particles from the *Be decay have a most 
probable energy of about 1-5 Mev and can only be observed if the ®Li nucleus 
stops in or near the surface of the target; this was therefore held at 45° to the 
beam. ‘The alpha particles were detected by a zinc sulphide screen viewed 
through a short light guide by an EMI type 6262 photomultiplier tube. The 
pulses were fed through an integral discriminator to the recording equipment. 

An oscillator of period T seconds controlled the equipment. ‘The cycle 
of activation and counting was repeated in a regular manner with a period of 
167 seconds, the beam being on for the first half of this period and the counter 
for the second half. The beam was switched on and off by applying suitable 
voltages to the cathode of the cyclotron ion source. The photomultiplier tube 
was blocked during the ‘ beam on’ period. The counting period was divided 
into eight equal channels each of T seconds; pulses were displayed in these 
channels on an oscillograph and photographed. Counts from each channel 
were accumulated over a number of separate activations. 

The apparatus was tested by producing ®Li from the ‘*Li(d, p) reaction 
using a thin target of lithium oxide on tantalum backing. ‘The channel 
duration 7 was set at 0-675 second (on and off times 5-4 sec) and the target 
bombarded with 3 x 10-° amp of 19-3 Mev deuterons. Delayed alpha particles 
of 0-88+0-2 sec half-life were observed (figure 2, curve B). A small time 
independent background remained when the lithium was replaced by a target 
of stainless steel. 


§ 3. RESULTS 


A thick beryllium target was bombarded with 4x10-° amp of 19-3 Mev 
deuterons, using a channel duration setting T=0-360 second. Heavy particle 
decay of 0-84+0-04 second half-life was observed; this is shown in figure 2, 
curve A. A blank decay curve was taken as before by replacing the beryllium 
by stainless steel. This is shown in figure 2, curve C. 
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Figure 2. Decay curves for: A, *Li from *Be(d, *He); B, *Li from ‘Li(d, p); 
C, background, deuterons on stainless steel. 
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A rough yield curve for production of the 0-84-second activity from beryllium 
bombarded by deuterons was drawn by plotting the total number of counts 
per coulomb, recorded in the ‘ beam off’ periods, as a function of the deuteron 
energy. This is given in figure 3 and shows that the observed yield curve is 
consistent with the calculated threshold. The shape of the curve above the 
threshold is difficult to interpret, since it is dependent on the proportion of 
alpha particles from *Be counted. This is a function of the incident deuteron 
energy and cannot be easily calculated. 


Calculated 
Threshold 


Counts per 10°° Coulomb 


12 16 16 18 20 
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Figure 3. Yield curve. 
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LETTERS TO THE EDITOR- 


Short-Lived Alpha Emitters produced by *He 
and Heavy Ion Bombardments 


The Birmingham cyclotron produces external beams of deuterons, protons 
and alpha particles. Internal beams of *He?*+, 14N®+ and 1°O§+ are available; 
these however cannot at present be extracted efficiently due to the incorrect 
shimming of the magnet fields used in their acceleration (Fremlin 1953, Walker 
et al. 1954). Reactions caused by the above particles are interesting as they 
may lead to the production of neutron deficient isotopes, including certain 
alpha emitters with periods in the 0:1 to 60 second region. ‘This note reports 
the results of preliminary work on a number of reactions in which the alpha 
decay of the product nucleus was followed inside the vacuum chamber of the 
cyclotron. 

A special internal probe was constructed (see figure), the inside end of which 
carried a target holder which could be moved in and out of the beam electro- 
mechanically. In the ‘out’ position the target faced a zinc sulphide screen 
on the end of a four-foot light guide leading to a magnetically shielded photo- 
multiplier tube (type 6260). A master oscillator provided the timing for 
bombardment and counting. For the first three periods of the oscillator the 


Position of target for counting 


i— 


Centre of SS : 
Cyclotron - Light Guide esp Ups 


Zinc Sulphide Screen 


Thin foil to exclude light 
and slow particles 


Probe for detection of short-lived alpha emitters. 


target was moved in and bombarded. On the fourth period it moved in front 
of the detector and a signal turned off the cyclotron radio-frequency supply. 
The alpha activity on the target was then counted for six oscillator periods, 
the pulses from the photomultiplier being passed through a stepping relay 
switch to six separate scalers. The cycle of ten periods was repeated until a 
sufficient number of counts from the decay had been recorded. ‘The activities 
identified are shown in the table. Evidence for the Li+*He?* reactions is 
inconclusive due to difficulty of separating 0:6 and 0-85 second activities, 
(corresponding respectively to *B and *Li) in the presence of a rather uncertain 
background of photomultiplier noise pulses. 
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Bom- Beam F References 
Target barding re current eee Reactions and 
particle prey x10-%a Remarks 
Li d 15 2 0-88+ 0-05 sec "Li(d, p)®Li To test apparatus 
Be d 18 10 0-80+ 0-13 sec *Be(d, *He)®Li Winn (1954) 
Bi a 28 10 0:22+ 0:03 sec 209Bi(a, n)?"At Segré (1948) 
0:5 +0-1 sec ( ?Pb(a,n)?44Po  [ Leininger et al. 
Pb a 28 10 (1951) and 
PEW sew) cee 20° P(aoun) abo, Speiss(1951) | 
Au l4N&t ~80 20 7-0 +1:0 min 1?°7Au(4N, xn)?Em Burcham (1954) 
Ii, Sele 13 50 0-6 to 0-9 sec One or more of 


87 i(?He, n)§B; 
"Li(?He, 2n)§B See below 
7Li(?He, 2p)*Li 


The author would like to thank Professor W. E. Burcham for his helpful 
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Consistency of Nuclear Radii from Electron Scattering and 
Coulomb Energy Data 


‘The recent experiments on electron scattering can be explained on the basis: 
of a uniform charge model taking a radius approximately equal to} 


Rone) ® 10S Aen, 
On the other hand, the energy differences of mirror nuclei indicate for the radial 


a value R= 1/45: x 10-18 418'cm 9? © ee ‘(ZR || 


which seems hard to reconcile with (1). This shows the inadequacy of the; 
uniform density model. 1 


+ Experiments on the x-ray spectrum of “-mesonic atoms also indicate nuclear radii) 
closer to (1) than to (2). 


Letters to the Editor 951 


A number of alternative models have been suggested by different authors 
(Wilson 1952 and references cited therein). In this connection Bitter and 
Feshbach (1953) and Cooper and Henley (1953) have recently given some general 
arguments showing that no positive definite charge distribution exists which can 
give a smaller radius for scattering and a bigger one for coulomb energy. 
According to their argument, the most favourable situation occurs in the uniform 
density model; and since the above discrepancy lies in that model itself, the 
position would appear quite hopeless. 

One of us (Vachaspati 1954) has recently given a theory of the electron 
scattering, taking a model for which the charge density is given by 


2 .—Br 
Zep =Ze | -(c- 1)53(r) + a | 


Since the electron scattering is fairly insensitive to the dtails of the nuclear model, 
one can use the calculations made there to find scattering cross sections on different 
models by suitably choosing B and C. It is shown there that this model would 
give almost the same differential cross section as the uniform model with radius 
Recatt if one assumes 
C175, s( BR ct)? at 14-8, | Cauca ee (4) 
It is interesting that this model represents a nucleus with 3Ze/4 negative charge 
at the centre and 7Ze/4 positive charge outside, the concentration of the latter 
decreasing outwards. 
Now the coulomb energy of a nucleus is given by 


E=}2Z?e eee dx dy, Pe 
ey 7 
If one substitutes for p the value given in (3) one finds, after an easy calculation, that 
P=t7°e4l—2O\CBs ~ AGEs (6) 


Comparing with the case of the uniform charge model, where the energy is 
2Z7e?/R., we now see that the effective coulomb radius is 
6 1 
ie == 5 (1=4C)CB Oe ee ee ee ee ere ete rare (7) 
Multiplying both the numerator and the denominator of (7) by Ryoat, we get 
ie = Hie: eee eee (8) 


where 6 1 

25 5 (1 rie 2C)C(BRecatt) : 
If we now use the values of C and (BRgatt) given in (4), we readily find «=1-43. 
Substituting this in (8) we see that, on the basis of the density distribution (3), 


the coulomb energy radius is bigger than, and is in fact 1-43 times, the scattering 
radius. This is in remarkable agreement with the values (1) and (2). 


Physical Research Laboratory, VACHASPATI. 
Ahmedabad 9, S. M. Saux. 
India, 


7th April 1954. 
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REVIEWS OF BOOKS 


Science in Progress. Sigma Xi National Lectureships, edited by GEORGE A, 
BaITSELL. 7th Series, 1949 and 1950, pp. ix+512; 8th Series, 1951 
and 1952, pp. xiv+285. (New Haven: Yale University Press; London : 
Oxford University Press, 1951, 1953.) $6.00 each volume. 


As Sterne might have remarked: ‘“‘ They order these matters better in 
America”. Doubtless many British scientists are moved by motives of piety; 
doubtless this often results in admirable popular accounts of contemporary 
research; but no enterprising editor collects them into annual volumes such 
as are the subject of this notice. The two volumes under review consist of 
22 lectures delivered before the Sigma Xi Society. They are well illustrated 
(221 figures) and cover most branches of Science. Few specialists are likely 
to learn much from the articles dealing with their own field, but most scientists 
will find in these articles information invaluable in the discussions on the 
general application and purpose of Science which so frequently arise in 
modern democracy. 


For example the two excellent articles on ‘‘ Atomic Energy” as well as — 


giving a good account of reactors along conventional lines treat the power 
problem as a whole and discuss biological and other means of making use of 
solar energy. As Professor Harrington Daniels remarks: ‘‘ Atomic energy for 
military purposes was developed with the aid of two billion dollars in three 
war years under conditions of centralized authority and secrecy. It would be 
interesting to see what could be done with two million dollars in three years 
for the greater utilization of solar energy.”’ 

The mathematician is catered for in an article by Professor Artin on the 
theory of braids and its relationship to group theory. 

Many of the biological articles are of the type which interest the amateur 
biophysicist. Professor Muller devotes over seventy pages to an account of 


cee tata ee Ee tee 


“Radiation damage to the Genetic Material’? while Professor Harvey’s article — 
on luminescent organisms shows some interesting oscillographic studies of the | 
flash of the firefly. What subject of discussion could be more appropriate for | 


the physicist and his lass as they survey the wonders of nature beneath a tropical 
moon? 
These volumes are well worthy of consideration for inclusion in any library 


which has to serve the needs of undergraduates reading Natural Science. They - 


are well produced, reasonably priced and are prefaced by useful biographical 


notes on the authors. C. H. COLLIE: | 


Scientific Papers presented to Max Born on his Retirement from the Tait Chair 
of Natural Philosophy in the University of Edinburgh, by Sir EpwarD 
APPLETON et al. Pp. vi+94. (Edinburgh: Oliver & Boyd.) 12s. 6d. 


This collection of short papers written by some of his friends and published 
as a tribute to Professor Born on the occasion of his leaving Edinburgh may be 
divided into two classes as follows: six of the essays are straightforward and 
four are controversial, 
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The first of the six is a condensed but very interesting discussion by 
Sir Edward Appleton on the relations between geomagnetism and various 
ionospheric phenomena, leading up to an account of the substantial simplifi- 
cation which is achieved by plotting the F2 layer critical frequency against the 
geomagnetic latitude. 

There are brief articles by Professor Courant on the method of characteristics 
and the classification of non-linear partial differential equations, by Professor Weyl 
on the extension of a theorem of Lagrange to an arbitrary field, and by 
Professor von Karman and S. Penner on constant pressure deflagration. 
Professor Schrédinger contributes a cautious discussion of possible relations 
between relativity and quantum theory and shows that by limiting speculation 
to a moderate amount he cannot derive the well-known relation between the 
radii of the nucleus and the universe and the so-called number of nucleons in 
the universe. Dr. P. Jordan compares Boltzmann statistics and the uncertainty 
principle in physics with Mendelian inheritance and mutations in biology. 
Possible relations between rare mutations and evolution are discussed in some 
detail, but the reviewer is quite incompetent to comment on what appear to 
him to be fundamental assumptions. 

The four controversial papers deal with the probability interpretation of 
quantum theory which was originally due to Professor Born. ‘These articles 
by Professors Einstein and Landé, M. L. de Broglie and Dr. Bohm are 
unfortunately one-sided. It is true that Landé takes a view opposite to the 
others, but the general effect is to suggest that the usual interpretation of 
quantum mechanics is wrong, and that we must find some way of describing 
physical systems which gives more information than the wave function. As 
this is opposed to the views of Niels Bohr and his school, it is a pity that the 
latter's views are not represented (a few relevant paragraphs in Jordan’s article 
on biology are hardly to be counted). 

Einstein states that quantum mechanics describes ensembles of systems, 
not individual systems, and that in this sense the wave function gives an 
incomplete description of the individual system. He does not add that, for 
all physical systems which have been suggested, it has been shown that the 
wave function gives as complete a description as is self-consistent. de Broglie 
suggests that there is a singular solution of the wave equation such that the 
motion of the singularity gives the classical motion of the particle, but to obtain 
this singular solution he has to abandon the linear wave equation. ‘The 
difficulties so created, and the lack of definiteness, both in the mathematics 
and in the physical ideas, would appear to many to be strong arguments in 
favour of the simple idea of Bohr and Heisenberg that the usual wave function 
describes all that anyone can ever find out about a physical system, and therefore 
the wave function provides the answers to all the meaningful questions about 
the system which can be asked. Bohm tries to discuss the results of measure- 
ments without reference to the eigenstates or the eigenvalues of the appropriate 
linear operators, and his statements as a result suffer in clarity. 

The article by Landé tries to carry the war into the territory of Einstein, 
de Broglie and Bohm, his thesis being “ that it is futile in principle to search 
for hidden causes behind any distribution which satisfies the rules of proba- 
bility, whether the distribution occurs in a classical or a quantum-theoretical 
investigation’. The main line of his argument can be indicated by quoting 
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his remark: “a deterministic derivation of irreversibility from reversible 
deterministic mechanics is an impossibility” . This, however true, is not 
the point at issue in the discussion about the interpretation of quantum theory. 
Classical mechanics gives differential equations describing the trajectory of a 
single particle; quantum mechanics gives differential equations which describe 
operators associated with the particle, and the expectation values of the operators 
tell all that can be stated about the trajectory. Thermodynamical effects do not 
appear to enter the discussion to a first approximation. 
It will be interesting to know what Professor Born may have to say about 
this symposium. J. HAMILTON. 


Physics and Applications of Secondary Electron Emission, by H. BRUINING. 
Pp. xii+ 178. (London: Pergamon Press, 1954.) 25s. 


Apart from its fundamental interest in the physics of metals, secondary 
emission has to-day an enormous number of practical applications, especially in — 
modern electronic equipment. The result is that the literature on the subject is 
extensive and is rapidly expanding; this applies both to the academic and techno- 
logical papers. The present book is one of a series of monographs which report 
on research, and help to bring together the vast amount of data now being pub- 
lished. A modern book on secondary electron emission is necessary and the 
present work, by Dr. H. Bruining, of the Philips Research Laboratory, Eindhoven, 
himself an authority, is to be welcomed. 

A very wide field is covered in 178 pages. A chapter is devoted to experi- 
mental methods of measurement of secondary emission and this is followed by — 
two chapters which review previous results on secondary electron emission from 
metals and metal compounds. A short chapter is devoted to the variation of 
secondary emission yield caused by external absorption of ions and atoms, a 
field of increasing importance; but it is unfortunate that it has not been found | 
possible to include mention of the most recent work in this particular field. Two ) 
important chapters are then devoted to theories of electron emission, and the last : 
three deal with applications and these will be particularly valuable to electronic : 
engineers. | 

‘The author gives an account of published data and of the theories which have 
been proposed to account for them. When these are not entirely satisfactory, { 
or when the data themselves are not self-consistent, the author simply states the : 
facts, and this makes the book a valuable work of reference. An extensive list f 
of references is given of important papers up to 1952. The book, should i 
prove extremely useful, especially to those working on electronics, and can be # 


strongly recommended. F, LLEWELLYN JONES. ! 


—— 


Handbook of Elliptic Integrals for Engineers and Physicists, by P. F. Byrp and | 
M. D. FrrepMan. Pp. xii+355. (Berlin: Springer-Verlag, 1954.)) 
DM. 36 (DM. 39.60 bound in linen). 


The authors have collected together for easy reference a very large number}! 
of important formulae to facilitate the evaluation of a class of integrals often} 
met with in applied mathematics and physics. They are not concerned with thet 
formal theory of elliptic functions but content themselves with clear definition|| 
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and the inclusion of enough theory to make the book useful to those who have 
not met these functions before. In all there are about 3000 formulae and 
integrals. 

The reader is introduced to the three kinds of elliptic integral, Jacobi’s 
elliptic functions and their inverses and to Jacobi’s zeta function, all of which 
are defined and exhibited graphically. A few conformal mappings involving 
these functions are also given. 

A large section is devoted to the classification of integrals involving the 
square root of a cubic or a quartic or of certain simple polynomials of higher 
degree. ‘There are also lists of single and multiple integrals of various com- 
binations of Jacobi’s elliptic functions; integrals involving trigonometric or 
hyperbolic functions, which can be evaluated in terms of elliptic functions, 
are also dealt with. Another section of the book is concerned with integrals 
and derivatives with respect to the modulus or argument, and with series and 
product expansions. Weierstrassian elliptic functions and theta functions are 
considered in an appendix. 

At the end of the book tables are given of the complete and incomplete 
elliptic functions of the first and second kinds, and also of the zeta function. 

A. N. GORDON. 


BOOK NOTICES 


Inter-relations between the Terrestrial Atmosphere and Cosmic Radiation, by 
P. K. Buatracuarya. Pp. iv+50. (Calcutta: Indian Physical Society, 
1952) 


A new Periodic Table of the Elements, based on the Structure of the Atom, by 
S. I. TomxKeérerr. Pp. 30. (London: Chapman and Hall, 1954.) 10s. 


956 


CONTENTS OF SECTION B 


Dr. J. A. Lez and Dr. G. V. Raynor. The Lattice Spacings of Binary Tin-Rich 
Alloys . : ‘ : ; ; 5 : : : 3 : 


Dr. R. L. INGRAHAM. ‘Taylor Instability of the Interface between Superposed 
Fluids—Solution by Successive Approximations 5 5 : . 


Dr. P. T. Nerrtey. The Approach to the Steady State in Gaseous Thermal 
Diffusion and its Application to Determining the Dependence of Gas Diffusivity 
on the Concentration Ratio 5 , ; 5 ; : : ; 


Dr. D. G. Avery, Dr. D. W. Goopwin, Mr. W. D. LAwson and Dr. T. S. Moss. 
Optical and Photo-Electrical Properties of Indium Antimonide 


Dr. J. E. ALLEN and Dr. P. C. THONEMANN. Current Limitation in the Low- 
Pressure Mercury Arc 


Dr. T. S. Moss. The Interpretation of the Properties of Indium Antimonide 
Mr. P. E. Doucias. The Vapour Pressure of Calcium: I 

Dr. D. H. Tomuiin. The Vapour Pressure of Calcium: II 

Corrigendum (‘TILLETT) 

Reviews of Books 


Contents of Section A . 


PAGE 


73m 


748 


753 | 


761 


PROC. PHYS. SOC. VOL. 67, PT. IO—A (W. R. S. GARTON) 


H 1215 


Si 1394 


He 1640 


Mopar basics Cea eam | 
: : 


Si 1901- 


Be x eR — = 
cs lo 
= = me & & 
; Figure 1. Figure 2. 
Schumann region absorption spectrum of In vapour. Ini sharp and diffuse 


(a) 20°; (6) 900°; (c) 1100°; (d) 1250°; (e) 1400°c. series 1n absorption. 


+e 


PROC. PHYS. SOC. VOL. 67, PT. IO—A (E. A. OWEN AND G. I. WILLIAMS) a 
®, 
2 

: ¢ 

ba 

4 


Q? 


bcc 20 [Shear ale 4 12 10 8 6 4 


fe 8 ae, 24 20 ‘s 21 8 


Figure 2. Illustrating the effect of deforming lithium at liquid—air temperature. 


(a) Lithium at —194°c. Body-centred cubic structure. Unfiltered copper radiation. 
(6) Lithium at —194°c after deformation at —194°c. Mixture of body-centred 
cubic and face-centred cubic structures. Filtered copper radiation. (c) Lithium, 
after (b) above, allowed to anneal at room temperature and then cooled to —194°c. 


Body-centred cubic structure with some reflections: split in two. Filtered copper 
radiation. 
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The Scattering of Nucleons by Alpha Particles—the s-Phases 
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MS. received 22nd Fune 1954 


Abstract. ‘The s-phase shifts for scattering of neutrons and of protons by 
alpha particles have been calculated over the energy range 0-4 Mev. A central 
interaction between nucleons of gaussian form has been assumed, the constants 
being consistent with the binding energy of the deuteron and alpha particle. 
The resonating group structure method has been employed to provide integro- 
differential equations for the wave functions which describe the scattering. 
These equations are internally consistent in that the functions used to describe 
the resonating groups are only assumed to satisfy the usual variational integral 
condition in terms of the alpha particle binding energy. ‘The s-phases were 
determined by accurate numerical solutions of the equations. Very good 
agreement was obtained with the phases derived from analysis of observed data 
both for neutron and for proton scattering, provided the internucleonic forces 
were taken to be of symmetrical exchange character. The work is a necessary 
preliminary to an investigation of the p-phases in terms of an internucleonic 
spin-orbit interaction. 


$1. INTRODUCTION 


HE first observation of the anomalous scattering of alpha particles by 

| protons was made by Chadwick and Bieler in 1921 (see also Mohr and 
Pringle 1937) and the first measurement of the scattering of neutrons by 
helium nuclei was made years later by Staub and 'Tatel (1940). ‘These measure- 
ments first directed attention to the possibility that the p-phase shifts for 
nucleon—alpha particle collisions are split. Further, more extensive, measurements 
by Barschall and Kanner (1940) with 25 Mev neutrons were analysed by Wheeler 
and Barschall (1940) and found to provide definite evidence of a wide splitting. 
The possibility that non-central forces of the tensor kind can give a sufficiently 
large splitting has been discounted since Dancoff (1940) estimated that they 
would be quite inadequate. Attention was therefore drawn to the possibility 
that strong spin-orbit interactions exist between nucleons and subsequent work 
has been directed to obtaining information about these interactions. In 1949 
Critchfield and Dodder carried out a phase analysis of the data obtained by 
Freier, Lampi, Sleator and Williams (1949) on the scattering of protons with 
energies ranging from 0-95 to 3-88 mev. ‘They found that the data were 
consistent with contributions from s, p,/. and ps. phase shifts but were naturally 
unable to tell whether the p doublet was normal or inverted. ‘The analysis was 
later extended by Dodder and Gammel (1952) to cover the extended proton 
energy range (5-81 and 9-48 mev) studied experimentally by Adair (1952) and 
by Kreger, Kerman and Jentschke (1952). Polarization measurements carried 
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out by Heusinkveld and Freier (1952) by studying the double scattering of 
protons by helium nuclei decided definitely that the doublet is inverted. Similar 
measurements and analyses carried out with neutrons (Huber and Baldinger 
1952, Seagrave 1953) have led to substantially the same conclusions. 

Although it was realized at the outset that the observed doublet splitting is 
most readily understood if the internucleonic interaction includes a spin-orbit 
coupling term (Rosenfeld 1948) there has been no theoretical work up to the 
present which attempts to determine the magnitude of this term. Hochberg 
(1953), Burgel (reference by Huber and Baldinger 1952) and Sack, Biedenharn 
and Breit (1954) have examined the possibility of representing the results in 
terms of a central nucleon-alpha particle interaction to which a spin-orbit term 
is added, but it is desirable to attempt a more fundamental approach, relating the 
scattering to the fundamental interactions. It is true that in a five-body problem | 
of this kind many-body forces may be important—whether they are necessary 
or not is a matter for investigation. We have therefore commenced a study of © 
nucleon—alpha-particle scattering in terms of two-body interactions. ‘The first 
aim is to examine whether the s-phases can be calculated assuming a reasonable | 
central interaction. The first attempt in this direction was made by Nogami 
in 1942. He assumed a gaussian interaction between nucleons but made very ° 
drastic approximations in carrying out the calculation of the s-phases. 

In the present paper we report the results obtained using a similar two-body ° 
gaussian interaction to that assumed by Nogami, but with a much more accurate : 
method of calculation. The phases have been obtained for both n—« and p-x : 
collisions and the agreement with observation is so good as to encourage the : 
belief that extension of the work to the p-phases, including spin-orbit interaction, , 
will be profitable in yielding information about this non-central term. : 

When this work was nearly complete we became aware of the independent { 
work on n-« scattering carried out by Bransden and McKee. ‘They used nearly ; 
the same interaction but worked with an integro-differential equation to describe » 
the scattering which is less consistent in its derivation than the one used in the: 
present work. Furthermore they obtained the phases by a variational method | 
whereas we obtained them by accurate numerical solution of the integro-differential | 
equation concerned. ‘There are quite considerable differences in the results © 
obtained. 


§ 2. GENERAL FORMULAE 


We consider first neutron collisions. Using the number 1 to represent they 
coordinates of the incident neutron, 2 and 3 the neutrons in the helium nucleus’ 
and 4 and 5 the nuclear protons, the wave equation for the combined system may! 
be written 

12 | 
E {Vis + 2V3.45 + $V 5.345 + 8Vio345} + B— Pa Uy | =O ee (1) | 
all pairs 
where the suffix 1,2345 means that the coordinates concerned are those off 
particle 1 relative to the centre of mass of the particles 2, 3, 4 and 5, etc. Fon) 
the calculation of the s-phase shift it is not necessary to take into account the 


“i. 
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where /, H and B are the usual Marjorana, Heisenberg and Bartlett operators, 
m, h, b and w numerical constants such that 
m+h+w+b=1, 
: ee D aes a ee Me Mans aweat (3) 
where x is the ratio of the 15 to the 3S interaction in the deuteron and «,,=1, 
_ if 7, 7 are protons and zero otherwise. 
Following the method of resonating group structure we now seek a solution 
: of equation (1) of the form 
F = a(1)x(23, 45) F(1)$(— 1) + a(2)x(31, 45) F(2)6( —2) 
+«(3)x(12, 45)F(3)¢(—3) ...... (4) 
where ¢(—1) is the space wave function of an alpha particle cluster in which 


all particles except neutron 1 are included. On 45) is the spin function for 
an alpha particle cluster, i.e. 


x(23, 45) = {#(2)B(3) — #(3)B(2)}{a(4)B(5) —4(5)B(4)}. ese (5) 
The function (4) is antisymmetric for interchange of the protons and of any pair 
of neutrons. In each term of (4) the function F represents the motion of the 
neutron relative to the alpha particle. To obtain an integro-differential equation 
from which to determine F we substitute (4) in (1), multiply on the left by 
(1) x(23, 45)h*(— 1), sum over spins and integrate over the configuration space 
of the alpha particle 2345. If we further suppose that the functions ¢, while not 
being necessarily exact solutions of the alpha particle ground state equation, 
are nevertheless good variational SDPEDE OE ALORS, we may also use the relation 


Ys Je(- 1)x(23, 45) ee W {Vist 2V5, 45 + $V2,345} + Oe, D,| 
spin all pairs 


ENO EA eel 7 SA (6) 


where E, is the (negative) energy of an alpha particle in its ground state. This 
gives, after a little elementary algebra, 


[V2 +h? —(4w+2b—m— 2h) | U,9|¢(—1)|? dr] F(1) 
=(4m+2h—w —2b)| b*(—1)U,,F(2)4( —2) dr_, 


$*(—1){Uog + Uyg + Uys} F(2)6(— 2) dr, 


—3(m+w) 


+ [8*(—1Ve 0 Cus} FM 2) dr 


+|$*(-DF (2 ){3Vis : 5 V3, ith uve 3453 P( — 2) dr_ ip) -piooseed (7) 
| where 
| Uy= = papel a a soph ore si ae eee (8) 
. If we now choose as coordinates the vectors 
r=ry—d(rethrs+ry+rs), P2=Ko— 3(rgtryt+rs), 
P3="3— 3(Ma+Ks), Piel Ay oe bate Rett. (9) 
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and write 


rary — Er tty tty tty) = — drt es vos (109 


. 


(7) may be written in the standard form 
[V2 + A= WU] P(r) = | Ker, oF (e') de’, eri 
where 


W(r) = (400 + 2b—m— 2h) || 4(Po» Ps» ex)l® U(r Peal) dea des deo 


Kr, r’)= G8) | {hm 20-126) U uv) =a} 


x [| |s*(u, Ps: Py )A(¥, Ps, ,) des dey — 3(m + w) 


wd 


. Ione ps Pa) UU Seal) + UU Y= Seal) + U(ea)}4(%s Pos 0s) des deg 
+ (3)? ou, Oss Pa)Ve°A(Ys Par Pa) + A(Ys Pa» PalVu7A(U, Os, Pa) 
ih Wad*(u, Ps» Pa)» Vod(¥s Pa» Oa)} €es dea 

| er(SV, + SVi, = CleaA(%s Os) Pa) 20s de. | ++++(12) 


where 
16 Ve 6 
use’ +ar, vedere 6.) (ee (13) 
Since A®(r, r’)= Ae*(r', r) the integral operator in (it) is Hermitian as it 
must be. | 
In obtaining the equation (11) we have not assumed that the functions ¢ | 


satisfy the wave equation for the alpha particle. If they are exact solutions | 
the kernel K® can be reduced to the form A° where | 


K*(r, r')=(#)' | (cam + 2h — w— 2b)U(|u—v]) + Ga + Be®)} 
“ {|sr(u, Ps, PaA(Y¥s Ps» Ca) UPy Cea t (m+ &) 
x ||s*u, Ps, Pah U(Ju— Ses} + SUCl¥— Fes |) +EU(e,)} 
x A(V, Ps, Px) Ces de 
+ || GBVA(U, es @4) » Vad( Po» 04) 
= 1768) #4) QR+EVE) #}des dea]. sees a4) 


The equation used by Bransden and McKee (1954) is intermediate between 
(12) and (14), both*of which are Hermitian, In deriving (12) it is not assumed| 
that the functions ¢ are exact solutions of the alpha-particle wave equation, but} 
in obtaining (14) this assumption is made and used twice to reduce the equation 
to the symmetrical (Hermitian) form (14), Bransden and McKee used the 
assumption only once as they did not work with a symmetrical equation. Whenli 
the functions ¢ are only variational wave functions it is more consistent to work] 
with our equation (12), As will be seen below, substantially different results 
are obtained if equation (14) or that of Bransden and McKee is used instead! 
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There is no difficulty in obtaining the corresponding equations for incident 
protons. We find in place of equation (11) 


[V2+k2— W(r) — W(r)] F(r) = [Ke r)+K(r, v’)|F(e’)dr’ wo... (15) 
where 
W(r)= 2| | I 4(e2, Ps, Pal? C( |r — $921) de2 de; de., 


K(r, ')=(9)5| | 4*(us @ ex){C(04) — C(u—v)) —C(|u = $01) 


—C(|v—$Ses)}A(V, Os, Ps) 403 dey nw ees (16) 
The kernels K*, K°, K° can be expanded in the form 
K=(4arr') 1S (21+ Da(r, r’)P, (—) abe (17) 
and if we expand F(r) in the form 
DL \ == 72 or (7) P,(COSP), geet Bee enn tee (18) 


we obtain, for incident neutrons, 
af, i+ 1) ; 
apaiee {we ae og bi | 
In the present calculation we are concerned only with fy for the spin-orbit 
interaction which we have ignored will have an important influence on all other 
cases. We require therefore a solution of (19) with /=0 which has the asymptotic 
form 


oes NACE Loe enna (19a, 6) 


A SNR) Pe en ke reer (20) 
The corresponding equation for incident protons is 
af, ‘ / / t id 
ae + {k?— W(r)- Wr) }fo = | (en Mar RAT. TN gE) GP tes cw aims (21) 
and we require a solution with the asymptotic form 
fomsin(kr—nlog2kr+lot+59) «we eee (22) 
where 
22M ' se 2nk 0-11126 
= BRR ¢,=arg1(1+zn), and Le Sipae oe +h BNI (23) 


§ 3. Forms AssUMED FOR INTERACTION POTENTIALS AND NUCLEAR WAVE 
FUNCTIONS 
In order to make the calculations practicable it is necessary to assume an 
internucleonic interaction of gaussian form viz. 
Vy) =A exp (— Brz3*): me paleecty (24) 
For the same reasons it is necessary to approximate to the function ¢ by a simple 
gaussian form which was taken as 
y 2 2 ni 
P(P2, Par Pa)=N exp {= o4(12g" + Toa” + 105° +1 ga +135 +745) 
=Nexp{—o(3p.*+psi+2pq7)}. tw es (25) 
In order to be consistent with (6) it is necessary to choose a range 6"? for the 
interaction V for which use of a trial function of the form (25) gives a good 
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approximation to the binding energy of the alpha particle. The following 
numerical values were chosen 
B==03265/ x.10F8 on A= —45 Mev, #=0:6 =. came (26) 

for which ¢ with «=0-0789 x 10° cm-? gives a binding energy for the alpha 
particle of —26-68 Mev compared with the correct value — 28-2 Mev. The 
values of A and f are consistent with the binding energy of the deuteron but 
evidence from other low-energy two-body observational data supports a shorter 
range than we have assumed. On the other hand it must be remembered that 
we are dealing here with a purely central force, in which some equivalent central 
representation of the tensor force is implicit. It by no means follows that this 
equivalent central force is the same for a four-body problem as for the two-body 
one. This is already apparent from a study of the binding energy of the alpha 


particle in which tensor forces are included—the tensor force is relatively less _ 
effective in producing binding than in the two-body case. We therefore began — 


with the assumptions (26) and were fortunate in that no further modifications 
were required—the phases 7, and 6, calculated with them agree very well with 
those obtained by phase analysis of the experimental data. 


§ 4. METHOD OF CALCULATION 
The functions Wir), W*(r), ko%(r, 7’), Ro(r, 7’) were easily evaluated by 


" 


substituting the forms (24) and (25) for V and ¢ respectively. The calculation / 
of k,‘(r, r’) was a little tedious as the final integration involved had to be carried 


out numerically. 


There is an important difference to be noted at the outset between the forms + 3 


of the solutions of the equations (19a) and (19) respectively. 


The complete solution of (19a) which is finite throughout space, vanishes * 


at the origin and has the required asymptotic form can be written 


f(r) = Ax(7) +8°(7) 


er) ~sin(kr+%), x(r)=rexp(—l60r2/5) =... (27) 


where 


and 4 is an arbitrary constant. This is because the substitution of 7~!y(r) for FF 
in the resonating group form (4) causes ‘’ to vanish identically for all values of 


the variables if the form (25) is assumed for ¢. The existence of the redundant) 


solution Ax(r) complicates the practical evaluation of the phase 7. Thus iti) 
is uncertain whether a good approximation can be obtained by representing they 


integro-differential equation by a set of simultaneous algebraical equations ini 


the usual way. Such a set of equations gives a unique solution whereas the) 


exact equation possesses an infinite set of solutions of the form (27). It cannot) 
be assumed that the unique solution, obtained from the simultaneous equations, 
which has been accidentally selected by the choice of intervals in setting up 
differences will really give a good approximation to 7. Speaking loosely it may, 
well be that the selected solution is an approximation to one of the infinite set (27) 
in which A is so large that the error, though small for the function as a whee! 
is nevertheless relatively very great in the small part represented by g%(r). 

On the other hand the alternative iterative method of solution for equation (19a): 
must be carried out with care in order that the series of iterations should noy 


tend to converge to the redundant solution x(7). To avoid this an orthogonal 


condition can be imposed before commencing a further iteration at each stag 


SS eS = 


: 


: 
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Thus if /,,“(r) is the function obtained by solving (19a) with g,,_,“(r) substituted 
for f(r) on the right-hand side, the next approximation is obtained replacing 


8n1(r) by g,%(r) where . 
a") furl) — x00] futex(r) dr || * x20 dr 


In this way it is assumed that the iterated solutions converge to a function /“(r) 
in which 4 is negligibly small. This procedure was used in solving (19a) and 
found to be very satisfactory. 

The equation (19d) is exactly equivalent to (19a) only if the functions ¢ are 
exact solutions of the alpha particle ground state wave equation corresponding 
to an energy L,. As remarked earlier it is inconsistent to use (194) if approximate 
functions ¢ are employed. Under these circumstances the equation (194), unlike 
(19a), has a unique solution and may be solved to sufficient accuracy by the 
difference method which leads to simultaneous algebraic equations. It is true, 
however, that if ¢ is a good approximation to the true alpha particle function, the 
tendency for a redundant solution to appear may be reflected in a marked instability 
in any method of successive approximation to the solution. Equation (19d) was 
solved for one or two cases by the difference method and it was found that the 
rapidity of convergence depended rather strongly on the size of interval chosen. 
As will be seen from the figure the phases obtained from (19d) differ considerably 


=| cia - Sa oO ieee ee ee 


© Seagrave* 
x Huber* . 
I Dodder and Gammel 


Phase Angle (deg) 


Energy of Relative Motion (Mev) (centre-of-mass system) | 


Comparison of observed and calculated zero order phase shifts 4) and 6) for n-~ and p-a 
scattering respectively. 


Curve I 7, calculated using symmetrical exchange forces and eqn 19 (a). 


Curve If 10 ”» ”? Serber »? ”» ” ”» 5) 
Curve III 1 x ,, symmetrical a3 Pe ee eon (2) 
Curve IV 6, is sp HE sr ms 


* selected points from Seagrave’s analysis of observed data and Huber’s analysis of 
his observations respectively. 
+ 5) derived from observed data by Dodder and Gammel with limits of error indicated. 


from those from (19a). Since the derivation of the latter equation is consistent 
with the properties of the assumed approximate bound state functions while 
that of the former is not, most attention was devoted to obtaining solutions of (19a) 
for different cases. 

To obtain the phase energy curve for n-« collisions 7) was calculated by 
accurate solution of (19a) as described above for two selected neutron energies 
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(0:566 and 3-2 Mev). The phase is initially arbitrary to an extent nr. Since 
the solution f” of (19a) which satisfies the orthoganality condition described 
above, has one additional node near the origin as compared with the corresponding 
plane wave solution we have made 7, tend to 7 as k tends to zero. 

Using these phases the constants a and 7, in the effective range formula 


Reotng = t+ dy Oe ee (28) 
were determined. The applicability of the formula was checked by calculating 7 
independently from the formula 


lle 


5 


NS 


b 


ye il aes | | WO) —RO dr | | POI (1, r')fa’) ar ar’ | ear (29) 
POP LI, pel epee 

where k%(r, 7’) = H(r, 7’) +R?J(r, 7’) and +(r) is the asymptotic form of f, using 

the lower energy solution. The resulting value of 7) agreed with that derived 

from the calculated phases to 0:5%. 

A similar procedure was adopted for p-« collisions, the only complication 
being the need to allow in the effective range formula for the effect of the Coulomb 
field. Equation (28) must be replaced by (Bethe 1949) 

I’(1+in) 
2nk | a T(1+in) 
v9 could be evaluated by an expression similar to (29) but owing to the difficulty 
of tabulating the asymptotic form of the function it was regarded as sufficient to 
check that 7)’ and 7) were nearly the same. 


Trett 
+C- log | + (27n/e?*"" —1)k cotd)= — at5 ty Fen sone 


§ 5. RESULTS AND DIsCUSSION 


The phases 7, 59 were calculated as a function of nucleon energy assuming 
(1) symmetrical and (ii) Serber exchange forces. The figure illustrates the 
comparison with observation. 

It will be seen that very good agreement is obtained between the values of nq — 
calculated assuming symmetrical exchange forces and those deduced from the © 
analysis of the observed n-d scattering data due to Seagrave (1953). This 
agreement is seen to be much less satisfactory if Serber exchange forces are 
assumed. A different 7)—-energy curve has been obtained by Huber and Baldinger 
(1952) from analysis of his observations. It will be seen that this does not agree 
with the curves calculated for either symmetrical or Serber exchange forces. 

A further check with observation is provided from the value of the cross 
section in the low energy limit. Reference to the table shows that again there is 


Low Energy Limit of the n—-x Elastic Cross Section (in 10-4 cm?) 


Observed 0-78 

Calculated by method of this paper Jf symmetrical exchange forces 0-794 
(eqn 19 a) assuming ‘| Serber exchange forces 0-509 

Calculated by variational approximation _f{ symmetrical exchange forces 0-50 
(Bransden and McKee) assuming _\ Serber exchange forces 0:19 


very good agreement between the observed value (Hibdon and Muelhause 1951) | 
and that calculated assuming symmetrical exchange forces—much better than | 
with Serber forces. It is of interest also to compare our results in this connection | 
with those of Bransden and McKee who calculated the phases using the } 
Hulthén—Kohn variational method and a trial function of the form employed 
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by Swan (1953) in his calculations on n-8H collisions. It will be seen that very 
considerable differences exist between their results and those obtained by the 
accurate numerical method of this paper. ‘These differences persist throughout 
the nuclear energy range considered. It is not clear whether the differences are 
due to inaccuracy in the variational method of Bransden and McKee or their use 
of a less consistent integro-differential equation to represent the scattering than 
our equation (19a). 

‘The agreement between the calculated phases assuming symmetrical exchange 
forces and observed data persists also for p—« collisions as may be seen by 
reference to the figure in which the calculated phases 6) are compared with those 
obtained by Critchfield and Dodder (1949) from an analysis of observed data. 

It is difficult to say how much weight can be attached to the better agreement 
obtained when symmetrical instead of Serber exchange forces are assumed. 
The magnitude of the errors introduced by the use of the resonating group 
method with gaussian « particle wave functions is difficult to assess. Errors 
due to neglect of polarization of the « particle by the colliding nucleon are not 
likely to be very serious for sucha firmly bound structure but the gaussian functions 
may not be sufficiently good approximations to the unperturbed « particle 
functions. Nevertheless, it is clearly worth while to extend the work to the first 
order phases assuming again symmetrical exchange central forces to which a 
spin-orbit interaction of adjustable strength is added. Comparison with the 
Py2 and ps. phases obtained from analysis of observed data should give a good 
indication of the strength of the internucleonic spin-orbit interaction if it is 
responsible for the level splitting. ‘This work is now being undertaken. 
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On the Neutron Spectrum for v-“ Absorption Cross Section 


By B. DAVISON{ anp M. E. MANDL 
Atomic Energy Research Establishment, Harwell, Berks. 


Communicated by B. H. Flowers; MS. received 4th June 1954 


Abstract. An approximate expression is found for the neutron absorption 
energy spectrum in an infinite medium consisting of atoms of mass number M, 
for which scattering is assumed isotropic in the centre-of-mass system and 
G,/~%*v%, Where « is a positive constant. The accuracy of certain useful 
types of integral over the resulting spectrum is examined. 


$1. INTRODUCTION 


N neutron transport theory one often wants to know certain integrals over 

the neutron absorption energy spectrum, rather than the details of the 

neutron absorption energy spectrum itself. In many cases the form of these 
integrals is such that their accuracy depends upon that with which we can 
determine the probability for a neutron to be absorbed before reaching energy E, 
rather than upon the accuracy of the neutron spectrum itself. It is therefore of 
interest to examine those cases where the probability for a neutron to be absorbed 
before reaching energy E can be calculated with much greater accuracy than its 
derivative with respect to energy. 

Placzek (1946) has evaluated the exact solution of the integral equation for 
the stationary energy distribution in an infinite non-capturing medium, assuming 
isotropic scattering in the centre-of-mass system; and has given an approximate 
solution for the case of o,«1/v with o,, constant, which is valid after a few 
collision intervals and as long as the capture probability per collision is 
sufficiently small. His solution for the spectrum breaks down for low energies ; 
but this is one of the cases where the probability of survival can be calculated 
with much greater accuracy than the spectrum itself. ‘The above problem is 
a particular case of the more general situation where o,/0,,« v%, where « is a 
positive constant. 

By a similar method we determine an approximate solution for the more 
general case, which is still finite at low energies. ‘The accuracy of certain useful 
types of integrals over the resulting energy spectrum is then examined. ‘The 
assumption that o,/c,,0% v-* is not very restrictive, since in many substances it 
is possible to subdivide the energy range into fairly wide sub-ranges with a 
different value of « in each. 


§ 2. THe INTEGRAL EQUATION FOR THE NEUTRON SPECTRUM 


We consider an infinite homogeneous medium in which N, neutrons per 
second of energy E, are produced per unit volume. We suppose that the medium 
consists of atoms of mass number MM, with absorption and scattering cross 
sections o,(/) and o,,(£), respectively, for neutrons of energy E. 

+ Now at the Department of Mathematical Physics, The University, Birmingham. 
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The integral equation for the spectrum of neutrons slowed down by collisions 
in such a medium was derived by Placzek (1946), using a slightly different 
notation. 

If p(E) is the probability for a neutron released at energy E to survive 
absorption at least to the energy E, the probable number of neutrons absorbed 
in the energy interval (E—dE, E) is Nop'(E)dE and the probable number of 
neutron collisions in this interval is 


o,(£)+0,(£)_, eae 
NO Schl Binartice (E)dE, where p(E)= 


Oy 


ap(E) 
Doe 
If a neutron of energy EF’ has a scattering collision (assumed isotropic in the centre- 
of-mass system) at a nucleus of mass number M, it can have all energies between 
E' and {(M—1)/(M+1)}E’ with equal probability after such a collision, i.e. the 
probability of its resulting energy being in the interval (H—dE, E) is 
ae 2 if E'>E> Ge i) B 
and zero otherwise. Considering the number of neutrons having collisions in 
the interval (E—dE, E), we must have, writing E, for {((M-+ 1)/(M—1)}£, 
M+ li (Patoo HEA td Ei 
4M |, Ne are Ce ee 
N, if E-dE<E,<E 
{ O- otherwise, © SS ee ee (1) 

Taking the neutron velocity v= 1/(2E) for the new independent variable, and 

putting p’(£)=G(v), R=(M+1)/(M-—1), we obtain 
Og(V) + 0,(V 2h (Po Ao dv (v—-v 
as Gio a i: ca CH. sai ( 5 oie ee (2) 

where 6(v—w) 1s the Dirac 6-function. 

As no neutron can survive to zero energy in a medium for which o,(v)/o,,(v) 
does not tend to zerot as v becomes small, we shall have p(0)=0, while clearly 
p(£))=1. Hence we have 


Ey Vo 
| p(E)dE=1 or | oG(o)do=1,, | | cams (3) 
0) 0 


Placzek evaluated the exact solution of equation (2) for the case where 
Fso(V)/{ge(%) +0, (v)} is independent of v, and also showed that, for v<w /k” 
where n is 2, or at most 3, this exact solution is practically indistinguishable from 
the appropriately normalized solution G,(v) of the homogeneous equation 
obtained by omitting the 6-function term from equation (2), v now varying from 
zero to infinity. 

In many integrals over the neutron spectrum the contribution from the range 
U/k" Sv < Uy Is so insignificant that it is possible to ignore the deviation of G(v) 
from A,G,(v) for this small range. The normalization integral is an example of 
this; and for the cases which arise in practice we can determine the normalization 
coefhcient A, by a 
| CAG, (o\ doy SO BR eee (4) 
“10 


t If o,(v)/o,-(v)+0 as v0, there would be an accumulation of neutrons of zero energy, 
and mathematically this would not correspond to a steady state. Of course, in practice, 
the assumption that o,(v)/og-(v) +0 as v-+0 would be unrealistic. 


ale Dae ta ay ~ 
te nme ene. 


ee 8 een Oo net heme connate tem 


ee 
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§ 3. APPROXIMATE SOLUTION FOR a, (v)/o,,(v) cu. 
We now consider in detail the homogeneous equation, putting 
@(v)/o.(v) = (v*/v)*, where v* is a constant.t Putting vt=w, the homogeneous 
equation becomes 


(#+0*) G, (w) = = He ao ie Culpa saahutidoae (5) 


A series solution of this equation for large values of w, obtained by a generalization 
of Placzek’s method, is 


oiernaSa fie $(-2) Alsat] } ~~ 


where Cisa eerie constant. However, itis more convenient for numerical 
work to use the formula 
2 aa 
log G, (#) =log C- (= +1)logw+ > SER (-=) JH (7) 
n=1 
where the coefficients B,, in equation (7) are determined from equation (6) by 
taking logarithms and re-expanding in terms of —w*/w. In particular, 
pees We ye iit é 
t= ae aa ko(k? — 1) oO Bae ear stonerete ( ) 
As the series solution (6) converges for w>w* but diverges for w<w*, the 
series (7) must also diverge} for w<w*. 
We now examine the error involved in terminating the series (7) at the term 
n=1. 
§ 4. THe NATURE OF THE APPROXIMATE SOLUTION 
If we terminate the series (7) at the term n=1, we obtain the approximate 
solution 
Ga) = Cy = XP (= Bye). eae nc (9) 
To examine the error involved in using G,(w) for G,(w) we examine the 
dependence of Cy upon w which would make G,(w) = G,(w), ie. 


Gi(wy= Cia) (wi) exp(—Byw*/e). scans (10) 


One expects that if G,(w) is a good approximation for G, (zw), then Cy (w) will not 
depend much upon w. We now show that C,(w) decreases monotonically with 
increasing w, so that we need examine only its end-values. 

Substituting (10) in equation (5), we have 


coy [path ieee (nt) a [EE eo(a)] 


POC en) w* ; eee ae w* : 
=[ J, gener (AZ) /| cope? (Bi) de] 


+ v* has a simple physical meaning—it is the velocity at which absorption and scattering 
are equally probable. 

t In fact it may also diverge for some part of w>w%, for although G,(w) cannot vanish 
for any real w (from its physical interpretation), if it vanishes for some complex w=w’, 
then log G,(w) will have a singularity at w=w’ and the series (7) will diverge for all 


w<|w’ |. 
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by direct integration for k>1 and w*/w>0. ‘That is, C)(w) decreases on the 
average over any interval w<w’<k*w. To prove that Cy(w) decreases mono- 
tonically it is now necessary to prove that dC, (w)/dw 0 for any real positive w. 
Clearly dC, (w)/dw <0 for sufficiently large w; hence if Cy(w) has any extrema 
for finite w, the one for the largest w(w,say) must beamaximum. ‘This implies at 
least one minimum within (w,/k%, w,). However, if such a minimum does exist, 
differentiating equation (11) and applying it at w=w, and at the nearest minimum 
of C,(w), we obtain two difference relationships which can easily be shown to be 
incompatible with the existence of the two stationary values. ‘This completes 
the proof that Cy (w) decreases monotonically. 


§ 5. ‘THE ERROR IN | v G,(v’) dv’. 
We can examine the error involved in using G,(v) for G,(v) in the integral 
| v’ G,(v') dv’, 


which is the approximate expression used for 1—p(v), by examining the ratio 


F(oy= | ie o' Gy(v’) ae | / | li vo! Go(v’) ac’ | 
res fe Wsboe(-n)«'I [Sel m8) 


oz’? 
Hence, like C)(w), F(w) decreases monotonically with increasing w, so that we 
need only examine it atw=0 and w= o. 
To avoid specifying Cy at this stage, we consider 


H(v)= | | > v’ Gy(v’) ac’ | / [1—exp{—B,(v*/v)]ocF(w). vs. (14) 


Since G, (wv) should, in any case, be normalized so that 


or 


w* 
/ 
Ww 


| v' Gy(v'\ do’ =1, 
Jo 


we see that H(0)=1. 
Multiplying equation (5) by w” and integrating over all w, putting 


M(n)= | wn Gilw\ de, = a eee (15) 
0 
we obtain 
2 k2 — R2-an+1) 
w* M(y)= lan pad ate -1}M(y+1) eels (16) 


and, from the normalization of G,(w), «+ M(20-1—1)=1. Since M(n) is regular 
in the neighbourhood of 7 =2«1— 1, 
M (20-1-—1-—«)=a+O(e). 
From (6), M(2«-1—«)=C/e+terms which remain finite as «> 0. 
Substituting these results in (16) gives 
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on taking the limit ase+0. Hence 


Si 
H(o)>| oB, (5 : =) | AS ie G0. 44e + tes (18) 


For small —1 this limit is approximately 
LF (R-M+ ze (3a48)(R-IP He eee (19) 


We see that, for small k—1, H(v) (and therefore, also, F(v)) has only a small 
variation with v. ‘Thus it is not necessary to use the same normalization for 
G,(v) as for G,(v), and a small range of normalization coefficients Cy, is suitable. 

If G,(v) is normalized in the same way as G,(v), i.e. 


| v G,(v) dv=1, 

0 

there is no error in F'(v) for v=0, and the relative error in F(z) is less than 
z(A—-1)— ze (a+ 8)(R-1P $e, tees (20) 


forallv. Alternatively, if C, is fixed so that F(v)=1 for v + o, the relative error 
in F(v) is less than 


z(k—1)+ 3g (#-8)(R-1P +. Hs (21) 


for all other v. ‘Thus, for Cy within this range, the relative error produced by 
using G,(v) for G,(v) in 


1—p(v)= the v! G, (v") do! 


is less than the expression (21) for all v. 


§ 6. ‘THE ERROR IN | v’ G,(v’) d(e’) dv’. 
The error in integrals of the type 
[ Ge separ’, 


where ¢ (v) is non-negative and increases monotonically with v, can be estimated as 
follows. Since 


oO co Pico) d / -cO 
| v' G,(v') ¢(v’) dv' =¢(v) | v’ G,(v') dv’ + | Be ) | 0" Gy(v") do" do’ 
and, with the above restrictions on ¢(v), the two terms are of the same sign, the 
relative error in using G,(v) for G,(v) in integrals of this type is not greater than 
the relative error in using G,(wv) for G,(v) in 


l’ v' G,(v") do’. 


Many of the integrals used in transport theory are found to be of this type, 
e.g. d(v) cexp{—cL,?(v)}, where L, is the slowing-down length from velocity 
v, to velocity v, and c is a constant. 
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§ 7, EXTENSION TO MORE THAN ONE ENERGY RANGE 


For clarity we discuss the case where there are two energy ranges only, with 
a=a, for v,<v<v, and «=a, for v7, <v <7. 

The normalization can be determined in various ways, as in §5, but using the 
principle that the spectrum for 7 >v, must be independent of the cross sections 
for v<v, we obtain the following normalization equations: 


a) 


“cG,(v)dv=1 
0 


A, 


A, | vG,(v)dv+A,| vG,(v)do=1 
J9 “0% 


where A,Gj(v) and A,G,(v) are the approximate solutions (9) for the two energy 
ranges. 
One easily sees that this produces a spectrum discontinuous at v=7,, which 
cannot be correct; but the relative discontinuity can be shown to be 
%By(%) 
%2B,(%2) 
for small k—1, and this is usually quite small. 


1 1 
—i= 3 (41 — %2) (R— 1)+ 36 (41 — %2)(%1 — 3% — 8)(K— iy eS 
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Radiations from the Proton Bombardment of 77Na 


By F.C. FLACK, J. G? RUTHERGLEN ‘ann’ P: J. GRANT 
Department of Natural Philosophy, The University, Glasgow 


MS. received 16th Fune 1954 


Abstract. The excitation functions and absolute yields of the reactions 
*3Na(p, y)*Mg and *Na(p, «)?°Ne have been measured for proton energies 
between 250 and 700 kev. Resonances for the emission of y-radiation were 
found at 310, 515, 593 and 679 kev, and for «-particle emission at 287, 338 and 
593 kev. The spectrum of y-radiation was measured at each resonance together 
with the relative intensities of the y-rays. A decay scheme is given which has 
been verified by y—y coincidence measurements. 


§ 1. INTRODUCTION 


URLING (1941) has studied the yield of y-radiation from the reaction 
B 23Na(p, y)*4*Mg for proton energies up to 2Mev. ‘The resonances up 

to 500 kev and their yields have been measured by Tangen (1946). 
Determinations of the y-ray spectrum at the resonance produced by protons 
of 310 kev have been made by Casson (1953), Turner (1953) and by Nelson, 
Geer and Carlson (1954). 

Investigations of the competing reaction ?*Na(p, «)?9Ne have been carried 
out by Freeman and Baxter (1948) and by Freeman (1950) for proton energies 
in the range 400 kev to 1 Mev. 

In the present paper a description is given of measurements of the thin-target 
excitation functions and absolute yields of «- and y-radiation from the two 
reactions, together with the energy spectrum of the y-rays at each resonance 
between proton energies of 250 and 700 kev. A decay scheme is given which 
has been confirmed by measurements of y—y coincidence spectra. 


I. EXcITATION FUNCTIONS 
§ 2. y-Ray MEASUREMENTS 


The y-rays produced by the bombardment of sodium chloride targets, 5 to 
10 kev thick, deposited on to a copper backing, were detected by a cylindrical 
sodium iodide crystal, 1? in. diam x 2 in. long, and photomultiplier, the pulses 
being amplified and fed through a discriminator to a scaler. When studying 
the excitation function the discriminator and scaler were set to count all pulses 
corresponding to energies greater than 2-5 Mev, in order to reduce the effects of 
background y-radiation. Using the yield of the 6-13 Mev y-radiation from 
LF (p, xy)!6O at 340 kev, corrected to zero bias, to provide the intensity 
calibration, the absolute yield of the highest energy y-ray (10-6 Mev) was 
determined at each resonance. Knowledge of the spectra at the various 
resonances (see §II) then enabled the number of y-rays leaving the resonant 
state to be found. 

+ Now at Department of Physics, University College of the South West, Exeter. 
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§ 3. «-PARTICLE MEASUREMENTS 


A magnetic spectrometer similar to that described by Rutherglen and Smith 
(1953) was used to separate «-particles from the scattered protons. 'The«-particles 
were detected by a zinc sulphide scintillation screen and a photomultiplier. 
A discriminator was used to reject the residual background of small pulses from 
protons scattered round the spectrometer. By measuring, at the peak field setting, 
the «-particle counting rate versus the discriminator bias the «-particle yield at 
zero bias was determined. Energy and intensity calibration was effected by 
making similar measurements on the «-particles from 1F(p, ~)'*O* at the 
340 kev resonance. 

§ 4. RESULTS 


The energies and integrated yields of resonances for «-particle and y-ray 
emission are shown in table 1. Correction of the voltage scale was made by 
comparison with the standard resonances in !°F(p, «y)®O. ‘The energies are 
believed to be accurate to +1:5 kev and the absolute yields to within 20%. 


Table 1 
Y/101° protons (NaCl target) 
gy | 
Eves Ye Y, Total from | 
(kev) (10:5 Mev) top level 
287 0-2 <.0-005 
310 <0:02 0-13 0337 
338 0-17 <0:01 
515 <0:04 0-115 0-16 
593 84- 0-10 0-35 
679 <MUELS 0:16 1-09 


Of the resonances shown in table 1, those at 287 and 338 kev have not previously 
been reported, probably due to their low intensity. It was verified that they 
were not due to contaminants in the target by measurement of the Q-value, — 
which agreed exactly with that from the known resonance at 593 kev. A careful 
examination of the two reactions near 600 kev showed that both «-particles and | 
y-rays were resonant at the same proton energy of 593 kev within the experimental 
error of +1 kev. 


I]. y-Ray SPECTRA 


§5. METHOD 


The y-ray spectrometer consisted of the large single crystal of sodium iodide : 
with photomultiplier tube. Pulses from the photomultiplier, after amplification, | 
were fed into a 100 channel pulse amplitude analyser (Hutchinson and Scarrott | 
1951). Spectra were taken, at 90° and 180° to the proton direction, at all the 
y-ray resonances listed in table 1, each spectrum being obtained by measurements 
at two gain settings of the amplifier to provide reasonable resolution at both 
high and low energies. A fixed monitor counter was used to normalize the runs 
at different gain settings. 

Apart from variations in the relative intensities at different resonances, the 
same components appeared in all spectra. Typical results are shown in figure 1. 

It will be seen that the y-ray spectrum is complex and therefore in order to}, 
make possible a detailed analysis it is necessary to know accurately the pulse 
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Section A 


Inelastic Collisions between Heavy Particles: IV—Contribution of Double- 
Transitions to certain Cross Sections including that associated with the 
Ionization of Hydrogen Atoms in Fast Encounters with other Hydrogen Atoms, 

_ by D. R. Bares and G. W. GrirFINc. 
Abstract. Born’s approximation is used to calculate the cross sections associated 
with the processes 
H(1s) + H(1s)> H(3s, p or d) + H(3s, p or d) 
and H(1s) + H(1s) + H+ +e+ H(3s, p or d; or C), 


where C represents the continuum. These cross sections and others calculated 
in papers I and II are combined to yield the cross section for excitation to the 
third quantum level, the cross sections for ionization and the total cross section 
for all inelastic collisions. Both single and double transitions are taken into 
account. 'The ratio of the electron loss cross section to the electron capture cross 
section is computed. 


Inelastic Heavy Particle Collisions Involving the Crossing of Potential Energy 
Curves : I11—Charge Transfer from Negative Ions of Atomic Hydrogen to 
Protons, by D. R. Bates and J. T. Lewis. 

Abstract. 'The Landau—Zener formula for the transition probability arising 
from the pseudo-crossing of potential energy curves is applied to the processes 
H-(1s)?+ H+ H(1s)+H(2s or p), H-(1s)?+H*— H(1s) + H(3s, p or d) 
and H(1s)+H(3s, p or d)>H(1s)+H(2s or p) allowance being made for the 
effect of the orbital degeneracy. Cross sections and rate coefficients are given 


over a wide range of impact energies and temperatures. The calculations show _ 


that the electron transferred in slow encounters between H~ and H7* ions falls 
mainly into the third quantum level. Recombination thus leads to the emission 
of the first Balmer line. The de-activation process studied is of interest in that 
it provides an illustration of a type of mechanism whereby electronic energy can 
readily be converted into translational energy in thermal collisions. 


An Extension of the Analysis of the Yttrium Spectrum, by L. F. H. Bovey. 


Abstract. Ninteen lines of the yttrium spectrum have been found in the region 
9400-11 500A and have been assigned to term combinations in the YtI and 
Yt II spectra. 


The magnetic Susceptibility of Potassium Manganicyanide, by A. H. Cooxe and 
H. J. Durrus. 

Abstract. The magnetic susceptibility of potassium manganicyanide has been 

measured at temperatures from 4-2°K to 300°K. The susceptibility, which at 

room temperature approximately follows Curie’s law, approaches a temperature- 

independent value at very low temperatures. This behaviour is compared with 

the theoretical prediction of Kotani. 


The Coulomb Scattering of High-Energy Electrons and Positrons by Nuclei, by 
R. M. Curr. 

Abstract. ‘The Mott cross section for the Coulomb scattering of high-energy 
electrons and positrons by atomic nuclei has been expressed by McKinley and 
Feshbach in terms of series in powers of Z/137, up to terms in Z* where Z is the 
atomic number of the scattering nucleus. The coefficients of these series, which 
were evaluated numerically, have been recalculated and some minor errors 
corrected. Further coefficients have been calculated to enable application of 
the method to heavy elements and the resulting cross section, expressed as a ratio 
to the Rutherford cross section, is given in the form of a single power series. 


Theory of (d, p) and (d, n) Reactions: I]—Coulomb Corrections and Numerical 
Results, by I. P. Grant, 


Abstract. The results of an earlier publication are generalized to take account 
of the effect of the Coulomb field on the differential cross section in a deuteron 
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Measurements of Injection Ratio of Point Contacts on Germanium, by P. C. BANBURY 
and J. HouGHTON. 


Abstract. Measurements are reported of injection ratio y on various specimens 
of n-type germanium. y was found to be insensitive to the nature of the contact 
material, to the contact thrust, and to the carrier concentration of the germanium 
over the limited range investigated. In all cases measured, y decreased with 
increasing emitter current over the range 0-5 to 30ma. A slight decrease of y 
with increasing humidity of the ambient air was also observed. 


An Electrostatic Problem, Involving a Non-Linear Fluid Dielectric, by R. CavF. 


Abstract. An approximate calculation is made of the electrostatic couple on an 
anisotropic dielectric sphere influenced by a uniform field and immersed in a 
slightly non-linear fluid dielectric. ‘The non-linearity is contained in a term in 
the dielectric constant proportional to the square of the field strength, and may 
arise from, an intrinsic property of the dielectric or through electrostriction. 
These alternatives are discussed in the light of numerical values for the couple, 
and the possibility of experimental application is considered. The problem has 
paramagnetic and steady-current analogues, and the results are adapted to these 
problems. 


Thermal Expansion of Potassium Chlorate, by M. A. LONAPPAN. 


Abstract. ‘The principal coefficients of expansion and the orientation of the 
ellipsoid of expansion have been determined for potassium chlorate for the ranges 
30 to 90, 90 to 150 and 150 to 200°c. An x-ray method was used and the expansion 
coefficient in the directions normal to the various planes in the zones [100], [010] 
and [001] were determined by recording the zero layer of the rotation photographs 
taken about the three axes in a Unicam high temperature camera. 'The values 
Of %»» and a3, are nearly equal (~30 to 40x 10-*) whereas the value of «,, 
(~ 130 x 10-*) is much higher than both. ‘The direction of the greatest expansion 
coefficient is found to be almost perpendicular to the plane of the oxygen atoms 
according to Zachariasen’s structure. ‘The expansion coefficients along a, b 
and c axes and the rate of change of the monoclinic angle with temperature are 
also given, using which the lattice dimensions of the crystal at any temperature 
can be determined. 


Modulation of the Surface Conductance of Germanium and Silicon by External 
Electric Fields, by G. G. E. Low. 


Abstract. A method is described which enables the modulation of surface 
conductance by capacitively applied electric fields to be investigated on single 
crystal specimens. Experimental results are given for n-type and p-type 
germanium and for p-type silicon. ‘The observed conductance changes and their 
time dependence provide information concerning the surface barrier and the 
relaxation phenomena associated with departure from electronic and ionic 
equilibrium. 
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On the State of Solid Hydrogen, by K. 'Tomira. 

Abstract: Co-operative appearance of the rotation of hydrogen molecules in 
the solid phase is described using a semi-classical theory. The order of magnitude 
of the restriction to the rotation which is experienced by a molecule at the lowest 
temperature is estimated to be about 4°K using several different types of experi- 
ments, and the results are in reasonable agreement with each other. For the case 
of pure ortho-hydrogen a calculation of the potential energy and the anisotropy 
based on intermolecular forces is carried out in the Appendix. 


Alpha-~Gamma Angular Correlations and Internal Conversion Measurements in 
ThCC” and ThC’D, by J. W. WEALE. 

Abstract. The angular correlation between all y-rays leading to ThC’ ground 
state and the ThC’D «-rays has been measured and found isotropic, in agreement 
with theory. The angular correlation between the 6-04Mev «-ray and the 
40 kev y-ray in ThCC” has been measured and found anisotropic, the best fit 
being the curve W(#)=1—(0-22+0-05)cos?@. Spin assignments of 1 or 2, 
4 and 5 are deduced for the levels ThC (ground), ThC” (40kev) and ThC” 
(ground) respectively. The total internal conversion coefficient of the 40 kev 
ThCC” y-ray has been measured and a value for the L-shell conversion coefficient 
of a, =15-7+1-6is deduced. This isin much better agreement with theoretical 
prediction than previous measurements. 


The Theory of the Reflectivity of Metals, by R. WOLFE. 

Abstract. The reflectivity of an ideal metal is calculated for infra-red light by 
a quantum-mechanical method. It is assumed that the conduction electrons in 
the metal absorb light by a photoelectric process which takes place near the 
surface, that these electrons behave as if they are free and that the light within the 
metal decays according to the formula given by the classical skin effect. ‘Two 
types of wave functions are assumed for the electrons, corresponding to the 
assumptions of specular and diffuse reflection of the electrons at the surface of 
the metal. The absorptivity (1—R, where R is the reflectivity) in the case of 
specular electron reflection is found to be Ag=(Ne?/27mv?)v,3/c3 for diffuse 
reflection, Ap = 3v,/c._ These results are the same as those obtained by Holstein 
and by Dingle using different methods which are essentially classical. Since 
Ay gives the better agreement with experiment, it is concluded that the ‘ diffuse 
reflection’ wave functions are a better approximation to the exact electronic wave 
functions than the ‘specular reflection’ wave functions which have been used in 
previous work on the photoelectric effect and reflectivity. 


Ferromagnetic Properties of Oxidized Mn,Sb, by G. D. Apam and K. J. 
STANDLEY (Research Note). 


On Source Scattering in Angular Correlation Experiments with Soft Electrons, 
by E. BREITENBERGER (Research Note). 

Levels of 4 Mg from the *"Al(p, «)?4Mg Reaction, by G. W. GREENLEES (Research 
Note). 

Electron Scattering in Photographic Emulsions, by A. Husain (Research Note). 

Scattering of 14-3 Mev Neutrons by the *He Nuclei, by D. F. SHaw (Research 
Note). 


Performance of Hot Wire Thermal Diffusion Columns, by R. C. SRIABT SNA 
(Research Note). 
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stripping reaction. ‘The results, which are expressed in analytical form, have been 
compared in detail with the observations in two reactions using °Be as target 
nucleus at low energies. 


_ The Radium Equivalent of **Na Sources and the Photodisintegration Cross ‘Section 
of Deuterium, by W. R. McMurray and C. H. Cot tie. 
Abstract. A stable B-detecting proportional counter has been constructed 
and used in the fy coincidence method to calibrate a Curie chamber substandard 
for *4Na y-ray sources. The mg Ra equivalent of #4Na is found to be 
0-33341-5% mec. This calibration leads to a revised value of the deuterium 
photodisintegration cross section at 2:76 Mev (15-05 + 0-5 barns). 


The Slow Neutron Cross Section of Scandium, by N. J. PATTENDEN. 

Abstract. ‘The neutron total cross section of scandium oxide has been measured 
from 0-0015 ev to 5000ev. A resonance in scandium was observed at (3600 + 200) 
ev, with I’ ~ 180 ev, and at lower energies the cross section varied in a way which 
could be explained by the existence of a level with parameters FE, = — (130 + 30) ev, 
P,° = (0-84 + 0-25) ev and I’, =(0-25 + 0-1) ev. 


The Electronic Spectra of Aromatic Molecules: II—A Theoretical treatment of 
excited States of Alternant Hydrocarbon Molecules bases on Self-Consistent 
Molecular Orbitals, by J. A. PoPLE. 

Abstract. The theoretical treatment of the electronic spectrum of benzenoid 
hydrocarbons recently given by Dewar and Longuet—Higgins (Part I) is generalized 
so that full account is taken of electron interaction. ‘The method is based on the 
use of a self-consistent molecular orbital function for the ground state and 
corresponding functions for excited states. It is found that all the general features 
of the method of Part I carry over, although certain accidental degeneracies are 
removed. Approximate numerical calculations based on the new method give 
support to the assignments made by Dewar and Longuet—Higgins. 


The detachment of Electrons from Negative Hydrogen Ions by Impact with Neutral 
Atoms, by D. W. Sina. 

Abstract. Born’s approximation is applied to calculate the cross section for 

detachment of an electron from a negative ion of hydrogen in collision with a 

helium atom as a function of the energy of the ion. ‘The results are compared 

with observed data and show agreement to within a factor of two or so over an 

energy range from 100 to 20 000 electron volts. 


The Effect of a Potential Gradient on the Density of a Degenerate Fermi Gas, by 
W. J. SwiaTECckI. 

Abstract. By studying the properties of a degenerate gas in a linearly varying 
potential a modified relation is derived between density and potential which 
replaces the usual p=const. V*, takes into account explicitly the presence of 
potential gradients and can be used in regions of negative kinetic energy. When 
combined with Poisson’s equation this gives a modified 'Thomas—Fermi differ- 
ential equation. The resulting change in the density distribution of electrons 
in an atom is most marked in the outer regions, where the new equation leads 
to an r-*exp(—r7/a) decrease of density for a neutral atom. Applications to 
nuclear surface problems are mentioned. 
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On the Abrasion of Rubber, by A. SCHALLAMACH. 


Abstract. ‘The following theoretical results on the abrasion of rubber have been 
deduced from a few simple assumptions concerning the initiation of the surface 
damage. ‘The abrasion is proportional to the normal load, independent of the 
particle size of the abrasive if the particles are polyhedral, and proportional to 
their mean radius of curvature if they can be approximated to hemispheres. 
The spacing of the abrasion pattern is proportional to the cube root of the normal 
load, proportional to the two-thirds power of the particle size on an abrasive 
with polyhedral particles, and directly proportional to the particle size on an 
abrasive with hemispherical particles. 
These predictions have been reasonably well confirmed by experiment. 


Diffusion and Mass Transport in Tubes, by G. I, Taytor (Guthrie Lecture). 


Abstract. When soluble matter is introduced into a solvent flowing slowlythrough 
a capillary tube it is dispersed longitudinally by a process which involves both the 
variation in fluid velocity over the cross section of the tube and radial diffusion 
by molecular agitation. Measurements of longitudinal dispersion provide a 
new means for measuring diffusion coefficients. Results obtained by this method 
will be given. 

The stability of solutions contained in vertical tubes when the density increases 
upwards also depends on radial diffusion. Measurements of the equilibrium 
density gradient can be used as another new method for determining diffusion 
coefficients. 

The mechanics of dispersion in turbulent flow through a pipe can be discussed 
by a method which is analogous to that used for streamline flow. The results 
of this calculation are compared with experiments in which brine was injected 
into water flowing in 3/8 inch and 40 inch pipes, and the subsequent dispersion 
along the pipe was measured. Similar comparisons are made with American 
measurements in long pipe lines. 


Deformation Faults in Cold-Worked Metals, by G. B, GREENOUGH and E. M,. 
SMITH (Research Note). 


Symmetry of Vibrating Square Membrane, by Mary D. WALLER (Research Note). 
Note on Surface Vibrations of a Ctrcumscribed Liquid, by Mary D. WALLER 
(Research Note). 


Letters to the Editor 


The Infra-red Luminescence of Solid Halogens, by M. J. DUMBLETON. 
Absolute Calibration of Neutron Counters with Po-x-Be, by G. N. Harpinc. 
Dislocations and the Biot-Savart Law, by E, KROENER, 


Nuclear Shell Structure, by M. H. L. Pryce. ‘This Letter consists of an amend- 
ment to the paper of the same title which was published in Reports on 
Progress in Physics, 17, 1 (1954). Reprints will be sent free to holders of 
this volume, if a stamped and addressed envelope is enclosed with the 
application, 
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height distributions expected from single y-rays of the appropriate energies. 
Line shapes were measured for y-rays from the following nuclear reactions and 
radio-isotopes: ™B(p, y)##C (4.43 and 11-8 mev), C(p, y)}#4N (8-06 mev), 
9F(p, wy)®O (6.13 Mev); *4Na (1:38 and 2-76 Mev), ThC” (2-62 Mev) and 


4 4 5 
Electron Energy (MeV) 


Figure 1. 


22Na (1-28 Mev). In the cases of “B(p, y)#2C and *4Na the subtraction of the 
higher energy y-ray was carried out by assuming that the flat region below the 
group of peaks remained horizontal down to zero pulse height. ‘This assumption 
was verified in each case by calculating the relative intensities of the two y-rays, 
which are in cascade, from the areas under the separated curves. After 
allowance had been made for the variation of detection efficiency with y-ray 
energy the intensities of the two y-rays were found in each case to be equal 
within 10%. 

Figure 2 shows some line shapes from single y-rays normalized so that the 
peak corresponding to the escape of both annihilation quanta is at the same 
point. It was found that the low-energy tail of the measured distribution for the 
8-06 Mev y-ray from C(p, y)“@N did not interpolate smoothly between the 
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curves for the 11:8 and 6-13 Mev radiations. Subtraction of the interpolated _ 


from the experimental line shape yielded a curve corresponding roughly to a 
y-ray of energy approximately 5-6 Mev with an intensity 9+ 2%, of that of the 
8-06 Mev radiation. These figures are in good agreement with the values of 
5-8 mev and 7% given by Barnes et al. (1952) and help to confirm the reliability 
of the method. The curve could, however, equally well correspond to a y-ray 
from 1F contamination (6:13 Mev ~ 5-65 + mc”) (see e.g. Clegg and Wilkinson 
1953). We have therefore used the interpolated curve in the region below the 
peak, rather than the experimental distribution, to provide the standard 
distribution for a y-ray of energy approximately 8 Mev. 

Intensities in a complex spectrum may be compared by measuring the areas 
under the separated single curves but this is often difficult where several y-rays, 
not widely differing in energy, are involved. It was found convenient to construct 
curves of the quantity A/PH where P is the pulse height for a given peak, H is 
the number of counts per unit pulse height interval at the peak and J is the area 
under the curve. Figure 3 shows this quantity plotted for the three peaks of 
electron energy E,, E,—myc* and E,,—2my)c* as a function of y-ray energy using 
the line shapes from the standard y-rays. Use of these curves enables the area 
under a curve to be determined from a knowledge of P and H only. 


Total Capture 
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Figure 3. 


§ 6. RESULTS 


Table 2 shows the y-ray energies and intensities observed at the different 
resonances. ‘The intensities were measured at 90° to the proton beam but the 
integrated intensities in the table have been derived from a knowledge of the 


angular distributions of the individual components (to be presented in a later — 


paper). ‘The energies are thought to be accurate to within 1% for the more 


intense and 4% for the weak components, while the intensities are believed 1 


accurate to within 20%. 


It will be noted that in no case is there evidence for a direct transition to the — 
ground state of *Mg, which would have involved the emission of a y-ray of about 


12 Mev, the Q-value being 11-69 + 0-04 mev (Li 1952, Feather 1953). 


§ 7. Decay SCHEME 


On the basis of the energy and intensity measurements of the preceding 
section and the known first excited state of #*Mg at 1:38 mev it is possible to 
construct a decay scheme which provides a good account of all the experimental 
data. This is shown in figure 4. 
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Table 2 
Reson. 
ener: a 
“Abad es By ne Interpretation 
0-310 11:99 10:5 ee, 11-99 aA il gfe! 
7°75 1°5 11-99 —> f 4:24 
4-14? 
6°75 0:35 11-99 =s Bop 
4-24 1°3 4:24 as 
4-0 0-27 5220 => 2-138 
2:88 0-44 4-24 as 11aahs 
Veh 
1:38 1:8 1:38 = 0) 
0-515 12-18 10-8 1-0 12:18 ES, 
8-1 0-24 12-18 —~ {4-24 
4-14? 
7-1 0-12 12:18 e226 
4-23 0-15 4-24 = @ 
2:86 0-06 A 24a \ sees 
4142 f 
1:39 2) 1:38 = 0 
0-593 12°27 10°8 1-0 12-27 Ss ihesi} 
8:09 1:9 12:27 +> {4-24 
4-14? 
7-01 0-61 1227 = bw 
4-24 1-27 4-24 = 
3-93 0:3 5-26 See less 
2:86 1-0 4-24 ESS 
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1-38 2:0 1-38 = @ 
1-64 0-8 270Ne* = = 29Ne 
0-679 12-34 10:9 1:0 12-34 = ashe! 
8:15 3°9 12:34 — {4-24 
4-14? 
7-09 1:9 12-34 =O 
5°5 0:7 5:26 ss 
4-23 2°8 4:24 eee) 
3:91 1-0 5-26 Seles s 
2:84 1:4 4:24 =e those) 
4:14? 
1:38 3:2 1-38 on 
1-6 2UNets = AUN 


All energies are in Mev. 


In this connection it is necessary to consider the levels of 74Mg deduced from 
other experiments. The f-decay of *4Na proceeds almost entirely to a level at 
4:14 mev which subsequently decays by the successive emission of y-rays of 
2:76 and 1:38 Mev. The 4:24 Mev y-ray shown in the table cannot be the cross- 
over transition from the 4:14 mev f-decay level since it is known that the cross- 
over does not occur to an extent greater than about 10~® of the intensity of the 
cascade transition (Beghian et al. 1951). The energy of 4:24 Mev is, however, 
in excellent agreement with the energy of a level in *4Mg found by inelastic 
scattering of protons (Hausman et al. 1952), while the same y-ray is observed 
in the B+-decay of *4Al (Glass et al. 1953, Breckon et al. 1954). 

It would seem likely that the 2-86 Mev y-ray arises from a transition between 
the 4:24 and 1-38 mev levels although the presence of a component of 2:76 Mev 


978 F. C. Flack, }. G. Rutherglen and P. 7. Grant 


(4:14-+ 1-38) would be difficult to detect in intensity up to 50% of the 2:86 Mev 
y-ray. It is thus not certain whether the 4-14 mev level plays any part in the 
various cascade transitions observed. 


$8. CoINCIDENCE MEASUREMENTS 


Confirmation of the proposed decay scheme was obtained by coincidence 
measurements using a second sodium iodide crystal spectrometer (with the 
same size of crystal) in conjunction with that already described. A pair of dis- 
criminators on the output from one spectrometer enabled the main peak region 
of any given y-ray to be separated from the remainder of the spectrum. ‘The 
pulses from this energy band, after shaping, were made to trigger a coincidence 
gate on the pulse amplitude analyser which made it sensitive for about 4sec 
after the arrival of the gating pulse. ‘The pulses from the other spectrometer 
were delayed by 2 usec and then applied to the analyser. When interpreting the 
coincidence spectra, allowance must be made for the fact that if the ‘gating’ 
pulse is due to y-rays other than those of the highest energy in the spectrum, 
the ‘tails: of the components of higher energy, falling in the accepted pulse-height 
band, contribute unwanted coincidence pulses. 

The coincidence measurements at each resonance showed the same general 
features. Figure 5 shows the pulse-height spectrum in coincidence with the 
10-6 Mev y-ray at the 310 kev resonance. It is clearly due to a single y-ray of 
1-38 mev, the shape for a known single y-ray of 1-28 mev (following the positron 
decay of **Na) being drawn for comparison. This observation is in direct 
contradiction to the results reported by Turner and supports the simple decay 
scheme shown in figure 4. 

Measurements on the 8 Mev y-ray revealed that it is in coincidence with the 
4-24 Mev radiation and also with the y-ray (or y-rays) of about 2:8 Mev, the 
competing cascades being comparable in intensity. This again is in accord with 
the simple decay scheme and the intensity figures in table 2. 
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When the selected energy band covered the 1-38 mev peak the coincidence 
spectrum showed the 7 Mev y-ray enhanced in intensity relative to the 8 Mev 
radiation, compared with the ratio observed in the single spectrometer. This 
helps to confirm that the 7 Mev radiation feeds the 5-26 Mev level which in turn 
decays mainly via a y-ray of 3-9 Mev in cascade with one of 1:38 Mev. 
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Figure 5. (a) Pulse-height spectrum of y-radiation in coincidence with 10-6 Mev y-ray 
from *°Na(p, y)*4Mg at 310 kev resonance. (4) Pulse-height spectrum of 1:28 Mev 
y-ray from Na decay. 


§9. Discussion 


The decay scheme given in figure 4 provides a good account of all the observed 
y-ray energies and intensities. It will be noted in table 2 that the three y-rays of 
highest energy all vary in energy as the bombarding energy changes, thus definitely 
establishing that each is the first member of its cascade. 

It is possible that the existence of the level in *Mg at 5-26 Mev provides 
an explanation of the very weak (~1/2000) high-energy y-radiation reported 
as approximately 4 Mev (Cavanagh and Turner 1951) and as approximately 
3-8 mev (Beghian et al. 1951) which is observed in the B-decay of Na. The 
transition 5-26+1-38 corresponds to an energy of 3-88 Mev while the corre- 
sponding f-spectrum would have an energy of 0:27 Mev. For the same type 
of f-transition as the observed one the intensity should be 0-025 of the main 
spectrum. If the low-energy spectrum is one degree more forbidden than the 
main spectrum this figure will be reduced by a factor of between 10 and 100, 
in agreement with the observed intensity. If the main spectrum is an allowed 
one this would suggest assigning odd parity to the 5-26 Mev level. A full 
discussion of spin and parity assignments will, however, be deferred to a later 
paper presenting the results of y-ray angular distribution and y—y angular 
correlation studies of the reaction. 
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Theory of (d, p) and (d, n) Reactions 
I: General Theory Ignoring Coulomb Effects 


By ad. P. GRANT 
Clarendon Laboratory, Oxford 


MS. received 12th February 1954, and in amended form 30th April 1954 


Abstract. The differential cross section for the (d, p) process is evaluated 
using a Green’s function technique. Elastic scattering of the proton by an 
average central potential well is taken into account. A later specialization to 
the case of a harmonic oscillator potential gives a result similar to that of 
Horowitz and Messiah but having a closed form. Compound nucleus formation 
is discussed and it is shown that the (d, p) cross sections for different angular 
momentum transfers /, and j, are always additive. Polarization of the emitted 
particles is considered. 


§1. INTRODUCTION 


HE importance of (d, p) and (d, n) reactions as a tool for the determination 
| of characteristics of nuclear states (spins, parities and, to a lesser degree, 
widths for nucleon emission) and of nuclear radii has been the cause of 
a number of attempts to clarify Butler’s original deduction (1951) of the angular 
distribution and cross section (see, for example, Gerjuoy (1953), where a list 
of other references may be found). ‘These treatments all predict the same 
type of angular distribution characteristic of the orbital angular momentum of the 
nucleon absorbed by the target nucleus. In most experiments this can be 
assigned unambiguously, but the values of other nuclear parameters inferred 
from the data (radii and level widths) are often in disagreement with those 
obtained by other means (Birmingham Conference 1953). 

These discrepancies can be attributed to several causes, such as the 
theoretical neglect of compound nucleus formation of the Coulomb interaction, 
and of elastic scattering of the emitted nucleon. ‘This last effect was considered 
by Horowitz and Messiah (1953) using a hard sphere potential for the scattering, 
and resulted in slight improvements in the shape of the theoretical angular 
distribution and in the values obtained for nuclear radii and level widths. 

In this paper we report an attempt at formal investigation of the deviations 
from the simple theory of (d, p) and (d, n) reactions based on a Green’s function 
technique. ‘The interaction of the emitted particle with the target nucleus 
is discussed, and expressions are given for a scattering potential having a 
harmonic oscillator shape. Compound nucleus formation is considered 
formally, and it is shown that the property of incoherence of scattering 
amplitudes corresponding to different orbital angular momenta of the absorbed 
nucleon, which is characteristic of the stripping mechanism, holds for compound 
nucleus transitions also. 

In a subsequent communication the distortion due to the Coulomb field will 
be discussed. The application of the results of the present investigation to 
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the interpretation of experimental data will be deferred to this latter communi- 
cation owing to the importance of Coulomb corrections for experiments at low 
bombarding energies. 

§ 2. FoRMAL 'THEORY 


For definiteness we consider the reaction A(d, p)B. We use a notation 


essentially that of Bhatia et al. (1952), though with slight differences which will — 


be stated at the appropriate points. 
We wish to solve the Schrédinger equation 


(H-E)V=0 ~ (1) 


(where the Hamiltonian H=T+H,+V,+V,+Vy, T being the total kinetic 
energy operator in the centre-of-mass system, H, the Hamiltonian for the internal 
motion of A, and V,, V, and V,,, the respective interaction potentials of neutron 
and proton with A and with each other) for a stationary scattering state ‘Y’ 
describing a reaction starting from the ground state of A, with quantum numbers 
«, j, and m,, and going to some state of B described by quantum numbers f, 
Jp and mz; « and B denote any quantum numbers necessary for the complete 
description of the nuclear states apart from the spins j, andj. We write 


te (2) 
which at large distances from the scattering centre represents an incident beam 
of deuterons 


bo = Xa(S; on) Gp) exp (gtk : (ry a ry) }xXa(% Jas Ma 5 é) (s =i ry 


0 ? 
large T) 


together with a part outgoing in protons (‘I’). We shall ignore Coulomb effects 
and other possible final channels. 

Let us consider now a process resulting in a state of the final nucleus 
Xp(B,Jp.M@piln On €)- The probability amplitude for a scattered proton at a 
point r, with spin unspecified is . 


xp (ikyry’ 
A(t) 05) = i nV dy doy dé —> SPO) fesddele). 2 ae (3) 
p 


Strictly speaking the wave function (2) should be properly antisymmetrized 
with respect to all the particles, so that (3) implies a summation over all protons 
involving direct and exchange terms. ‘The former involves only that proton 
belonging to the incident deuteron (‘stripping’ term), and the second includes 
the effect of what is usually termed compound nucleus formation. ‘Thus we 
can write down the flux of protons at infinity 


Up 1f(Onbp) +f°(O,bp) |? OT: (4) 


using the decomposition of the amplitude described above. 

We cannot obtain an analytical expression for f°, but we shall obtain one for f* 
using standard Green’s function methods. We decompose Y’, in the corre- 
sponding way to (4), 

We aA y® ope ea 5 so Poe ee (5) 


and from (1), (2) and (5) we see that 
(H- £)Tf==(9-E\Y eee ) o eae (6) 
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For large r,, ‘’y8 satisfies the Schrédinger equation in which there is no inter- 


action between the outgoing proton and the other particles. Rewriting (6) in 


the form 
(T+ Hy + Vy— EV = —(H—EYV + ¥1)—(Vot Vag)¥yo oes (7) 


we see that a solution for ‘’,* outgoing in the protons can be constructed in the 
symbolic form 


P=, -— GH —E)Y)— GVy+ Voy) PY —G(H-E)¥Y ...... (8) 

where (PH eV EB ys OR ee i lain ee (9) 
G is the outgoing Green’s function for a free proton and nucleus B, so that 

(T +H +V,—E£)G(e,*)=d(x—x').. ae. (10) 


x denotes the aggregate of coordinates required for the specification of the 
system. Explicitly (cf. Gerjuoy 1953) 
G(x, x’) = >i &(E—Es)x (B,J pM 3 Yn» On €) 
B, JB? ™B 
x XB” (B, 7p; Mp ; Pn Oy, &’) Xp(p)Xp* (%') ere (11) 
the summation over the states f, 7p and my of the final nucleus being taken over 
both discrete and continuous levels. g(H— ,) is the free space Green’s function 
for the proton 
IP 2M exp tik |Nna= lo?) 
BEE) a 7 ee ear ae BE a hen (12) 
Equation (8) is exact. To solve it we adopt an iterative procedure, and ignore 
the overlap with final configurations in our first approximation 


pe eats aed Oh eee! (13) 
Assuming that this is sufficiently accurate for our purposes we have 
es pe ey — Cdl =H) Peel) = ea te (14) 


We can now estimate the amplitude /* of (4). Firstly, the contribution from 
, will vanish at large distances unless the final configuration contains inelastically 
scattered deuterons (which we decided to ignore). Secondly, a simple argument 
due to Gerjuoy (1953) shows that the contribution from y, vanishes also. For 
reasons of space this is omitted here. ‘T’aking the limit of large distances 7,, 
we see that (14) yields 


F(B Jz, Mp 5 OPp) 
x 12M 
ha fie 


| exp (—zk, -ry’)vp*(8,Jp) MB 3 Mav On £)Xp*(op)(H — £) Vy dx 
ewaet LD) 

where we have made the quantum numbers explicit in the definition of the 

amplitude f*. 

§ 3, EVALUATION OF INTEGRALS 


We denote by 1*(8,j,, mp; op39pp) the integral occurring in (15). We shall 
drop the quantum numbers £, jg and mg unless ambiguity arises by so doing. 
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We shall substitute , for I’) in this integral (see §2). This is equivalent to 
ignoring the complicated structure of ‘’y within the nuclear radius 7. The 
result of performing this substitution is 


be i exp (—iky- ty ')xB* ("uy Ow €)Xp*(%p)(Vn + V,)exp (32kq-(ta+rp)} 
xyalS, Og, a) A E)as. | 1) Sl OPS ae (16) 


This is a sum of two terms of which the first is just the Born approximation 
matrix element evaluated by Bhatia et al. (1952). We shall state their result 
first, and then extend the technique to the evaluation of the second (‘scattering’) 
term. For a given final state they found 


ee 1 YS (B,J mp | Vy |, Jama, [My hn )C(S 2 I 5 Henk) By” oe ae (17) 
np Yn 


where C is a Wigner coefficient. The nuclear matrix element is defined as 
the integral 


| XB* ("ns On» EV alla On» E)xa(E)Yy)”™(Pnbn)Xuy(Fn) dy, do, df. «1... (18) 


If the axis of quantization of /,, the orbital angular momentum of the captured 
neutron, is taken in the direction of the recoil momentum k=k,y—(M,/Mg)k,, 
then 

Bin" = Sing, L4AT(2y + L)]Pt™G(Q)n (RR) wee (19) 


where R is a mean radius at which exterior quantities dependent on 7, are 
evaluated. We expect R to be approximately equal to 79, the nuclear radius. 
j, is the spherical Bessel function defined by Schiff (1949), q=3ka—k,, and 


Glade ie Rao |e (20) 


Assuming the ‘zero-range’ approximation 


Hs) = er = 


(y =0-2317 x 10-8 cm“, cf. for example Squires 1952) we have 
2(27ry)v? 

eran 
The second part of (16), denoted by /**“’, is treated similarly. We write 


G(q)= 


[EO = > V(lytp, ln) (Lyn; 5 hn | ¢p("p oy) | 1, Ma )r=B oo a (22) 


Ty Mn Hn 


where V(/,m, 34) 18 independent of r,. We define the product V¢, by 
V(L,mp, 3hn)Pp("p» Op) = (2,Jy, Mp | Vy [Jamas [Mos Sha) 
= | He (ns Ow 5) pep E)xa(E)¥1."5 (nbn) 


Xu AC) Ayia ate IW niet yet (23) 
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. (L,Mny 3H Idy(rps op) | 1, La Decek = {| ¥i.*(@ata xn (a) 


= Xup (Fp) exp (—7k,.r) + A(Mp, op) 
X Xa(S, On, Op) EXp {32kq- (ry +ry)}. dry dw, doy do, } SErrioe (24) 
Tp=Rh 


where analogously to Bhatia et al. we have replaced 7, in terms involving exterior 
quantities by R. 

To estimate (24) we employ a mean two-body potential 4(r,) dependent 
only on the separation 7, of the proton from the target nucleus A. As in the 
evaluation of J*°™, it is convenient to use the neutron as origin for the integration 
over the proton coordinates, so that the integrand of (24) must be expressed in 
terms of s and r,. We take k as axis of quantization. Thus if 


A(T) = > TESOL AAG OY HOD yy Gane aces (25) 


we find 
{L,My, 2a | (7p) | I, va Dra=R =[47(2), + 1)}? 2 G(g)C 3 15 ata Hn) 


« & (sg) AR) E41 Mg) 


l 


BHC ALL SOSO)C(ALLT FO 71,) Ym (Cb) we Pe... (26) 
where 6,, ¢, are the polar angles of q with respect to k and 
M(g=16@ | — FAI)AR, Ws) dS. sane (27) 


We must make an explicit choice of potential 4(7,) if this is to be of any 
practical use. We use the attractive potential well 


A(%) = —[1— (rp/R)?] tT <R 
=0 eve ING 
Th oo 87 /s 

en f= 4n(3) , = -3 (3); £,=0forA>1 s<2R 
b= 0) for all A s>2R 

where 7, has been replaced by R throughout. This gives 

aR 
Mia)=(CI* | HaNEAR SH)s2ds oe (28) 


when «I is some average radius (<2R). ‘This approximation is forced upon us 
by our choice of a bounded potential well. The effective value of « is not 
expected to depend strongly on the angle of scattering. 

We can now write down the complete matrix element 


Pm SCE Hato) CUaL ini mats) CU infu matin ms) 
Inn ™n?#n 
x [4n(2, + 1)}8°i"8G(q) By jal) 
. 3M,(q). | (47\ «> » 
+ Lig PRB no Mul) | MIDI (ERI nyo Se | (F) Yeas 9) 
x {(lnjig-1(8R)—(ln-+ Vig (AR) ng 
+ VIHalla 1) Lig a(R) tig(FRVB my sah |b 204+) 
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Here we have chosen the x-axis so that it lies in the plane of the reaction and so 
that ¢, vanishes. The reduced matrix element Bg(ja/) = ¢B,Jx Il Va Il “ata(n2)) 
is defined by 
(B,Jpmp | Vi, | a, Jama; LiMn) 3h-n) = a Chtsa; Mopn)C(JsInJB >My, Nz— my) 

nD 


x (Bis I Valle UD) eee (30) 
os Mata) = (Bio ll es jollad))/ (Bie Il bn’ Il eis falta) 


where the numerator is just the reduced matrix element of the unit operator. 
In defining A(j,/,) we have made the assumption that a good approximation 
to (23) is obtained by writing V,, = U¢,(rp, c)) where U is the potential well-depth, 
and that V,= U¢d, where ¢,’ is the corresponding well-shape for the neutron. 


§ 4. Compounp NucLeus FoRMATION 
In this section we shall consider formally the formation of a compound 
nucleus. A formal expression for the amplitude for the production of protons 
with a given spin component may be written down using the group-theoretical 
properties of angular momentum eigenfunctions (cf. Biedenharn and Rose 1953) 


Ps a "(204 1)" CG VS 3mjugyC(LSs ; 0M) OM 5 o.L.S big) 
LsJU : 
isin x C(IsJ; M—mm)C(jphs; mpuy)¥ > ™ (Opby). eee (31) 
of is the scattering matrix for the compound nuclear process, for which the 
vector diagram is given in figure 1(a). This vector diagram can be compared 


with that for the stripping process shown in figure 1(6). The angular momenta 
corresponding to the /, ands, of the stripping process (s, is the spin of the neutron) 


de 


Angular momentum diagrams for (d, p) process 
(a) passing through a compound nuclear state of angular momentum J 3 
(6) assuming a stripping mechanism. 


are shown by broken lines in figure 1(a). In this context they have the character 
of resultants only—for example s, =sq—s,, and so can take on the magnitudes 1/2 | 
and 3/2, whereas in the stripping case s, is the spin of the neutron and can take 
the value 1/2 only. 

Since we sum in (31) over a variety of compound states leading to the same | 


final level we might expect that (31) could be written in a form similar to (29) | 


involving only the initial and final states and the angular momentum transfers 
) and4e. 
B= > C(Sn3 15 aba —Hn)CU stats » Nam, m,)|47(21, + 1)yyee 
Jn'n$n 3 g : 
Mbt UB ain) i ay ee (32) 
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This can be done by standard techniques (Biedenharn and Rose 1953) with the 
‘result 


atl 7] 
Amit (Y"| | 
x > (-y (27 + 1)(2L + 1)(2S + 1)(2s+ 1)p” | 
' 


LsJUls 
x tn (L11, ; Om,) W(LSIs ; J1,)X(sSly 3 ).4 Ju 3k 1p) 
x [A(JIL; a LS; Bls)/ Bo fala) 1¥7"™* Pybp) J 


_ where W is the Racah coefficient and the X coefficient is defined by Fano (1951). 
The phase factor 7*-'"» will be real since L —/]—/, must be even by conservation 
of parity. 


§5. THe DIFFERENTIAL Cross SECTION 
We are now in a position to write down the complete formal expression for 
the differential cross section. From (4), (15), (29) and (32) we obtain, on 
performing a statistical average over initial spin states and on summing over 
final spin states, 
dao _ M,*M,* k, 1 


oery ca” eal ade AN ad pele 34 
dw 477h* ha Bigmpey wgma 3(2), +1) [P+I°P, (34) 


which reduces by virtue of the orthogonality properties of Wigner coefficients to 


do west M,*M.* Ry 2p +1 : 2 Wnf 5 \ 2 es 
dw ~—2zh* kabin (3 1 | pons | Bsaln) |F, ™(Jn) i <= (35) 
and the amplitude -%,,"(j,) is made up of two terms 4, ™*(j,)* and 4; "™(Ja); 


of which the latter is defined in (39). -%* is defined in the same way as-¥*. The 
sum over s, is of course purely formal for the terms .%* as only those terms for 
which s,, =4 contribute. 

Thus the complete differential cross section can be written as the sum of 


three terms, 
do [do a filah 28) ce 
dw - dw Strip ae dw Cpd BS da) iP ixe «ae i ) 


corresponding to stripping, compound nucleus formation, and interference 
terms respectively. In fact, selecting a given final state £,j,, we see that 


M.*M,* k, (2+ 
(Z) =< P d 2 ( 7B 7) > | BA jal) 2 |F; ™n(7,,)° iy graye (37) 
dw] strip ky : In 


27h4 2a a 1 inlaomp 


with |.7*|? replaced by |.%°|? and 2Re(.4**./°) in the case of the compound 
_ nucleus and interference terms. Explicitly 


> iratiar P=) 


ji(PR)+ Mink) 
x [ Mali. (AR)— FAD 0058 lj (PR) (a+ nig) |f 
3M, r ) 


+Ha(lo+1) |AGala) 3p-2g $109, [ng a(R) +f, +x(BR)) P I. ae (38) 
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§ 6. PRODUCTION OF POLARIZED PARTICLES 


The polarization vector P,, which is the expectation value of 6, has components _ 
in an arbitrary coordinate system 


>. {Bo Gn’n) PH/{2 Jn + 1} > ttn LF 1g" a)? P 
am Ch] > aha | 
(+ corresponding to j,=/, + $) and 

pa [{ |Ba(infn) P3/{2jn+ 15] 7 [(4.+ 3)? — pA]? Rel 4, EE) ee 
2. |Bolinla) PD. |%a)"™in) F 


Pate 


eolbo 


|S LCIBA Fal) PH Qin + TIT Ula +B)? eA P* Lm F gh *Fa) Fgh AC 
P,= +322 TTI ae 
sia > [Biliale) Py FAC) F 


where the incident deuterons are assumed unpolarized. 

With a choice of axes as in §3, the amplitudes 7, ""(j,) are real save for 
a common factor z's, and it may be easily verified that the resultant polarization 
vanishes when compound nucleus terms are ignored. However, when the 
Coulomb field is taken into account, some of the components of P, may be 
expected to be non-vanishing, since z'"./,”"n(7,)° will no longer be real. 


§ 7. DiscussION 


In the preceding paragraphs we have considered the corrections to the 
simple (d, p) differential cross section which are due to the elastic interaction 
of the emitted particle with the nucleus. ‘The result is dependent on nuclear 
structure through the constant A(j,/,), and it should be possible to correlate the 
value of this constant obtained experimentally with the predictions of nuclear 
models. This is in contrast to the model of Horowitz and Messiah (1953), 
which gives a result dependent on the size of the nucleus but not on the 
structure. 

In considering the interaction of the proton with the nucleus we omitted 
two sets of terms. ‘The first arises from the fact that the wave function V 
should be completely antisymmetrical in all the nucleons, and that we have 
singled out those terms which give the direct scattering of the proton originally 
bound in the deuteron, and have ignored those corresponding to proton exchange. — 
The second set arise from higher order approximations to the solution of the 
integral equation (8) than we have considered in (13). They correspond to | 
transitions involving intermediate states. Both sets of terms are part of what | 
is usually described as the contribution of the compound nucleus. The fact | 
that the simple stripping theory gives a very good account of the angular 
distribution in (d, p) reactions suggests either that the effect of the neglected 
terms is small, or that they have a similar form to those due to the stripping 
mechanism, ‘This latter possibility is suggested by the result of §4, but it is | 
not possible at present to decide which of them is valid. 
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Abstract. The two reactions 2H(d, p)?H and ?H(d, p)?He are examined under 
the assumption that they proceed via a stripping process. Coulomb effects are 
ignored. The angular distribution of the protons from the *H(d, p)?H reaction, 
and the variation with bombarding energy of the forward cross section are used 
for the comparison between the theoretical predictions and the experimental 
data. The agreement which is found is sufficiently good to justify the assumption 
that the reactions proceed partly via a stripping process. Stripping becomes the 
predominant process for bombarding energies greater than 5 Mev (lab.). 


HEN deuterium is bombarded with deuterons two of the possible 
reactions are 


(i) 7H+*7H+*H+p, 

(ii) 7H +2H ~*He+n, 
and both of these reactions could proceed via a stripping process. In this paper 
we investigate such a hypothesis and consider to what extent it is justifiable. 

Experimental results on the angular distributions of the products from the 
D-D reaction are now available up to a value of 20 Mev for the bombarding 
energy. At very low energies (below about 5 Mev) a theoretical description of 
the reaction has been given under the assumption that all four nucleons interact 
with each other (Beiduk et al. 1950), and it has been reasonably successful in 
explaining the angular distributions. However at higher energies the forward 
maxima in the angular distributions indicate that reactions (1) and (11) may proceed 
predominantly via a stripping process. Such a conclusion might seem surprising 
for such a light nucleus as the bombarded deuterium, but it has been shown that 
the stripping process is important in the ?H(d, n)*He reaction (Butler and 
Symonds 1951). 

Since we neglect the effect of Coulomb forces the two reactions (i) and (ii) 
are considered together, but for the sake of clarity we deal only with the 7H(d, p)?H 
reaction. ‘There is one essential difference between the analysis of this reaction 
and the analysis of the ‘normal’ stripping process (Butler 1951) and that is the 
identity of the bombarding and the bombarded particles. Because of this the 
reaction can proceed in two ways: either the bombarded deuteron can strip off 
a neutron from the bombarding deuteron or the bombarding deuteron can pick 
up a neutron from the bombarded deuteron. Both possibilities give a free 
observable proton and, because the probability for either occurring is the same, 
in the centre-of-mass system the angular distribution of the protons must be 
symmetrical about 90°, 


+t Now at Department of Mathematics, University of Glasgow. 


The D—D Reaction 991 


The wave functions for the system must be symmetrical in the deuteron 
coordinates (since they are particles with integral spin), and antisymmetrical in 
the neutron and the proton coordinates (since nucleons have half-integral spin). 
Therefore in the centre-of-mass system the initial configuration is represented 
by the wave function 
Pu u("ap Fao Ppp rp2) 

= exp {1K : (Fn ar Py1)/236("p1 re Po)Xi(M)) 

x exp {—1K. (tye + Fp2)/2}h(Mp2 — na) x1(Mp) 

+exp {—7K. (tay +8 p1)/2}h(Mp1 — Par) xX1(Me2) 

x exp (2K. (tas + Py2)/2}6(Ppe — Pna)X1(Mq) 

— exp (0K. (Pao + Pp1)/2}A(M pi — Mna)x1(Mq) 

x exp {—7K. (tpy + Fp)/2}P(ps — Fai) xX1( M2) 

—exp {—7K. (ret Py1)/236( Fp —Fno)Xi(Mz) 

x exp (2K. (Mar tpe)/25b(Mpe—Fnr)x1(My), nee (1) 
where r,j, Tp2 are the position vectors of the neutrons, r,,, rp, are the position 
vectors of the protons, 2/K is the relative momentum of the two deuterons which 
have magnetic quantum numbers M, and M,. y,(M) is the spin wave function 
for a particle of spin 1, and ¢(r,—r,) is the internal wave function for the 


deuteron. (At present we take M, and M, as fixed but finally we require to sum 
and average over these quantum numbers.) (1) can be written as 


[ Jakepr kyo exp (ips «Fp1) EXP (Kye « Mp2) Han) X4(Hna) Xa (Mp) Xa (pa) 
Pnl’n2p14p2 


1M 1M9 
x oC ere, Cine br(3K = ko )Pr( na aK — ky») 
x exp {a(K —k,,).r,,} exp {¢(-K—k,,).r,.}+three similar terms}, ...(2) 


where x;() is the spin wave function for a particle of spin $, C73. are the usual 
Clebsch—Gordan vector coupling coefficients, and ¢,(@Q) = J¢(r) exp (¢Q.r) dr. 

The proton which is observed in the reaction is either p1 or p2, and therefore 
the tritium nucleus produced has either p2 or p1 as one of its constituent nucleons. 
If pl is taken to be the observed proton then near the boundaries 


(a) | ral 3(Fn1 +P ne + rp2) |= "9 

(5) [Pn2— (Foi + Mn+ Mpa) |=7o 
the triton wave function reduces to the product of a wave function for a deuteron 
and a wave function for a neutron (nl near boundary (a), and n2 near boundary (4)). 
Outside these boundaries the wave function is an exponentially decreasing 


function of the radial coordinate of the neutron. For example, near boundary (a) 
the ‘interior’ wave function is 


Dry ("ar Pho lop Tyo) a y Jak: exp (7K py « Py) X4(Hp1) 


Morn 


x €Xp { ae tk, . (Pai + Pho In ryo)/3 JAK po ay rao) 


Mount 
x X1(Mo) x3 (Har )U a {kp1, Lene 3(Yn1 che Yn at rye)} 
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where j and mare the spin and the magnetic quantum number of the triton state: 
outside the eee (a) the wave function (4) is the same as (3) except that 


the function ie is replaced by an exponentially decreasing function of 


ae $(Fni + Maz + Ppa) |- 
If p2 is the observed proton we have similar wave functions near and outside 


the boundaries 
(c) |tar— 4(fort+ "net" p1) |=7o 
(d) Lora $(h +Vpo+ rp1) | ='79- 
Following the approach of Butler (1951) we write in (3) 


M. ; Tymyy 
ieee (kj 1, R)= 1 soe eee (k,1) Cyimp tM Ch mathe Yinymgi CAE 1) 
iI (2) 
x Ry Qh (Rep) (RaR) + 8,(Rp Ay g(RarR)} enn ene (4) 


where R= Pn 3(n + Poet rp2) = ly +h My, = My + Pyis Yin(9, ¢) are the 
normalized spherical harmonics with the phases given by Condon and Shortley 
(1951), 4% @(KR) are the spherical Hankel functions as defined by Schiff (1949), 
— 3h*k,,7/4M, =E,, the binding energy of the neutron in the triton, M, being 
the neutron mass. For the wave function outside the boundary we replace 


Bip (Kyr)@1, Rp) lng Rar) + bi or Ar, g(FarR)} 
oy Ap (ky JA? (Roa). 


A inne Ind 
The wave functions (2), (3), (4) and their derivatives are matched at the 
boundaries (a)-(d) by a method rather similar to that used by Butler (1951). 
For details the reader is referred to Fairbairn (1953), and here only the final 
result is stated. The differential cross section o,(6,, ¢,) in the 7H(d, p)?H reaction 
is given by 


o,(9,) = Cees & Ne nook ») 


x | F,,(8) Vim, (Oep $e,) + (—1)in Frat = 05) Vi on, (Osg> Pen) 23 - some (5) 
where s denotes the state of 3H which is formed (spinj,), NV ral 7) is independent 
of 0, Z,=K— 3k, Zy=K + 2k, 


3"“ps? 
0 : : On 
Ie 7p) = by (3K — Kos) {Jig 2170) are hi (ix so) = hy (ixs'o) ary! 1,(21"0)} ) 
Ke= —k2=4M,E,,/3h?, F (7-6) is F,(@)) with k,, replaced by —k,, and 
Z, replaced by Z,. ‘The ground state (s =0, say) of the triton has spin 3 and even 


parity and the added neutron must have /,=0, J=4. Using this in (5) we obtain 


87C2k 
59(9) = Ker exp (— 2K) NE o(Rpos ro) 


0 a shes 28 ho 
4 {3 sin 247) + cos Zr || a7 +H, +a'— KF. 0080, 
1 
- aa ee 
+term with 4, —>(7—8@,), Zh , 


where we have taken 


(hp — Mp) = C {exp (—a|r,—r, )[1—exp(—d|r,—r, [I |rp—ral- 
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* 
ce Z3 = K? + 4k24/9 — (4K Ryo cos 8,)/3 


Z3= K?+4k2,/9 + (4K hyo cos 0,)/3 


Go()) is symmetrical about #, = 90°. 

Because of the loose structure of the bombarded nucleus in this reaction 
the radius ry is not well defined. In the present calculations the value 
7>=4x 10" cm has been used. The Q-value for the reaction is 4-034 Mev and 
figures 1 and 2 show the comparison between experimental cross sections and 
those predicted by (6). The experiments were performed at 7-94 Mev (Burrows 
et al. 1951) and at 19-1 Mev (R. G. Freemantle, private communication, 1954), 
both energies being given in the laboratory system. 
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Figure 1. Comparison between the theo- Figure 2. Comparison between the theo- 
retical curve (magnitude in arbitrary retical curve (magnitude in arbitrary 
units) and the experimental points for units) and the experimental points for 
7:94 Mev (laboratory) incident deuterons. 19-1 Mev (laboratory) incident deuterons. 


An examination of the curves in figures 1 and 2 shows that formula (6) 
reproduces the main features of the experimental angular distribution. The 
cross sections found experimentally are symmetrical about 90° as expected. 
Experimental results at lower bombarding energies have also been analysed 
but the agreement is not so good as in the two cases shown. ‘This is true also 
for the *H(d, n)*He reaction. The probable reason for the discrepancy is the 
neglect throughout the work of Coulomb forces: in the D-—D reaction a 
bombarding energy of 8 Mev in the lab. system is equivalent to only 4 Mey in 
the centre-of-mass system and at such low energies Coulomb effects are non- 
negligible. 

As a further test of the assumption of a stripping process we examine the 
variation in the cross section as the bombarding energy is increased. Since the 
forward and the backward scattering are equal a good estimate of this value 
can be made even although measurements cannot be taken at either of these 
two positions. The variation of o)(6,=0) as given by formula (6) is shown in 
figure 3: the experimental variation is shown in figure 4. We see that below 
an energy of about 6 Mey the two curves differ considerably. ‘The low cross 
sections at these lower energies are presumably due to the effects of Coulomb 
forces which will decrease the cross sections through the mutual repulsion of 
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the deuterons. At the higher energies the curves are more alike, but it cannot 
be said that the theoretical predictions give exactly the experimental variation. 

The qualitative agreement which has been found between the experimental 
data and the theoretical predictions is sufficiently good to justify the assumption 
that the D-D reaction proceeds partly via a stripping process. As the bombarding 
energy is increased the stripping process becomes predominant. It should be 
added that in an analysis of the angular distributions from the reactions (1) and (it) 
between laboratory energies of 2 Mev and of 11 Mev a better fit could be obtained 
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Figure 3. Theoretical variation with Figure 4. Experimental variation with bom- 
bombarding energy of the forward . barding energy of the forward (or back- 
(or backward) scattering. ward) scattering: points below 6 Mev 


given by Blair et al. (1948) and Hunter 
and Richards (1949); at 9:94 mev by 
Leiter et al. (1950) (probable error 
stated to be large); at 10:3 Mev by Allred 
Fi CU (0). 


if an effect is introduced which interferes destructively with the pure stripping 
effect. Such an effect has been found by Horowitz and Messiah (1953 a) who 
alter the assumptions of the stripping process to include the proton—nucleus 
interaction. Since such an interaction must be present in the D—D reaction 
at the lower energies it is likely that the polarization of the protons and of the 
neutrons from the D-D reaction at low energies (see, for example, Baungartner 
and Huber 1952) can be explained in this way (Horowitz and Messiah 1953 b). 
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NoTe ADDED IN PROOF 


Mr. R. G. Freemantle has informed the author that the estimate given in 
figure 4 for the value of o,(@,=0) at 19-1 Mev should be multipled by 0-93. 
Also the experimental angular distribution for the *H(d, n)*He reaction at 
19-1 MeV is in reasonable agreement with the distribution which is calculated 
from (6) with the roles of proton and neutron interchanged and with the Q-value 


3-28 Mev. Unfortunately measurements have not yet been taken at small enough 


angles for any detailed comparisons to he made. ‘The author is grateful to 


Mr. R. G. Freemantle for informing him of these results prior to: publication. 
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The Sidereal Correlation of Extensive Air Showers 
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Abstract. About 3 x 10° extensive air-shower events were recorded at Auckland 
(altitude 40 m, latitude 37° S.) with 3 counter trays at the corners of a 4m triangle, 
each of sensitive area 2360. cm?, in the period February 1951 to February 1952. 
The results show a solar diurnal amplitude of (1-45 + 0-25)% with maximum at 
(2:7 + 0-6) hours local solar time and a sidereal diurnal amplitude of (1-10 + 0-26)% 
with maximum at (19-8+0-9) hours local sidereal time (standard errors). By 
introducing the concept of antisidereal time (there are 364-2 antisidereal days 
per year) an allowance is made for the seasonal amplitude modulation of the solar 
diurnal variation. When this correction is applied, the true sidereal diurnal 
amplitude becomes (1:43 +0:38)% with maximum at (17-64 1-0) hours local 
sidereal time. ‘The results indicate a maximum in the cosmic ray intensity when 
the galactic plane is overhead. 


§ 1. INTRODUCTION 


HE results of experimental attempts to detect a sidereal variation of cosmic 
| rays can be expected to depend on (a) the energy of the primary rays to 
which the apparatus responds, and (b) the effective polar diagram of the 
apparatus regarded as a receiver of primaries. Low-energy primaries will have 
their directions altered by the magnetic fields of the earth and sun, and will be 
deviated more often by galactic fields, so that we must expect the directional effects 
to be small: high-energy primaries should have the greatest sidereal variation. 
The polar diagram of the receiver becomes important if an attempt is made to 
detect point sources of cosmic rays. A point source will show up better against an 
isotropic background if the polar diagram is narrow. 

The two criteria of high primary energy and narrow polar diagram both point 
to the extensive air showers as the cosmic ray phenomenon most likely to show a 
sidereal variation. By recording extensive air showers at sea level we select the 
highest primary energy (~10'*ev), and the polar diagram is narrow (+ 20°) 
because of atmospheric absorption. 

The results of previous experimental studies are as follows. For sea-level 
ionization (primary energy ~10! ev, medium polar diagram) no sidereal variation 
has been established (Hogg 1950). For meson intensity at sea level (primary 
energy ~10!°evy, wide polar diagram) there are two rather contradictory results: 
Duperier (1946) reports a sidereal amplitude 0-21°, with maximum at 21 hours 
local sidereal time, while Elliot and Dolbear (1951) find an amplitude 0-02% with 
maximum at five hours local sidereal time. For meson intensity underground 
(primary energy ~10" ev, medium polar diagram) the 10° increase reported by 
Sekido et al. (1951) under 1200 metres water equivalent (m.w.e.) can equally well be 
ascribed tostatistical fluctuations. Barrett and Eisenberg(1952) under 1600m.w.e. 
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find less than 2%, and Sherman (1953) under 840 m.w.e. finds less than 
0-5°%, sidereal diurnal amplitude. For extensive air showers, however, Hodson 
(1951) finds a barely significant sidereal diurnal amplitude (1-15 + 0-61)% with 
maximum at 23-5 hours local sidereal time, and Daudin and Daudin (1952), using 
counter trays of area 2300cm? separated by 80 mat the Pic du Midi, altitude 2860 m, 
report an amplitude (0-39 + 0-13)% with maximum at 22 hours local sidereal time. 
All errors quoted in this paper are standard deviations. Earlier work on time 
variations of cosmic rays is reviewed by Dauvillier (1951). 

All the observations on high energy primaries made so far have been in the 
Northern Hemisphere, a circumstance which would be favourable for detecting 
the Compton—Getting effect (maximum at latitude 47° N.) (Compton and Getting 
1935), but unfavourable if the greatest intensity comes from the direction of the 
galactic centre. In the latter case we would expect a maximum effect at latitude 
26° S.; the effect would be reduced in the Northern Hemisphere, particularly in 
the case of extensive air showers, because of the narrow polar diagram for reception. 

We have made observations of extensive air showers at Auckland (latitude 37° S., 
altitude 40m) and have included as part of the apparatus an arrangement of 
counters for which the effective polar diagram for primaries is reduced to + 10°. 


§ 2. APPARATUS 


The polar diagram of an extensive air-shower recorder regarded as a detector of 
primary cosmic rays can be controlled at sea level because (a) the direction of the 
shower axis is thought to preserve the direction of the incident primary, and (4) 
electrons of energy E Mev deviate from the shower axis by a root mean square 
angle 15/E radians (Rossi and Greisen 1941). In our equipment we select 
electrons of median energy 100 Mev (r.m.s. deviation about 7°) and ensure that 
they arrive vertically within + 7° (between half-intensity points) by means of a 
coincidence system enclosed in a lead wall to eliminate side showers. This lead 
collimator, 6 ft 2in. high, has walls 6in. thick and encloses a space 36in. x 15 in. 
in horizontal section, the long axis lying North and South. Coincidences between 
counter trays at the bottom and top of the collimator are then due to vertical 
electrons in the showers, and more rarely to penetrating particles. By including 
a 4in. aluminium absorber we set a lower limit to the energy (55 MeV) so that the 
median energy is of order 100 Mev, and thus ensure that the coincidence events are 
due to showers with their axes vertical in the E-W plane within + 10° (between 
half-intensity points). Extensive air showers are selected by requiring that two 
further trays spaced 4 m from the lead collimator are also triggered. 

Figure 1 is a sketch of the equipment. The five trays are identical, each 
containing ten geiger counters, separately quenched by external trigger circuits, 
the sensitive area of each tray being 2360cm?. A coincidence between the out- 
lying trays 1 and 2 and tray 3 at the top of the collimator records the extensive 
showers with the usual +20° polar diagram and a counting rate 50 per hour. 
A simultaneous count in tray 4 (in the collimator but above the aluminium absorber) 
indicates the presence of a near vertical electron in the shower. The 1234- 
coincidences have a bias towards vertical showers, counting rate 18 per hour. 
If tray 5 is also triggered, the near vertical electron has passed through the absorber 
so that the 12345-coincidences correspond to nearly vertical showers, as already 
explained, the counting rate being 8 per hour. 
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The coincidence events are recorded on a 20-pen operation recorder with 
clockwork drive (Esterline-Angus Company, Inc.), both individually and after 
scaling by 10. Subsidiary traces indicate that the mains voltage is within +5% 
of its nominal value, and check the counting rates of the individual trays. 
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Figure 1. Apparatus. 
1, 2, 3, 4 and 5, counter trays. Pb, lead wall. Al, aluminium absorber. 


$3. OBSERVATIONS AND RESULTS 


Records are taken for a year from February 1951 to February 1952, and the 
coincidence events tabulated for half-hour intervals. The results for the 123- 
coincidences will be discussed first. 

Averaging the results and plotting against solar time we obtain figure2. ‘There 
is a clearly visible solar diurnal variation which apparently correlates with ground 
temperature. A least-squares fit to the points gives an amplitude (1-45 + 0-25)% 
for the 24-hour component with maximum at (2-7 + 0-6) hours solar time. The 
apparent temperature coefficient is —0-51% per °c. 

Regrouping the results to obtain the mean intensity for half-hourly intervals 
of sidereal time we obtain figure 3. Inspection shows a significant 24-hour 
sidereal variation, which by least-squares analysis has amplitude (1-10 + 0-26)% 


with maximum at (19-8 +0-9) hours local sidereal time. ‘These figures differ — 


slightly from the results quoted in our preliminary note (Farley and Storey 1954), 
through the correction of an arithmetical error; moreover we are now quoting 
standard deviations instead of probable errors. 


§ 4, DrTAILED ANALYSIS OF THE DaTA 


We have fitted to the half-hourly values of 123-coincidence intensity J the © 


expression 


I=I,+(A+2B cos 27(t + ¢,)] cos 27 (Nt+¢,)+ C cos 27{(N+1)t+¢5}. ....(1) 
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Figure 2. 123-coincidences (counts/half hour), and ground level temperature (°F), versus 


solar time. 


The limits of error indicated by the two lines are + standard deviation 


of the individual counts. 
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Figure 3. Coincidences (counts/half hour), and radio noise, versus local sidereal time. 
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In this formula the unit of time ¢ is one year, time zero being 00.00 hours on 
22nd September, the day in which solar and sidereal times coincide. The first 
term is the mean intensity J). The second represents the solar diurnal variation 
of mean amplitude A with a seasonal variation in amplitude specified by B and 4; 
the third term represents the sidereal diurnal variation of amplitude C, there being 
(N+1) sidereal days in the year. The times for the maxima of the diurnal 
variations and of the seasonal modulation term are determined by the phases ¢,, 
$. and $5. 

We have assumed that the solar diurnal effect has a seasonal variation in 
amplitude but not in phase. This is a reasonable assumption; in any case it is 
not profitable to consider an unknown variation in the phase because it cannot be _ 
disentangled from the sidereal effect. | 

It is well known that the seasonal variation of the solar diurnal effect can give — 
rise to an apparent sidereal variation when the intensities are grouped according to — 
corresponding intervals of sidereal time and averaged over the year. Ourapproach 
to this problem is to express the modulated solar variation, of frequency N, as an 
unmodulated ‘carrier’, plus ‘sidebands’ of frequency (NV +1) and (N—1). The 
first sideband is of sidereal frequency and interferes with the estimation of the true 
sidereal effect C, ¢3. The correction can be found however by evaluating the 
second sideband of frequency (N—1); it has the same amplitude as the first, and 
the phases are uniquely related. This is called the ‘antisidereal’ component. 
We therefore rewrite equation (1) as follows: 


I=1,+ Acos2z7(Nt+¢,)+ Bcos 27{(N—1)t+¢,—¢$5} 
+B’ cos 2n{(N + 1)t+¢,+4.}+ Ccos2r{(N+1)t+¢s3}.. ...--- (2) 


B’ = B, but it is convenient to label the terms by distinctive amplitude symbols 
so that we can label the vectors in figure 4 to correspond. 
The last two terms of sidereal frequency combine thus: 


B’ cos 2n{(N + 1)t+4,+49}+ Ccos 2n{(N + 1)t+45}=D cos 2n{(N +1})t +44}. 


The terms in A, B and D are orthogonal when a year’s results are analysed. We 
can therefore analyse separately for the solar, sidereal and antisidereal components 
as though the others were absent. The procedure is as follows: To find 4 and ¢; 
we have grouped the year’s results according to corresponding half-hourly intervals 
of solar time to yield 48 half-hourly values J, for the mean solar day. A least- 
squares fit then gives A and ¢,. To obtain the error in the least-squares assign- 
ment we have calculated the 48 residuals Z; and evaluated (1/45) 2Z,?=0%, 
which is the variance of the values J; about the assigned diurnal variation. 
We divide by 45 instead of 48 because three parameters have been fitted. The 
variance of A is then o?/24 and the variance of ¢, is o?/24A? radians. | 
The standard deviation o has been compared with the value o’ to be expected 
if the statistics of the counts was the only source of error, the larger of the two being | 
used to estimate the probable standard errors. 'To check that the residuals Zg are | 
uncorrelated we have evaluated d=X(Z,—Z,_,)?/ZZ,. A value less than 1:5_ 
would indicate a correlation (Durbin and Watson 1951). | 
Similarly, to obtain D and ¢, we have grouped the results according to sidereal 
time and repeated the procedure. ‘To find the modulation term B, 4, we have 
grouped the results according to corresponding intervals of ‘antisidereal time’; 
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that is, the time for which there are N—1 days per year. The least-squares fit then 
gives B and ¢,—¢,, from which ¢, can be found. 
The true sidereal variation C, ¢, isthen found by subtraction, using equation (3). 
The results with standard errors are giveninthetable. The diurnal amplitudes 
are given as percentages of the mean J). The time for the maximum of the diurnal 
variation is expressed in solar, sidereal or antisidereal time as the case may be. 
o and o’ are given as intensities and are directly comparable with J). 


Diurnal Time of o o 
amplitude maximum from from d 
% (hr) residuals statistics 
Solar A 1:-454+0:25 2-7+0°6 0-279 0-304 2:20 
Apparent sidereal D 1:10+0:26 19:8+0-9 0-309 0-304 2-05 
Antisidereal B 0:78+0-25 SMe ID 0-304. 0-304 225 
‘True sidereal C 1:-43+ 0:38 17:-6+1-0 — — — 


In = 24-744 
1234-coincidences, 
apparent sidereal 0:52+0-41 19:7+3-0 


12345-coincidences, 
apparent sidereal 0:52+0-61 20:7+4:°5 


The errors in the two terms B’ and D, subtracted to give C, are independent 
and can therefore be combined using the usual rules. ‘The uncertainty in the time 
for the maximum of A adds to the error in C and has been included fully in the 
estimated probable errors of C and ¢,. 

Comparison of the values for the standard deviations o and o’ show that the 
statistics of the counting accounts for the whole of the variance of the results. 
Variations due to temperature and barometric effects have apparently averaged out 
over the year. 
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Figure 4. Harmonic dial. 


A, solar diurnal variation; B, antisidereal; B’, reflection of B in line A; 
C, true sidereal; D, apparent sidereal. 


The relations between the terms in equations (2) and (3) are displayed on the 
harmonic dial, figure4. In effect this represents the relation between the harmonic 
vectors near time zero, when solar, sidereal and antisidereal times coincide. 
As the year progresses the solar vector A remains fixed, the antisidereal vector B 
rotates clockwise, and the sidereal vectors B’ and C with their resultant D rotate 
anticlockwise. D shows the apparent sidereal effect with its maximum at 19-8 hr 
sidereal time. After correcting for the influence of the solar seasonal modulation 


this becomes C, the true sidereal effect, with its maximum at 17-6 hr sidereai time. 
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The solar diurnal amplitude is the resultant of A, Band B’. It varies from a 
maximum of (3-01 + 0-57)% in September to a minimum of — (0-11 4 0-57)% in 
March. This large variation is surprising and suggests that the antisidereal 
correction hs been overestimated. 

It is clear, however, that the effect of correcting for the solar seasonal effect has: 
been to increase rather than to decrease the sidereal variation and to alter its phase. 
Allowing even a large error in the determination of B, it is hardly conceivable that 
the solar seasonal modulation alone could account for the observed sidereal 
vector D. This confirms the existence of a true sidereal variation. 


Figure 5. Harmonic dial. 


Ellipse gives locus of equation (1) during the year. a, b, c, d, e, experimental points with 
circles of error. A, B, C, D, E, corresponding points from equation (1). 


The magnitude and phase to be assigned to the sidereal diurnal component are 
presumably the corrected values C, ¢3. If, however, the correction has been too 
large the sidereal amplitude will be smaller and the phase nearer to that of the 
vector D. But on the whole we must expect that the correlated values C, ¢, will 
give a better estimate than D, ¢,, and we therefore adopt the value (1-43 + 0-38)% 
with a maximum at (17-6 + 1-0) hours local sidereal time. 

To check our assignments of amplitudes and phases to equation (1) we have 
divided the year’s results into 5 groups and determined the apparent solar diurnal 
variation for each group. ‘The results are plotted on the solar harmonic dial, 
figure 5, together with the ellipse obtained from equation (1). Small letters — 
indicate the experimental points plotted with circles of error, while the correspond- _ 
ing positions on the ellipse are marked in capital letters. ‘The agreement is not | 
exact, but suggests that the assignments are broadly correct. ‘Though point c | 
is well off the ellipse, we note that the mean of b and c would come very close to its | 
theoretical position. Also there is a definite anticlockwise circulation of the 
experimental points, confirming the existence of a true sidereal component. 

The existence of a 12-hour sidereal component is required by some theories of | 
cosmic ray acceleration. We have analysed our data for such an effect and find 
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an apparent amplitude (0-41 +0-25)°% with maximum at (2:0 + 2:3) hours local 
sidereal time. 
§ 5. Discussion 


Further evidence that we are observing a true sidereal variation is obtained by 
comparing our results (in the Southern Hemisphere) with those of Daudin and 
Daudin (1952) and Hodson (1951) (Northern Hemisphere). If the observed 
sidereal variations are due solely to the seasonal modulation of the solar diurnal 
variation (assumed the same in both hemispheres) we should expect the apparent 
sidereal variation observed in the two hemispheres to differ in phase by 180° 
(Compton and Getting 1935). In fact, however, the variations obtained at the 
three stations are in phase and the maxima coincide in local sidereal time almost 
within the probable error. For this comparison we have used our uncorrected 
figures and have estimated the error in the time of maximum for the other stations 
from the quoted errors in amplitude, with the following result: 


Manchester (lat. 53°N.): maximum at 23-5 +2-0 hours 
Pic du Midi (lat. 43° N.): maximum at 22-0 + 1:3 hours 
Auckland = (lat. 37°S.): maximum at 19-8 + 0-9 hours. 


This gives further grounds for believing that the variation observed is a genuine 
sidereal effect and is not a residuum due to seasonal changes in the solar diurnal 
effect. 

Although the times of the maxima at Auckland and the Pic du Midi do not 
agree exactly, at both places the local maximum coincides very closely with the 
time at which the Milky Way is overhead (22 hours at the Pic du Midi, 17-7 hours 
at Auckland). This suggests that cosmic rays come preferentially from regions 
of high star density in the galactic plane. An examination of figure 3 shows, 
however, that the intensity does not rise sharply when the galaxy crosses the 
meridian; instead there is a broad maximum lasting for about 8 hours. 

At Auckland our corrected maximum (17-6 hours) coincides with the time 
at which the centre of the galaxy crosses the meridian (17-7 hours). ‘The declina- 
tion of the galactic centre being — 26°, it passes daily within 11° of the vertical at 
Auckland, but only within 69° of the vertical at the Pic du Midi. Any effect due 
to cosmic rays coming from this direction would therefore be much stronger in 
Auckland than in Europe. Because the apparatus used at the various stations 
has been different it is dificult to make an exact comparison, but the evidence 
suggests that the sidereal amplitude is larger in the Southern Hemisphere. 

It thus appears that the direction from which we receive the maximum cosmic 
ray intensity lies in the galactic plane. ‘The direction within the plane can in 
principle be found by experiments at several latitudes. ‘The present meagre 
data suggest that this direction lies in the southern celestial hemisphere, and the 
direction of the galactic centre is a possibility. 

In this connection it is interesting to compare our results with the radio noise 
signals from the direction of the galactic centre, observed at the same latitude 
and with a similar polar diagram. ‘The results of Shain (1951) obtained at 
Sydney (lat. 34°'S.)on 18-3 Mc/s with a vertical aerial, polar diagram 17° between 
half-power points, are shown in figure 3. There is a broad correlation between 
the curves of shower intensity and radio noise. But this suggests merely that 
both radio noise signals and cosmic rays are emitted from the regions of high 
star density near the galactic plane. 
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§ 6. Pornt Sources or Cosmic Rays 


So far we have discussed only the 123-coincidence events. ‘The results for 
1234- and 12345-coincidences plotted against sidereal time are also shown in 
figure 3. The sidereal variation, while still present, is less in these cases, and 
less significant because of the smaller number of events. The results of the 
least-squares analysis are given in the table. Inspection of the curves gives no 
evidence of point sources of cosmic rays. 

If a point source of cosmic rays passes overhead, the relative increase in 
intensity should be three times as great for the 5-fold as for the 3-fold coincidences 
because the area under the polar diagram is reduced to one third. Thisadvantage 
is however largely off-set by the 6-fold decrease in counting rate, which results in 
a 2-4 times increase in statistical fluctuations. 

From the absence of significant peaks on the curves we deduce that, if a point 
source exists, less than 10-4 of the total cosmic ray flux as registered by our 
equipment appears to come from it. This means that, if point sources exist, 
the diffusion of primary trajectories before they reach the earth (for primaries 
of the energy range selectively received by the experimental arrangement) must 
be large enough to prevent any strengthening of selection by the arrangement 
involving angular discrimination. 
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Note on the Relation between certain Forbidden Beta Transitions 
and the Nuclear Spin Orbit Interaction 


By G. N. FOWLER 


University of Manchester 


Communicated by L. Rosenfeld; MS. received 15th Fune 1953, 
and in amended form 22nd Fuly 1954 


Abstract. 'The second-forbidden beta decay matrix element A,, is given in terms 
of the nuclear spin orbit potential strength w and another second-forbidden beta 
decay matrix element R;;.. The result is used, together with the predictions of 
the Mayer shell model for the single particle configurations, to obtain an estimate 
of u from the decay of °*I'c for two types of space dependence of the spin orbit 
potential. The result is in reasonable agreement with that found from a study 
of the stationary states of °He. 


§ 1. INTRODUCTION 

N the case of second-forbidden beta transitions which satisfy the selection 
] rules AJ =2 and no parity change, the non-vanishing matrix elements include 

R,, and A;;. (For the definition of the various symbols reference should be 
made to Konopinski and Uhlenbeck (1941) whose notation and units are used 
throughout.) 

In the following note A,; is expressed in terms of R,; and certain nuclear 
parameters including the spin orbit potential strength u. Since A;,; and R,;; 
may be obtained by explicit calculation for particular cases, once a definite 
choice of nuclear wave functions has been made, we can find an estimate of wu. 
In both calculations appeal is made to the Mayer nuclear shell model. The 
particular cases selected are the decays of *I’c and **Cl for which the matrix 
elements in question have been calculated by Smith (1952). ‘The values of u 
obtained in this way are compared with that given by Hughes and Le Couteur 
(1950), using a corrected value of the He level splitting. Reasonable agreement 
is found. 

§ 2. CALCULATION OF A,, IN TERMS OF R,; AND u 


A method proposed by Pursey (1951) for first-forbidden transitions has been 
applied to our case, the second-forbidden transitions. 
The method is based on the following nuclear Hamiltonian: 


A 
H= = (a ° p)° le 4B°{(1 +7,°)M,, ae (1 =7')M,} 
s=1 


A A 
+3 >iVo+e aC Vigo 07) (ti r*) (p*— p”)V, 
s=1 k#s 
seg Chey) (tic) Foie eatiaaih bb c/s: yh ae (1) 


where V,, V,, V., and V, are the ordinary, charge exchange, Coulomb and spin 

orbit potentials respectively. No tensor force of the usual type has been included 

since it is found to give a negligible contribution to the result (cf. Pursey (1951)). 
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For the exchange term, which does not materially affect the results, a Yukawa- 
type space dependence has been assumed with strength V = 100 mc? and range x 
given by Kalo 1, when the nuclear radius is given by R=7,A1?. 

For the spin orbit potential strength we assume two of the forms which are 
usually considered (cf. Hughes and Le Couteur 1950), viz. 


u exp (—«r) —u 2a (sec="), 


aga 2«r : Cas 247 O(K47) r 

where we take the values of « and «, used by Hughes and Le Couteur, namely 
«42=1-5 x 10-4 cm and «,1=1:1x10-%cm. It should be noted that Hughes 
and Le Couteur used the notation o instead of the more usual $0. In order to 
facilitate comparison with their results we have introduced a factor 4 in (1) and 
(ii). Finally, the form of the spin orbit term has been chosen to satisfy the 
requirements of charge independence, with the omission of a term multiplied by 
«'.t* (cf. Avery and Blanchard (1951)). Such a term would give a contribution 
of order (N — Z)A~1 when we average over the nuclear core (see below). In view 
of the rather approximate nature of the calculation it has not seemed worth while 
to include this term. 

One now calculates the commutator of the Hamiltonian with 


A 
7 2s (71 —172)°(747;)°. 
$= 


When it is assumed that the nucleus consists of a single external transforming 
particle together with a spin saturated core, the resulting expression may be 
averaged over the particles of the core. This gives A,; as a function of R;,, u and 
another beta decay matrix element, 7;,. This latter may be eliminated using the 
relativistic angular momentum operator of Dirac: (cf. Pursey 1951) 


k= Bev 1), 22 Vea OSS eee (2) 
whose eigenvalues are given by +(j+4) forj=/+4. It can be shown that 
[A rh 786 Se ee (3) 
from which one finds 
[A 737 s— $0,(7")] = AB (oO, r)p+7(6,N)e anne (4) 
Taking matrix elements of both sides gives, in the non-relativistic approximation, 
| B=-1, 
CAR Tul) == Gl Telz) =r | Raley ee ae (5) 
6=hp-3hjs) > ade hwy Ds ak ch Menken (6) 


The final result is 
(f|A,,|2)=1W,- W,-M,, + M,+(N-Z)A1F(R)+Za/R 


tel (RIG LR |e) te 4) 5 lee ee eee (7) 
Here | 
B(R)=$Au(cR)-*((kR)-? — 3(«R)-*) in ease (i) 
~ $Au(KR) (KR) + 2(eR) *— 4 R) *) an case (ii) >. as (8) 


F(R) —30A(xRY-3((xR)-2- (xR). kee (9) 
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Equation (7) is the basic formula for the estimation of wu from beta decay 
data.t However, in order to arrive at such an estimate this will be supplemented 
by an explicit calculation of A;; and R,, for the two special cases discussed below. 


§ 3. ExpLiciT CALCULATION oF A,,; AND R,, 


For the cases *Tc—+°**Ru and **Cl->%*A the matrix elements in question 
have been calculated by Smith (1952), who finds A,,/R;;=0 in. both cases. 
Here the nuclear wave functions used are those found from the Mayer nuclear 
shell model. 

One should add here that the result 4;,/R,;=0 in these cases depends upon the 
fact that harmonic oscillator functions were used for the single particle wave 
functions. However, the success of the Mayer model leads one to expect that the 
best wave functions in the single particle approximation will not differ very much 
from harmonic oscillator functions. Thus at any rate the condition 4;,<R,; 
should hold good, and this is all we need for the following argument. ~ 
(a) °Tc>9Ru. | 

The ft value for this decay corresponds to a second-forbidden transition and 
the selection rules may be inferred from the following information on the nuclear 
states involved. The odd proton of the parent nucleus is assigned to the gyjo 
level from spin and magnetic moment measurements. ‘The assignment of the 
odd neutron of the product nucleus to a d;/. level is not so unambiguous but from 
magnetic moment measurements on *Mo and *’Mo the odd neutron in these 
nuclei has been assigned to this level. In addition, from Klinkenberg’s (1952) 
tables the d;). shell appears to fill steadily from “Zr with one d, neutron to 
%7Mo with five. It follows that the selection rules for the decay are AJ =2, no. 
On this evidence, Mayer, Moszkowski and Nordheim (1951) predict the transition 
of ad;j. neutron to a gy. proton. It is then found from equations (6) and (7) that 
€= —2 and u ~ 27 mc? for case (i) and ~ 155 mc? for case (1i). Here the assump- 
tion that the nucleus consists of a spin-saturated core together with a single 
external nucleon may be justified by the fact that the extra core nucleons are in 
shells of high angular momentum for which one would expect the Mayer pairing 
energy to be effective in causing the cancellation of the nuclear spins in pairs. 
(b) %6Cl>36A. 

In this case the ft value again corresponds to a second-forbidden decay and 
the measured value of the spin of the parent nucleus is 2 units. Since the 
product is an even—even nucleus one should assign to it a spin of zero; further- 
more, in this region of the shell model no change of parity is allowed in beta 
transitions so that the decay again satisfies the selection rules AJ = 2, no. 

The transition assumed by Smith (1952) is that of a dy. neutron to an sy), 
proton. ‘This gives from equations (6) and (7) «= —3 and w~8 mc? and ~50 mc?, 
in cases (i) and (ii) respectively. | However, according to Klinkenberg, the Mayer 

+ An expression which is in some respects similar to (7) has been derived for first-forbidden 
transitions by Ahrens and Feenberg (1952) using a similar commutation procedure but 
avoiding the use of a single particle model, relying instead on the semi-empirical nuclear 
energy surface. They claim good agreement with Pursey’s results but on examination it 
becomes clear that this depends on the fact that Pursey used a value for the spin orbit 


potential strength which is fifteen times too small when more recent experimental results 
on the level splitting of 'He are taken into account. 
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shell model predicts a ds. neutron>d,,. proton transition which would give 
«=Oand therefore 7;,=0. In addition it may be shown using the operator k as in 


§2 that 
(FRA |t)=(e- (YP (Rp +h) FA |2) eee (10) 

so that for a dy. neutron-> ds. proton transition BA;;=0 also. Thus the only 
matrix elements that could play a role would be A;; and R;;. According to 
Longmire, Wu and Townes (1949), however, the combination of A;; and R,; 
occurring in the second-forbidden polar vector interaction cannot fit the observed 
energy spectrum. Some modifications of the initial configuration of Klinkenberg 
would therefore seem to be necessary and that of Smith is the most plausible. The 
choice d3/,—>$,/2. implies, however, that the interactions of the nucleons which 
occupy the unfilled shells of 9°Cl must be significant and so the assumption that 
the nucleus consists of a single particle outside a spin-saturated core must be 
considered rather doubtful. Accordingly, little weight should be attached to the 
value of u obtained from this case. 

Before proceeding further one may note that the ratios | 7;,/R,; |? obtained 
from equation (5) agree with the results of Smith in both cases, which provides a 
check of his results. 


§ 4. COMPARISON WITH u FOUND FROM °He Data 


An independent method of obtaining w is available from a study of the stationary 
states of nuclei, in particular of He, and calculations have been carried out in this 
case, in sufficient detail to permit a comparison to be made, by Hughes and 
Le Couteur (1950). These authors obtain values for u of 4 and 12 mc? in the two 
cases, based on an observed level splitting in °He of 0-64mc?. They also try to 
show that these values of u are consistent with the level splittings observed in 
those heavier nuclei which have one nucleon outside closed shells. 

However, more recent experimental work, although it does not give an 
unambiguous value for the level splitting of He, is certainly inconsistent with 
the level splitting used by Hughes and Le Couteur. In the light of the available 
evidence Ajzenberg and Lauritsen (1952) took 5-2 mc? as the most reasonable value 
for the level splitting. Still more recent work by Adair (1953) on 17O may be 
interpreted as confirming this value, although some measurements on the 
scattering of high energy neutrons by “He by Seagrave (1953) seem to be more 
consistent with the much larger value of 12 mc? suggested by Dodder and Gammel 
(1952). It is not appropriate here. to give a more detailed analysis of these 
experiments and the value of 5°2 mc? for the level splitting will be adopted. This 
leads to values of u of 33 and 99 mc? on correcting the results of Hughes and 
Le Couteur. In addition, it has been shown by Avery and Blanchard (1951) for 
a potential of the form (1), that when the differing angular momenta of the single 
external nucleon and of the closed shells are taken into account values of wu of the 
order of 50 mc? are found from the data concerning heavier nuclei. On comparing 
these results with those obtained from the decay of *°Tc, one finds general agree- 
ment as to order of magnitude in either case, but, perhaps better agreement with a 
potential of the form (1). 
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Inelastic Heavy-Particle Collisions Involving the Crossing of Potential 
Energy Curves 


II: Charge Transfer from H-atoms to Al?*, B?+, Li?* and Al?+ 


By A. DALGARNO 
Department of Applied Mathematics, The Queen’s University of Belfast 


- Communicated by D. R. Bates; MS. received 21st May 1954 


Abstract. The charge transfer processes H+Al?++>Ht++Al?*?S and ?P), 
H+ B#++H++ B+(?P), H+ Li?#++H++ Lit(@Sand!S)andH+ Al?++>Ht+Alt 
are investigated using the Landau—Zener formula for the transition probability 
arising from the pseudo-crossing of the potential energy curves of the initial and 
final systems. ‘These pseudo-crossings occur at nuclear separations of 3-34, 
6:58, 11-1, 8-88, 20-9 and 5-29 atomic units respectively and the corresponding 
energy separations due to the interaction between the initial and final states are 
5-18, 1-25; 5-69: 10-°, 1-24 x 10-4, 2:12 x 10-® and 1-54ev. ‘The cross sections 
associated with thesix processes are calculated over a wide range of impact energies. 

The relationship between energy excess and energy separation is briefly 
discussed in an appendix. 


§ 1. INTRODUCTION 


HE need for detailed estimates of the cross sections of various heavy-particle 

| collision processes has been pointed out recently by Bates and Massey 
(1954), and this paper is a continuation of a programme initiated to supply 

such information. ‘The first paper of the series (Bates and Moiseiwitsch 1954, 
to be referred to as I) used the Landau—Zener formula to investigate the reactions 


HY} Be?+ +H*+-+Bet (+4-62ev) 2 (1)t 
H+iSitt SHtLSit (22 75ey) eee (2) 
H+Mg?+>Ht++Megt(+1-44ev), wae (3) 


The initial ion has in each case a closed shell configuration and the final ion is in 
its ground state. ‘The crossing points of the potential energy curves of the 
initial and final systems are at internuclear distances of 5-8a,, 9:6a) and 18-9a, 
respectively (a) being 5-29 x 10-®cm). 

The first two reactions considered in this paper are 


H+AB+>H++AP+(41484ev) ae (4) 
ana H+AB++Ht++AP+@P)(+816ev) wean. (5) 


Throughout, the energy excesses have been computed using the tables prepared 
by Moore (1949). Reactions (4) and (5) are similar to (1), (2) and (3), but in (4) 


t+ When no spectroscopic designation is given, the system is in its ground state. 
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the crossing point occurs at amuch smaller internuclear distance and in (5) the final 
state is excited. ‘The remaining reactions considered here are 


H+B*+ +H++B+(!P) (+246ev) sae (6) 
H+Li2++H++Lit(S) (+3-02ev) ae) 
Woke Hers) (al 2eey)) | a wasn (8) 
HEAPS Hi Albee (e(45-23.6n). ssa sn (9) 


In all of these the initial ion has a configuration consisting of a single electron 
outside a closed shell and, except in the last, the final ion is excited. With (7) 
and (8) there are neighbouring perturbing levels whose effect has been quanti- 
tatively examined. 

These reactions have been chosen for investigation since they cover a wide 
range of energy excesses and so provide representative data for a considerable 
variety of reactions. 

Results for the six reactions are given in the form of cross sections over a wide 
range of impact energies and, where possible, as rate coefficients over a wide range 
of temperatures. 


§ 2. "THEORY 
The theory of processes involving a pseudo-crossing (Zener 1932, Landau 
1932, Stueckelberg 1932) has been adequately described in paper I, and only the 
essential formulae need be given here. If U,(R) and U,(R) denote the potential 
energies of the initial and final systems at a nuclear separation R of a reaction 


AERE SNe DeeC EAP ey), tele! Wee (10) 


with crossing point at Ry, energy separation AU (Ry)ev and initial energy of 
relative motion £; ev, then its cross section is given by 


O=4nR,*p(1 +A) iF exp(—y«){1—exp(—nx)}aSdx (11) 


where p is the probability that the particles approach along the specified potential 
energy curve, A=[U,(R..) — U,(Rx)]/F, and 7 is given by 


MA2SAU R; yee : 
9 = 2475 |e | (1+A(1+p)-2 (12) 


with 
d 
(1+ p)AB? == (Ui— Us) r= ry» ae (13) 


M being the reduced mass on the 1*O scale. Bates and Moiseiwitsch (paper I) 
have given a simple expression for « when B is a doubly charged positive ion, A is 
a neutral atom and RF is large: 
e4 
[om RAF? (a, aia 2a>/Ry) see eee (14) 


where 
@,=20,(A)—a,(At)—a,(B-), eee (15) 


the «,’s being the coefficients of the R-* term in the expansion of the potential of 
a unit charge in the field of the atom indicated, and 
dg=2a(A)\=sa(A*) $6 (Br), <9 is was erie (16) 
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the «,’s being the polarizabilities of the atomindicated. Slight modifications are 
necessary when B is a trebly charged ion. Equation (15) is replaced by 
Qy=30,(A)=)20,(AT)Soy(B ye fl” eee (17) 
and equation (16) by 
a= 5a4(A)~20,(At)S2e( Bk Oe eee (18) 


§ 3. THE ENERGY SEPARATION 


If ‘Y; is the initial wave function and ‘f’, the final wave function, the energy 
separation is obtained from a consideration of the energies of the systems described 
by +A’; (cf. paper I). Simple expressions for the energy separation may be 
obtained provided that the adopted wave function of either the initial or the final 
system is an exact solution of the wave equation at infinite separation of the nuclei. 
If we assume that the final wave function is exact for infinite separation, then the 
formulae given in paper I for the case when B is a doubly charged ion with a closed 
shell configuration and A a neutral atom consisting of one electron outside a 
closed shell remain valid when B is trebly charged apart from the difference in 
polarization energy. Denoting the initial and final wave functions of the active 
electron by 4(r, | 7), ¢‘(t, |p») where r,, r, are the position vectors of the electron 
with respect to the two nuclei, the energy separation is given by 


A [AU(Rx)|=2|S(e—-p)-ol/-S?)rery eee (19) 
WIth 

S= |b (ra]m)$! (ulm) de, p= | 4! (ry|m)?ro7 de 

o= |b (ral) 8 (rolm)ro tar 
and 


pr= 52{0iy (AA) Has (BRA Mt WS Se honetes (20) 


The expression for the energy separation is rather more complicated when B 
has a configuration consisting of a single electron outside a closed shell since the 
symmetry of the atomic wave functions must be taken into account. Denoting 
the (orthogonal) initial and final wave functions of the lone passive electron by 
x (rp ] mp), x’ (Fp 2m,'), where x’ (r,| m,") 4 ¢’ (1, | m,), the energy separation is given 


2| {ST +S'T'\{p +p’ — pe} — ((To + St) + (T’o’ + S’7')} | 
A Leese or 
|AU(Rx)| Ta(sT+ ST Janta 
evaluated at R= Ry, the plus sign corresponding to B~ a singlet, the minus sign 
corresponding to B- a triplet, where 


c 


or ¢ (ta] Ma) x’ (ty | my’) ar, T’=| x (tof mp) o (rp | mp) a 
J bral) x! (rol mn’) rete 


| $' (ry | 2) x (P| mp) Ta tar 


p= x ColmPrctar, o 


r= | x(ty]am) x! (Palm) rater, 7 


and T= | x(m|mp) x’ (rol my’) dr; 


Pris given by (20) if B is trebly charged and by 
Pr= — 3 (42 (AT) +09 (B-)}/Raxt 
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if B is doubly charged. When y’ (r,,|7),’)=¢' (r,|™,) (21) must be replaced by 
AU (Rx) =29" | ST (2p —p;)—(To + St) |/(1- 2S? T?)pange veers (21a) 


‘The expressions (21) and (21 a) may be used only when the closed shell electrons are 
unaltered during the reaction and when Ry is large. Unless the passive electron 
orbital is considerably altered during the reaction, or is identical to the final orbital 
of the active electron, S’7’, T’o’, S’7’ can usually be ignored. 

Formulae (21) and (21a) have been obtained using what may be termed the 
‘post’ form of the energy separation. In the case of reactions (7) and (9) (for 
which the smallest and largest values of Ry arise) the prior form has also been used 
making the assumption that the zmztial wave function is exact at infinite internuclear 
distance. ‘The difference between the post and prior forms was found in each case 
to be less than 3°. This close agreement is at first sight rather surprising; it is 
due essentially to the fact that the energy separation depends more sensitively on 
the wave function of the hydrogen atom (which is known exactly) in regions close 
to the nucleus of the colliding ion than on the wave function of the ion in regions 
close to the proton (although the ion wave function must also be known with some 
accuracy). In collisions not involving a single-electron atom serious difficulties 
may arise. 

§ 4. DETAILED CALCULATIONS AND RESULTS 


Wentzel (1926) and Waller (1926) have calculated the polarizability of hydrogen 
to be 45 atomic units. The other polarizabilities required were calculated using 
the well-known expression (cf. Mott and Sneddon 1948) for «, in terms of dipole 
transition matrix elements, these being obtained from the tables of Bates and 
Damgaard (1949).¢ ‘The values for Al?*+ (?S and ?P), Lit (35 and 18), and Al* are 
14, 3, 38, 83 and 13 atomic units respectively.{ The value for B+ (1P) is small but 
was not required since the R 4 term in (14) and (21) is negligible compared with the 
R- term. 

The electron wave functions used were all linear combinations of products of 
exponentials and powers of the distance of the electron from the nucleus. ‘Those 
for Al3+(4S), Al?+(?S) and Al*(‘S) were obtained by fitting to the numerical 
values given by Katterbach (1953) and Biermann and Harting (1943); for B?*, 
Bt, Li* the variational wave functions of Morse, Young and Haurwitz (1935) were 
employed (see also Coulson and Duncanson 1944); and Li?* is hydrogenic. 
No wave function was available for Al?+(?P), but the coulomb approximation of 
Bates and Damgaard (1949) should be quite accurate for this state up to distances 
quite close to the nucleus. A series was fitted to the coulomb approximation 
values and found to be very nearly normalized, indicating good accuracy. 

The integrals involved in (19) and (21) have all been tabulated by Coulson 
(1942) and were easily computed.§ Various quantities of interest in connection with 
the reactions studied here (and with those studied by Bates and Moiseiwitsch) are 
collected in table 1. 

+ Although this method of evaluating the dipole matrix elements is not very accurate for 
many two-electron systems, the approximation should suffice, the polarization energy being a 
small (even negligible) correction term. 

tf It is to be expected in general that , is large for metastable excited states but small for 
excited states which can combine optically with the ground state. 


§ The available tables (Mulliken, Rieke, Orloff and Orloff 1949 and Craig, Maccoll, 
Nyholm, Orgel and Sutton 1954) do not contain sufficient significant figures for our purpose. 
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Table 1. Basic Data relating to the Collision Processes so far studied 


Reaction Orbitt AE (ev) Ry (a) Sir AU (Ry) (ev) Xt 
(4) 3s 14:84 Sin 4-5, 1074 5-1, 38 
(9) 3s p23 5:29 O85 10st Ioey 83 
(1) 2s 4-61 5) fo 7 Oneal ae 8:6, x 1057 65 
(5) 3p 8:16 6:58 Solel Ome Te22 101 
(7) 2s 3:02, 8-8, {rle1Ome TD alms 94 
(2) 3p 2:745 9-6, 9-4, 10-3 Opel Ome 104 
(6) 2p 2°45, TOE 9-8,x 104 HAS MOY 66 
(3) 3s 1-43, 18-9, 3-95 10=2 DPBS 6 113 
(8) 2s 1:28, 20°8, 4-6, 10-7 Dt Ome 92 

+ Final orbital active electron. { Parameter—cf. appendix. 


Reactions (5), (6) and (9) are straightforward applications of the equations 
given earlier, but (4), (7) and (8) require special considerations and will be 
described separately. 

4.1. Al8++H-—Al?+(?S)+ Ht 


Because of the high energy excess, the crossing point is small and the approxi- 
mate equations of §2 cannot beused. In particular, the closed shell electrons must 
be taken into account. The calculation is quite lengthy and will not be presented 
here; it leads to a crossing point at 3-344), which differs only slightly (due to 
cancellation between U, and U,) from the value 3-30 a) obtained when the inner 
electrons are ignored. Provided the inner electrons are unaltered during the 
reaction and it suffices to take ‘Y’;+A‘; as the wave function of the combined 
system*, equation (21) is still appropriate, giving an energy separation of 5-18 ev. 
This is so large that the Landau—Zener formula is not applicable (cf. paper I), but 
it is of interest to record that the cross section obtained is very small, being only 
10-° za,” for an impact energy of lkev. In general it is to be expected that cases 
in which Ry is small (i.e. AE is large) are associated with very low cross sections. 


4.2. Li?++H-—>Lit(®S and18)+H?+ 
The crossing points are at internuclear distances of 8-8,a) and 20: Ya, 
peSpectively, and the energy separations computed using equation (21) are 
1-2, x 10-*ev and 2-1, x 10-Sev. However, there are neighbouring levels which, 
phoueh they do not interfere directly, their crossing points being at very large 


internuclear distances, may perturb those levels whose separations we require 


(cf. figurel). Their effect is most directly examined by choosing as wave functions 
of the combined system Tae ae ae 


where ‘f’;, represents the other possible end products. For Lit (?S) the most 
important perturbing level is that associated with Lit (?P). Taking ‘,. as its 
wave function and minimizing the system energy, a secular equation of degree 
three in the energy is obtained : 

E— Hi ESie— Hy ESie — Hig’ 

ESi— Hy E— He ES'¢:— He¢: =0 evesee (22) 

ESi¢ — Hip  ESte— Hyp E- Hye: 
where the H’s and S’s are the matrix elements of the total Hamiltonian and unity 
respectively. Numerical solution of (22) (a variational wave function being used 


* This, of course, is not so since exchange between the colliding systems is becoming 
important. 
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for Li* (#P)) shows that the energy separation is altered by less than 2°. The 
smallness of the effect is due to cancellation, both levels being shifted in the same 
direction. Similar conclusions hold for Lit (!S), the perturbing level being that 
associated with Li* (*P) (cf. figure 1).+ 


Li?*+H — Li*+H™ 
Li*(2p) 'P+H* 


Li* (2p) 3P+H* 


Li*(2s) 'S+H* 


Energy (ev) 


Li*(2s) °S+H* 3 


Figure 1. Energy levels in ev of Li?+ H, Lit H* for infinite nuclear separation. 


4.3. Cross Sections and Rate Coefficients 


The cross sections of processes (5), (7) and (9) are shown graphically in Sate 2 
as a function of the impact energy « of the incident ion, the labelling being the 


Cross Section (units of 1,2) 
S 


0 | 2 3 4 
Log,.|Impact. Energy (ev)] 


Figure 2. Cross sections for reactions (5), (7) and (9) in units of 7a)? as functions of the 
impact energy of the colliding ion. 


+ It may be noted that the perturbing level can be ignored provided that 
Hig? As? 
Veeey ea eee ee <A ; 
|Hi—HAer| (He—Hee||r—-ry S U(Rx) 


1016 A, Dalgarno 


corresponding equation number. The cross sections of (6) and (8) areaccurately 
represented by 

Q,=0-54e-? (7a?) 

Q,= 1-08 x 10-%1? (ra,”), 
in which « isin ev. A discussion of the energies for which the Landau—Zener 
method may be used is given in paper I. The rate coefficient K, of process (7) 
is given in table 2 for temperatures between 1000°K and 32000°k on the assumption 
of a Maxwellian velocity distribution; K, is constant and equal to 
1-6 x 10-17 cm? sec"! down to very low temperatures and K, is constant and equal 
to 2-0 x 10-4. cm? sec”! for temperatures greater than 1000°K. Since the Landau— 
Zener formula is only applicable when Z,>AU (Ry), it is not possible to compute 
rate coefficients for (4), (5) and (9). 


Table 2. Rate Coefficient for Reaction (7) 


T (°K) 1000 2000 4000 8000 16000 32000 
K, (10-° cm? sec7) 0-48 1-03 die75 2:8, 4-1, mrss 
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APPENDIX 


During the course of this series accurate values of the energy separation have 
been computed for nine reactions corresponding to energy excesses ranging from 
1-28 ev to 14-84ev. The significant quantity is not AF itself but rather 7/AE~Ry 
where Z is the charge of the finalion. In table (1), AU(Ryx), Ry and the overlap 
Sie of the colliding systems are compared. 

Magee (1940) has suggested that 

A=AU(RzyRz/Si >) ie oe eee (23) 
is approximately constant provided Ry, is not too large; he estimates X to be about 
10. Examination of the entries in the last column of the table reveals that (23) is 
remarkably successful, though a better value for X would be, say, 75. 

This large value of X has considerable significance. ‘Thus high energy 
separations, and consequently lowcross sections, must be anticipated even when the 
energy excess of the reaction is not very great. 
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RESEARCH NOTES 
On Antiferromagnetism in Metals 


By R. H. TREDGOLD ft 
Physics Department, University of Nottingham 


Communicated by L. F. Bates; MS. received 14th Fuly 1954 


§ 1. INTRODUCTION 


T has been pointed out by Slater (1951) that the solution of the Hartree-Fock 
] equations for electrons in a periodic potential might, under certain circum- 
stances, lead to a ground state having an antiferromagnetic character. This 
idea has been taken up by Lidiard (1953, 1954) who extended it to formulate a 
phenomenological theory of the antiferromagnetic behaviour of chromium and 
manganese observed by Shull and Wilkinson (1953). However, a quantitative 
quantum mechanical treatment of this problem has not yet been carried out 
although a preliminary discussion has been given by Pratt (1953). It thus seems 
desirable to examine a simple model of a metal in an attempt to determine if 
circumstances exist in which the ground state is antiferromagnetic. 


§ 2. THE GROUND STATE FOR A SIMPLE MODEL 


The model considered here is similar to the one discussed by Pratt (1953) 
and consists of a linear chain of hydrogen-like atoms in which the atomic wave 
functions are approximated to by expressions of the form exp(—4f?r?), the 
value of 6 being chosen to minimize the unperturbed energy. Although such 
a linear chain model would obviously lead to delusive results if studied from a 
statistical point of view there seems no reason to suppose that it should not 
yield qualitatively correct information about the ground state of a system 
involving atomic wave functions having spherical symmetry. Wannier (1937) 
functions may be constructed from the atomic functions in the usual way and will 
be denoted by a(«—na) where n« is the coordinate of the nth atom and « is the 
lattice constant. One may then choose one electron wave function of the form 


1 m\ Y ee 
b.(x, k)= nik Dae — na) Ee exp {27 a(k —7/«)}+(1—3A?)!2 exp (ins) | 
associated with + spin states and 


ne ae Yalx—n2) Ee exp {i(n + 1)a (: = =) 


+ (1-3)? exp {u(n+ 12k} oo (2) 
TT vin 
where a <ke+ Fx 


associated with — spin states. Here N is the number of atoms in the chain and 
will be assumed to be so large that end effects may be neglected; A is a parameter 


+ Now at Physics Department, University of Maryland, U.S.A. 
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_to be determined by the variational principle. It is of interest to note that if A=0 


one has the conventional collective electron description of the ground state of 
the linear chain and it may easily be shown that there will not be a resultant 
spin moment appearing on any one atom. If A=1 each atom will show a spin 
moment of 1 Bohr magneton and there will be an antiferromagnetic structure. 

Since the case of narrow energy bands is of primary interest in the present 
context a value of « =4-714 atomic units was chosen for investigation and it was 
then found that the overlap integral had the value 0-044 and it was thus justifiable 
to neglect terms of the order of the square of the overlap integral in the calculation 
of the energy. To this approximation it is a straightforward process to calculate 
the energy using a single determinant wave function. The integrals occurring 
may all be evaluated in closed form by the method proposed by Boys (1950). 
It is found that part of the expression for the energy is independent of X and, of 
course, of the arrangement of the spins and will accordingly be neglected here. 
The remaining part of the energy per atom expressed in atomic units will be 
denoted by E’. . 

Minimizing the energy with respect to A one then finds that 


A= 09030 3S) Seabee Bd Print toe (3) 
and Es 000058 2S STA aUEOE: ® (4) 
This may be compared with the ferromagnetic case in which 

Ege 985 a le ne Wee een ae (5) 
and the conventional collective electron case (A=0) in which 

1 IE ie tes pelle he eh alamo Bis (6) 


It may thus be seen that for the model under discussion the ground state is 
antiferromagnetic having an effective atomic moment of 0-9030 Bohr magneton 
and that the conventional collective electron description is seriously in error. 
It should be pointed out that the energies given in equations (4) and (5) are 
obtained from a large factor common to both expressions and very much smaller 
factors differing in the two expressions. ‘Thus the small apparent energy difference 
is significant. It is interesting to note that the non-degenerate band considered 
does not have a ferromagnetic ground state, thus agreeing with the predictions 
of Slater, Statz and Koster (1953). 


§ 3. DiscussIon 


The above discussion lends support to the view that any material having a 
narrow partly filled energy band and not exhibiting ferromagnetism will show 
antiferromagnetic properties at sufficiently low temperatures and thus supports 
the views expressed by Lidiard (1954) on the ground states of chromium and 
manganese. However, his treatment of the statistical problem of antiferro- 
magnetism in these metals is open to certain criticism. His theory contains 
three parameters which are determined from the effective magnetic moment 
per atom extrapolated to 0°kK, the transition temperature, and the value of the 
magnetic sysceptibility at this temperature. Using these parameters he predicts 
the height of the anomalous peak in the specific heat at the transition temperature. 
In particular he finds that for manganese AC, = 0-0033 cal mol deg”! and goes 
on to conclude that this quantity will be too small to be measurable. However, 
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Shomate (1945) has made very careful measurements of the specific heat of 
x-manganese (the allotropic form studied by Shull and Wilkinson (1953)). 
Using his results one finds that the anomaly in the specific heat at the transition 
temperature (94°K) is larger by a factor of one hundred than that predicted by 
Lidiard and is given approximately by AC,=0-37 cal mol deg. In view of 
the limitations of the collective electron approximation in its application to 
statistical treatments of exchange dependent phenomena (Tredgold 1954) this 
discrepancy seems hardly surprising. 


§ 4. THE Rare EARTHS 


Since the rare earth elements share with the transition elements the 
characteristics of narrow partially filled energy bands and since only two of 
them, gadolinium and dyprosium (Trombe 1953), appear to be ferromagnetic 
it seems probable that some of the others should be antiferromagnetic at low 
temperatures. The case of manganese illustrates the fact that antiferromagnetism 
in a metal is not necessarily associated with a peak in the susceptibility-temperature 
curve, but that it may give rise to a measurable anomaly in the specific heat. 
Parkinson, Simon and Spedding (1951) have detected low temperature anomalies 
in the specific heats of cerium, praseodymium and neodymium and although 
these authors appear to favour an explanation of these phenomena based on 
Stark splitting, they point out that the shape of the anomalous peaks obtained 
would be more consistent with an explanation based on some form of cooperative 
phenomena. 

Unfortunately the only unequivocal method of detecting antiferromagnetism 
is by means of neutron diffraction studies and until these materials are available 
in larger quantities it will be impossible to carry out such experiments. 
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Riesz Potential and the Elimination of Divergences 
from Quantum Electrodynamics: III 


By. iy 5), KOTHARI 
Tata Institute of Fundamental Research, Apollo Pier Road, Bombay 1 


MS. received 14th Fuly 1954 


generalization of the Dirac equation and the Feynman function S, in the 

6-planet and showed how the divergence arising in quantum electrodynamics 
from the photon self-energy could be eliminated. However, the final result 
obtained for the self-energy of a photon was not gauge-invariant but also con- 
tained the Wentzel term. The necessity for modifying the formalism was thus 
felt. + 

In the present note we briefly give a new generalization of S,; and show how 
a gauge-invariant photon self-energy can be obtained. 


Let 
PH(2) = G(Be!| Oe mYA8,(0) dy 


I: an earlier paper (Kothari 1954b, referred to as II) we obtained a 


= G(B)k"| SLO m)\(—1V — x)D(x)dy ss... (1) 
x>m 
where G(f) =(sin 278)/27. 
It satisfies the equation 


(Ea mori (ah | storta (2) ee oe Beet S22. (2) 
and for B+>0, e/(x) = S(zx). 
From (1) it follows that 


Cay (k+ m+ tet 
P(x) = eed el beatae) 
Ree) —09,.y8 j, 8a(t) dt| Bo(mage fe (3) 
where t= —™m and we have replaced the weight factor /,°(y—m)* by 
Bd) =o becca ad cee Rare Bececs: (4) 


(see II). 

As Feynman (1949) has pointed out, the Wentzel term arises if the electron 
in going round the photon self-energy loop changes its mass at the two photon 
vertices. In order to avoid this change in mass we substitute the function 
of ,°(x) only for one electron line and for the other we take the usual S, function, 
but referring to a particle of mass m+t. ‘This prescription has to be followed 
for all closed electron loops. (It may be noted here that with the generalization 
of II, this prescription could not work.) ‘The matrix element is then proportional 
to 

G(B)e? (* yr Spl(k+m-+t)(k+p+m+t)] 
emer - sl ae et el Ee ey |) eS: 5 
Jat — Ce |, SAO | T= om EORTRE DP (mOe a 
Evaluating the spur and introducing a Feynman variable we obtain 
GE a atl 
je sees pee Niadete ; 
J,f=— 25 i git) adt| de 
x [le eet Pa Phen t ee kor ah...) 
{k? + p*x + Z| kplx—(m+t)?}? 


+ For notation see Kothari 1954 a, b. 
PROC. PHYS. SOC. LXVII, II—A 71 
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The integral over k is divergent but that over ¢ converges for 0<8<2. After 
integrating twice over ¢ by parts, integration over k can readily be carried out, 


We obtain 
41G(B)e? (° m t 
p_ _ #G(b)e P : 
Ss p J, {h (ari +35) (m+ t)t**1+c.0. } dt 
PL =x PS ue—PuPo) 9, 
x | mp es 


The integral over ¢ is convergent for -2<8<0. Integrating over ¢ by parts once 
and then analytically continuing the whole expression to 8=0 (Kothari 1954a),_ 
we get 


sal 1 1 
see = Jy, - a 21€"(Pub» Pees) E log m*),2 


— | sa-») log {1- as |, coon ae 
0 


mn? 
which is gauge-invariant. 
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Ferromagnetic Properties of Oxidized Mn,Sb 


By G. D. ADAM anv K. J. STANDLEY 


The University, Nottingham 


Communicated by L. F. Bates; MS. received 10th September 1954 


material to which the empirical formula Mn,SbO has been tentatively » 
assigned. 

When finely powdered dimanganese antimonide, Mn,Sb, is heated in air to | 
temperatures between 200°c and 350°c, an increase in weight is obtained, while _ 
prolonged heating in argon or in nitrogen produces no such effect. A systematic 
examination of several samples showed that, within this temperature range, the 
maximum increase in weight which could be produced was 7-0+0-:1%. For 
one gramme—molecule of Mn,Sb (i.e., 231-6 g) this corresponds to an increase of 
16-2 g and thus suggests the formula Mn,SbO for the oxidized material. Further 
absorption of oxygen occurs at higher temperatures (500°c to 600°c) and the 
ferromagnetism then disappears; this is probably due to decomposition and the 
formation of uncombined oxides of manganese and antimony. 


St purpose of this note is to report the existence of a ferromagnetic 


: 
l| 


| 
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The intensities of magnetization J of Mn,Sb and Mn,SbO were determined at 
room temperature using an oscillation magnetometer of the type described by 
Griffiths and Macdonald (1951) while the Curie points @ were found by a simple 
oscillation method. For Mn,Sb, 7=172+10e.m.u.cm-* and 0=280+5°c, 
in agreement within experimental error with the values found by Guillaud (1943) 
and quoted by Bozorth (1951). For Mn,SbO, [=355+20e.m.u. cm? and 
8=310+5°c. In addition, relative susceptibility measurements indicate that 
from 370°c to 500°c the 1/y—-temperature curve for Mn,SbO is linear, whereas 
Serres (1947) reported a marked curvature in the similar graph for Mn,Sb. 

If identical corresponding states curves are assumed for the two materials, 
the above data together with the measured density ratio of 0:82 yield 2:5 uw, for 
the moment per manganese atom in Mn,SbO compared with 0-94 zp found for the 
same quantity in Mn,Sb by Guillaud. A ferrimagnetic disposition of manganese 
ions in 3d° and 3d’ states accounts satisfactorily for the observed moment in 
Mn, Sb, but the magnitude of the moment in Mn, SbO shows a similar arrangement 
there to be improbable. 

X-ray powder photographs of the oxidized material, obtained using Fe Kx 
radiation, showed a complex pattern which is quite different from that of Mn,Sb 
and which has not yet yielded to analysis. However, it seems likely that the crystal 
structure of Mn, SbO has a symmetry lower than tetragonal. 

The microwave resonance absorption in powdered specimens of Mn,SbO 
was examined at a wavelength of 1-26 cm using the method and apparatus previously 
described (Adam and Standley 1953). In the temperature range 20—-320°c, a 
constant spectroscopic splitting factor g of 2-10 + 0-05 was obtained. ‘The width of 
the absorption line increased slightly with temperature up to 150°c and thereafter 
decreased rapidly as the Curie temperature was approached, the mean values at 
20°c and 300°c being 5000 and 1000 oersteds respectively. ‘This behaviour is 
again quite different from that of Mn,Sb; similar measurements on this latter 
material revealed multiple absorption lines whose magnitude and position 
varied markedly with change in temperature. 

Further work is in progress, particularly on the microwave absorption in 
Mn, Sb, and results will be communicated later. 
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LETTERS TO THE EDITOR 
Radiative Transitions in j-j Coupling 


Observation of an angular correlation involving a y-ray of mixed multipolarity 


gives the relative sign and magnitude of the competing transition matrix elements — 
(Biedenharn and Rose 1953, to be referred to as BR). Here we give explicitly _ 


the single-particle matrix elements for arbitrary multipoles, in the j-7 coupling 
scheme, ready for immediate application to correlation studies. 

The real reduced matrix elements (4 |! Z ||. 71), defined as in BR, are normalized 
so that the lifetime for a transition of EMev from a state of spin J, to one of J, is 


r= 5-205 x 10-*/E 2 (2|| Li] 1)* sec. Se (1) 
They have the conjugation property 
(27. y+ 1)%8 (JE, || L || gg) =(— 22-7 (2S, + 12)? Se oll L || J12,). ------ (2) 


The intensity ratio of 2"-pole to 2-pole is 5°, where §=(2'|| L’ || 1)/(2|| Z| 0), ; 


is the parameter in angular correlation formulae (BR, eqn 70). 
The static moments are given by the diagonal elements 
ke = [3 /J + 1]}2 (J \| Mi \|J)/R \ 
O=4[15J(27 — 1)/(J +1) (27 +3)? ¢ || E2 || J)/ek*. 
We separate the contributions due to the charge (c) and spin (s) so that 
(2 || L {| 1) =(2]| L(e) || 1) +(2|| Z(s) || 1). In terms of the wave number k= E (Mey) 
5-063 x 10’ cm>!, nuclear radius R (cm), and x, the intrinsic magnetic moment 
in nuclear magnetons §, (= e//2.Wc), the single-particle elements for a nucleon 
jumping from orbit /; to 7, are 
(2|| EL(c) || 1) =a(12)e'R“RAI(L)ih-4( — rb en 
x Cj; $—Sl(Aet I(L4+1)/2LP "(22+ 1)'tPt..... (4) 
(2\|. ML(c) || 1) = BUL—1)(— "42 WY hyjuhs 8L) 
S [S tly+2,4+1)(L4+h-L)(L4+h—-h)(,+h-L4+1)]2 
2L(L+1)(2L4 1)(2L—1) 


(Z| L(s)[D=—V3xeBY)AWAG aL heystht naa (6) 
B(y) = — BRR’ (yi? C(A by ; 00) 
X [(2jg + 1)(24, + 1I)(20g + DPPAL(2y + 2) Et 

where y=L, A(y)=(2L4+1)", for EZ, and y=L—1, A(y)=(L+4+1)"2, for 
ML; (12) is the sign of (Z,— Ey) and e’ the effective nucleon charge (Bohr and 
Mottelson 1953). Expressions for the analogous tensor operators in B-decay 
have been given by Rose and Osborn (1954). Their 7(r, p), T(r, ¢) correspond 
to our L(c), L(s); they give explicitly the X coefficients needed in (6). The 
vector addition coefficients C (abc; 00) are defined in BR, the C(j,j,.L;4—34) 
tabulated by de-Shalit (1953) and the Racah W’s by Biedenharn (1952). 

It is not sufficient to take for the radial integral 


RU (y)= [ty(r)ua(r)r”*2dr, 
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the ‘uniform density’ value J(y) =3/(y +3), since we also require its sign; for this, 
oscillator functions may be used (‘Talmi 1952). 

We note that 5 for EL + M(Z +1) mixtures is independent of nuclear radius 
and radial integrals. 

For M1 and E2 the elements are very simple 


(G2| M1 |Z) = — ALG + 1)/37]PuGDB 
(7+ 1, 2|| M1 |I7l) = — (2 — e)RBL(2j + 3)/12G + 1)]"” 
(j2|E2(c) lf) = zpeo(12)a( jaf )e"h°R°I(2)[(2j + 3)/S57G + 1)]? 
where a(j.j)= —[(27—1)/3]"? if j.=7; or 2*-4(j+2)-4? if j,=jf+1; pj) is the 
Schmidt value of the magnetic moment and «=1 for a proton, 0 for a neutron. 
The nuclear states in general will have a number of neutrons and protons 
in unclosed shells. The sign of 5 for competing radiations is still given by the 
relative sign of the two single-particle elements, but the magnitudes of the elements 
will be modified by an angular momentum coupling factor. Publication of the 
detailed formulae, which involve fractional parentage theory, must, however, 
await completion of a study of empirical data. Lane and Radicati (1954) 
considered j”",j" 4, transitions, but the ‘spin’ parts of their formulae are 
valid only for M1. The operator for other multipoles includes a ‘space’ factor, 
ry 
To emphasize the importance of this coupling we consider here two nucleons 
in the transition J,(j,])>J (joj), when 
(2 Z| 1) =g(— 2 (2T9 + 1) 2h, + YEW GI rheF a 5 FEM Gall L llia)- «++ -(7) 
fone ike pair(2N or 2P)9— 17, 7,, 7, are all difierent, ¢= 4/2 if 7, =7 or jo—7, 
and g=2 if j,=j.=j. For an unlike pair (N+P), g=1, and if j,=7,, there is a 
term like (7) for each particle. 
Then for the two L=5 transitions: (i) 7(#3)>2(#)? and (ii) 7(#3)>2(3)2, 
although the same element (#||5|/3) is involved, (ii) is favoured over (i) by a 
factor 700 in intensity, and (i) is reduced to 1/2000 the single particle value! 


Clarendon Laboratory, G. R. SATCHLER. 
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A Possible Variation of the Rate of Local Penetrating Showers 


During the course of an experiment on the development of the nucleon cascade 
in lead what may be a variation with solar time in the rate at which penetrating 
showers occur has been observed. 

The apparatus (McCusker, Messel, Millar and Porter 1953), consisted of 
five trays of Geiger—Miiller counters, A, B, C, D and E. Each tray contained 12 
counters. Each of the counters was 50 cm long and 3-8 cm in diameter. The 
counters of trays A and B were in contact and those of tray A had their axes at 
right angles to those of tray B. Trays C and D were vertically beneath tray B. 
‘Tray C was separated from B by 10cm of Pb and 60cm of air. Tray D was 
separated from tray C by afurther5cmof Pb. ‘These last two trays were shielded 
at their sides and ends by 15cm of Pb. A mass of lead 4ft x 4ft in area and of 
varying thickness could be placed over tray A and the local penetrating showers 
were produced inthis. Tray E, which was unshielded, was placed at a horizontal 
distance of 2 m from the centre line of the other trays. 

The criterion for a penetrating shower was the discharge of at least two counters 
in each of trays B,C and D._ Iftray E was also triggered the event was classed as an 
extensive penetrating shower, if not, as a local penetrating shower. So far the 
time of arrival of 10337 local and 1569 extensive penetrating showers has been 
recorded. ‘The table gives the rate per hour of local penetrating showers for each 


Hours (G.m.T.) 01-05 05-09 09-13 13517 W-21 21-01 


Rate of local 
penetrating 
showers per 
hr. 

Rate of 
f-mesons 150:7+0-75 148-24 0-75 149-5+0:-75 150:14+0-75 149-8+0-75 149-:740°75 


per min. 


1:62+ 0-038 1:60+ 0-037 1:-43+ 0-038 1-60+ 0-037 1:64+ 0-038 1:52+ 0-037 


of the four hour periods beginning 0100 to 0500 G.m.T. ‘This rate is an average for 
various thicknesses of lead above tray A from 20 cmto 82:5 cm. All the individual 
runs show the same effect, but, of course with much greater statistical errors. The 
average rate for the period 09-13 hours differs from that of the average rate for 
01—09 and 13-21 hours by 4-4 standard deviations. ‘The lowest rate recorded was 
1:30 + 0-07 for the period 10 to 11 hours, the highest 1-71 + 0-08 for 04-05 hours. 
It thus seems that the effect is statistically established. It may, however, (since it 
is a variation with solar time) be due to some natural phenomenon not connected 
with cosmic radiation but which affects the apparatus, or to some man-made effect. 
Attempts have been made to discover some such cause. So far, none has been 
found. ‘The a.c. input voltage and various other voltages have been continuously 
recorded but none shows a wave form similar to the curve for the local showers or 
one 180° out of phase with it. With the counter high tension below starting 
potential the rate for all hours is exactly zero. Various j«-meson rates through the 
apparatus have been monitored and show no time variation outside the small 
statistical error (one such rate is given in the table), ‘The extensive penetrating 
showers show no variation outside the statistical error. ‘Thus while it cannot yet 
be taken as certain that the effect is not spurious there seems some probability that 
it is not. 
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If it is real, it seems likely that it is connected with very high energy primaries 
since in the first place many of the showers detected must be due to nucleon 
primaries on the apparatus of at least 100 kMev and secondly several observers have 
found no such variation for primaries of 1018-10" ev (Barrett, Cocconi, Eisenberg 
and Greisen 1954, Elliott 1953). 

Finally if the effect is real it must be large, for a not inappreciable part of the 
recorded local shower rate is due to the (constant) ~-meson contamination. 


We are greatly indebted to Dr. G. Cocconi for sending us his results before 
publication. 


Dublin Institute for Advanced Studies. J. G. Darpis. 
30th July 1954. C. B. A. McCusker. 


Barrett, P., Coccontr, G., EISENBERG, Y., and GREISEN, K., 1954, Phys. Rev., in the press. 

ExtiorTt, H., 1953, Proc. Bagneres Conference (Toulouse: Imprimerie Universitaire), p. 18. 

McCusker, C. B. A., MEssEL, H., Mrivar, D. D., and Porter, N. A., Phys. Rev., 1953, 89, 
1172" 
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REVIEWS OF BOOKS 


Electricity and Magnetism for Degree Students, by S. G. Startinc. 8th Edn. 
Revised in collaboration with the author by A. J. WoopaLL. Pp. viii+ 650. 
(London: Longmans, Green & Co., 1953.) 30s. 


It is now over 40 years since the first edition of this book appeared. There 
can hardly have been another textbook in the whole range of physics which 
has been in such constant use in all this time. Students of today use it as 
their predecessors did. It owes it success to its insistence on the fundamental 
principles of the subjects of electricity and magnetism. The original author 
is now joined by a younger colleague as a collaborator and both continue 
Starling’s original idea of keeping the experimental aspect of the subject in 
the foreground, but they stress the need to express it with the aid of mathematics, 
not however with too difficult a use of that branch of knowledge. 

The content of this work is well known. It has been found of great use 
by students in all universities, colleges and schools in their degree courses, 
including Honours courses. It makes no claim to specialization in any part, 
but supplies a firm basis for those who may later become specialists. ‘The 
subject has grown in the past forty years beyond all expectation, but the author 
has not allowed himself to be turned aside from his original purpose in order 
to give a disproportionate space to a popular new discovery. ‘The task of 
pruning and grafting has not been easy, and in the present edition the difficulty 
of choice and extent of new additions must have been great. Opinions on this 
question are bound to differ amongst teachers and students, but on the whole 
no serious adverse criticism will be made on this account, especially as addition 
is not possible without making the book cumbersome as a textbook for students. 

A number of more recent topics have been touched upon, and readers are 
directed to fuller accounts by means of references. 

There are some points concerning notation and presentation which may be 
considered with advantage in preparing another edition. In applying Kirchhoff’s 
laws in networks it would be an improvement to introduce the method of 
Maxwell’s circular currents. The old notation which uses (P, Q, R) and 
(«, 8, y) for intensity components in Maxwell’s equations should now be 
replaced by the more usual E’s and H’s. The general use of complex quantities 
in alternating current theory would shorten the work and lighten the burden 
of the reader. It will also prepare him for the general method adopted in all 
more advanced work. ‘The short paragraph on the M.K.s. system in the chapter 
on units and dimensions could with advantage be expanded. Finally, the 
quadrant electrometer needs a more realistic treatment. H. T. FLING 


The Physics of Experimental Method, by H. J. J. Brappicx. Pp. xx+404. 
(London: Chapman and Hall, 1954.) 35s. 


It has always been true of the experimental sciences, and particularly of 
physics, that advances in the knowledge of fundamental processes have been 
closely linked with technical improvements in the basic apparatus available to 
the experimenter. This is well shown by the outstanding progress in the 
present century, which has been undoubtedly due in no small measure to the 
gradual development of vacuum technology and high voltage electrical engineer- 
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_ing, to the arrival on the scene of the radio valve and the corresponding emphasis 

on high-frequency circuit techniques, and to the availability of a wide range of 
instruments for the detection of radiations of all kinds. 

It is unfortunately rather uncommon in University courses for the student 
to meet with more than incidental references to such technical matters. Such 
references as do occur are chosen partly by custom, partly because of the 
closeness of the subjects to pure physics, and partly by the criterion of how 
conveniently they can be used by a lecturer as illustrations of physical principles. 
From the postgraduate point of view the situation is often just as unsatisfactory. 
With three short years in hand and an original contribution to physics expected, 
a Ph.D. student is usually more interested in starting his experiments than in 
indulging in a critical survey of the properties and limitations of the materials, 
techniques and instruments available to him, however beneficial such a survey 
might be in the long run. Such information is normally picked up in a rough 
and ready fashion during the course of his work, more often than not by making 
mistakes and so wasting time. 

Dr. Braddick in his book brings together successfully much of this basic 
practical knowledge, and by discussing at the same time the fundamental 
principles involved makes it easy to appreciate and remember. ‘The range 
covered is, as would be expected, quite wide. The author begins by giving 
an account of the mathematical treatment of results, statistical methods, errors, 
curve fitting etc., with a useful appendix on numerical methods. Following 
this are chapters on the mechanical design of apparatus and on the properties 
of the materials normally used, such as metals, alloys, solders, magnetic materials, 
plastics, glasses etc., containing much useful data. Next come vacuum 
techniques, electrical measurements, electronics (covering the normal circuits 
used in laboratory practice), optical systems, and photography. A very in- 
teresting chapter follows in which fluctuation phenomena are discussed in 
connection with the inherent limits of measurement, illustrated by noise in 
electrical circuits, fluctuations in galvanometer readings, and the detection of 
weak light beams by the photocell and electrometer triode. ‘The last chapter 
is concerned with the special techniques used in nuclear physics, including 
ionization chambers, Geiger counters, scintillation counters, the cloud chamber, 
and the photographic emulsion as a means of particle detection. 

The treatment throughout is directed at giving an experimenter who has 
a problem to solve some guidance in the choice of instruments, the design of 
apparatus, and the assessment of errors and limitations. In this way it becomes 
less a reference book and more a handbook, a collection of information and 
principles which should be (and eventually will be) known by any successful 
research worker in physics, and indeed in many allied fields. 

As to the author’s choice of subject matter, it would be fair to say that most 
of the topics will be of use at some time or another to a physicist. ‘The only 
noticeable omissions concern the methods of thin film production, i.e. windows, 
thin targets and surface films, and the practical details of sources of emission 
such as cathodes, ion sources etc. In these particular cases the availability of 
either the window or current of particles is often a vital factor in the feasibility 
of a proposed experiment. 

The book is remarkably free from errors considering the amount of information 
it contains, and is well supplied with references for further reading. 

R. LATHAM. 
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Microwave Spectroscopy, by M. W. P. StRANDBERG. Pp. viii+ 140. (London: 
Methuen, 1954.) 9s. 6d. 


The main part of this Methuen Monograph consists of a concise theoretical 
treatment of the microwave spectra of gases. Considerable acquaintance with 
quantum mechanical methods is assumed, but given that, the various steps are 
clearly set out and show how the energy levels and intensities can be calculated. 
The treatment covers the Stark and Zeemen effects, interaction with the nucleus 
and the spectra of oxygen and ammonia as well as the rotationalspectra. ‘There 
is no mention of experimental results, nor does the author discuss the quantities 
which can be measured by this technique. ‘The second part contains some 
comments on experimental methods, using one particular arrangement as an 
example. Although there are some points of interest in this part, the general 
impression is of a rather hastily compiled set of notes. A full page photograph 
of a piece of waveguide with a mica—lead seal hardly adds anything to a descrip- 
tion and certainly adds to the cost and detailed circuit diagrams should more 
properly be published elsewhere. In fact the book as a whole is badly balanced 
and it is not at all clear for what class of readers it was designed. ‘Those 
starting work in the subject may find it of some use, but it certainly does not 
fulfil the aim of the series “‘ to supply science students at University level with 
a compact statement of the modern position in each subject.” A better plan 
would have been to expand the theoretical part and omit the second part. 
There are two useful tables of reduced energy values and of line strengths. 

J. H. E. GRIFFITHS. 


Microwave Spectroscopy, by W. Gorpy, W. V. SmiTH and R. F. 'TRAMBARULO. 
Pp. xiit+446. (New York: John Wiley; London: Chapman and Hall, 
1953). (64s. 

Microwave spectroscopy is a post-war subject and started with the very 
great advantage of well-developed techniques and instruments. ‘The result 
is that a large number of papers has been published and a great deal of accurate 
information has been obtained in the last few years. Some review articles 
have been published on particular branches, but this is the first book and is 
much to be welcomed. As the authors say, it is not so much a book on a subject 
as on the applications of a technique and as is usual in such a book, some applica- 
tions receive better treatment than others. In this case, of the two main 
branches, that of gaseous spectroscopy is favoured at the expense of spectroscopy 
of the solid state, including magnetic resonance phenomena. 

‘The book is written in a style suitable for the ordinary physicist or chemist 
who is not an expert. ‘The theoretical results are given as formulae which are 
easily applicable to particular cases and no derivations are given except where 
simple treatments, such as the vector model, can be used. Experts in this 
field will also find the book useful, mainly because of the great amount of 
information collected together in a readily accessible form. 

‘he scope of the book is best shown by considering the individual chapters. 
After a brief introduction there is a long and useful chapter on instruments 
and experimental methods. In places this may be difficult to understand for 
those who are not accustomed to microwave techniques and terms. However, 
there are plenty of references, although many of these are to the Radiation 
Laboratory Series which is not so readily available in this country as in the 
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U.S.A. It is good to see a discussion of the ultimate sensitivity included in 
this chapter. ‘Then follow the main chapter on the spectra of gases, a chapter 
on the Stark and Zeeman effects and one on shapes and intensities of lines. 
These are clearly written and bring out the main features of the various cases. 
The chapter on the spectra of solids and liquids, which follows, is not so 
satisfactory. Paramagnetic resonance is now too large a subject to be treated 
in one chapter and this one seems to be based on rather early information. 
Many of the results are mentioned, but they are not put together in such a way 
as to give a clear account of the subject. There follow three interesting chapters 
in which are discussed the various quantities which can be measured by means 
of microwave spectroscopy. ‘These are nuclear properties such as spin, magnetic 
moment and quadrupole moment, the electrical properties of molecules such as 
dipole moments, and molecular structure constants such as bond lengths and 
angles. he final brief chapter is on applications to other fields and includes 
a discussion of the possibility of using a molecular absorption line as a standard 
of time and of applications to astronomy. 

There are 97 pages of tables and references. ‘The tables include various 
molecular and nuclear data which have been obtained by microwave techniques 
and some of the functions required for the analysis of gaseous spectra. References 
are given at the end of each chapter and also at the end of the book, arranged 
by subject in order of date of publication. While all this information is 
valuable, the book would have been more useful had some of this space been 
used to expand the chapters on experimental methods and on the spectroscopy 
of solids. 

In all, this is a useful book and most physicists and physical chemists will 
find something of interest in it. J. H. E. GRIFFITHS. 


Progress in Cosmic Ray Physics, Vol. II, edited by J. G. WiLson. Pp. xi+ 322, 
(Amsterdam: North-Holland Publishing Company, 1954.) 86s. 


Progress in Cosmic Ray Physics is published with the aim of providing a 
regular series of up-to-date reviews of those aspects of cosmic radiation “in 
which advances of broad significance are now being made’’, ‘The first volume 
was published in 1952 and covered work done up to the beginning of the year 
1951 in nine main fields of activity. ‘The present volume gives the general 
position at the end of 1952 in five topics of current interest, namely, “ ‘The 
Nuclear Interactions of Stopped u-Mesons”’ by R. D. Sard and M. F. Crouch, 
“The Heavy Unstable Particles” by the editor, ‘‘ The Penetrating Component 
in the Upper Atmosphere” by the late E. G. Dymond, “ The Development 
of a Nucleon Cascade” by H. Messel, and “ Particle Identification with 
Photographic Emulsions” by L. Voyvodic. All these subjects except the one 
by the editor are different from those treated in Volume I. Evidently the 
editor considers (rightly) that the new unstable particles are of such great 
interest at present as to call for an article in each volume. 

One’s general reaction to this volume and to the previous one is very 
favourable, and it is undoubtedly true that a real need is being met. Although 
the reader’s judgment of a particular article is coloured by his personal 
knowledge of the subject, each article should serve not only to enlighten but 
also to stimulate. ‘The articles in the present volume measure up to these 
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standards in varying degrees but the reviews of Sard and Crouch and of Voyvodic 
deserve special mention as being particularly good. 

Dymond’s article is a careful and thorough survey of a narrow field of work 
by one who was very experienced in the art of balloon-flying. It can be 
recommended to all who contemplate work at very high altitudes. ‘The present 
writer is not competent to judge Messel’s article on nucleon cascades, but a 
close study leaves the impression that the author might have concentrated more 
on the general results, which are undoubtedly correct, and might have omitted 
much of the mathematical detail. The editor’s review of the new particles was, 
unfortunately, written just before a very fruitful period of great advances and 
before agreement had been reached on the nomenclature. In consequence, 
this article is somewhat out of date and employs a symbolism much of which 
is rather different from the one now in use. Such difficulties must inevitably 
arise when the rate of advance is so rapid. 

The general editor and the publishers are to be congratulated on the speed 
and excellence of production of the new volume, and it is to be hoped that 
this high standard will be maintained in future volumes in this series. 

G. D. ROCHESTER. 


Atomic Energy: a Survey, edited by J. RorsiatT. Pp. viiit+72. (London: 
Atomic Scientists’ Association, 1954.) 6s. 6d. bound, 4s. 6d. paper. 


This short book contains the published versions of lectures given before the 
University of London by nine distinguished members of the Atomic Scientists’ 
Association in January and February 1954. The question whether scientists 
bear a particular responsibility for the misuse of scientific discoveries has often 
been debated. The views of the Association on this subject are definite and 
almost certainly correct. Its members believe that scientists have the same 
status as ordinary citizens when decisions of policy are taken, but that they have 
a special responsibility to inform their fellow-citizens and to place the issues 
clearly before them. 

The lectures printed here, although necessarily rather condensed, are certainly 
very successful in presenting an accurate, balanced and up-to-date picture of 
atomic energy in Britain. Sir John Cockcroft, in describing the work of research 
at Harwell, shows how many problems in pure and applied science and in 
engineering have to be solved before large-scale release of nuclear power can be 
made feasible. ‘This explains, what is not immediately obvious to an outsider, 
why Harwell is so large. Incidentally, his account provokes the speculation 
that all this research may well have a marked effect on technology quite outside 
the field of nuclear energy; for example, the intense efforts to develop liquid 
metal cooling, and the investigations into the properties and uses of formerly 
rare metals suchas zirconium, must surely havea great influence on many branches 
of engineering. 

Professor F’. E. Simon’s contribution on power from atomic energy is possibly 
the most interesting in the book, partly because it is expressed with such force. 
Great Britain is severely taken to task for wasting coal, and is told that she will 
not remain a first class industrial nation unless she reforms, and unless she also 
develops new sources of power. It is suggested that nuclear energy should be 
made to provide about 15000 megawatts in something like 20 years. In 
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addition, the export of nuclear power plants should be a major factor in 
maintaining the balance of payments. 

The effect of the development of atomic warfare on medicine is discussed by 
Dr. Loutit and Dr. Pochin. The first deals with the hazards peculiar to the new 
group of industries which has been created, and gives good reasons for hoping 
that the tragic mistakes made during the industrial revolution will not be repeated. 
Dr. Pochin describes some of the contributions which radio-isotopes have made 
to medical research, to diagnosis and to treatment. 

The three lectures devoted to atomic warfare are less successful, even though 
Professor Frisch’s explanation of the physical principles of atomic and hydrogen 
bombs is probably the most brilliantly written of all the contributions. He 
makes estimates of the damage caused by single weapons, but was evidently 
not asked to assess the destruction and confusion which would be caused by a 
full-scale attack on a nation such as ours. This, indeed, is not a task for which 
a physicist is particularly qualified. In the months since these lectures were 
delivered Civil Defence has become an exceedingly controversial subject. ‘The 
public would be much helped by a sober and impartial explanation of the task 
which Civil Defence has to face, and the Atomic Scientists’ Association would 
be a most suitable body to give it. If the Association has the courage of its 
convictions it will not be deterred by the danger of becoming involved in 
controversy. 

The last lectures, by Professor Kathleen Lonsdale and Sir George Thomson, 
put forward two points of view on moral issues. Atomic warfare is a subject 
which has often appeared to be too much for professional moralists; the scientific 
amateurs represented here must not therefore be blamed if they have failed to 
agree on a solution. W. J. W. 


Ferromagnetic Domains, by K. H. Stewart. Pp. xii+176. (Cambridge : 
University Press, 1954.) 25s. 


The concept of ferromagnetic domains, introduced nearly fifty years ago, 
has since remained indispensable in the qualitative interpretation of the 
behaviour of ferromagnetic materials. Even as a vaguely formulated hypothesis 
it proved invaluable as a stimulus to experimental and theoretical investigation. 
Many false trails were followed, but during the thirties there was a gradual 
approach to a more precise knowledge of the physical character of domains, 
and a better appreciation of the factors involved in their formation. On the 
slowly laid foundations, building proceeded very rapidly after the war. ‘This 
book describes something of what has been accomplished. 

After an opening chapter introducing the hypothesis of domains and out- 
lining the reason for their occurrence, fairly full accounts are given of magneto- 
crystalline anisotropy, and of magnetostriction and the effect of stresses on 
magnetic properties. ‘The three main chapters of the book deal with domain 
arrangements, particularly in single crystals, and with the direct evidence about 
these arrangements provided by powder pattern experiments; with the energies 
and widths of domain walls; and with the hindrances to boundary movements 
due to strains and inclusions. The last two chapters survey timé-dependent 
magnetic effects and the thermal changes accompanying magnetization. 

The book, it is stated in the preface, “‘ attempts to give a coherent outline 
of the fundamentals of domain behaviour but not to give detailed consideration 
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to all parts of the subject”, The author has succeeded in doing what he set 
out to do. The arrangement is good, the presentation is clear, and mention 
is made of virtually all the recent relevant work up to the time of writing. 
Yet somehow the book is disappointing. This is partly not so much because 
it goes over ground which has been largely covered in general articles and 
reviews but because it does so in much the same way. ‘There is a lack of that 
detail and critical discussion which may be expected in a book, but not 
necessarily in a review. ‘To dismiss details of the experimental techniques for 
the study of domain patterns to a bare reference is surely surprising in a book 
specifically on ferromagnetic domains. A fuller discussion would be expected 
of the quantitative discrepancies between theoretically calculated and observed 
boundary spacings, and of the difficult but important problem of the relation _ 
between exchange effects and domain boundary energy. ‘The relevance of | 
domain effects to magnetization curves is stressed, but very little is said about 
the detailed properties of particular materials. ‘The treatment of the effects 
of internal stresses and inclusions by Becker and Kersten is fully described, 
and Néel’s criticisms are mentioned, but there is little more about Néel’s own 
treatment than the quotation of his formulae for coercivity. 

The seven plates of domain patterns, admirable though they are, afford 
minor irritation. ‘They are all from one laboratory, and so are not fairly 
representative of widespread work in this field; and the plates themselves 
bear no reference to the source nor to the text pages where they are mentioned. 

Reference has been made to some typical omissions. ‘To draw attention 
in a review to what is not in a book is ungracious and in general reprehensible. 
From the author’s preface, however, it is to be presumed that most such 
omissions are deliberate rather than accidental. In a developing field it is 
often the uncertain, the insecurely established and the obscure which call for 
particular consideration, for these are the growing points. Within his self- 
imposed limits the author has written an eminently sound book; but if he had 
been less disciplined and more adventurous, he might, at the modest cost of 
a few mistakes and errors of judgment, have written a book of much greater 
value. 


E, C. STONER. 


Theorie der Chemischen Bindung, by H. HartMann. Pp. vii+357, (Berlin: 
Springer, 1954.) DM. 46.80, 49.80. 


Professor Hartmann sets out to provide a complete account of the wave- 
mechanical theory of chemical binding, making no assumption except the 
existence of a wave equation. ‘The policy which he has chosen to adopt is to 
develop the fundamental theory first; about one-third of the book is devoted 
in this way to an account of group theory and its representations, spin operators, 
perturbation theory, secular determinants and variation theory. After this 
an account of the Kepler problem leads naturally to the Periodic Table of the 
elements, the Heitler-London theory and its later developments in terms of 
hybridization and the valence state. This is followed by 40 pages on the 
molecular—orbital theory, leading to molecular complexes and another 40 pages 
devoted to the field of aromatic compounds. The book concludes with a short 


account of the theory of metals, and of the semi-empirical calculation of activation 
energies in reactions. 
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As will be seen from the above, the author has contrived to include a vast 
amount of material. The writing is clear, and, apart from difficulties due to 
compression, easy to follow. If it is necessary to classify books of this kind 
into those which are basically formal and those which are basically chemical, this 
one falls into the first category. It would appear to be most suitable for students 
of mathematics and physics who have already acquired some general knowledge 
of quantum theory and are prepared to face its applications. A good deal of 
the introductory material is scarcely detailed enough to be used without a fair 
amount of additional study. 

The author has read very widely, and gives good references at the bottom 
of each page. But there is no author index and only a rather sketchy subject 
index. It would be worth while to extend these in any subsequent edition. 

In view of the rather formal approach which the author has adopted it is 
not surprising that he says practically nothing about the hydrogen-bond, or 
the three-electron bond. But it is a pity that there is scarcely any reference to 
molecular spectroscopy (without which the molecular—orbital method loses 
much of its charm), or to the recent applications of the Hartree-Fock equations 
by the Chicago and Cambridge groups. Some people may think that there is 
a certain lack of balance in giving numerical details for a large number of aromatic 
hydrocarbons, some of which do not even exist, when there is no mention of 
configuration interaction and no guidance about the choice of fundamental 
parameters for dealing with heteronuclear aromatics. However, it is unreasonable 
to expect everything in 350-odd pages, and this is certainly a useful addition 
to current literature on the chemical bond. Much of the early work on this 
problem was done in Germany, particularly by Hund, Hiickel, Heitler and 
London. ‘The present book is all the more welcome in that it signals a revival 
of interest in that country in molecular architecture. 

C. A. COULSON. 
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The Time Coherence of Associated Cosmic Ray Particles 


By V._C. OFFICER anp Pel. ECCLES 


Physics Department, University of Melbourne, Australia 


Communicated by L. H. Martin ; MS received 14th June 1954 


Abstract. Short reaction time Geiger counters have been used at sea level to 
study the time coherence of associated cosmic ray particles under 18cm of Pb, 
and also in air. A 50-channel hodoscope has been used to identify the events 
giving coincidences between two 138cm? trays of these counters separated by 
15 cm in a horizontal plane. No evidence was found for delays between asso- 
ciated particles of the order of 2x 10-8sec, as reported by Robinson using 
spark counters, although the counter resolving time of 1-4 x 10-* sec should have 
allowed detection of the effect. Multiple hits by particles on the Geiger counter 
trays were found to give modified counter reaction time distributions, and it is 
suggested that a similar effect could occur in spark counters. A theory which 
accounts for the behaviour of both spark and Geiger counters under multiple hit 
conditions has been developed. 


§ 1. INTRODUCTION 


HE possible existence of an interesting new cosmic ray effect was revealed 

by Robinson (1953 b), while making short time interval measurements with 

parallel plate spark counters. He used two spark counters, unshielded or 
shielded with 18cm of lead, and separated horizontally by distances up to 21 cm. 
He found a broadening of the distribution of relative reaction times} which could 
be interpreted as due to a difference of mean value about 2 x 10-* sec between the 
arrivals of associated particles. It was difficult to explain these delays in view of 
the strong spatial decoherence of the coincidences ; but two suggestions were 
made. Small velocity differences between pairs of penetrating p-mesons 
originating higher than 1 km above the apparatus could give rise to the delays, but 
scattering would make it difficult for the mesons to conform to the decoherence 
curve observed. Robinson calculated that both the r.m.s. scattering angle and 
the angular spread at formation for particles of likely energy would exceed 1°, 
whereas their observed close spacing at sea level would not allow an angular 
separation greater than 2 x 10°? degree. Alternatively some sort of decay process 
was suggested. 

In the present experiment it was considered that the improved Geiger counters 
should be capable of detecting the new effect. ‘Their relative reaction time distri- 
bution, roughly triangular in shape with extremes at + 4:5 x 10-*sec and standard 
deviation of 1-4 10-*sec, should be modified significantly by an effect which 
increased the width of the spark counter distribution at half height by 2 x 10-*sec, 

+ The absolute reaction time of a counter is the interval between the passage of an 
ionizing particle and the appearance of a detectable output signal. ‘The relative reaction time 


of two counters is the interval between the output signals when the counters are simultane- 
ously traversed by ionizing particles. 
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and increased the extremes from about the Geiger counter value to +8 and 
—9x10-8sec. Further, it was hoped that the type of event responsible for the 
delay could be identified by means of the 50-channel hodoscope, and that the group 
of delayed events thus isolated would provide a time interval distribution 
undiluted by spurious phenomena. 


§ 2. APPARATUS 
2.1. Short Reaction Time Counters 


Research done by one of ust has led to a considerable reduction in Geiger 
counter reaction times. In order to produce faster counters previous workers 
have suggested or tried large wire diameter, small cathode diameter, low filling 
pressure and high overvoltage. Success is achieved when this list is amended to 
include small wire diameter and high filling pressure. This is probably explained 
by the recent discovery (references in § 5.1) that electron drift velocities in practical 
quenching mixtures are roughly independent of the electric field to pressure ratio 
over its important range, together with the fact that thin wires and high pressures 
in small diameter counters allow high overvoltages to be used. Ethyl formate 
gave better performance as quenching agent than alcohol or ethylene. 

The counters have cathodes of nickel tube 4-6mm in inside diameter with 
walls 0-003 in. thick, and the sensitive length is 30cm. The anode wires are of 
0-002 in. diameter tungsten terminated in Monel capillary tubes 1-7 mm in outer 
diameter and rounded at the ends. ‘These capillary tubes pass through skirted 
glass spacers and tension is maintained in the wires by means of tungsten springs. 
Ten of these counters are mounted side by side in one Pyrex glass envelope 6 cm in 
diameter. The processing includes outgassing of the nickel by induction heating, 
and the filling is a 9: 1 mixture of argon and ethyl formate at a total pressure of 
28:-5cm of Hg. With this filling the starting voltage is 970v and a working 
voltage of 1120 vis used. An external quenching circuit is provided for each tray 
of counters to ensure long life. 

In the present experiment a tray consisted of one unit of ten counters, but trays 
of up to thirty counters have been used with only slight deterioration of per- 
formance. Figure 2(a) shows a relative reaction time distribution for trays of ten 
and a distribution for trays of thirty is given by Officer and Eccles (1954), In that 
investigation on the rare delayed particles in extensive air showers end effects 
were important, and these are described both for the present fast counters and a 
more easily constructed Maze type, which, however, has a more serious end 
effect. 


2.2. The Experimental Arrangements 

The timing apparatus which is similar to that described earlier (Officer 1951) 
uses a spiral time base generated from a 1 Mc/s crystal oscillator and displayed ona 
908 BCC cathode ray tube operated at 7-5kv. The pulses from the two counter 
trays, after separate amplification, different delays, and clipping to 0-1 usec, are 
mixed, and undergo a further delay before exciting a crystal damped ringing circuit 
which provides brilliance modulating pulses to the cathode ray tube. The 
amplification and delaying are carried out with an overall band width of 15 Mc/s. 
When an event selector pulse triggers the main brightening pulse, bright dashes 
2:2 x 10~* sec long are produced on the spiral trace and automatically photographed. 

TV¥.CO: 
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‘The event selector is a Rossi coincidence circuit with a resolving time of approxi- 
mately | usec, supplied with input pulses from taps on the two timing channel 
amplifiers. The time intervals are read by projecting the photographs on to a 
vernier reading circle centred on the electronically marked spiral centre, and 
measuring between the sharp trailing edges of the bright dashes. 

The hodoscope uses glass cathode Maze counters 1-8 cm in inside diameter and 
60 cm long, connected to conventional Regener circuits, 50 channels in all. The 
pattern of counters, fired by a cosmic ray event which also actuates the event 
selector, is displayed on an array of 50 neon lamps and photographed at the same 
time as the cathode ray tube picture is taken. The films are correlated by means 
of message registers included in each photograph. 

Three main counter arrangements were used. In arrangement I, figure 1 (a), 
the location of the timing trays A and B was similar to that used by Robinson for 
his spark counters (15cm apart, 6cm under 18cm of Pb), except that here the 


(a) Arrangement I 


Longitudinal Section of Pb and Counters Only 
——— 


(C) 
Cross Section of 
Arrangement II 


SA (b) Femnanseced 
4) Cross Section of coocomona 
N Arrangement IL eavaswenea 


00000090] 


1) 10 20 30cm 


Figure 1. Cross sections of counter arrangements. 


counters were 45cm below the lead. ‘This small difference is not likely to do more 
than reduce slightly the sensitivity to events giving secondary particles radiating 
from points in the bottom layers of the lead. ‘The reduction would result from 
demanding wider angle, less abundant secondaries, but would tend to be compen- 
sated by the smaller absorption of soft wide angle secondaries in the 0-003 in. 
nickel cathodes compared with that in the 1/l6in. copper plates of the spark 
counters. The 30cm long counter trays are longer than the spark counters 
which are only 11:5cm in length, but the widths are similar. To give 
some information on the phenomena incident on the apparatus a double layer of 
hodoscope counters was placed on top of the lead. ‘The remaining 30 hodoscope 
channels were connected to three layers of counters under the timing trays. 

In arrangement II, figure 1(4), the distance between the timing trays and the 
bottom of the lead was 17 cm in order to accommodate a double layer of hodoscope 
counters. This double layer gave improved information on the nature of the 
events discharging the timing trays, but the greater distance below the lead gave 
increased sensitivity to secondary particles generated in the lead. 

72-2 
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Arrangement III, figure 1 (c), was unshielded except for a thin roof of iron and 
gypsumft 8 ft above the apparatus. Robinson’s corresponding arrangement was 
6ft below a concrete roof 100gcm~ thick. The four layers of hodoscope 
counters above the timing trays provided another point of difference, but knock-on 
events produced in these layers could usually be recognized, and there was too 
little matter present for energetic electrons or photons to multiply appreciably. 

To obtain relative reaction time distributions for the counters uninfluenced 
by any genuinely delayed events, the two timing trays were given a vertical 
separation of 35-5cm. If a particle traversed both these trays as well as a lower 
tray covered with 16cm of Pb the event was recorded, thus ensuring that only 
fast particles were used. In two of these tests five layers of ten hodoscope 
counters were placed between the timing trays to enable events other than single 
particle tracks to be rejected, but there were so few of these events and their 
effect on the time interval distribution was so slight that the precaution was not 
taken in later tests. 


§ 3. RESULTS 
3.1. Arrangement I 


The distribution of 1422 time intervals measured with arrangement I is shown 
in figure 2(b), and is to be compared with the counter relative reaction time or 
simply the counter distribution in figure 2 (a), both normalized to 500 observations. 


Counter Associated Particle Distributions 
Distributions — Present Results 
—G.M.Counters ——tsesnee Robinson's Composite Distribution 
i 682 Observations (b) (c) 
| sass Robinson's 1422 Observations 2124 Observations 
i Spark Counters 45cm under I8cm Pb 17cm under I8cm Pb 


(2) 


Frequency 


Freq. 


iy 3b in 5 10 -10 -5 0 5 10 e=l0e = 5 0 5 10 
Time (c& sec) 


Figure 2. ‘Time interval histograms for associated particles and counter relative reaction 
times normalized to 500 observations. The class boundaries are taken from the 
observed time scale which includes an artificial pulse separating delay. Robinson’s 
histograms are superimposed on the present ones with time origins coinciding. 


The counter distribution contains 682 observations, half of which were taken 
before the runs with arrangements I and IJ and half afterwards. Its standard 
deviation of (1:38+0-04)x10-8sec is not significantly different from 
(1:47 + 0-03) x 10°" sec for the associated particle distribution. In addition the 
extremes do not show the increased spread expected on the basis of Robinson’s 
results. 

We could immediately conclude that associated particles with mutual delays of 
the order of 2 x 10-* sec are not present under thick lead in the expected abundance, 
if it were not for the possibility that our somewhat different geometry may have 
caused a large dilution with unwanted events. The analysis of the hodoscope 
pictures provided the information required to settle this point. 


t+ 0-6 g cm™ of iron and 1-0 g cm~ of gypsum. 
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3.2. Classification of Hodoscope Pictures 


As far as the limited resolving power of the hodoscope would allow, the 
pictures were identified with known cosmic ray phenomena. ‘Table 1 shows the 
result of this analysis and a selection of hodoscope records is shown in figure 3. 


Table 1. Analysis of Associated Particle Results with Arrangement I 


(All times are in centimicroseconds) 


Time interval distributions 
Standard 
deviation 


No. of %of Rate 


iture of picture and interpretation 
P P eventst events (events/hr) Mean 


‘9Single track through A or B.  u- 

meson plus’ knock-on electron. 247 21:0 7:0+04 —0-:04+0-09 1:-46+0-07 
(Occasional extra secondary between 

sA and B.) 

At least 2 secondaries apparently 

stfrom bottom of Pb required. 

»)Knock-on showers from s-mesons. 

(a) Small no. of secondaries. 393 | 0:01+0-08 1-51 0°05 
+(6) Many secondaries widely spread. 
© Tracks not resolved. 50 0:05:-.0-23 ooyse Oils 
(c) +25 counters under A and B hit. 

» Tracks not resolved. Very many 
»-secondaries widely spread. 57 
‘\(d) Many hits on A; few on B. 

» Knock-on shower core hit A. 22m 
' (e) Many hits on B; few on A. 
©) Knock-on shower core hit B. 24 J —1:0,+0°3, 1-4, 
«\(d) and (e) together. 46 =O 0-25 Fa 
>» Hodoscope blank or a hit above Pb 

yonly. Very oblique meson plus 

knock-on electron or single meson. 210 IPS 5OseOs Ore aOrly Teds se OO! 
» Hits on layer directly below A and B 

vonly. Very oblique’ knock-on 

* showers. 104 chee Acar Oey aOR ae ols 1:2,+ 0-09 
‘Isolated hits on two lower layers. 

~ Photons hit hodoscope and oblique 

events implied for A and B. 30 255 0940-2 —0-2,+0-2, keane 
|>3 hits above Pb. Air showers 


On ase Ons 1-4, + 


0-7,+ 0°34 1-5,4-0-2, 


‘-with penetrating component. 15 123 40-40-1 0:-4+0°3 130s 0-2, 
* Tracks project back to point well 
> inside Pb. Local penetrating showers. 4 O:Sie Os Ogle 022 Oe 
—()'6, 0-2 
§ >2 associated penetrating particles 
+ roughly parallel. 9 OZSie O-Siar Of OOF 1 corOule | 
i | 1:7, 2:7, 30:6, Actual 
q 1 8) O95), =a: > time 
‘u-meson decays in Fe base plate. 4 03 01401 —37-2, —0-8t intervals 
—0-2, —1:8 
% Miscellaneous. 7 0-6 0O-2+01 & 0:2, —3-5, —0-7, 
i = 6-20 wl-S.an nl 
»| events (mean taken as origin). 1472 e100 33°22 029 0-00 + 0-04 iL eta7) ae OH 0)5) 


| . 
” + These numbers do not sum to 1422 because 16 mm film magazine trouble caused the loss of some 
> >tures. 
) { One interval was outside the range of measurement. 
i} 
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Nuclear disintegrations in the bottom of the lead could have been included among 
the possible interpretations of some of the classes of hodoscope pictures in addition 
to those given in table 1, but their numbers will be small. 


Meson with knock-on electron Knock-on shower 


Knock-on Air knock-on Parallel pair Narraw shoyver ? Narrow shower ? 


Figure 3. Some events recorded by the hodoscope with possible interpretations. Counters 
connected in parallel are shaded when hit whereas individually connected counters 
are blackened. 


3.3. Discussion of the Hodoscope Groups 


Associated penetrating particles which have been regarded as a possible source 
of mutually delayed particles are seen to provide no evidence forthem. One very 
large interval of 30-6 x 10-8 sec is included in the group but it is probably due to 
an accidental coincidence, and is in any case much greater than the expected 
effect. Three other large intervals were observed, two with type 3 events and one 
with type 2(a), but most of the accidentals gave only one pulse on the time base. 
‘This occurred because the time base could not be triggered until the last pulse 
arrived, and there was pulse delay sufficient only to put the first pulse 30 x 10-S sec 
down the trace after overcoming the event selector and trace brightening delays. 
The total number of recognizable accidentals was 18 compared with 8 estimated 
from the approximate resolving time and counting rates. 

An inspection of table 1 reveals that no group of events shows an effect of the 
magnitude expected. In fact most of the events are not of a type that would be 
expected to give delayed particles. Even if a delayed particle did arise, possibly 
due to a decay process, it would have to hit a timing tray unaccompanied by a 
prompt particle to be recognized as delayed. 

There is, however, a significant difference between the standard deviation 
(1:7,+0-1,) x 10-8 sec of group 2(d) plus (e) and (1:38 + 0-04) x 10-8sec of the 
counter distribution. Also the shifts in the mean values of groups (2d) and 2(e), 
(0-7, + 0-34) x 10-8sec and —(1-0,+0-3,) x 10-®sec respectively, are significant. 


~ 1 ayy cases oaaeinaty Ma cca aon 


peer: 
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The asymmetry of groups 2(d) and 2(e) is shown clearly in the histograms of 
of figure 4(a@). In §5 it will be shown that these results can be accounted for by 
the influence of multiple hits on the reaction times of the timing trays. 


154A B 
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(a) 
Figure 4(a). ‘Time interval histograms obtained with arrangement I for knock-on shower 
cores hitting trays A or B, and normalized to the same area. 


Figure 4(6). Time interval histograms taken from the knock-on shower group for arrange- 
ment II, and normalized to the same area. ‘The approximate numbers of hits on 
trays A and B are shown. vn is the number of observations in the histogram, and 
f the abundance within the knock-on shower group, itself 51°/ of the total events. 
m is the histogram mean and s.d. its standard deviation. 


3.4. Arrangement II 


The distribution of 2124 observations collected at 52+1 per hr with 
arrangement II is shown in figure 2(c). Again the standard deviation of 
(1-43 + 0-02) x 10-*sec is not significantly different from that of the counter 
distribution. Due to the increased distance below the lead of the timing trays, the 
knock-on shower group was larger with this arrangement, but the extra layers of 
counters immediately below the lead allowed a more detailed analysis of this group, 
and at the same time greatly reduced the number of pictures in which very oblique 
events had to be inferred. In figure 4(d) the effect of increasing numbers of hits 
on both trays A and B is shown. ‘The histograms become more peaked for the 
higher multiplicities in qualitative agreement with the predictions of §5.1. The 
highly asymmetrical multiplicities showed the same tendencies as groups 2 (d) and 
2'(e), but the numbers of events were very small. 


3.5. Arrangement IIT 


The results for 954 observations with the unshielded arrangement III are shown 
in table 2. This run is not as reliable as the others. It was made earlier with an 
almost exhausted argon—alcohol filling in the timing counters. ‘The counter 
distributions before and after the run show that some change in counter per- 
formance occurredt. However, it should be possible to compare the distributions 

+ There can be no doubt about the performance of the counters freshly filled with an 


ethyl formate—argon mixture as used in the other two runs, as they have since been used for 
1850 hours in another cosmic ray experiment without detectable deterioration. 
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for the different classes of events as they would all be affected equally. Also the 
nature and abundance of the events seen in the hodoscope are of interest, showing 
as they do the difference between the phenomena in air and below the lead. 
A selection of hodoscope pictures is included in figure 3. 


Table 2. Analysis of Associated Particle Results with Arrangement III 


(All times are in centimicroseconds) 


Counter distribution before run. 


Counter distribution after run. 


Total events recorded by hodo- 
scope (Mean taken as origin and 
recognizable accidentals re- +0:07  +0:05 


moved). 


Nature of picture and interpretation 
1. Forked tracks. Meson plus 


knock-on electron. 


Several V_ tracks, probably 


electron pairs, included. 
. Single track through A or B. 
Meson’ knocks - low’ energy 
electron into a timing counter 
but not into hodoscope. 
3 Blank. Mostly oblique mesons 
with knock-on electrons. 
A few nuclear disintegrations. 


i) 


4. Large numbers of counters fired. 


Air showers. Rate < calculated 
extensive shower rate. 
5. Single track through A or B 


with a more complicated event 


striking other tray. Local 


showers and some _ extensive 


showers. 


6. Pictures suggesting incident 


electrons and photons. Local 
showers and some _ extensive 
showers. 


7. Narrow, frequently diverging 
band of counters fired. Narrow 


showers ? 


8.Some counters fired in layers 
adjacent to A and B only. 
Mostly oblique narrow showers, 


A few nuclear disintegrations. 
9. Parallel pairs of tracks. 


Time interval distributions 


Standard 4 width No. of % of Rate 


Mean deviation at}height events events (events/hr) 
—0-3, 2:2, é 5 
$025 hs 2S 95 
—0-9, 2:04 ; - 
$04, 2009°—— * ae 
OO ene 867 100 38+1- 
1-8, : : ’ 
+0-1, 1:7 58 6:7 2-6+03 
2-3 7 : 
aes 2.0 97 11-2 4340-4 
2-06 : : : 
+041, 2°5 161 18-6 7:1+0-6 
2:09 d j 
+02, 2°3 37 4-3 1:6+0:3 
PRAY : 
+0-1, 1:7 82 94 3-6+0-4 
2255 $ 
+01, 2:0 112 12:9 4:9+0-5 
1-9, iV 
+0-1, 0-5 65 75 2:94+0-4 
AD) : 
£01 5 168 19-4 7-440-6 


2-09 ; 
Te 2-7 87 10-0 3-8+0-4 
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§ 4. ConcLustions RELATING TO Cosmic Ray EFFECTS 


The information provided by the hodoscope pictures in air and below lead 
suggests that Robinson’s corrections for events other than associated penetrating 
particles were too small, and that associated penetrating particles or some 
unknown phenomena do not form a large fraction of the coincidences. In air the 
narrow shower and local shower contributions (Wei 1950, Wei and Montgomery 
1950) are important, and the rate of parallel pairs of particles is about an order of 
magnitude higher than that of associated penetrating particles. Most of these 
parallel pairs of particles cannot have more than one member penetrating, and 
could consist of a «-meson plus a knock-on electron from the air some distance 
above the apparatus, or in some cases air shower particles. Some tracks diverged 
sufficiently to allow a point of origin to be assigned somewhere between the 
apparatus and the roof, or in the roof. 

Below the lead the major contribution comes from knock-on showers, even with 
the timing trays as close as 4-5 cm to the bottom of the lead. ‘This is supported by 
recent cloud chamber observations by Pfotzer (1953) who found that 5-3°% of 
fu-mesons emerging from 15 cm of Pb were accompanied by knock-on showers, and 
6-3°,, by knock-on electrons. It is not easy to calculate the coincidence rate 
expected from knock-on showers with our geometry, but only 0-36°% of the showers 
emerging from the 600 cm? comprising the area of the separated timing trays and 
the area between them, need be detected to account for the observed rate of 
15-4 per hr; 

The events comprising the major contributions are of such a nature that they 
would not be expected to give rise to appreciably delayed particles, and the less 
abundant events show no evidence for delays of the expected size. 


§ 5. MuitipLe Hit EXPLANATION OF SPARK AND GIEGER COUNTER RESULTS 
5.1. Geiger Counters 


When a counter or tray of counters is hit by several particles simultaneously, the 
first pulse to reach the detection level is the one recorded by the experimental 
arrangements considered. ‘This means that the shortest of several randomly 
chosen absolute reaction times 1s effective, provided there is no interaction between 
the developing discharges, and that the hits are random in space in cases where the 
reaction time depends on the part of the counter hit. In Geiger counters 
the major source of reaction time is the drift time of the electrons from their point 
of liberation by an ionizing particle to the neighbourhood of the anode wire. When 
wide band amplification is used, the time required for the build-up of sufficient 
charge for detection is usually considered short by comparison with the drift 
time, and relatively free from fluctuation. For the present small diameter counters 
this may not be a good approximation but it will serve for the present purpose. 
No electron drift velocity measurements in ethyl formate—argon mixtures are 
available, but measurements in ether, butane, and alcohol—argon mixtures 
(Stevenson 1952, Colli and De Leonardis 1953) show an approximately constant 
drift velocity under the conditions found over most of the drift path in our 
counters. Ethyl formate is assumed to give a similar result and the absolute 
reaction time distribution for one hit at a time on a Geiger counter is therefore 
taken as a rectangle. 
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If, as shown previously by Officer (1951), F(t) and W(t) are two absolute 
reaction time distributions, the distribution of the shortest of a pair of reaction 
times, one from each distribution, is given by 


AC ae | : W(t) dt+ Wo) Féa — (1) 


where 7 is the maximum reaction time, and the distribution of the difference 
between a pair of reaction times, one from each distribution, is given by 
cE —7 OF 1 
ViG\= | FOW(47)d oe eee (2) 
Vlora 
where the first pair of limits is to be taken with 7 positive and the second with 7 
negative. 
With F(t)=1/T up to t=T and zero beyond, it follows that the absolute 
reaction time distribution for m simultaneous hits on a Geiger counter tray is 
Lr ean(f 7) aT i eee (3) 
and Y, ,,, the relative reaction time distribution for 7 hits on one tray and on the 
other, follows from equation (2). The Y,,, and Y, ,, families of curves take the 
form of figure 5 when T=5 x 10-8sec. It now seems reasonable to conclude that 
the histograms for groups 2 (d)and 2(e) of table 1, showing significant shifts in their 
mean values, are made up of curves from these families. 


T (C sec) 


Figure 5, Relative reaction time distributions calculated for multiple hits on two trays of 
Geiger counters. 


When no record is kept of which counter tray received the most hits, the 
appropriate symmetrical distribution can be constructed by taking the mean 
values of Y,,, for corresponding positive and negative values of +. Several 
families of these curves are shown in figure 6. The significant broadening of 
group 2(d) plus (e) of table 1 can now be explained if hits of the type (1, 7) were 
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frequent. ‘The peaking that occurs with many hits on each tray would not be so 
extreme in practice, because fluctuation in the time required to build up sufficient 
charge for detection has been neglected in this simple theory. The fact that there 
would not always be an electron liberated at the point on the cosmic ray track 
closest to the anode wire would also cause a modification of the curves. 


Frequency 


(10,72) Family 


Frequency 


Frequency 


-2 


0 a 
T (c usec) . T (C usec) 


4 


Figure 6. Relative reaction time distributions calculated for multiple hits on two 
indistinguishable trays of Geiger counters. The (10, 00) curve is almost coincident 
with the (10, 10) curve. 


The small difference between the counter distribution and the large knock-on 
shower distribution 2 (a) of table 1, can be understood when it is realized that most 
of these events involve small numbers of hits on the timing trays, even when a large 
cascade passes between the trays, since half the cascade particles emerging from 
lead are on the average contained within a cone of semi-vertical angle about 26° 
(Juritz and Mohr 1947). However, at first sight the groups 2 (6) and 2(c) having 
large numbers of secondaries widely spread, should give peaked distributions. 
These events are probably large cascade showers which emerge from the lead near 
the end of their development, and therefore have their particles well scattered. 
In some cases the shower may be dense enough to fire most of the 2cm diameter 
hodoscope counters, but not dense enough to score many hits on both timing trays 
close under the lead. There will be other cases which give compensating 
broadening and narrowing effects, namely those with many hits on one tray and 
only one on the other, and many hits on both. 
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5.2. Spark Counters 

We now consider the effect of multiple hits on spark counter reaction time 
distributions. ‘The result is very diffrent from the Geiger counter case due to the 
vast difference between the shapes of the two absolute reaction time distributions. 
It is not easy to calculate the spark counter absolute distribution directly, but it can 
be obtained by substituting the relative distribution given in figure 2 by Robinson 
(1953a) for Y(r) in equation (2), and finding a F(t)=W(t) that satisfies. 
equation (2) and agrees with the general shape of experimental formative time 
lag distributions. It is found that an absolute distribution 


FQ)=A (7 —t a) (fae) | tor Carat } 
and F(t)=A[(t-T+a)1-(T+a)"] for T<t<2T 


where the normalizing factor A=$[In(T+a)/a—1+a/(T+a)}", the fitting 
parameter a=0-1 and T=5 the average formative time lag}, time being measured 
in centimicroseconds, transforms to the approximately exponential relative 
distribution given by Robinson. It also has a shape compatible with experimental 
formative time lag distributions (Kachickas and Fisher 1953). ‘The average 
formative time lag chosen, 5 x 10~* sec, is the smallest value that will give a spread 
in the relative distribution similar to that found by Robinson. The distribution is. 
the same shape as the positive half of the one labelled (1, ©) in figure 7. 

It can then be shown that the absolute distribution for z simultaneous hits on a 
spark counter is given by 


Z,(r)=nAl(P—7+a)—(T +a] $44 (In 7) |" 


1—7TH+a +a 


for 0 27615 
and 


in Dias 
Z,,(r)=nA*[(r7 -T+a)4~ (T+ay uf in +a 


Sea a eo be 


n—1 
| for T\=<7=218 


Multiple sparks have been observed in spark counters by Bella and Franzinetti 
(1953), but for the present argument it would not be necessary for a spark to develop 
fully at every point hit in the counter. According to Bella and Franzinetti spark 
development could begin at all points sfruck if they were separated by more than 
about 0-4 mm, but it is possible that the first spark to reach a stage in development 
that causes a large reduction in gap voltage would quench the others. 

Several relative distributions shown in figure 7 have been calculated numerically 
for 7 hits on one counter andr on the other, each counter receiving equal treatment 
on the average. ‘The shapes of the distributions for many hits on both counters 
contrast sharply with those for Geiger counters and with the (1, 1) distribution for 
spark counters. Although the (7, 00) distributions will never occur in practice, 
they serve to indicate how the higher multiplicity members of the curve families. 
will develop. For positive values of 7 they are in fact identical with the absolute 
distributions forr hits. It can be seen that combination of distributions with more 
than three hits on at least one of the counters could give rise to the spread shown by 
Robinson’s associated particle results. It remains to be shown how multiple hits. 
could occur with sufficient frequency both in the air and below the lead. 

t+ The formative time lag is usually taken as the time a potential difference must be 
maintained across a gap containing a steady supply of primary ions, before it breaks down, 


but here it is identical with the absolute reaction time which will dies from the formative 


time lag as usually defined only in so far as this is affected by the magnitude of the primary 
ionization. 
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It seems reasonable that in Robinson’s experiment as in ours the largest group 
of events under the lead will be knock-on showers. The angular spread of the 
majority of particles in these cascades as they emerge from the lead is small, so 
that in some cases one counter would be hit by many of the particles and the other 
by very few. However, with parallel plate spark counters there is a source of 
equivalent multiple hits in oblique particles, and with the counters close under the 
lead almost all of the knock-on shower, or knock-on electron hits, will be oblique 
in at least one counter. If we assume that all electrons liberated within one 
photon mean free path from a primary electron contribute to the same spark, we 
obtain the result that initiating electrons must be separated by at least 0-4 mm 
parallel to the plates before they can give rise to separate spark developments. 
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Figure 7. Relative reaction time distributions calculated for multiple hits on two in- 
distinguishable spark counters. ‘The broken curves for 7 positive are the same as 
the absolute reaction time distributions. 


‘This is based on the mean free path of avalanche breeding photons in alcohol 
vapour, 640-!cm at n.t.p., found by Alder, Baldinger, Huber and Metzger (1947), 
and is suported by the work on multiple sparks of Bella and Franzinetti (1953), who 
found that 0-4 mm agrees better with experiment than 0-8 mm for the minimum 
spacing. From the geometry of the parallel plate spark counters 6cm under the 
lead and separated by 15 cm, it can be seen that shower particles, radiating from a 
point on the under surface of the lead and crossing the 2 mm gap between the plates 
should seldom give rise to an equivalent multiple hit of less than 6 in at least one 
counter, and multiplicities should frequently be as high as 10f. ‘This is so, even 

+ The corresponding multiplicities in the Geiger case would be 2 and 3 and the effect 
small, and since the individual drift distances would be correlated geometrically the effect 
would be even smaller. 
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when a dead layer next to the anode plate 0-3 mm? thick (Bella and Franzinett 
1953) is taken into account, but will be reduced slightly for minimum ionizing 
particles by fluctuation in the electron spacing along the track. 

In the unshielded case, narrow showers, local showers, and extensive air 
showers as well as oblique phenomena should provide the multiple hits. 
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The Angular Correlation of Successive y-Rays in Ni 
at Low Temperatures 
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Abstract. The angular correlation of the y-rays excited in the decay of ®Co 
has been measured in a paramagnetic crystal at temperatures of 288°k and 20°K 
in order to determine the influence of relaxation phenomena. No significant 
ditference between the measurements was observed, each giving the full angular 
correlation. ‘This result is discussed in relation to the interpretation of nuclear 
orientation measurements. 


§ 1. INTRODUCTION 


HEN two or more radiations in succession are emitted by a nucleus, 

their directional correlation will depend, in general, on the angular 

momenta carried away in the transitions and on the spins of the nuclear 
levels involved. Consequently the method of angular correlation of y-rays in 
a cascade has been used by many authors (see, for instance, Deutsch 1951, 
Frauenfelder 1953) for investigating the multipole character of y-radiation and 
the spins of nuclear states. ‘The form of this angular correlation will depend 
strongly on the purity of the transitions and therefore the method provides 
a sensitive means of measuring the phase difference and amplitude ratios for 
competing multipole orders. This theory has been developed for a y-ray cascade 
where the nuclear system can be regarded as being free from disturbing extra- 
nuclear fields. ‘The influence of external fields on angular correlations has been 
calculated by Goertzel (1946), Alder (1951) and Abragam and Pound (1953) 
and experimentally these effects have been demonstrated by the Ziirich group 
working on the y-rays of '4Cd (Aeppli et al. 1951). The object of the present 
experiments was to see whether any influence by atomic fields on the angular 
correlation of the y-rays of ®°Ni could be detected in paramagnetic crystals. 
This information is valuable not only because it provides information on the 
hyperfine structure coupling in the intermediate state and on the lifetime of this 
nuclear state but also because it is important for the interpretation of nuclear 
orientation experiments. 


§ 2. NUCLEAR ORIENTATION 


Daniels, Grace and Robinson (1951) have shown that nuclei may be oriented 
by extra-nuclear fields and this orientation has been detected by observation of the 
characteristic anisotropic distribution of radiation. So far experiments have 
been confined to measurement of the angular distribution of y-radiation from 
a subsequent state rather than the f-radiation from the oriented state} ; the angular 
distribution gives information on the degree of orientation of this y-ray emitting 

+ Only in the rare cases where the B-spectrum shows a forbidden form will it be valuable 


to observe the angular distribution of the f-particles directly (see Blin-Stoyle, Grace and 
Halban 1953). 
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state, whence the degree of orientation of the initial state and the character of 
the previous emission processes which produce effective reorientation due to 
angular momentum changes may be inferred. However, these conclusions 
may not be valid if there is any subsequent perturbation of the nucleus due to 
coupling with external fields. ‘The processes which could cause disturbance 
in a nuclear orientation experiment will also interfere with angular correlation 
measurements. Some of the possible causes of such an altered angular correlation 
will now be enumerated and their influence on angular correlation on the one 
hand and on nuclear orientation on the other will be considered, 


3. PosstBLe Causes oF DisturBED CORRELATION 


Since the. orientation experiments were performed with Co (figure 1) in 
a single paramagnetic crystal} it is convenient to restrict discussion of some 
possible causes of altered angular correlations to this case. ‘These are: 

(i) If the hyperfine structure separation (AF) of the nuclear substates of the 
intermediate level, of mean lifetime 7), is such that T, AE A~1, then the inter- 
mediate nuclear state will be perturbed and the angular correlation may deviate 
from the undisturbed correlation (see, for instance, Frauenfelder 1953). This 
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Figure 1. Decay scheme of ®Co, 


criterion will be valid if this hyperfine structure field arising from the para- 
magnetism of the ion remains fixed over the period of the nuclear transition, 
The degree of attenuation of the angular correlation produced by such coupling 
has been discussed both by Alder (1951) and by Abragam and Pound (1953), 

(ii) Under conditions where the electron spin relaxation time 7’, is not large 
the hyperfine structure field will change its direction with time due to exchange 
of energy with the lattice or other components in the crystal. The angular 
correlation will then depend on a function containing the term 7, 7\(AE/A). 
When this term is of the order of unity attenuation will, in general, be observed; 
when it is negligible the full correlation will be found. ‘Thus the absence of 
disturbance of the angular correlation may not indicate that 7\AE A is small but 
rather that the relaxation time 7’, is short. 

(iii) Following the 8 process the atom will be for a time 7, in an excited or 
ionized state which may cause changes in the electric or magnetic fields at the 

t Copper Tutton salt 1% Co, 12%) Ca, 87% Zn SO,y.Rb,SO,.6HyO 
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nucleus. If these fields change with time then transitions between the nuclear 
substates may be induced and the angular correlation will be altered. If these 
fields are sensibly constant over the lifetime 7, then the arguments of sections 
(i) and (ii) will apply. 

(iv) If the nucleus recoils under the emission of y, from its lattice position 
through changing fields, then as in process (iii) transitions between the nuclear 
states may be induced and the angular correlation altered. 

These processes may also disturb nuclear orientation measurements. If an 
angular correlation experiment is carried out under the conditions of orientation 
experiments and no disturbing influence is detected, then it may be concluded 
that no perturbation of the intermediate state will occur in nuclear orientation 
measurements. For this reason it was decided to make angular correlation 
measurements on ®°Co in a paramagnetic crystal, identical with those used in 
orientation experiments, at a temperature of 20°x. Although this temperature 
is higher than those employed in orientation experiments, yet it is sufficiently 
low both to make the relaxation time long (~10-*sec deduced from line width 
values obtained in paramagnetic resonance experiments on stable cobalt) compared 
with the lifetime of the nuclear states (<10~! sec), and to cause only the lowest 
electronic doublet to be populated. Under these conditions the hyperfine 
structure field is effectively fixed along the tetragonal axis of the ion. This in 
turn is fixed with respect to the crystalline axes. Further decrease of temperature 
is only expected to increase this relaxation time without introducing new 
disturbing phenomena. 


§ 4. DESIGN oF EXPERIMENT 


In order to avoid the difficulty of applying corrections to the measured angular 
correlation for such effects as the finite aperture of the detectors, the source 
dimensions and scattering in the source material (these have been discussed in 
detail by Lawson and Frauenfelder 1953, Walter, Huber and Ziinti 1950, Rose 
1953, Church and Kraushaar 1952) the measurements were compared with 
that found for a metal source. Lawson and Frauenfelder (1953) had earlier 
shown that within the accuracy of their experiment (+0-001) a metal source 
showed the full angular correlation. 

Two principal measurements of the angular correlation were performed: 
(a) ina single crystal of magnetically dilute cobalt ‘Tutton salt at room tempera- 
ture, (b) in the same crystal at 20°K. In experiment (a), since the spin-lattice 
relaxation time is 10-1sec or shorter, continuous change in orientation of the 
electron spin and hence of the magnetic field at the nucleus occurs (Abragam and 
Pound 1953) and it is probable that only processes (ii)-(iv) can operate. At 20°K 
(as discussed earlier) this relaxation time should be so long that process (1) can 
operate; thus in experiment (4) all processes should take part. 


§ 5. "THE EXPERIMENTAL EQUIPMENT 


A pair of scintillation counters (EMI Type 6260 photomultiplhiers fitted with 
lin. cube, dry mounted Nal(T1) crystals), set up on a robust spectrometer table 
as in figure 2, formed the essentials of the equipment; Nal(Tl) crystals were 
chosen as they permitted good energy discrimination. ‘The source was rigidly 
attached to the moving counter but moved in relation to the counter fixed in 
space. Careful control of the temperature of the equipment ensured constancy 
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of the single channel and coincidence counting rates (approximately 10% sec + 
and 10sec~ respectively) to within 1% over a period of 10 hours and to within 
1° over periods of about 30 minutes. The high voltage supply to the photo- 
tubes remained constant to about 1/107. 

A value for the resolving time of the coincidence circuit of 0-3 usec was selected 
so that loss of coincidences arising from the finite emission time of the phosphor 
would not be greater than 5%. The source strength was then chosen so that 
the random coincidence rate was not greater then 30% of the total coincidence 
counting rate. Stability of the coincidence resolving time was shown to be better 
than 1% over periods of the order of days. 

The elimination of radiation scattered from one crystal to the other is important 
in angular correlation measurements and was achieved by the use of lead cones 
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Figure 2. Diagram of counters and source mounting. 


(minimum thickness 15cm). In addition the detectors were biased at the 
photopeak for annihilation radiation and at this value the detection efficiency 
for 0:37 Mev quanta is negligible: this energy corresponds to that of degraded 
1-3 Mev quanta scattered through 90°, the minimum angle through which quanta 
can be scattered in one detector and still reach the second detector. At the same 
time the detection efficiency for annihilation radiation originating in source 
contamination or internal pair creation is effectively reduced. The efficiency of 
this screening and discrimination was tested by observing coincidences using 
a source (?Fe) of non-coincident y-rays of the same energy as those from Co. 
In the absence of scattering from one counter to the other the coincidence rate 
will correspond to the resolving time T, of the coincidence set. These agreed 
to within 0-25 °% and it is concluded that no scattered radiation was being detected. 
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§ 6. SOURCES 


The crystal of Tutton salt (dimensions }mmx1mmx1mm) was grown 
from a solution containing ®°Co irradiated in metallic form in the Chalk River 
pile. In this crystal two types of cobalt ion can be identified, their axes of 
symmetry (tetragonal axes) being inclined at an angle of 74° to each other (Bleaney 
et al. 1954). ‘The magnetic K, axis is the internal bisector of this angle. Since 
this represents the effective direction of the internal field, the maximum disturbance 
of the angular correlation should be observed when it is perpendicular to the 
plane of the y-ray detectors. For this reason the crystal, cemented to a 2mm 
diameter glass rod, was mounted with its K, axis coincident with the axis of rotation. 
The magnetic K, axis is perpendicular to these two axes of symmetry and in this 
direction one counter was fixed; the other counter moved in the K,K, plane 
perpendicular to Kj. 

In the experiments at 20°K the crystal in the same mounting was immersed 
in a small Dewar vessel of 1mm wall thickness (absorption<1°%) containing 
liquid hydrogen. No effect due to scattering of the radiation in the Dewar 
vessel could be detected. 

The cobalt metal source (approximate dimensions } x } x }mm) was prepared 
by irradiating cobalt metal sponge in the Atomic Energy Research Establishment, 
Harwell pile and was mounted on a thin aluminium peg. 


§ 7. PROCEDURE 


In the absence of disturbing influences, the number of coincidences observed 
with an angular separation @ between the detectors is expected to be proportional 
to 

W(0)=1+4cos?@++cos*6 

for a pure E2—E2 cascade such as occurs in ®°Ni. ‘The maximum difference in 
coincidence rate should be observed when @ is changed from 0° or 180° to 90° 
or 270°. In order to obtain good statistics in a given measuring time observations 
were confined to these angles. Readings were taken with the counters at 90°, 
180° and 270° of single channel and coincidence counting rates over successive 
10 min periods and the counter positions changed each time a reading was taken. 
In this way small variations in the counter efficiency were compensated. Identity 
of the readings at 90° and 270° gave confidence that the apparatus was symmetrical 
in its behaviour. 

Since the background both in the single channel counting rates and in the 
coincidence counting rates was negligible (<0-2°%,) the angular correlation « 
where e =[ W(0) — W(x/2)] /W(2/2) was evaluated by normalizing the coincidence 
rate N(@) to the two single channel rates N,(@), N.(@): this takes account of any 
changes of solid angle or changes of efficiency due to the influence of residual 
magnetic fields on the photomultipliers. ‘Thus 

W(8) =(Nc(9)/2N(O)N2(8) — Tr] 
where 7 is the coincidence resolvingtime. In any single series of runs consisting 
of 40 individual readings of W(@) the agreement was good and showed that the 
principal cause of deviation was statistical fluctuation in the coincidence counting 
rate. Inthe same way the values of ¢« obtained in different sets of 40 readings 
agreed well with each other within statistical deviation and the errors quoted 
are consequently the statistical counting errors based on the total number of 
7372 
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counts. ‘The values of « uncorrected for the finite aperture of the counters were: 


Metal source = 0-143 + 0-002 
Crystal source at room temperature = 0-142 + 0-003 
Crystal source at 20°K = (0-144 + 0-005 


It was not possible to determine the angular resolution correction accurately 
because of the cubic form of the scintillation crystals. However, an approximate 
value was obtained by the method of Lawson and Frauenfelder (1953) in which 
a narrow pencil of ®Co radiation is swept across the face of the scintillation 
crystal and the dependence of counter sensitivity on the position of the beam 
on the crystal determined. ‘The value of « is reduced from the theoretical value 
of 0-167 to 0-142 when this correction is applied. The value of e obtained for the 
metal source is in excellent agreement with this and it was therefore assumed 
that the value of 0-143 + 0-002 represented the full angular correlation. 


§ 8. INTERPRETATION OF RESULTS 


From the close agreement between the values for «, both for the crystalline 
source at 288°K and 20°K and the metallic source, it is concluded that « for the 
crystalline source at 20°k cannot be smaller than the theoretical angular correlation 
(0-167) by more than 0-005. Thus one can conclude that no significant nuclear 
reorientation takes place in the intermediate state 7,. Since no other disturbing 
phenomena are expected to appear as the temperature is lowered to nuclear 
orientation temperatures (~0-01°K) one may infer that no reorientation of the 
intermediate state 7, will take place during nuclear orientation measurements. 

It can also be concluded from experiments that less than 0-005/0-167, i.e. 3°%, 
of the nuclei lose their orientation duc to recoil under the first y-ray emission 
(process iv). Furthermore it is inferred that negligible disturbance arises from 
time dependent perturbations due to the excitation or ionization of the atom 
(process 111). From the upper limit (0-005) to the destructive effect of the internal 
field on the angular correlation one may deduce something about the values of 
the hyperfine structure coupling and the lifetime of the excited state. Thus 
Alder (1951) has shown that an external magnetic field applied in a direction 
perpendicular to the plane of observation causes the angular correlation function 
to assume the form W(@#)=1+ G,b,cos20+G,b,cos40@ for the case where the 
counters have the same sensitivity to the two y-rays. This treatment is valid 
when the nuclear spin is coupled directly to the magnetic field and the atomic 
shell exercises no effect. G, are attenuation coefficients of the form 
[1+(rwT,)?|-' where hw=AE the separation of neighbouring nuclear levels by 
the applied field. For values of G~1 and 6, <1 it can be shown that Ae/e~1 — G,. 
‘This treatment also describes the processes which occur in a strongly anisotropic 
paramagnetic crystal at a temperature so low that only the lowest electronic state 
is populated and the electron spin relaxation time is long compared with the other 
times involved. In this case the energies of the nuclear substates can be 
described by a spin Hamiltonian of the form 


A =AS 1+ B(S1,+S,1,) 
with B=0. ‘This is approximately true for this Tutton salt at 20°k in which 
A> B (Bleaney and Ingram 1951). 
From the measurements of the angular correlation at 20°kK we conclude that 
1—G, <0-03 where in this case G,=[1+(AT,/h)?}"1. The approximation lies 
in the fact that B40 and also that the axis of symmetry of each ion is inclined 
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at an angle of 37° to the K, axis. Hence 7, <9-2 x 10-!3/A where A is in cm“. 
Now 4 represents the strength of the coupling between the hyperfine structure 
field in the residual ion and the magnetic moment of the excited state of ®Ni. 
Since the Ni ion represents an impurity in the crystal lattice and is not normally 
found there, no values for the hyperfine structure field are known. However, 
since rearrangement of the outermost electron shell (3d) of the ion is expected 
to take times of the order of optical lifetimes (~10-8 sec) it seems plausible that 
no great change in the hyperfine structure field will occur during the B- decay 
process. ‘The nuclear moment of this state is not known but if one uses the value 
of 0-029cm™ for A (this is the value for stable *°Co (Bleaney et al. 1954)) it is 
found that 7, must be less than about 3 x 10-" second. This limit is in accord 
with present knowledge of such E2 transitions in even—even nuclei (Bohr and 
Mottelson 1953) which suggests that values of lifetime from 10 to 100 times 
smaller than this figure might be expected. A direct determination of T, by 
Bay, Henri and McLernon (1953) gave a value of less than 2 x 10-!second. 
Our figure can only be regarded as an order of magnitude calculation because of 
the uncertainty in the assumptions which have been made. 


§ 9. CONCLUSIONS 


Within the limitations of the measurements the undisturbed angular correlation 
of the y-rays from ®°Co in a paramagnetic crystal is observed both at 288°k and 
at 20°x. ‘Thus influences due to coupling with the ionic field, excitation of the 
ion in the f process and phenomena associated with the nuclear recoil are too 
small to be detected. From this we conclude that no disturbance of the inter- 
mediate state 7, will occur in nuclear orientation experiments on ®°Co in this 
crystal. 
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Plasma Oscillations in a Periodic Potential: The One-Zone Theory 
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Communicated by S. Raimes; MS. reccived 27th Fuly 1954 


Abstract. The collective description of electron interactions in the presence of 
a periodic potential is investigated. It is shown that there is a re-formulation 
of the problem which lends itself to a treatment closely resembling the free 
electron case. This treatment is carried through, and it is shown that the results 
are formally very similar to those for free electrons. For a parabolic band the 
main effect of the potential is to replace the electronic mass m by the effective 
mass m*. The present theory applics only to the electrons in one Brillouin 
zone, and cannot be used when there is substantial overlapping of the occupied 
levels of this zone. 


§ 1. INTRODUCTION 


HE plasma oscillation theory recently introduced by Bohm and Pines 

(Bohm and Pines 1953, to be referred to as BP) promises to be a valuable 

theoretical scheme for the treatment of interactions in electron gases. 
One of the most interesting applications of the theory is to the conduction electrons 
of metals. However, ina metal there is the additional complication of the periodic 
potential. An important problem is, therefore, to determine the modification 
required to Bohm and Pines’ theory in such a potential. 

It is proposed to show in this paper that there is a re-formulation of the 
problem which lends itself to a treatment closely resembling that of BP. We 
shall carry through this treatment and show that the results are formally very 
similar to the free electron case. 

In the theory of the present paper there are two important restrictions. The 
first of these is the neglect of the interactions of electrons in different zones. 
We shall, in fact, treat only the electrons in one zone, and shall call this the 
one-zone theory. This restriction is made for two reasons: firstly to avoid in 
the present paper some of the complexities of the multi-zone case, secondly 
because the present theory as it stands is quantitatively applicable to some metals 
and can give useful qualitative information in other cases. 

The second restriction is the assumption that the effect of inter-zone 
transitions on the collective behaviour is small enough to be treated by perturbation 
theory. ‘This should be so, provided (i) we can choose k, (see § 2) so that k, < Kyi 
where K,,,, is the shortest of the reciprocal lattice vectors apart from K=0; 
(ii) that there is no substantial overlapping of the occupied part of the zone. 


§ 2. RE-FORMULATION OF THE PROBLEM 
The problem of ” electrons moving in the periodic potential V(r) of a crystal 
and interacting via their Coulomb fields is the eigenvalue problem for the 
Hamiltonian 


n 1 ; : 
HR Lagrtrveo | + Be 


2 


exp{ik.(r,—r)} eee (1) 
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where p; and r; are the momentum and position vectors of the 7th electron. Here 
we have expanded the interaction in Fourier series; we assume the system as 
a whole is electrically neutral, and have therefore cancelled the term with k=0 
in the interaction with nV where V is the mean strength of the potential (the 
term with k=0 in the Fourier expansion of V(r)), and have then written 
V'(r)=V(r)—V. In the rest of this paper we shall drop the prime on ©,’, its 
presence being understood. 
We now split up the second term of (1) and write 


1 * 27re* : <- 2ane* 
H= i E P;” + V (r) | + ye 2 Go. exp {ik . (r;— r;)} — D3 pies Tiss 


27re 


FEE NS 


2. mila csawate (Pass) ee PAL (3) 
Ee) k>k, 

We hope to be able to choose k, so that H,, represents a weak, short-range 
interaction which can be treated as a perturbation; we can therefore drop this 
term from the Hamiltonian. ‘The long-range part of the interaction which we 
have retained will bring about the collective behaviour of the system and will 
be treated in terms of plasma oscillators. 

The present theory applies to one zone; the independent electron wave 


functions #,(r) of this zone will satisfy an equation of the form 


Hp. Whe | aePP+ V0) |= BU he oat) 


If we ignore the exclusion principle for the moment, the independent electron 
approximation to the wave function for the whole crystal will be 
Dry 45-2 Fg, Fp) =H (a) 5,(01)- <P (Fn) s,(Fn)s 2+ eee (5) 
where a, is the spin vector rof the zth electron, k,, s,,...K,,, s,, are the wave vectors 
and spin quantum numbers (s;= + 1) of the occupied states, and the uw, are the 
spin functions. We now introduce the Wannier functions ah eRe LOST; 


Slater 1949, Adams 1952), gy _ N-12 > dy(r) (6) 
einen’ SPA AROSE ELAR et 
k 


where the sum is over the whole zone and N is the number of atoms in the crystal. 
It can be shown (Wannier 1937) that 


oy (r)= ae exp (7k> Rio(re= RR); 8 ea ae (7) 


where the sum is over all lattice vectors R. 
We can now write (5) in the form 


ih vv oe ae ate Ky oRg tenia Rey Ogre + Oge kt 


1 Sn» 


x P(r —Ry)u,,(61)---P(Pn—Ry)ua(Fn)y  -ee0e- (8) 
where in the summation the «,’s take the values «;= +1. Equation (8) gives the 
independent electron approximation to the crystal wave function ; a generalization 
of (8), capable of taking into account correlation effects, is 


‘Di >; pe ‘F(R, R,,...R,,; Oy, Way +++ Xn) 


Ry, Re, ...Ry %1, Xe, «..%p, 
vA b(ry ‘ai Ry )u,,(61) mes o(r, + R,, Ua.,(Fn) Patter ezeU (9) 
where ‘’ is an as yet unknown function. 


Ry, %1, %e; « 
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It is the assumption of the form (9) for ® which defines the one-zone theory. 
This form should be suitable provided that the conditions mentioned in the 
introduction are satisfied. 

To determine Y’ we use a generalization of the method given in the appendix 
to Slater’s paper (1949). We substitute ® from (9) into (H—E£)®=0, where 
H is obtained from (2) by omitting H,,, multiply by 


P* (ry — Ry’). P*(M, — Ry), *(1) « «May (Fn), 


integrate over r,, fr. ..., T, and sum over o,,..., 6,. On carrying out the 
summation over the spin variables we obtain 


OD F(R Raye Rus t's ++’) [ $#(r:— Ry’)... 6*(r, — Ry’) 
dire? . 2ine? 
x |> A,(P,, ;) + 0s Fe &XP {ik (—e)}— 2 cae -E| 


i<he 


<o(r,;— Rj)... o(,,— RK, ) Or... @0 ge ne ee (10) 


If k,<K,, we can regard the second term in square brackets as a slowly 
varying function of the r,’s; since ¢(r;—R;), A(r;—R,) are strongly localized 
around R,, R; we can approximate this term by 


oe 


2 
1,9 k<rg k 


exp {7k .(R;— R,)}. 


On account of the orthogonality properties of Wannier functions the last three 
terms in square brackets then give a contribution 


[> > ae pki Ree ee ma —E | PRY’, Ra's R ieee 


1) B<Ke k<he 


It is easily shown by the method used in Slater’s paper that provided we 
regard E(hk) as a periodic function in k-space, the first term in square brackets 
of (10) gives a contribution 


hd ppg . 
Sa; a) TUR 1 ERI) 
We thus obtain from (10) the equation for V’: 


| > #0) E(p,;) + >> 5 STE reg {tk .(r,—r; )} ioe =| 


K<ke 


sere Pa, vee Uys Cae Oy) 2 ne (12) 


where p;=AV,/7. ‘The transition from the discrete variables R,’ to the continuous 
variables r; of (12) has been discussed by Adams (1952). He finds that it is valid . 
provided the slowly varying term does not lead to strongly localized bound 
states ; as this condition is satisfied in the present case we feel justified in taking 
this step. 

The result (12) is essentially the new formulation. It amounts to the eigen- 
value problem for the operator in square brackets. This operator closely resembles 
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the Hamiltonian of BP (eqn (1)) and lends itself to the treatment applied to that 
Hamiltonian. In future we shall refer to this operator as our Hamiltonian. 

We have finally to satisfy the exclusion principle. ‘This requires that ® be 
antisymmetric against the interchange of (r,,o;), (r;,6;). Though the form (9) 
for ® was obtained by generalizing (8), which does not satisfy the exclusion 
principle, it is nevertheless quite easy to make the form (9) satisfy it. It is in fact 
sufficient that ‘’ be antisymmetric against the interchange of (R,, «;), (Rj, «,;), for 
if we interchange (r;, 9,), (r;,6;), we can also interchange the summation variables 
R;, «;, R;, x;, which then multiplies the right- hand side of (9) by —1 as required. 
This Poaples the re-formulation: ‘Y is required to be an antisymmetric 
eigenfunction of the Hamiltonian in (12). 


§ 3. ‘TRANSITION TO THE COLLECTIVE DESCRIPTION 
Here we shall follow the treatment of BP closely. We introduce the field 
variables qg; (k<k,) and their canonically conjugate momenta p;, to describe the 
collective behaviour of the system. We can then show that the Hamiltonian 


| . : 1 2mne? 
H=>E {pi V (4re*) >. gal exp (ik. n)} ali a Pag ormn AL) 
k<e k<k¢ hh 
together with the subsidiary conditions 


Q =| Pe (Fr). > exp (ik. r) | ¥= een hee heme (14) 


is equivalent to the Hamiltonian of (12). ‘To do this we apply the inverse of the 
unitary transformation generated by 


=-1 > >: (= ie Gi CXL ty ee ee (15) 


4 K<ke 


and show, exactly as in BP, that the subsidiary conditions become p,,t’=0, 
meaning that the transformed ‘Y does not depend upon the q,’s. Using this 
result we can show that the transformed Hamiltonian reduces to that of (12). 

It is seen that, although we have introduced the extra variables q;, to 
describe the collective behaviour, we have also introduced just as many 
subsidiary conditions, thus restoring the correct number of degrees of freedom. 

To proceed with the theory we have to expand the first term of (13) in terms 
of the q,’s. ‘This is not straightforward on account of the lack of commutativity 
of the terms in curly brackets. However, under the unitary transformation 
generated by S 


p;—> exp (—1S/h)p,exp (iS/h) =p,;+ V/(47e2) > g,kexp(ik.r,), ...... (16) 
<The 
and therefore 
E(p;) > E \P, + 4/(47re2) > gyk exp (ik: rp Seite (17) 
hk 


We can now evaluate the effect of the transformation on £(p;) in another 
way; if S is small (corresponding to small amplitude plasma oscillations) we 
can use the expansion 


, ae 
E(p,)-> E(p,) + 5 [E(P), S1+ 55 (7) ([E(e Ms), Sees ers (18) 
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Evaluating the commutators we find 
E {pi V/ (476?) > aul exp (ik. r)} 
k<ke / 
= E(p) + V(4re?) 2 Mi(Pis k)anexp (7k -"1) 
i< Ke 
Are aay 
ze ae >, MAP;3 k, k’)qnde exp (Uk +k’) Wi 


kk <Ke 


47 : 4/2 , 7 
S - ee MalPi ke 9.9 IK’ 
. rH ne Biles ic 


xexp{ik-bk’ +k" )enjpng ee (19) 


where 

M\(p; jae eee =k. | vz(P)- + k.VVE(p) +- : | 
E(p) — E(p — hk) — E(p — hk’) + E(p — hk — hk’) 
=(k.V)(k’. V)E(p)+..., 


M,(p; k, k’) = 


1 / " 
M;(p ; k, k’, k") = se LEP) — E(p — tk) — E(p — hk’) — E(p — hk") 


+ E(p — hk — hk’) + E(p — hk — hk’) 
+ E(p— hk’ — hk”) — E(p — hk — hk’ — hk”)] 
SUE VIR VIR. VE(p) Eee eet ae Ge seeing (20) 


and the general law of formation of the V/s can be inferred. We can now write 
our Hamiltonian (13) 


2ane? 


H= > E(pi)— 2. RB + 4/ (47?) > es M,(p,;; k)q;, exp (tk. r;) 


= 3 2, Pret 2re” My 2. M.(p;; k, k’)g;.9;,' exp {(k +k’). r,} 
k<khe Fe Be. 


(47re?)3/? Nz , 7 fs ’ ” ‘ 
3 ! > oS M3(p;; k, k ) k CR ia exp ta(k 3 k :" k ) Ks shiggs 


i kk’, kK’ <ke 


We now apply the random phase approximation (Bohm and Pines 1951, 1952, 
1953). In the present case we apply it not only to the terms quadratic in the q;’s 
but also to terms involving higher powers. A justification very similar to that 
given by BP for the free electron case can be given. We thus obtain 


2nne* 
Its ye E(p)— 2, pe ae V (47re”) 2. Oo M,(p;; k)q;, exp (7k. r;) 


= {Pu-1—4ne? > M,(p;; k, — Wad} 


k<ke 


(47re?)3/2 | 
amie.” > oe M3(P;3 k, kK’, — k’) 9.4594 EXP (7k - #5) 
Uh hoake 
be (477e 


alc 
FD, De, MalPis ky kk, WG aged teens +4 (22) 


, 
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From (20) it is seen that M; is of the order VVVE which we should expect to be 
small; therefore if the oscillator amplitudes q, are small, we can treat the terms 
in M;, M,, ... as perturbations. If we further neglect the third term of (22) 
and the subsidiary conditions, the eigenfunctions of H satisfying the exclusion 
principle are given, as in BP (eqn (21)), by 


P= i hn (Px)exp | — 3 Bele Fee | Det fexp (iky. r1)d.,, Oy) ° ..,exp(zk,,.r,)3, % } 
k<ke neFn 


where /,, is the Hermite polynomial of order n, the m,,’s can take the values 0, 1,..., 
the s,;’s are m spin quantum numbers and the k,’s are n wave vectors lying in the 
first Brillouin zone; for it can be shown from (23) and (9) that replacing k; by 
k;+K (K reciprocal lattice vector) leads to the same wave function ®. 
wp, 1s given by the dispersion relation 
wp = — 47” % M,(hk,;; k, —k) 


Ane? 
Ps (E(hik, + hk) + E(hk,— tik) —2E(hk,)} 


20 AOSTA een aa (24) 


If we average over the different directions k we obtain 
——_ (4ane? 
Op, = { at Cer a) k erage ae cae ese (25) 
av 


where the average of m* is over the occupied levels; this result agrees with that 
of Wolff (1953). An interesting point, noticed by Wolff, is that for a completely 
filled zone wp, vanishes, as is easily seen from (24); thus a completely filled 
zone exhibits no collective behaviour (except possibly through inter-zone effects 
which we have neglected here). 

The energy of the wave function (23) is, with the present approximations, 


1 27ne? | ; 
E= Ji E(hk,) + 2a (n,+4)hwp,— eye ~ (26) 
to which, to obtain the total energy of the electrons, we must add the contributions 
from the perturbations, in particular that from H,,... In most metals hwp,=10 ev 


and at normal temperatures the oscillators will be in the ground state (m;,=0). 

It should be noticed that the energy (26) and the dispersion relation (24) 
depend only upon the form of the energy surfaces E(hk); thus for a parabolic 
band with effective mass m* the results will be the same as those obtained in BP 
with m replaced by m*. 

Asin the free electron case the third term of (22) represents an oscillator—particle 
interaction which is too strong to be treated as a perturbation; in the next section 
we shall make a unitary transformation to remove this term. 


§ 4. REMOVAL OF INTERACTION 


We shall now show that a unitary transformation can be found which removes 
the interaction term of (22). The success of this method depends upon the 
smallness of the expansion parameter 


Gan) /s 
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in which the average is over all electrons and over all oscillators k. If we 
approximate the energy surfaces by a parabolic band with effective mass m* 
we shall find « & f2/2m*r, (see BP). Since in nearly all cases m* >1, « will in 
general be smaller than in a free electron gas of the same density and will be a 
valid expansion parameter. 

We follow BP in introducing the creation and destruction operators a,, a;,* 
defined by 


h \v . (ho, \'2 
Te (x) (a,—@_;,"), p,=2 () (4,*+4_p),  seeeee (27) 


2a, 


where w,, is the oscillator frequency given by a new dispersion relation. Our 
Hamiltonian will now assume the form 


H= AA part i Aeon al Hi, NS (28) 


where 


Hyon= 2, E(Pi) Rr ~ -Seee (29) 


hw 
= k * % 
Aon = > 7) (4),4;,* + a,*a;,) — 2 Re 
k<ke k<k 


c 


h 
== Ze (=) (wp; —— w7\(a,.a;.* + a), * ay, — a;,4_}, a GG"): eee (30) 


Hy, = ~/ (47?) 08 ey (-)- {M,(p;; k)a;, exp (zk. r;) 


+exp(—zk.r;)a;,*M, (ps3 k)} ae (31) 


and we have dropped for the moment the terms in M3, M,, etc., which we treat 
as perturbations. 


The unitary transformation we apply is a generalization of that used by BP 
and is generated by 


1/2) 
‘Sie — (- -) tF(p;; ka, exp (7k . r;) — exp (—7k.r;)a;,* F(p,; k)}, 


G 


where : M,(p; k) 
F(p; k) = (4762) ———_ Ss ___ 
(ps k) MAGES) Tih pak ne te 


In transforming the Hamiltonian we use an expansion of the type (18); it is 
here we use « as an expansion parameter. If we write 


Hak = > E(p;) + he Sho, (a,a),* | a;,* ay); Siiere 4) ene (3) 
a a 


then it is easily found that (¢/h)[H,,S|=—Hy,. ‘Thus, as in the free electron 
case, 


n! (n+1)! 


Hy+Hy~H.+ > (F) Raceway {7 - - azn eee eee (35) 
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The leading term apart from H, is (i/2h)[H,,S]. This can be evaluated 
straightforwardly. After using the random phase approximation, one obtains 
with some rearrangement} 


Ti [Hy S]= v(47e*)2) D> (he/4e,){M(p;+ hk; k) F(p; + hk; k) 
- t k<k, 


— M,(p;; k)F(p;; k)}(a,a,* + a), * a), — a, A_y, — @,*a_),*) 
— 1/ (Are?) > > (h/4e,,)[Mi(p;; k) F(p; + hk; k) exp {ik .(r;— r,)} 


tI k<k, 
—exp {—tk.(r;— r;)}My(p;; k) F(p; + hk; k)] 
= Vane) > 2. (h/4e04){Ma(P;3 kK) F(P;; k) 


+M,(p,+hk;k)F(p,thk; kj} (36) 
If we now choose for our new dispersion relation 


then the zero order term in the expansion arising from the third term of (30) 
will just cancel the first term of (36) as in the free electron case. We can expand (37) 
in powers of « to give 

Sire? 


On = W pr — Rope Ve [E(p;+ hk) — E(p,))? + Ara a? asics. «8 (38) 


The second term of (36) represents a weak, attractive particle interaction 
which can be neglected for most purposes. The last term of (36) represents a 
change in the energy surfaces, corresponding to the change in effective mass in 
the free electron case. If we neglect all other terms in the expansion (which 
are of the order «?), then our transformed Hamiltonian becomes 


H= dB iets ae AA oon i fo Beg tees (39) 
where 
Aya = va E(p;) ee Vv (47?) ye ee (h; 4.) 
x {M,(p;+ hk; k)F(p;+ hk; k) + M,(p;; k) F(p;; k)} 


3 {x(p)—22e Sy DAD es : 
7 k<r 


ip N*R a 2 
7 >. E'(Pi) ae ae (40) 
where we have expanded in powers of «, and E’(/k) are the new energy surfaces ; 
hw. Dane 
AA eon al » —* (a;,a;,* a a),* ay.) o > ee. ee wr rt (41) 
k<ke 2 k<Ke k 
8rre? 


Hy => > F—tk-VE(P Mk. VE(P,)]exp fik.(r,—1)} +... 
CE] UR 
4rre?) 32 are 
=i 7) De > M,(p;; kk’, —k’)qngng_n exp(ik.nj)+..., (42) 
i kk’ <ke 
+ It should be mentioned that if the free electron energy E=p?/2m is substituted in the 
last term of (36) it does not reduce exactly to the corresponding term of BP, eqn (54). 
‘The reason for this discrepancy is not yet clear; however, for the metals dealt with by 
Pines (1953) its effect on the total energy is quite negligible. 
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where we have expanded the first term of H,,, and have restored the terms in 
M,, M,, etc. Strictly we should have transformed these terms also; however, 
if they can be treated as small perturbations, then the effects of the transformation, 
which are « times smaller, can be neglected. 

We have thus succeeded in removing the oscillator—particle interaction 
apart from terms of H,,,, which can be treated as a perturbation. 

We must now investigate the effect of the transformation on our subsidiary 
conditions. The determination of the transformed Q,,.’s is quite straightforward 
using an expansion of the type (18); one obtains, to the order «”, using the 
dispersion relation (37), 

hw,” 

2. FF [E(p) — Ep ARP 
as the new subsidiary conditions. ‘These subsidiary conditions act only on the 
particle coordinates; thus we have removed oscillator—particle coupling through 
the subsidiary conditions as well as in the Hamiltonian. 

We shall consider the effect of the unitary transformation on our wave functions 
‘Y and © in the next section. 


expiik:r)PS05 "Rake ane (43) 


§5. THE COLLECTIVE DESCRIPTION 


In this section we shall review the results of the previous work. By the 
unitary transformation we have succeeded in removing to a high order the coupling 
between particles and oscillators. If we neglect the subsidiary conditions we can 
take for our wave function the form (23) with wp, replaced by w,. The 
corresponding energy will now be 


2 
E=> E(hk)+ > {( (m, + Sho, — | tp Os aa (44) 
v k<ke 


where E,,, is the contribution to the energy from H,,.,. 

In practically all cases of interest the oscillators will be in the ground state; 
in what follows we assume ny, = 0. 

The calculation of £,.,. is a straightforward perturbation calculation. The 
leading term of ws first order perturbation is 


ee ; AL ih h 
(Hp) = "> pa M,(hk ky - kk’, -k)(F\(a) +... (45) 
and the Pas term of in second order perturbation is 
(47e?)3 | M3(hk,; k,k’, —k’) |? / h h \2 
(2 : ey) fe 
Mvp. 4 7a E(hK;) — B(hk; + hk) Galt) Te te 


where we have neglected the small first term of (42). It is difficult to estimate the 
magnitude of these terms without reference to a specific set of energy surfaces, 
but it is thought that in general they will be small enough for the perturbation 
treatment to be valid. 

‘T’o obtain the total energy of the electrons we must add to (44) two further 
terms which we shall discuss later. We must first investigate the form of our 
wave function ®. In terms of the transformed ¥ it is given by 


aD eo > hi Da Udi R;)'E'(q;, R;)d(r;—R,)... d(r,— R,, )u...(01) are Uy, (Gx)s 
BITRE TI 9 thes terete Sh an Gert vaiieianeaset aan enna (47) 


where U = exp(—125/h), 
and S is given by (32). 
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We can now regard ©® as a function of the variables q, and the r,s; the 
conditions (43) will imply a corresponding set of conditions on ®. Though 
is separated, ® is not so because the operator U mixes up the q,’s and r,s. However, 
the effects introduced by U are of the order «, and for many purposes may be 
neglected. If we do this and use the form (23) for ‘f’, we can obtain after some 
rearrangement using (6), 


y(t 5, (04) Ee Bi (tM s,(Fn) 
®=exp es & ts | . ae ee ee (49) 
Pr (r)es,,(61) Fore Pe (Pn)Us, (Fn) 


This bears a close resemblance to an independent electron wave function; 
one must bear in mind, however, the distortion produced by U, the subsidiary 
conditions and the perturbations H,, H,,. Actually, for the ground state 
(or for any non-degenerate state), it is found on investigation that the form (23) 
satisfies the subsidiary conditions automatically. 

We now use the wave function (49) to determine the perturbation energy 
due to H,,. The neglect of U in obtaining (49) is, in this calculation, just 
equivalent to BP’s neglect to transform H,,. We obtain 


dire” j : 
H= > > | exp (IK. r)ihy,*(R,(r) de | exp (—iK.F' i (rh, (e') de’ 


3 > Lire? 848) 
: BSP [k;—k;+K ? 


J it 
|k; kp | 


Jexp {i(k;— ky +K) rhlu,*(rbu(r) dr | 


where the K’s are reciprocal lattice vectors. ‘The second term of (50) is just the 
generalization of the exchange energy found by BP for a free electron gas; the 
first term represents a Coulomb energy. In the free electron case the background 
of positive charge just cancels out the mean electronic charge everywhere and 
there is no Coulomb energy. In the present case the potential produces a periodic 
variation in the charge density; there is then a corresponding Coulombic 
contribution to the energy, represented by the first term of (50) and the 
corresponding terms in the higher order perturbation energies. We have not 
yet calculated the second order perturbation H,,°, but presumably it will be 
of the same order as in the free electron case. 

We have yet another term to add to the E given by (44). One of the assumptions 
we made at the outset was that the effect of inter-zone transitions on the collective 
behaviour could be treated as a perturbation. We have, then, to add in the 
corresponding perturbation energy. As these inter-zone effects are best treated 
by means of the multi-zone theory we leave further discussion over until this 
theory is presented. 

Taking all these terms together, we obtain for the total electron energy 

ha,  27nne? 


le mS E(hk;) ge > { y =} 7 Ee “= Cai > ste Hs. + Ey». at (51) 


k<ke 


where the last term is the contribution to the energy of the inter-zone effects. 
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Finally we shall discuss the choice of &,. Our initial aim was to solve the 
eigenvalue problem for (1). As a result of our calculations we have obtained the 
approximate wave function (49), containing k, as a parameter, the corresponding 
energy E being given by (51). Then, regarding k, as a variational parameter, 
the best choice of k, will be that which minimizes EF. 

When such a choice of k, has been made we have to verify that two conditions 
are satisfied if our theory is to be applicable. ‘These are: (i) That k, is large 
enough for H,,. to be treated as a perturbation; if this condition is not satisfied 
by the best choice of k, then the collective description is not very suitable for 
the treatment of the system. (ii) That the condition k,<K,j;, is satisfied. If 
this condition is not satisfied it means that the multi-zone theory is more 
appropriate for the treatment of the system. 
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Abstract. Born’s approximation is used to calculate the cross sections for the 
processes H(1s)+He(1s?)>H (2s, 2p, 3s, 3p, 3d or C)+ He (1s2p1P) where C 
represents the continuum. It is found that these double transition collisions 
are collectively much more effective at high impact energies than the simple 
single transition collision H (1s) + He(1s?) + H(1s)+ He (1s2p!P) which is also 
investigated. 

Born’s approximation is further used to calculate the cross sections for the 


SOS aca 6 Pes (1s) (or H+) + He (1s?) > He+ (1s) (or H+) + He(1s 2p !P) 


double transitions being here found to be unimportant. 


§ 1. INTRODUCTION 
T was shown in papers I and II of this series (Bates and Griffing 1953, 1954) 
Je as compared with single transitions, double transitions give a large 
contribution to the cross section associated with the excitation of hydrogen 
atoms by fast encounters with other hydrogen atoms. ‘The present paper is 
devoted mainly to a study of the analogous collision processes 


Hit?s) ple (1s*)— i Cis)etleds2p'P) feivjige 8 s5..8. (1) 
Wis)e Be (1s?) =H (2552p; 3s,3p,.0d01 ©) a He(ls:2p2 2)". 5. (2) 
where C represents the continuum. In addition, the collision processes 
Het (1s) + He(1s?)> Het(1s)+He(1s2p'P)” —,...... (3) 
Heo He(is?)= H+ He(IisZp2Pjee ri) wa... (4) 


are also investigated. ‘The excitation of He atoms by Het ions is not influenced to 
a significant extent by double transitions which are therefore neglected. 


§ 2. THEORY 
2.1. Inthe first instance we consider a collision between a hydrogen atom and a 
helium atom, both particles being initially in their ground states. Ignoring the 
effects of exchange and making use of the Born approximation (Mott and Massey 
1949) the cross section for the process in which the helium atom is excited to the 
1s 2p !P state and the hydrogen atom is excited to the state with quantum numbers 
nl, is given by 


8a? M2 ¢kmax nh) Be = 
O(1s?—1s2p1P; 1s—nl)= kee | = AMI tet ce, (5) 
with N= {[X(1s;p)X*(nl; p)exp(R-K)V(R,p)dedR (6) 
K= K; — Ky, K; = 27 My, /h, K,= 27 My,/h; slekel sree (7) 


+ Now at Westinghouse Research Laboratories, East Pittsburgh, Pa. 
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where M is the reduced mass, v, and v; are the initial and final velocities of relative 
motion, R is the relative position vector of the nuclei of the two atoms and ¢ is the 
position vector of the electron in the hydrogen atom relative to the proton, the 
X’s are the wave functions of the hydrogen atom in the states indicated, and 
V (R, e) is the interaction potential. If r, and ry are the position vectors of the 
two electrons in the helium atom relative to the alpha particle, then the interaction 
potential may be written 


ie Z vs 1 1 
—¢2 % 1p et - om 
V(Re)=e | [$*(0s2p"Ps rw) Tsp] ~ [RoR] ~ TRA 
1 
ge anaes 2. 
*TREpSRI STREP SR terddridee (8) 


where the ¢’s are the wave functions of the helium atom. ‘The first two terms in 
the brackets under the integral sign in (8) give no contribution because of ortho- 
gonality. 

It is necessary to use approximate wave functions in order to evaluate V (R, e). 
A suitable set of functions has been given by Morse, Young and Haurwitz (1935). 
Expressed in atomic units these functions are 


@ As? ; 1), 13) = wy (Wh) ey ba) SO! Fil She BRO ieee (9) 
1 
d(Is2p'P; ry, %)= Be {22 (Fy) Wg (Fa) + Wy (Ir) ws (Ky)} «eee (10) 
wn w, (r)= (=)" exp 67a pier tao eno (11) 
W, (r)= (E)" exp Prjia Ninn Corian tee (12) 
w, (r)= (cy Pcostexpl=yt)\ (el Paes hats eee (13) 
and a= 1:69, B=2:00,-2y=0'97) 92 eee eee (14) 


In the case of the single transition (1) we obtain from the integration formula of 
Bethe (1930) that 


; (a? 6)12 16 
|4 FP cscs ae earn 1— (+49 Oe Re SSsoG. (15) 
in which t= Kao samicnes? ab hieh od aoe (16) 
and IT |=| fer (r)ws(r)exp(iter)drf eee (17) 


r being now in units of a, the radius of the first Bohr hydrogen orbit. From (5) it 
follows that 


: Ze ta) eh “max : 16 2 
Q(1s?—1s2p!P; 1Is—1s)= E (a+ By | | J Pit aa =m} rat | Age 


‘nin 


where Sajmorily “=~ «= eee (19) 
Ty being the ionization potential of hydrogen. 


For the double transition collisions the orthogonality of the hydrogen wave 
functions leads to the result 


LV \= 32 tee T||J |e 
° Gok ae les el  eene (20) 


where [Eile || X (1s; e) XC p exp (te 6) pil Wise Wem = (21) 


ape 
A <emegenret 
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Hence, for n~1 


ae oe ps “max 
O (1s? —Is 2p IP; Is— nl) = E a Be), ee Pe | J |? i? at | Ag". opener oor (22) 
The J integral defined by (17) is given by 
me SEM VP (Gay) 
[J l= Sic. (ca dae laos ee arte (23) 


while the J integrals defined by (21) are identical with those arising in the 


calculations described in paper I, expressions for them being given there for the 


1s—2s, Zp, 3s, 3p, 3d and C transitions. 
The total cross section for the excitation of a helium atom to the 1s 2p!P state 


-by a hydrogen atom is 


Q(1s?—1s2p1P;\1s—E)= > O(1s*—1s2p'P; 1s—Al)  ...5. (24) 
nl 


where the summation includes an integration over the continuum. A closed 
asymptotic formula for this cross section at sufficiently high energies may be 
obtained since in the high energy limit f¢,,;, and ¢,,,, can be taken to be zero and 
infinite respectively. ‘Thus 


O(1is?—Is2p'P; Is—2X)~QO(1s?—I1s2p'P; 1s—I1s) 


210 og? oS - 00 
+ E cease PS [1(Is—nP rede frag ae ee (25) 


and since (cf. Bethe 1930) 


ni Als 


Si iseal)|2— eee eee (26) 
nt 


it follows that 
211 93 ps (@ i {he 
2.8 ip. Se ee Pa | 208 ee ee eT 2 
Q(1s?—1s2p1P; 1s— ) E aap, [J | . ee at | nay 


AO SAD aiSe\ar ae Ae | (28) 
2.2. In the case of high energy collisions between He* ions and He atoms, an 


analogous treatment to the one above for process (1) yields for the cross section 
corresponding to the process (3) 


Pia be B? “tnax ( 16? x 
QO(1s?— 1s 2p3P; 1ls—1s)= E GiB | | J ips are te | Tay + 


‘min 
BSS (29) 
Further, the asymptotic form for the total cross section in the high energy limit is 
given by the expression 


Q(1s?—1s2p'P; 1s—¥)~Q(1s*—1s2p'P; 1s—1s) 


210 a? Be hace) 5 164 & A 
|S aa), | J | {1 arrest? at | ray. Seeeee (30) 
It should be noted that whereas the integral occurring in (29) tends to an infinite 
value in the high energy limit, the integral in (30) remains finite. Consequently 
in this limit the ratio of the contribution from double transitions to that from 


single transitions tends to zero. ‘The same is true in the low energy limit. 
74-2 
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§ 3. RESULTS 


The double transition cross sections Q(1s?— 1s 2p1P ; 1s — 2s, 2p, 3s, 3p, 3dorC) 
for the collision of a hydrogen atom with kinetic energy & and a helium atom 
at rest have been calculated using formula (22). The results are shown on a 
log—log scale in figure 1. ‘They may be compared with the (cross-section—energy) 
curves for the analogous encounter of a hydrogen atom with another hydrogen 
atom which are displayed in figure 2 of paper II. The energy transferred to the 
internal motion is greater in the helium case and manifests itself, as would be 
expected, in a general reduction in the cross sections and a shift in the maxima of the 
cross-section curves towards higher impact energies. The rapid decrease of the 
cross sections with increase of the principal quantum number, for excitation of 
states with the same azimuthal quantum number, noted in paper II, is also 
observed. It is again apparent that, for given principal quantum numbers, the 
cross sections are, in general, greatest when the azimuthal quantum numbers are 
such that the transition is optically allowed and that the discrete transitions are 
smaller than those involving the continuum even at quite low impact energies. 


42 ml 06 08 10 12 14 6 18 20 
Energy transferred to Internal Motion of H atom 
(rydbergs) 


[@ (1s?- 1s2p'P; 1s-re) (units of 7a,2)] 


Log 
& 
nD 

| 


nl=mnel ¢ ork 
seit : lm  » K,?Q(1s?—1s2p'!P; 1s—nl) 
10 15 20 25 3-0 35 40 Kj> © nl=1s 
Log [Energy of Incident H Atom (kev)] is plotted against 1—1/n,p? or 1+x? 
where —1/m,¢” is the energy in ryd- 
bergs of the hydrogen atom in the 


Figure 2. The quantity 
1s-3d 1 


Figure 1. (Cross-section—energy) curves for the 


collision level with principal quantum number 

H(1s) + He(1s*)+H(nl) + He(1s2p1P) ng and x? is the energy in rydbergs 
where nl represents 2s, 2p, 3s, 3p, 3d or C of the hydrogen atom in a state of 
(the continuum). the continuum. 


The cross section Q (1s?— 1s2p1P; 1s—1s), where the hydrogen atom remains 
unexcited, has been calculated from formula (18). This allows us to compute the 
total cross section Q (1s?—1s 2p1P; 1s —%) for inelastic collisions resulting in the 
excitation of the !P level of helium, since the dominant contribution comes from 
the excitation of states of hydrogen with n <3 and from the continuum. Com- 
paring the total cross section thus obtained with that given by equation (28) we 
find that for infinite impact energy the neglect of the contribution from states with 
n>3 gives rise to an error of only 6%. Though this is small it is nevertheless 


ne ne ee te eee 


Log [@ (1s?-ts2p'P; ts-1s or E) (units of ra,?) 
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larger than might have been anticipated from the rapid decrease in the cross 
sections with increase of principal quantum number. One might be tempted to 
attribute it in part to computational errors. This possibility can, however, be 
dismissed. ‘The full line in figure 2 depicts the quantity 


lim | K?,O(1s?—1s2p1P; 1s—X)—K? | Q(1s?—1s2p1P; 1s—x) ar | 
Kj> © K 

as a function of 1+«°, where limx, ... K?Q(1s*—1s2p'P; 1s—%) is given by 
(28), O(1s?—1s2p!P; 1s—x) is the cross section for the ejection of the hydrogen 
atom electron into the continuum with energy x?Jy. The circles shown give the 


quantities 
nl=2p or 3d 


lim K? > Q(1s?—1s2p1P; 1s—nl) 

Kj> 0 nl=I1s 
plotted against the energy (in rydbergs) transferred to the hydrogen atom in a 
transition to the n=2 or n=3 level respectively; and, as can be seen, the curve 
through them joins smoothly to the curve associated with the continuum, as it 


should. 


Log [Energy of He* (kev)] 
I 16 2 26 31 36 41 46 


-08 Kelium ion impact 
(is?-Is2p *P; 1s-) 


Log [Cross Section (in units cfira,?)] 


-20 
5M, -149 
-2-4) 16 
-2-8 -18 
-28 -20 
5 0 15 20 25 3.0 35 05 10 15 20 25 30 35 40 
Log [Energy of Incident. H atom (kev)] Log [Energy of H*(kev)] 

Figure 3. Comparison of the (cross-section— Figure 4. Comparison of the (cross- 
energy) curve for a collision in which the section—energy) curve for the collision 
incident hydrogen atom is unaffected with of an He®* ion with a helium atom, 
that for a collision in which it is left in any the ion remaining unaffected, with 
state. The broken line represents the that for the collision of a proton with 
asymptotic behaviour of a helium atom, the helium atom being 

O(1s?—1s 2p 1P; 1s—S) excited to the 1s 2p'P level in both 


cases. ‘I‘he broken line represents the 
asymptotic behaviour of 


O(1s?—1s2p1P; 1s—®) 
as given by formula (30). 


as given by formula (28). 


The (total cross-section—impact-energy) curve is plotted on a log—log scale in 
figure 3, where the dotted curve is the asymptote of the total cross section given by 
equation (28). Includedisthe curve for Q(1s?—1s2p1'P; 1s—1s)to demonstrate 
the contribution from single transition collisions. It can be seen that such 
collisions dominate at low values of & but that when & reaches about 20 kev 


1074 B. L. Moitseiwitsch and A. L. Stewart 


double transitions become significant and ultimately become of major importance. 
Thus to Born’s approximation the total cross-section curve exhibits two maxima, 
one due to single transition collisions and the other to double transition collisions. 
Essentially the same shape of curve was obtained by Bates and Griffing (cf. paper I,. 
figure 3) who, however, remark that, to a more accurate approximation in the lower 
part of the energy region concerned, the first maximum may be partially suppressed 
and that the true curve may conceivably show a single broad maximum. 

The cross section Q (1s?—1s2p!P; 1s— 1s) for process (3) (see formula (29)) is. 
plotted on a log—log scale in figure 4, the abscissa representing the logarithm of the 
kinetic energy in kev of the He* ion, the neutral particle being considered at rest. The: 
dotted curve is the asymptote of the total cross section Q (1s?— 1s 2p1P; 1s — 2) 
obtained from formula (30). It lies close to the single transition collision cross. 
section down to quite low impact energies so that the contribution from double: 
transition collisions may, to a good approximation, be neglected. For the sake: 
of comparison the cross section Q (1s*— 1s 2p1P) for the encounter of a proton with 
a helium atom (process (4)) is included in figure 4, where it may be seen that it is. 
only for very high energies that the He* ion may be taken as a single system of unit 
charge.t For moderate energies the screening of the nucleus by the electron is. 
incomplete and as the impact energy tends to zero the He* ion behaves more and 
more as a single doubly charged system. 
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Electron Capture—IV : Capture from Helium Atoms by Fast Protons 
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Abstract. A modified Born approximation is used to calculate the cross sections 
for capture of electrons from helium atoms by fast protons and for capture from 
hydrogen atoms by helium ions. A comparison is made with experimental data 
and it is shown that the Brinkman—Kramers approximation is inadequate. The 
theoretical results lend support to the data of Hasted and Stedeford and cast 
serious doubts on the accuracy of the data of other experimentalists. 


§ 1. INTRODUCTION 


ARLIER papers of this series (I, Bates and Dalgarno 1952, II, Dalgarno and 

3 Yadav 1953, III, Bates and Dalgarno 1953) have dealt with electron capture 

into the ground and excited states of hydrogen in collisions between protons 

and hydrogen atoms, as has an independent paper by Jackson and Schiff (1953). 

The total capture cross section calculated using the Born approximation agrees 
with that observed by Ribe (1951). 

It was pointed out in these papers that the neglect of the nucleus—nucleus 
interaction term as in the work of Oppenheimer (1928), Brinkman and Kramers 
(1930) and Takayanagi (1952) was unjustified. For systems which possess more 
than one electron, an additional assumption involved in the use of the Brinkman— 
Kramers (BK) approximation 1s that the screening effect of the passive electrons on 
the perturbation may be ignored. It is desirable to examine the validity of this 
latter approximation for a simple reaction for which experimental comparison data 
are available; such a reaction (which has considerable intrinsic interest) is 


HPPHes He Het (1) 


comparison data being available up to an impact energy of 200 kev (Smith 1934, 
Meyer 1937, Keene 1949, Hasted and Stedeford 1954). 

Since formidable computational difficulties are encountered, it has not been 
possible to evaluate exactly the Born approximation for process (1). However, 
the actual perturbation has been replaced by an ‘ effective’ perturbation described 
by a variable parameter Z’. The sensitivity of the cross section to Z’ is illustrated 
and an attempt made to select it to correspond as closely as possible to the correct 
interaction; it is concluded that whilst neglect of the screening effect of the passive 
electrons may be unjustified, useful results can be obtained by careful choice of 2’. 
The theoretical predictions are compared with experimental data. 


{ Now at the Atomic Energy Research Establishment, Harwell, Berks. 
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§ 2. THEORY 


2.1. Consider the rearrangement in which an electron is transferred from an 
orbital round a helium nucleus denoted by A to an orbital round a proton denoted 
by B. Let 4;(t1, r2) be the wave function of the initial state of the helium atom, 
a(r,) the wave function of the helium ion and x;(s_) the wave function of the 
hydrogen atom, where r denotes the position vector of an electron from nucleus B, 
s the position vector of an electron from nucleus A and the subscript 1 or 2 dis- 
tinguishes the two electrons. Then, taking proper account of the identity of the 
electrons, the cross section for the process 


Here Hine beat Ela Te eae (1) 


is given in the Born approximation by (Mott and Massey 1949) 


8 3 V2 pei il 
Q=—— 12] |MPa(cos®), vee (2) 
U; v —j] 
path |-a\=[[[[ di(rnraexpli(e-re+B-s2+7 +h) 
x be (1) Xe(So) V (Fy, Fo Sq) dradsodr,|, ss eee (3) 


where M is the reduced mass of the system, v, and v; are the magnitudes of the 
initial and final velocities of relative motion, © is the angle between unit vectors 
n; and n; parallel to these velocities an 1 


M,+m } 
one iy am Rene, | 
Mz 
B= Aim Aime ue. (4) 
m Mm | 
ay) a ae ae AES: | 
Y LY eS iy J 


m, M, and My, being the masses of the electron, helium nucleus and proton 


respectively; and 
B f 2 My (My, +2m) 


pi, SER ASE ae 
tS hs ES Ve eee 
kh e, Qa “4 (M,;+m)(M, +m) Breit. (5) 
Yh Ma+M, 42m: | 
The perturbation V (r,, r., $.) may be expressed in either of the forms 
ee Ze Ze" VAN AN J 
prior Gs Ir, =r. ce so| | rs aL | SLUR Sort Leica spess (6 a) 
ane Lee" Zp e VARY AN os Cz 
acs Yo [rors] fre sel) [rere SRS Oe 


where Z,e, Ze and e are the charges of the helium nucleus, proton and electron 
respectively. 


2.2. It has been proved by Jackson and Schiff (1953) that for the case of a single 
electron moving from one bare nucleus to another the cross section (2) obtained 
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using the prior interaction is identical to that obtained using the post interaction. 
‘This is, however, merely a special example of the more general result that the cross 
sections obtained using the prior and post interactions are identical provided that 
the atomic wave functions used are either exact (cf. Schiff 1949) or satisfy certain 
less stringent conditions (Bates, Fundaminsky, Leech and Massey 1950). In 
general when these conditions are not satisfied, the two forms of interaction will 
lead to different values of the cross section. As it is impossible to predict which 
interaction will provide the more accurate result (cf. Bransden 1954), it is better to 
use the form of V which presents the lesser complexity; accordingly the prior 
interaction (6 a) has been used here. 


2.3. It is customary in collision problems (and readily justifiable) to assume that 
the momentum change of the passive electron y is zero. The matrix element 
‘then reduces to 


| | =|{{dicrs r,)exp[z(a~. ry +B - Sy)] br("1) x¢(S2) 
{FES Lye Ly Lye? 
1 s2| [ritrs—s,|  |r2—sp| 


| dr dr,dsg, We (7) 


‘Considering capture from the ground state of helium into the ground state of 
hydrogen we take for the initial and final wave functions 


3 
$i ("y, Fo) = Ee ere fa) oh Ae 109 a eee (8) 

Well eal Wiel) WexD (27) 0.) Seen Bh ae ke (9) 
ae (4) = (8)40g57) exp C2r/a,)i F egies ori Ohaets (10) 

“The Bee over the coordinates of electron (1) may now be performed to give 

(BAP? 
A=, Se er 
if |= 7A aah (A+ 2) 


x {i exp[{—(r+s)/a)}+i(a.r+B.s)] 
«| 5 - R-{b0+2)4 ghew{—| wats \ Jar ri bmi ia (11) 


with k=|r,—s, |, the distance between the nes nucleus and proton, and taking 
Aiea AL ex I, 


2.4. The early calculations of Oppenheimer (1928) and Brinkman and Kramers 
(1930) ignored all terms of (11) except the 1/s term with the result that the integra- 
tion could be carried out by elementary methods. ‘The 1/R term presents con- 
siderable difficulty; it has been evaluated by Bates and Dalgarno (1953) using a 
series expansion and by Corinaldesi and Trainor (1952) and Jackson and Schiff 
(1953) using Fourier transforms (cf. Feynman 1949). Independently the authors 
had developed a third method which, though it has no advantages over the 
Feynman technique in its application to the integral considered here, may be 
useful for other integrals and is therefore described in an appendix. ‘The integral 
involving the third term of the perturbation in (11) may be calculated by the use of 
either the second or third method, both leading to the same analytical formulae. 
The number of terms in the resulting expression is so great that to take account of 
all of them would take a peppy length of time and we have therefore used in 
place of the perturbation 1/R+ {$(A+2)+1/R}exp {—(A+2) R/ap} an ‘effective’ 
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perturbation Z’/R. The decision as to the appropriate choice for Z’ will be post- 
poned until §3, and we point out here merely that it is reasonable to assume that: 
1<Z’ <2and that Z’ tends to 2 as the impact energy tends to infinity. “The matrix 
element is now 


|e |= =) n3!2 eer jexp| - (2 *)+i(a. r+B. 5) | 
be {5 - x} dds TAR SF ine ees ieee (12); 


Although by using either the second or third method the cross section can be 
obtained analytically, this proves to be so lengthy that it is generally more rapid 
to perform the two final integrations numerically (see Appendix). 


2.5. By using the conservation of energy principle and the definitions (4), (5), it 
may be established that to sufficient accuracy 


2 p2 
oe Sha 5 (1+cos@)+ 7% 1 =| galt +(a- —b)?* (pt +(a+0p}-< |, ee 
Piao (ata bias) Pe eee (14) 
Ae A a5 (a— bt) earalaa 7, ab), Mali: ii wae sae (15) 


where p=2r7mv,a)/h and a*/a,, b?/a 92 are the binding energies of the active 
electron in the helium and hydrogen atoms respectively ; in the system in which the 
helium atom is stationary, £7 is m/M,, times the initial kinetic energy of the proton, 
measured in rydbergs. Using (13), the integration over the scattering angle can 
be transformed into an integral over the energy; the upper limit of this integral 
may be taken as infinity (cf. paper I), whilst the lower limit is given by 


(0) nin = ala {pr+ (a—b)?\5 p? si (a+b))}—a° |. < Yerotexs (16) 


The final expression ee the cross section for the capture of an electron from a 
helium atom in its ground state by a proton into the ground state of a hydrogen 
atom becomes on writing «’=a,x, B’=apP, 

1 (SA)? ie 


O(1s—18)= oo 


2 


J @Y min 

erie ' 1 Ux 

a | exp[—(Ar+s)+7(a’.r+B’.s)] (; = z) dr ds 
in units of 77a” (7ay"= 8-8 x 10-!7cm?). If the presence of the passive electron is 


ignored (8A)?/(A + 2) is replaced by unity and Z’ by 2. The Brinkman—Kramers 
approximation is immediately obtained by putting Z’=0, the remaining integra- 


3 pes (17) 


x 


tions being elementary ; if u is the screening parameter occurring in the final wave. 


function, then 


oi) a eskQ0S* (BANE 1 
nx (Is—18)= Sey 085 KEV (LN PAY)’ ete (18) 
where X = P? +)? —a?, | 
Vee, Petes he | 
rai vn nee (19) 
Pra Fale (a— H+ (a4 dF}, | 
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for capture into the ground state of hydrogen »=b=1. We shall make use later 
of the Brinkman—Kramers approximations for capture into the excited 2s and 2p 
states of hydrogen. 


2°A® -(8A)§ {5 1 


Qux(1s—2s)= S5- Oy 08 15 KEV (X44) 
7 1 8 1 
= hi es ae Sa ea net eee pee 5 
4H" 6 XV (LX 45Y) * TE oaneaselt saa yr 
29 (8A)*_ (7 1 
peels —2P)= Ga Dat atsessa 
matty NON OY) | moe (21)t 


In (20) and (21) p=b=}. 
§ 3. THE ‘ EFFECTIVE’ INTERACTION 


In this section we shall discuss how best to choose Z’ so that the cross sections 
derived from the matrix elements 


T= | lexpl—Qrts)+i(a-r +B. 8)]x - ne (+ + R) sal, dr ds 
eet.ce we epee res ee (22) 
= | Jexpl-Qr ts) +i(a.r+B-8)] 5 deds Foote (23) 
are equal. It is readily established that 
L,= | Jexp [—Ar+s)+i(a.r+B-s)] nae GS Sele opel) eS (24) 


Tor | Jexp[-Qr+s) +i(@ .r+8.s)]$(A+2)exp[—(A+2) R]drds, ...(25) 
pe [Jexpl—(r +s) +i(a.r+B-5)] pexpl—Q+2) Rldeds eee (26) 


are all positive, this following from inspection of their forms when the transforms 
described in the appendix are used. As {exp (—x?)}(14+ x?) <1 it may be seen 
almost immediately that /,+/,;<J,. Thus the assertion 


PZ efor ee Wn | th 3 (27) 


is rigorously true. It may be noted that if the problem were treated consistently 
as a one-electron problem, the appropriate choice of Z’ would be 1-69 since the 
bound helium electrons move in a field approximately the same as that of a charge 
1-69e. (If the post interaction were used, a different Z’ would be appropriate.) 
Closer estimates of Z’ may be obtained from a consideration of the cross sections 
resulting from putting the ratio m/M equal to zero in the integrands of J, /’[ in 
which case they may be evaluated without undue difficulty. (The approximation 


+ These formulae are taken from an extensive unpublished list prepared by D. R. Bates 


and A. Dalgarno. 
{ This approximation gives the correct results when applied to the Brinkman—Kramers 


potential term 1/s alone. 
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is not equivalent to the assumption of zero momentum transfer for which also | 
(x) min IS Zero.) oe a+8=0 we obtain 


_ 32m? A 1 
= ica i aay | O- -1lel (seq Ds as + ayR) | 
— 4) farc tan (|« |) —are tan (| 123 | oo Oe a ee (28) | 


32n® (A +2). {or-mta( NAA) 2(A+1) ) 


== Tal 2-1) ere aes 


1 
all (aaa ae cee): Sah e lenate (29) 
A(A+3) 2(A+1) 
{its [a ar | 0? Del (Gas Es is) 
—4X (arctan {a/(A+3)}—arc tan {a/(2A + 2) | se Smeets (30) 


The values of Z’ obtained using these formulae, in (11) and (17), are shown in 
figure 1. Itis seen that the variation of Z’ with energy is very slow, and that 2’ 
tends to 2as p? tends to infinity (cf. §2. 3). (The minimum in Z’ is due to cancellation 
between the 1/s and the remaining perturbation terms of (17).) The cross 
sections calculated using (17)t and the values of Z’ in figure 1 should correspond 
closely to the exact cross sections. 


[Z'~2 as E-oo] 


| 
1-2 Ol 
1-0 Al dl i | mites | it ! | | 
0 25 50 75 100 125 0 25 50 75 100 125 
£, \mpact Energy of lon (kev) Impact Energy of l9n (kev) 
Figure 1. The effective charge Figure 2. The ratio of Q’, the cross 
parameter Z’ asa function of section for the reaction 
Ey, the impact energy of the H+t-+ He(1s?)-+H(1s) + Het(1s) 
ion. (calculated using the effective 


charge parameter Z’ shown in 
figure 1), to the Brinkman— 
Kramers cross section Opx. 
§ 4, RESULTS 
The cross section for the process 
H*-+He(1s*) +H (1s)-+Het(ls) +. 6 tees (31) 
obtained from (17) is a quadratic function of 2": 
O(2Z')=AZ"— BZ’ +C. 


+ The approximation of putting m/]=O0 is no longer made. 
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A, Band C have been computed for p? = 0-2 to 5-0 and are given in table 1 while the 
minimum and maximum values of Q(Z’)§ are included in table 2 where Z’ is 


Table 1. Cross Sections for Electron Capture H+ + He (1s) Het (1s) + H (1s) 
expressed as a Function of Effective Charge Z’f 


O=AZe— BZ + C 


pt A B C; 

Or 47-0 85-1 43-6 
0-5 O37, 52-1 31-6 
1-0 10:3 24°5 16-0 
2:0 3-00 7-69 5-46 
3-0 1-21 3°23 2°39 
4-0 0:55 1-54 1:19 
5-0 0-28 0-81 0-65 


tT In units of za)? (8-8 xX 10-! cm?). 
ft Impact energy of ion=24-97 p? kev. 


Table 2. Cross Sectionst for Electron Capture H+ + He(1s”) > Het* (1s) + H(1s) 


pt Oi8 Q” Omax Omin Obx 
0 0 0 @) 0 0) 
0-1 8 20-0 — — Biles 
0-2 10-31 34-1 62-0 5:50 43-6 
0-5 4-63 11-6 DVD 2:97 31-9 
1-0 1-60 3-94 8-20 1-43 16-0 
2-0 0:55 1-02 2-08 0:53 5-46 
3-0 0-24 0-37 0:77 0-23 2:39 
4-0 0-12 0-16 0-31 0-11 1-19 
5-0 0-065 0-080 0-159 0-064 0-65 
6-0 0:038 os — — 0-38 
10-0 0:0067 — — — 0-067 
14-0 00018 -—— — 0-018 
20-0 0:00038 _ —- — 0-0038 


O’ cross section calculated with ‘ best’ value of effective charge parameter Z’. 
QO’ cross section calculated for Z’=1-69. 

Omax» Qmin Maximum and minimum possible values of the cross section. 

Oxx Brinkman—Kramers cross section. 

+ In units of 7a)? (8:8 x 10!" cm?). 

¢ Impact energy=24-97 p? kev. 


restricted according to (27). It is seen that Q is rather sensitive to Z’ for low 
energies but less so for the important high-energy region. ‘The cross sections 
O(Z’) with Z’ as in figure 1, the one-electron approximation Q (1-69) and the BK 
approximation QO (0) are compared in table 2. ‘The error is in general less than 5%, 
but may occasionally be slightly greater. For high energies, the ratio O(Z’)/Ogy 
tends to a constant (cf. figure 2) as does the corresponding ratio for proton capture 
from hydrogen atoms (Jackson and Schiff 1953)§j and this has been used to extra- 
polate O(Z’) for p? >5 (the extrapolated values are given in italics). 

By making use of the principle of detailed balancing (cf. Massey and Burhop 
1952) the cross section Q, for the reaction 

Het (1s)+H(is)>H*t+He(1s")  .- ...... (33) 


can be shown to be {QO (Z’). 
§ For many purposes it is sufficient to know the cross section lies between these limits. 
“|The constants are different in the two cases, being 0:10 for Ht+-He and 0-66 for 


lable, 
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Finally it should be mentioned that some calculations on electron capture 
from helium by protons at very low energies have been carried out by Massey and 
Smith (1933) and Garstang (1952) using a perturbed stationary state method. 


§ 5. COMPARISON WITH EXPERIMENTAL DaTA 


Experiments on capture from helium atoms by protons have been carried out 
by Smith (1934), Meyer (1937), Keene (1949), and Hasted and Stedeford (1955, 
in course of publication), and their results are illustrated in figure 3. The 
experimental cross sections include contributions from reactions 
Ht+He(ls?) Hse ——(-eeeeea (34) 


the dashes denoting excited states, but it is not easy to estimate their magnitude. 


wn 


] \ 


- 
T 


Cross Section for Electron Capture (units of 1,7) 


50 75 100 125 150 
Impact Energy of lon (kev) 


oO 
N 
wn 


Figure 3. Cross sections for the reaction H*+ He +>H~+ Het. 
Experimental cross sections: a Keene (1949), 6 Hasted and Stedeford (1955), c¢ Smith 
(1933), d Meyer (1937). 
Calculated cross sections: 1. The cross section found with the ‘best’ value of Z’ 
(an allowance has been made for capture involving excited states). 2. The Brinkman— 
Kramers cross section, with no allowance for capture involving excited states.} 


+ The disagreement between the Brinkman—Kramers cross section and Meyer is thus 
rather more serious than is apparent from the graph. 


However some calculations using formulae (20), (21) indicated that the ratio of 
the cross sections for (31) and (34) is much the same as in the case of electron capture 
from hydrogen by protons.{ Assuming this to be so, a theoretical curve is obtained 
which may be directly compared with experiment. ‘The results obtained taking 
the cross section for (31) as O(Z’) and as Ox, are illustrated in figure 3. Their 
magnitudes may be in error by a factor between one half and unity but the energy 
variation should be accurate. 

Although there is considerable disagreement amongst the various experi- 
menters, it appears that Op, is a gross overestimate. Keene and Hasted and 
Stedeford agree that the maximum cross section occurs at 25 kev whereas theory 
predicts a maximum at about 5kev. ‘The Born approximation will not be reliable 
below about 30 kev (cf. work on hydrogen) so that the discrepancy is not surprising. 
"The theory agrees with Hasted and Stedeford for impact energies greater than 


{t This ratio varies but slowly with energy. 
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30 kev (though only a very limited comparison is possible and the agreement may 
merely be an apparent one) and indicates that Keene’s results are too large by a 
factor of about two. Smith’s results disagree considerably both with theory and 
with the results of the other experimenters. In the high-energy region (where the 
theory should be the most accurate) the results of Meyer are greater than those of 
theory by a large factor and must be considered suspect; in fact by no choice of Z’ 
(with 1<Z’<2) can Meyer’s results be obtained. 

It is not possible to draw firm conclusions about the accuracy of the one-electron 
approximation (cf. table 2) but the cross section O (1-69) appears to increase much 
too rapidly as it approaches its maximum. At high energies it may well 
be sufficiently accurate. 

The predicted cross section for the reaction 


Hig shes) eee 2 2 pan Cee (35) 


taking account as before of the contributions from reaction involving excited 
States, is compared with the experimental data of Meyer (1937) and Keene (1949) 
in figure 4, where it is seen that the agreement is rather poor.t Although Meyer 


b 
| 
= 


& 
T 


Cross Section for Electron Capture (units of 1r@,”) 
Ls) 


! | Sage it 
0 12:5 25-0 375 50:0 625 
Impact Energy of lon (kev) 


Figure 4. Cross sections for the reaction H+ He+-H+-+ He. 
Experimental cross sections : a Keene (1949), b Meyer (1937). 
Calculated cross sections: 1. The cross section found by applying the principle of 
detailed balancing to the cross section O(Z’) (table 2), together with an allowance 
for capture involving excited states. 


and Keene agree fairly well (where comparison is possible over only a limited range), 
in view of the discrepancies existing for the reverse reaction, their results need 
experimental confirmation before any conclusion can be made about the accuracy 
-of the theory. 

The cross section for (35) may be used in conjunction with the equilibrium 
measurements of Schnitzer (1953) on the neutralization of a helium ion beam in 
hydrogen to derive values for the loss cross section of helium atoms in hydrogen, 
but this is not worth while until the existing discrepancies between the theory and 
experiment have been resolved. 


- } It is most unlikely that the influence of molecular binding could be sufficient to bring 
about agreement. 
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§ 6. CONCLUSIONS 


The modified Born approximation agrees with the most recent data for energies 
greater than 35 kev but only a very limited comparison is possible. Until more 
extensive measurements at high energies have been carried out to supplement the 
observations of Hasted and Stedeford and confirm or otherwise the results of 
Meyer, no firm conclusion can be drawn about the accuracy of the theoretical 
calculations.t Should their accuracy be confirmed, a calculation of the separate 
contributions of reactions involving excited states may then become profitable. 
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AP BENDIX 


The calculation of the nuclear interaction integral 


The method will be described only for the coulomb integral 


Ia|=| lexplar+bs-+i(a.r+8.s)]pdrds oe (A1) 


but it can be used equally well for integrals in which 1/R is replaced by more 
complicated functions of R. By making use of the transforms 


Swe I: expt — (a 2 (tea ee (A2) 
Poe i. pee) ae aera ee (A3) 
used by Edwards (1952) in another connection, it is easily established that 
em a | ps (2 oP) exp f sie (5 + =) Tope ee (A4) 
with 


JQp,v)= | fexpl—A? —ps®—v (72 +52 2¢ -S)+7(a.r+B.s)]d\dudv. 


J is readily evaluated by standard methods (Watson 1944) to be 
— ; A) BP? + 2va.B 
Nga Owe uve pe ee ee 4 
J( HY) 7 (vA +A + pv) exp{ FOE ow(A: 
Combining (4) and (6) and making the substitutions 
v=R’*cos?6, w=R?sin?6cos*¢, A=R*sin?Osin?d ...... (A7) 


t+ Note added in proof. Recent unpublished results up to an energy of 200 kev by 
Die M. Stier and Mr. C. F. Barnett are in essential agreement with theoretical predictions. 
We are indebted to Dr. Stier for sending us a copy of the data before publication. 
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we obtain 
I=2abr3®| dR | _d(cos6)| "dé R-8 (cos? 6 sin? 6 + sin 0 cos? sin? $)-3” 
“0 0 “0 


: 1 a’ b 
4 2 24)-1 ee eal ae en ee 
BPR Sty CORR D TED { 4R? E- 8 cos? ¢ + sin? 0 sin? db 
+ (a? (cos? 6 + sin? @ sin? ) + B? (cos? 6 + sin? 6 sin? ¢) 


= 


+ 2a .8 cos? 6)(sin! 6 cos? ¢ sin? ¢ + cos? 6 sin? ay | SON ser reas e (A8) 

‘The integration over R may be carried out using the formula (Watson 1944) 
| Renexp(—32/R2)dR=P(Mw— W289 naa, (A9) 
whilst that aa cos@iselementary. Weare left with an integration of the form 
ref GB) dye Vea (A 10) 


where the substitution y=cos 2¢ has been used; @ is an algebraic function of y 
which may be integrated analytically in terms of elementary functions. However, 
the result is in general so lengthy that it is quicker to compute J numerically. 

To complete the calculation of the capture cross section it remains then to 
square J and integrate with respect to «?._ J is a function of the incident energy so 
the procedure must be followed for each energy value at which the cross section is 


required. 
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The Elastic Scattering of Electrons by the Excited 2s and 2p States of 
Atomic Hydrogen 


By P. SWAN} 
University College, London 


Communicated by H. S. W. Massey ; MS. received 1st Fune 1954 


Abstract. The elastic scattering of electrons by H2s and H2p has been evaluated 
in the electron energy range 3-100 ev, the approximate method of Langer being 
used for large scattering phase-shifts and Born’s approximation for the small 
phases corresponding to large values of the orbital angular momentum /. 

The total elastic cross sections for H2s and H2p are much larger than for 
the ground state H1s even at the lowest energy considered, the interpretation 
being that the long tails of the H2s and H2p potentials make the partial cross 
sections for waves of higher orbital angular momentum / very important 
compared with the partial S cross section. 

The effect of electron exchange is small even at 3 electron volts energy, an 
increase in cross section of 8°% resulting from its inclusion, so that its effect has 
been neglected at higher energies. 


§ 1. INTRODUCTION 


HE concentration of excited states in an ionized gas can become comparable 

with the concentration of normal atoms. It is therefore possible for elastic 

collisions with excited atoms to increase the total momentum transfer cross 

section and thereby reduce the electron mobility. ‘This paper is concerned with 

the calculation of the elastic scattering cross section for the 2s and 2p states of 
excited atomic hydrogen. 

In connection with the collisions of electrons with atomic hydrogen, 
calculations have been carried out for elastic scattering by Hls by Morse and 
Allis (1933) and Massey and Moiseiwitsch (1951), using iterative procedures 
and the variational methods of Hulthén and Kohn respectively. Exchange has 
been included but only S-waves have been taken into account, as use of the 
Born approximation shows that contributions to the total cross section from 
waves of higher orbital angular momentum / are small. ‘Thus even at the 
relatively high energy of 100 ev, where the effect of P and D waves should be 
most obvious, the Born approximation total cross section neglecting exchange 
is only 0-458 x 10-16 cm? as compared to an accurate partial S cross section of 
0-359 x 10-6 cm?. ‘The small effect of the P and D waves may be attributed 
to the absence of an appreciable tail to the H1s interaction potential : 


Vinee (- a 1je* nee (1) 


Atomic units are used throughout. 


* Now at Physics Department, Melbourne University, Melbourne, Australia. 
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The partial cross section o, for waves of orbital angular momentum / are 
given by 
op (21 441) sin?inj en winder se ION AG mck: (2) 


she iF SCHON SCY anne (3) 


kis the wave number of the incident electron, j,(2r)is the spherical Bessel function, 
and f(r} is the scattering solution to the wave equation describing the scattering of 
electrons by the H1s potential (1), exchange being neglected. 

For r small 


where 


kr (kr) ~7' 4, f(r) ~r'4, 
but for r+ 00, 
krj(kr) ~ sin (kr — 4ln), f(r) ~ sin (kr — 417 +7). 


Thus for r small the integrand in equation (3) becomes rapidly smaller as / is 
increased, but for r large its magnitude depends on the size of the tail of V(r). 


" 


0 4 G Ca ee aT 
Radial Distance 7 (units of 10"°cm) 
Figure 1. —2r*j, (kr) V(r) asa function of radial distance r, where j,(x) is the spherical 
Bessel function and V(r) is the interaction potential between H2s and an incident 


lectron, 1 if 
electro Vin=— seal O75 0 ss Gun, 
r 4 8 


The area under each curve is equal to 7,/k in the Born approximation, where the 
wave number k=0°5 is in atomic units and 7, is the scattering phase. 


Hence for the short-range H1s potential (1) with an asymptotic form for large r 
of e~?", n, and o; are negligible for P, D and higher order interactions. However 
a potential asymptotic to r?e-" may result in large P and D phases even at 
energies of a few electron volts. ‘This is illustrated in figure 1, where the 
integrand of (3), approximated by —2r7j/(kr)V(r) is plotted against r for the 
H2s potential 


4 4, 8 
for incident electron energies of 3-3823 ev (k=0:5) and 100 ev (k=2-7187). 
75-2 


Vi)=-(F +54 qrt rer bese (4) 
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In the Born approximation the area under each curve may be equated to the 
corresponding phase 7, assumed small, so that (4) leads to much larger scattering 
phases and partial cross sections than (1). 

Further calculations have been performed by Erskine and Massey (1952) 
on the impact excitation of H2s by electrons, using distorted waves as determined 
by Hulthén’s variational method with allowance for exchange. As this work 
takes account of incident S wave electrons only, it appears possible that the 
inclusion of P, D and higher waves will appreciably increase the excitation 
cross sections, 


§ 2. DERIVATION OF THE WAVE EQUATION 


In atomic units the appropriate wave equation describing a hydrogen atom 
plus an incident electron is 


[ vitevss (420,45 += =) |v UL 5 = emee (5) 


To Type 


where the total wave function is given for singlet and triplet scattering 
respectively by the forms 


Wa o(rs)Flre)t rE). nee (6) 
4(r) is the wave function of the 2s or 2p state of atomic hydrogen, F(r) is the 
scattering wave function, and E£, is the energy of H2s or H2p. The ground 
state equations for H2s or H2p are given by 


(v* PIE + -) dinj=0, \t = ae (7) 


From (5), (6) and (7), and employing Green’s theorem, one obtains finally 


[V2 + k?—2V,,(r)]F(r) + ie Kylr,r)F(r’)dr’=0  ...... (8) 
where 
; . 
Kulrse')= (2 =) 6*¢e 67), Vaal) [(5 = 2) 8° 60) dr, yt = M28 
= (9) 


To reduce (8) to radial form we make the usual expansions in terms of spherical 
acai ia 


=> Dsl (r)P,(cos 6), =ys ee ) (cOSU A OT ) eee (10) 
ess Kyl(,r')=2nrr'| P(cosV)sinUdU Kye). cee. (11) 
One thus obtains: 
fat R L(l+1 q i 
lw +k? 7 ) 2V 140) |fir)# | K ih? Wir lar =O ee (12) 


§$ 3. FIELD FOR ELECTRON INTERACTION WITH H2s 


The wave function for the 2s state is 4(r)=(r—2)e-"?;; the potential V’,,(r) 
is then 3 | 


y 1 1 
Vu(r)= — ( Mio ga a sn )e" Sisee a 
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The corresponding kernels for S and P wave scattering are 
Ky.%(r,') = drr'(r—2)(r" — Ze 22 — yar, 7’), 


RG = att Per Ze Ow rr yo eres (14) 
where TT ears (r>r’) 
Satin Th coun, (72 Yoong | tubal tenes oe (15) 


§ 4. SPHERICALLY SYMMETRICAL FIELD FOR ELECTRON INTERACTION WITH H2p 
The wave functions of the 2p state comprise 
d,(r)=rsinbe*e"?,  ¢ (r)=rsinde*e"?, 4,(r)=rcosbe"?, 
corresponding to the arte quantum numbers m=1, —1, 0 respectively. 


The potentials and kernels derived from these are not spherically symmetrical, 


but depend on the angular coordinate 0 of the iteration parameter. ‘Thus one 
finds: 


FS fee | 1 
gee TE V(r) = = Gtytytane 


r i 
6 Sees ee: 1 1 
= as = Es SSP Weir 
-|[5- ( ne ye epineae nn )e | P2(cos#), 
tyne 1 
m=0, Vii(r)= - (; ey 4 a or a) er 
2 1 
Ip -(5 sis eae os P, (cos @), 


St, A771) = ~ eat fa p 2yo(7r, 7’) + Solr r’) P, (cos a 
a KT 7, y= = pepe Hr ie | #2 2y(7, 7’) — Flr r’) Ps (cos a) 
m— +1, Ky, (7,7 )= — E yx(7, 7’) cos 6 
~ os y;(7, r’)(3 — 2 cos? @) cos a| rer te Hr), 
He, Kafer) == E yi(7, r’) cos 0 


7 oT y;(r, r’)(3 — 2 cos? @) cos a| pay te Ite ee (16) 


Following McDougall (1932), one may find a spherically symmetric average 
field for H2p by assuming the distribution . 


P*Pp=3(bi* bith s*Pithoro). vreees (17) 
From (16) and (17) average potentials and kernels are found: 
PUL PY f 1 
Vui= (5+ 5497+ ane caer (18) 


1 
Kar) = i 722+") 2 R2— 2y(r, 7’), 


Ky'(n1)=- _ 2p", (7, 1"), (COSB). vee (19) 
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Spherical symmetry is thus obtained for V,,(r) and K,,°(7,7’), but Ay, (7,7’} 
and in fact kernels for />1 remain unsymmetrical; thus exchange cannot easily 
be taken into account for collisions of electrons with H2p except for S-wave 
scattering. Both the 2s potential (13) and the 2p potential (18) are very much 
larger than the ground state potential, but the 2s potential possesses a larger tail 
than the 2p potential, so that the cross section for the former should be rather 
larger than for the latter. 


§ 5. EVALUATION OF THE SCATTERING 


A few /=0 phase-shifts for the scattering of electrons by H2s have been 
given by Erskine and Massey (1952). The calculations are in the energy range 
3-4-74-4 ev and are carried out both with and without exchange, the variational 
methods of Hulthén and Kohn being employed. Calculations were extended 
by the writer up to 100 ev energy with the variational method, but it soon became 
apparent that Hulthén’s method, already complicated for /=0 scattering, becomes 
more and more impractical for higher /. The alternative of evaluating the phase- 
shifts by numerical integration is not useful either, because the long range of 
the potential fields (13) and (18) means that even at energies of a few electron 
volts the wave function has a number of nodes within the field range, so that 
a large number of steps, actually approaching 100, must be taken in the numerical 
integration. The inclusion of exchange would make the work very tedious 
indeed. 

The practical method chosen to find the phase-shifts was Linger’s approxi- 
mation (1937), exchange being neglected: 


n= [ [k2—2V,,(r)- (14+ } iy dr— |e ~(14 49/2 dr, 2.0... (20) 


where 7, ee 7, are the zeros of the integrands nee Take R as some large 
value of r at which the two integrands of (20) are effectively equal; then (20) 


becomes 
m= ant gla — jf aes praia) sin! lee 
: Ves! a kR 


+] |e Ve =a fake eile eee (21) 


The expressions i or (21) are formally valid when the phase-shifts are not small, 
provided the potential is large and does not vary much in a wavelength. The 
latter condition excludes the treatment of collisions with energies of less than 
several electron volts, in which region the method fails. A comparison of the 
S-wave phases for electron scattering by H2s obtained by Hulthén’s variational 
method, Langer’s approximation and numerical integration is given in table 1. 
With the exception of the values at 70 ev and 100 ev the results obtained by 
Hulthén’s method and numerical integration are taken from a table due to Erskine 
and Massey (1952). Exchange is neglected. Within the energy range 3-100 ev 
Langer’s approximation gives 24°, accuracy, but at lower energies leads to 
too large a value as one knows the phase at zero energy to be an integral multiple 
of z, clearly z in this case. 

‘Table 2 shows the dependence of phase-shift 7, on orbital angular momentum / 
at six electron energies in the range 3-100 ev for collisions with H2s and H2p. 


St en Se ee = 
A RA SE a se en PO PE os A SON tg 
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‘The higher order phases were evaluated even when very small, as the (2/+ 1) 
weighting factor in the partial cross section expression (2) can render their 
contributions to the total cross section appreciable. 


Table 1. Phase-shifts y) calculated by Hulthén’s variational method, 
numerical integration and Langer’s approximation for H2s 


Electron wave 


Electron energy : Hulthén’s Langer’s Numerical 
number (atomic Best ; ; 
(ev) units) method approximation integration 
0-0338 0-050 — 4-179 — 
0-541 0-200 —— 3-621 — 
3-382 0-500 2-745 2-800 2-709 
9-343 0-831 2-219 2-274 DANG) 
20-302 1-225 1-812 1-861 1-819 
43-980 1-803 1-438 1-486 1-426 
70 2:2746 1-236 1-269 — 
74396 2-345 1 a= 1-169 
100 2:°7187 1-088 1-135 — 


Table 3 shows the total cross section o for elastic collision of electrons with 
H2s and H2p together with the S-wave partial cross sections o, and the Born 
approximation total cross sections o (B.O.) as found from 


BON = 2m | | (0) |2sin 6 a6 


“2 sinkr 


Buee SS Walrydr, sass (22) 


AG) = — | 


~ 0 


It is clear that the S-wave partial cross section is a very bad underestimate 
of the scattering at all energies considered, although in the vicinity of zero energy 
it must approach in magnitude the total cross section. ‘The Born approximation 
cross section becomes a reasonable estimate above an electron energy of about 
50 ev (k~2); at 3-4 ev it is 2:5 times too large but at 100 ev is only 1-06 times 
the correct figure for scattering by H2s. The corresponding ratios for H2p are 
2-2 and 1-16 at 3-4 ev and 100 ev respectively. Figure 2 shows the cross sections 
found by Linger’s method and the Born approximation plotted against k, 
together with the cross section for scattering by H1s. 

The effect of electron exchange has not so far been taken into account. 
Erskine and Massey (1952) have treated it as regards the S-wave collisions with 
H2s, finding it to be appreciable only at low energies of the order several electron 
volts and decreasing with electron energy. As the contribution of exchange as 
represented by the integral term in (12), 


rc 


+ | , eres r'\f(r’) Atl PR Ciel We Le er (23) 


is velocity dependent, this effect might be expected; actually Fundaminsky 
(1949) has shown exchange effects to fall off with increase of energy in the Born 
approximation. 

For an electron wave with orbital angular momentum / it is clear on physical 
grounds that exchange decreases in importance for increasing / as it takes place 
within a limited distance of the atom whereas the interaction distance increases 
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Table 2. Phase-shifts 7, tabulated against orbital angular momentum / 
and electron wave number k for H2s and H2p 


k=0-500 k=0-831 Re 2s 
I 2s 2p 2s 2p 2s 2p 
0: 2:8002 28054 2:2738 2:0897 1-8611 1-7322 
1 1-2262 1-0481 1-0565 1-0125 0:8989 0.9432 
2, 0:3756 0-1880 0-4850 0:4403 0-:6755 0:5159 
5 0:0645 0:0305 0:2760 0:1592 0:4450 0:3250 
4 0-0068 0-0030 0-1345 0-0662 0:2572 0:1908 
5 0-0519 0:0252 0:1590 0-1130: 
6 0-0019 0-0801 0:0441 
7 0:0450* 0-0130 
8 0-0256 
9 0-0156* 
10 0-0074 
11 0-0022 
R—=1e803 b= 22746 R— Noy 
l 2s 2p 2s 2p 2s 2p 
0 1-48538 1-3593 1-2694 1-1988 1-1353 1-0487 
fl 0:8250 06-9441 0:7770 0-8700 0:7461 0-8459 
2 0-6364 0-4863 0:5970 03652 05687 0:4617 
3 04620 0:3250 0:4370 0-2650 0-4150 0:3210 
4 0-3000 0:2289 0:3161 0:2017 0-3193 0:2582 
5 0:2180° 0-1760 — 0-2490 0-1570 0:2700 0:2090 
6 0-:1610 0:1440 0:1981 0-1229 0:2376 0:1652 
7 0-1135* 0-0840 0-1600* 0-1013* 0-:1902 0:1245* 
8 0:0673 0-:0518 0-1285 0-0818 0-1502 0:1009 
9 O-0516* 80-0325 0-1000* 0-0604* 0-1184 0-0806* 
10 0:0390 0-0180 0-0769 0-0438 0-0958 0-0603 
11 0-0293* 0-0108 0:0560*  —9-0309* 0-0765 0-0460* 
AD 0:0202* 0-0061 0-0387* 0-0220* 0-0614 0-0365 
13 0:0121 0-:0281* 0:0156 0-0480 0:0300* ~ 
14 0-0060* 0-0207 0-0107 0-0379* 0-0243* 
15 0-0019 0-0150* 0-0080* 0-0291* 0:0196 
16 0-0110* 0-0058* 0-0219* 0-0149* 
17 0-0080 0-0039* 0-0163 0:0106* 
18 0-0058 0-0029 0-0124 0-0065 
19 0-0045* 0-0023* 0-0095* 0-0050* 
20 0-0035* 0-0018* 0-0074* 0-0030* 
21 0-0029 0-0014 0-0059* 0:0022 
Dp) 0-0021 0-0045 
23 0-0019* 0-0036 
24 0-0014 0-0027* 
25 0-0011 0-0020* 
26 0-0015 


* The values in heavy type were found using Langer’s approximation, the rest either by 
Born’s approximation (valid for small phases) or in, the case of asterisked values, by graphical 
interpolation. 


with /. For 7, r’>0 one may show the radial dependence of K,,'(r, r’) in (23) 
to be 


Ry G7 ey nr) 


and ifr) perth oc alt ey bares (24) 
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‘Table 3. Cross sections og for S-wave scattering by H2s and H2p, total cross 
sections o, and Born approximation total cross sections o(B.O.) as a 
function of wave number k, in units of 10-16 cm? 


Electron collisions with H2s Electron collisions with H2p 
k on Co a (B.O.) on Co a (BO.) 
0-500 1-584 49-05 123-59 1-537 35-92 79-12 
0-831 2:977 32°27, 48 -03 3-856 20-64 32-05 
1213 2-330 15-04 24-33 2-338 12-86 18-44 
1-803 1-079 8-463 11-109 1-038 °* 6-500 7-412 
2-2746 0-6224 5-707 6:733 0:5456 3-406 4-923 
2-7187 0-3928 4-262 4-530 0-3586 2:895 3-349 
90 


s 


(units of 10°'°cm?) 


40 


30 


Cross Section oO 


20 


= a 
0 05 1-0 15 2:0 25 30 
Wave Number & (atomic units) 


Figure 2. Cross sections in units of 10~'® cm?® for the elastic scattering of electrons by 
H2s and H2p as calculated using Lianger’s approximation and Born’s approximation 
(B.O.) respectively and of electrons by H1s. k?=1 corresponds to an electron energy 


of 13-529 ev. 


As the kernel falls off exponentially with 7 and 7’, then the contribution to (23) 
must come chiefly from the region of small 7’, so that the importance of the 
exchange term (23) falls off rapidly with increasing /. In practice this means 
that only the S and P phases need be corrected for exchange. 

This was done for the S and P wave scattering by H2s for a wave number 
k=0-5. The wave equation (12) was first solved without exchange by numerical 
integration, and the effect of exchange included by an iteration process. ‘The 
results obtained for the non-exchange, singlet (symmetric) and triplet (anti- 
symmetric) scattering are given in table 4. 
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Table 4. Non-exchange, singlet and triplet scattering phases 7, and partial cross 
sections o, (units of 10-16 cm?) for electron scattering by H2s at k=0:5 


(3-38 ev) 
Non-exchange Singlet Triplet 
l Ni ip Ny Og Ni Cy 
0 2-768 6-695 2-451 20-40 3-114 0-0382 
1 1-2262-° 133-56 270s sel: 7256 1:5778 150-79 
D 0:3756 33°82 0337562 33-82 US 756 "35-62 


The effect of exchange is included for /=0, 1 but neglected for higher /, where 
it will make only a small correction to already relatively small partial cross sections. 
Taking the total cross section as 


o=dogt+ioy =, ST) See (25) 
one finds an exchange cross section at 3-380 ev of 53-06 x 10-16 cm?, as compared 
with a non-exchange value of 49-05 x 10-1® cm?, so that exchange has increased o 
by only 8-2%. In view of the previous argument, it therefore appears justifiable 
to neglect exchange at higher energies for electron scattering by H2s, and also 
for the similar case of H2p. 


Further calculations are being carried out on the elastic scattering of electrons 
by the 1s2s and 1s2p states of helium. 
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A Cloud Chamber Study of some Aspects of the Geiger Discharge* 


By P. J. CAMPION+ 
Clarendon Laboratory, Oxford 


MS. received 23rd Fuly 1954 


Abstract. An expansion type cloud chamber controlled by an internal counter 
has been used to study the discharge formed in the latter when operated in the 
Geiger and transitional regions. Both ethyl and iso-amyl alcohols have been 
used at their saturation vapour pressures as the combined condensant and 
‘quenching agent, together with argon or helium at various total pressures below 
one atmosphere. Significant differences in the behaviour of the counter are 
-observed for the two alcohols, which can be attributed to the difference in the 
proportion of quenching agents in the two cases. The photographic evidence 
shown supports the accepted theory of Geiger counter operation. 


§ 1. INTRODUCTION 


HE control of the expansion of a Wilson chamber by means of an internal 

| counter has been reported by Hodson, Loria and Ryder (1950) and by 

Cohen (1951). The former authors have demonstrated the use of the 

device for the observation of the proportional discharge, and Fireman and 

McHaney (1950) have made use of the Geiger discharge although their experi- 
mental arrangement did not permit of its observation. 

In adapting this type of chamber to detect internal pair formation (Campion 
and Davies 1954) we have taken the opportunity to extend the work of Hodson 
et al. to the study of the discharge produced in the internal counter when operated 
in the Geiger and transitional regions. 


§ 2. ‘THE APPARATUS 


‘The counter anode consisted of a fine platinum wire (0-05 mm radius) mounted 
along a diameter of the glass ring of the cloud chamber, in a manner similar to 
that described by Hodson et al. In some experiments the anode was surrounded 
by a hexagonal arrangement of wires forming an open cage cathode assembly, 
while for experiments involving photometric analysis of the discharge this cage 
was removed. In the latter case the clearing field wires situated just below the 
roof of the chamber were earthed. 

The chamber was 22 cm in diameter by 6cm deep and was actuated by a main 
valve based on a design by Chu and Valley (1948). The time delay between the 
passzge of an ionizing particle which triggered the counter and the occurrence of 
supersaturation was approximately 10msec. Since it was not practicable to 

* Part of the material here presented formed a paper read by the author before the 


conference on Ionization Phenomena in Discharges, held at Oxford, June 1953. 
+ Now at Atomic Energy of Canada Ltd., Chalk River, Ontario. 
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bake out the cloud chamber in order to remove adsorbed. impurities, the chamber 
was pumped out for several hours before filling. Ethyl or iso-amyl alcohol was. 
used as the condensant and argon or helium as the gas filling at various total 
pressures below one atmosphere. Commercially available gases were considered 
to be sufficiently free from electronegative impurities for the work, but as a 
precaution against the possible presence of water or oil vapours the gas selected 
was passed through a coil of copper tubing immersed in liquid air before entering 
the chamber. The alcohols were dried by standard methods and redistilled before 
use. 

Pulses from the counter anode were fed into an amplifier—discriminator 
circuit, and thence to a gate which transmitted pulses only when the chamber 
had completed its cleaning cycle and was ready for a main expansion. A pulse 
selected by these circuits was used to initiate the following events : (a) remove 
the e.h.t. from the counter, (6) to trigger the main valve release circuit, and 
(c) to remove the general clearing field (approximately 50 vcm™') from across. 
the chamber. 

The minimum time required for the completion of (a) from the instant of an 
ionizing event in the counters was about lysec. This represented the delay 
inherent in the valve circuits. The removal of the e.h.t. could be further delayed 
by known amounts by means of a calibrated delay line for short delays (1 psec), or 
by univibrator circuits for delays up to 15 msec. 


§ 3. EXPERIMENTAL RESULTS 


3.1. The Normal Geiger Discharge 


In Plate I(a@) we show a typical Geiger discharge in an argon and ethyl alcohol 
(saturation vapour pressure ~40 mm Hg) mixture-at a total pressure of 60cm Hg. 
The e.h.t. (2340 v) was removed within 3 usec after the receipt of the pulse and 
the discharge has spread the whole length of the counter. ‘The discharge is 
confined to a region very close to the wire and is uneven. ‘This was characteristic 
of discharges taken with ethyl alcohol as the quenching agent and may be due to. 
statistical fluctuations in the density of the ion sheath. ‘The triggering electron 
in Plate I(@) can just be observed. ‘The track of the initiating particle is not 
always visible in the succeeding plates since a light beam only 5 mm in depth was. 
used and the track may therefore not be illuminated. 

Plate 1(b) shows the effect of delaying the removal of the e.h.t. across the 
counter. Here the voltage remained on for 5-8 msec, and it is seen that the 
discharge has travelled out radially under the influence of the electric field. 
A discharge which occurred prior to the opening of the gate is also visible on the 
photograph. ‘The object marked A in Plate I (a), and visible in some succeeding 
plates is a holder for a weak polonium source. It is evident that the sheaths have 
a finite thickness, a point which will be discussed in more detail later. 

Photographs of discharges in argon and iso-amyl alcohol (saturation vapour 
pressure 2mm Hg) mixtures at the same total pressure are shown in Plates I (c) 
and (d). In Plate I(c) the e.h.t. was removed 3 usec after the pulse whilst in 
_ Plate I(d) the removal was delayed by 13 msec. We observe that using iso-amyl 
alcohol the discharge is initially more uniform and occupies a somewhat greater 
volume. ‘This indicates that the discharge propagating photons have a longer 
mean free path in this case, due mainly to the lower vapour pressure of the 
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‘quenching agent. The starting potential for Geiger action using iso-amyl 
alcohol was considerably less than that required for ethyl alcohol; and the 
.h.t. applied across the counter in Plates I(c) and (d) was 1300v. 

An attempt was made to detect the ‘giant’ pulses observed by Curran and Rae 
(1947) and others, by suitably biasing the pulse height discriminator. A collimated 
beam of «-particles from a source in an earthed holder situated 5cm from the 
counter wire was directed radially at the latter which in this case was surrounded 
by the cathode cage. The conditions were thought to be favourable for the 
production of giant pulses. However, the heights of pulses observed with this 
arrangement were uniform to within 20% and were indistinguishable from those 
produced by a y-ray source. The photographs of discharges initiated by 
«-particles also showed them to be normal apart from somewhat enhanced beads 
of ionization at the point at which the particle traversed the counter. This is 
evidently due to the larger number of primary electrons reaching the wire but 
the increase in the ionization due to this cause must be small compared with the 
total ionization produced in the discharge. ‘The photographs of Plate III were 
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Figure 1. Velocity of propagation of Geiger discharges as a function of overvoltage. 


taken with a similar experimental arrangement to that described in this paragraph 
but using a rather poorly collimated beam of «-particles. Although the counter 
was in fact operated in the transitional region (see § 3.6) the discharges show 
similar beads to those referred to here. 

We must conclude, therefore, that favourable conditions for the production 
of giant pulses were not obtained and we are thus unable to comment on their 
mechanism. 


3.2. The Velocity of Propagation of the Discharge 


When the e.h.t. was removed with the minimum delay the Geiger discharges 
in argon and iso-amyl alcohol mixtures were observed to spread some 3 to 10cm 
along the wire, depending on the overvoltage used. A calibrated delay line was 
introduced to increase the delay by known small amounts and hence using a 
difference technique, the velocity of propagation of the discharge could be 
determined. 

The results using iso-amyl alcohol are shown in figure 1 where the measured 
velocity is plotted as a function of overvoltage for different total pressures and 
gas fillings. ‘The values quoted for the overvoltage may appear to be high com- 
pared with the results of some other workers. ‘This is due to the criterion 
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adopted for defining the Geiger threshold voltage, namely that voltage at which 
counts could just be detected by the recording system when adjusted for normal 
Geiger counting. This occurred at about 40 volts before that voltage at which the 
pulses became uniform in height. The experimental points represent the average 
velocity obtained from about ten measurements for each delay setting, although 
considerable fluctuations were observed in individual measurements. Similar 
fluctuations have been reported by Mortier and Roose (1954) and Saltzmann 
and Montgomery (1950) in measurements of the velocity of propagation using 
more conventional techniques. The method has not been applied to fillings 
using ethyl alcohol as the quenching agent, although an estimate made in the 
course of experiments using a fast quenching circuit described by Picard and 
Rogozinski (1953) is in agreement with the conclusions of the above workers 
that the velocity of propagation is much greater. 


3.3. The Ion Distribution within the S ‘pace Charge Sheath 


The fact that the positive ion space charge sheath has a significant width at 
least by the time it has travelled outwards a centimetre or so has been demonstrated 
in Plates I (b)and(d). Den Hartog and Muller (1949) and more recently Wilkinson 
(1952) have reached this conclusion from _ theoretical considerations. 
Wilkinson derives an expression for the time distribution of the number of ions 
arriving at a given point(the cathode). Ifweassume that we have radial geometry 
and that the space charge sheath is formed very close to the counter anode, it 
may be shown (see appendix) that the corresponding spatial distribution for the 
ion density, p, at any instant, within the boundaries of the sheath, is given by 


p= li4neKt = =, = (1) 


when e is the charge carried by an ion and A the mobility. Hence we see 
that at any time ¢ after formation of the sheath p is independent of x so long as 
xX, >x >X, where x,x, are the radii of the boundaries of the sheath. A rough 
qualitative check of this result was obtained by a photometric analysis of the 
negatives of such photographs as Plates I (b) and (d), having first determined the 
characteristic density—log (exposure) curve for the emulsion used. The method 
assumes that the amount of scattered light entering the camera is proportional 
to the ion density. Confirmation of the validity of this assumption is provided 
by the work of Bower (1938) on the distribution of ionization along an «-particle 
track. Asacheck on the optical system we have carried out a similar experiment 
with comparable results. 

In these experiments the hexagonal open cage cathode was removed and the 
clearing field wires earthed. ‘The counter could therefore be represented by 
a wire midway between two parallel earthed planes. However, if observations 
are confined to sheaths not far distant (about 1cm) from the wire a cylindrical 
field distribution may be assumed as a good approximation. A shallow light 
beam of 5 mm depth was used in order to study that part of the sheath in the median 
plane. Neglecting the curvature of the boundaries of the sheath under these 
conditions it is evident from equation (1) that the expected distribution should 
be rectangular. 

The results of some typical distributions obtained are shown in figures 2 and 3. 
‘The ordinates in both sets of distributions represent the amount of scattered light 
in arbitrary units and therefore, according to the above assumption, the ion 
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density within the illuminated portion of the space charge sheath. The full 
curves represent distributions obtained in an argon and ethyl alcohol mixture 
at a total pressure of 60cm Hg and the broken curves those obtained using an 
argon and iso-amyl alcohol mixture at the same total pressure. The distributions 
shown in figure 2 were obtained using a delay of 2:65 msec; those in figure 3 with 
a delay of 13 msec (broken curve) and 14-2 msec (full curve). Strictly, therefore, 
the distributions in figure 3 cannot be assumed to occur under conditions of 
radial geometry. They are included however since they illustrate the difference 
between the two argon-alcohol mixtures even more markedly than those in 
figure 2. 

In the argon and ethyl alcohol mixture the distribution has almost the expected 
shape. In this present discussion the motion of the sheath during the expansion 
time of the chamber, when the counter anode is effectively earthed, has been 
neglected. It has been shown (Campion 1954) that during this time the trailing 
edge remains practically stationary, under the conditions of the present experiment, 


os 


Distance from Anode (cm) Distance from Counter Wire (cm) 

Figure 2. The ion density within Figure 3. The ion density within the space charge 
the space charge sheath at a sheath at approximately 13-5 msec after forma- 
time 2°65 msec after forma- tion, as a function of radial distance from the 
tion, as a function of radial anode. 


distance from the anode. 


whilst the leading edge continues to expand under the influence of the space 
charge behind it, but in opposition to the induced charge on the wire. ‘This 
expansion may account qualitatively at least for the slight deviation from a true 
rectangular distribution towards the leading edge. For iso-amyl alcohol the 
distribution is definitely not rectangular, having a sharp peak at the trailing edge 
of the sheath. ‘The difference may be explained in terms of the dependence of 
the initial distribution of ionization on the mean free path of the discharge 
propagating photons. In the case of ethyl alcohol, where the proportion of 
quenching agent is high, the mean free path is probably of the order of the critical 
radius (viz. that radius at which appreciable multiplication sets in), and the 
ionization is therefore confined to a small volume of radius a few times that of the 
wire. With iso-amyl alcohol the mean free path is much greater owing to its 
lower saturation vapour pressure, and the initial distribution can no longer be 
regarded as concentrated in an infinitely thin cylinder as is assumed in the deriva- 
tion of equation (1) but must, owing to the weaker photon absorption, extend some 
distance beyond the critical radius. 
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3.4. Beaded Counters 


The effect of beads placed on the anode of the counter was investigated to 
see if by this means the Geiger discharge could be limited, with a view to the 
possible use of a segmented counter as a coincidence arrangement to detect 
electron—positron pairs. By feeding the output of the counter-amplifier system 
into a pulse height discriminator set to record the simultaneous discharge of 
two or more segments it was hoped to record coincident particles. In order to 
determine the size of bead required to arrest the discharge five glass beads 
increasing in diameter from 1-25mm to 4-93 mm were sealed on to the wire at 
equal intervals, thus forming the segmented counter. A weak polonium source 
was placed opposite the first segment and the chamber filled with argon and 
iso-amyl alcohol at 60cm Hg. A short run revealed that the discharge was 
stopped only by the largest bead, Plate I] (a). A similar run using argon and 
ethyl alcohol at the same total pressure showed that in this case the discharge 
was limited by the smallest bead, Plate II (6). This of course confirms the 
supposition put forward earlier that the mean free path of the propagating photons 
is much longer in the iso-amyl alcohol case. 

Although an experimental arrangement using a beaded Geiger counter 
showed two coincident discharges when a suitable bias was applied to the 
discriminator, it was not possible to detect pair particles owing to the relatively 
high frequency with which a single electron discharged two segments. 


3.5. The Effect of Electric Wind 


In order to remove any hairs or dust particles from the counter anode the 
wire was first cleaned with alcohol and then flashed zm sitw prior to filling the 
chamber. Despite this procedure electric wind discharges were occasionally 
observed and we now discuss the effect of this phenomenon on the Geiger 
discharge. ; 

’ De Vries (1946) observes that no additional spurious discharges are produced 
if dust particles are placed on the wire or if the wire is deliberately beaten or 
puckered. Wilkinson (1950) comments that other workers find evidence to 
the contrary. However, no evidence was found in the present investigation to 
suggest that these point discharges gave rise to Geiger discharges. This negative 
result rests on more than 100 photographs in which the spread of the Geiger 
discharge was limited to a few cm by the rapid removal of the working voltage. 
If electric wind discharges give rise to a Geiger discharge one would expect the 
arrested Geiger discharge to centre around the electric wind point in an appreciable 
fraction of the photographs. ‘This was not the case, the (arrested) discharges 
being distributed at random along the wire. 

Several observations were made of the interaction between a Geiger discharge 
spreading along the anode and a point discharge. Depending on the magnitude 
of the point discharge and the overvoltage a Geiger discharge either passes the 
point or is stopped by it—the point thus acting as a bead. 

It appeared that if a Geiger discharge at a low overvoltage was arrested by 
a point it might, under suitable conditions, allow the discharge to pass at higher 
voltages, there being an intermediate stage in which some discharges were arrested 
while others were not. Plate II (c) shows a Geiger discharge arrested by an electric 
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wind point, whilst in Plate II(d), taken under the same conditions, the Geiger 
discharge has passed beyond the point leaving a characteristic spherical distortion 
in the discharge. ‘This sphere may be explained in terms of a large concentration 
of positive ions created at the point. These ions then expand under their own 
self repulsion to form the observed sphere. 

Discharges that are arrested by points give rise to pulses of reduced height. 
We have here therefore one explanation of the difference in pulse heights that is 
occasionally observed in some otherwise normal Geiger counters. 


3.6. The Transitional Region 


The type of discharge obtained when the internal counter is operated in the 
proportional region has been photographed by Hodson et al. (1950), and consists 
of a small bead of ionization localized around the point at which the triggering 
particle traverses the counter. As the e.h.t. across the counter was increased 
the bead, whilst still retaining a roughly spherical shape, was observed to grow 
in size owing to the greater amount of gas amplification, until a voltage was 
reached at which the discharge began to spread along the wire. Between this 
point (i.e. the end of the region of limited proportionality) and that at which the 
discharge travelled the whole length of the counter each time (i.e. the beginning 
of the Geiger region) there was a transitional region which extended for about 
40 volts in the case of counters filled with iso-amyl alcohol and argon, and was 
characterized by large fluctuations in the spread of the discharge due to its 
statistical nature. ‘Three photographs taken consecutively and under the same 
conditions are shown in Plate III (a), (6) and (c). In the first the discharge has 
spread more or less equally in both directions. ‘The second shows that the 
discharge has spread mainly in one direction before being extinguished, and the 
third shows very little spread at all. ‘The e.h.t. remained on the counter wire 
for 40 usec after the receipt of the pulse so that the discharges were not quenched 
externally. 

Fenton and Fuller (1949) have previously noted the existence of such a transi- 
tional region, whilst Wilkinson (1950) has given a theoretical treatment for it. 
These authors attribute the region to the onset of avalanche breeding by photons 
resulting in a spread of the discharge along the wire and this is confirmed by the 
cloud chamber observations presented here. 


§ 4. CONCLUSION 


The observations presented here confirm the generally accepted theory of 
Geiger counter action. [he cloud chamber makes it easier to visualize the 
operation of these counters, particularly those of the beaded type, and to study 
the behaviour of the space charge sheath subsequent to its formation. It provides 
a means of measuring the velocity of propagation of the discharge along the wire. 
Finally, from the observation of the behaviour of a Geiger discharge in the presence 
of point discharges, it suggests an explanation of the non-uniform pulse height 
sometimes obtained. Certain features still remain obscure, particularly the 
mechanism by which giant pulses are produced, and it is hoped that this phenome- 
non may, under suitable conditions, be observed in the cloud chamber and that 
this technique may aid the elucidation of this problem. 
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For radial geometry, Wilkinson (1952) gives the fraction g of the sheath within — 


a radius x at a time ¢ as 
(x? — 7?) In (79/ 1) 


t= Vide) i (1) 
dg\ x In (72/71) 
whence (2) = Konia EA SNe (2) 


whele7,, %% are the radii of the internal and external electrodes of the counter, 
K the mobility of the ions, V the voltage on the wire and mis the ratiog/Q. qisthe 
charge developed in the gas per unit length and Q is the charge on the wire per 
unit length required to maintain a voltage V across the counter, i.e. OQ = V/21n(r,/r,). 
If p(xt) is the ion density per unit volume at a radius x and time ?#, then by 
definition 


NJ, 
where N is the total number of ions in the sheath per unit length, i.e. N = q/e where 
eis the charge on anion. We have therefore 


(Z), <= 2axpliN sth eial ain dere (3) 
and equating (2) and (3) we find 
N1n (73/71) 
P< InKVmt 
= 1/47eKt 
which is a constant at any given instant. ‘l’his result is dependent on the assump- 


tion, implicit in equation (1), that all the ions are born in an infinitely thin cylinder 
at the surface of the inner electrode. 


1 ore 
bigs al 2rrxp(xt)dx 
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in nuclear reactions, which has been transmitted through several recent 
papers. 

A formula for a differential cross section or an angular correlation contains, in 
addition to known ‘ geometrical’ factors, certain unknown ‘nuclear’ factors such 
as scattering-matrix elements, reduced widths, or matrix elements of a perturbing 
Hamiltonian. ‘The number of variable parameters on which these quantities 
depend can be reduced by the use of some general theorems, e.g. the unitarity 
and symmetry properties of the scattering matrix, the reality of reduced widths 
(Wigner and Eisenbud 1947), and the reality of decay matrix elements (e.g. 
Lloyd 1951). Most of these properties depend on invariance under time-reversal, 
and are only valid if the representation used is correctly phased. The principles 
involved are well known, but unfortunately the paper by Wigner and Eisenbud 
(1947), which has been taken as the basis of most later work on nuclear reactions, 
contains a slip in the normalization of the wave function. As a result, published 
formulae contain in principle errors of phase, which, however, cancel out in most 
cases of interest, but could sometimes lead to discrepancy with observable 
quantities. 

The proofs of the theorems mentioned above involve applying the time- 
reversal operator K (Wigner, 1932) to an angular momentum eigenstate |7, —m). 


We have: K|j,m) =«(j)i2™ lj, —m), BO atG (1) 


where « (j) can be varied by multiplying the vectors |j, m) by an arbitrary phase 
factor independent of m. It is desirable to choose « (j) so that the form of (1) 
is invariant under addition of angular momentum. ‘That is, let us consider two 
separate state-spaces, with angular momenta (j,, ™), (Ja, my) respectively, such 
that the combined system has eigenstates of total angular momentum (/, /) given 


by 


ale HE purpose of this note is to point out an error in the phase of matrix elements 


ViJod,M)= »: (JasJos M1, Mz |Jr,Jo7, M) [71,4 Mie, Ms), ....(2) 


where (1,2, ™, Mz |J1,J2,J, M1) is a vector-addition coefficient. We require that, 
if |j1,m,), |Js,m2) conform to (1), then |j;,j2,7,M) should do likewise. It is 
found that, when we use the conventional, real representation of the vector- 
addition coefficients (Wigner 1931), this requirement is satisfied by making 
satel peuanyeian tt seid ewe # yaaa 3 (3) 
so that (1) becomes 
Gitte a5 | len” [fom stit oy ths Duel? que lS aloe «ite (4) 
In the case that |j, m) represents a spherical harmonic, we must adopt (7’Y;"), 


where Y,” is the usual function of Condon and Shortley (1935). 
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This mode of phasing the representation |j, m) was adopted by Biedenharn 
and Rose (1953), to establish the reality of the matrix elements of the perturbing 
Hamiltonian in calculating angular correlations. However, Wigner and Eisenbud 
adopted instead « (j)= —1 for nuclear reactions, but one stage of their calculations 
relies in effect on the invariance of (1) under addition of angular momentum, which 
is actually not fulfilled in their representation. ‘Their paper thus requires correc- 
tion by the substitution of state-vectors phased according to (4), in place of those 
corresponding to «(j)=—1. The principal general results are, of course, not 
affected by this phase change. However, in calculating the differential cross 
section, it is necessary to expand a plane wave e’ in spherical harmonics, and the 
expansion coefficients do depend on the phase of the latter. The eventual effect 
is that the differential cross section formula (42) of Wigner and Eisenbud becomes : 

7 


ee 1) Waje—t 
do = eT Rae | pe 


x {( = i U sno se Uae 8 510 5 sv'tm’} Prim’ (Q¥) dQ. Fe Ne me oO TOE. (5) 


the various formulae which define the quantities appearing here being left 
unaltered. 

It may be most useful to discuss the changes which this entails in the angular 
distribution formulae of Blatt and Biedenharn (1952), ‘There are two alternative 
ways of correcting the formulae: 


(i) All the wave functions and modes of expansion may be left unchanged, so that 
all formulae remain correct except those which express properties of the scattering 
matrix elements S,.- 5:7. However, if we write 


= Syst! : aw = oe = Sys: ast zi, Se tonsieee (6) 
then it 1s Syyy- 4/7 (instead of S,.7. 4.)) which has the properties described by 


Blatt and Biedenharn, viz. it is symmetrical, and is given by their equation (5.6) 
in terms of real, reduced widths. 


(ii) For all the basic orbital angular momentum eigenfunctions defining the 
representation, one substitutes (7'Y,’”) in place of Y/”. This will alter many more 
of the equations than method (1), but has the advantage that the statements made by 
Blatt and Biedenharn about the scattering matrix elements S,,.. 7 will remain 
correct. Let us consider what happens to a formula such as Blatt and Biedenharn 
(4.6), which expresses the cross section, expanded in spherical harmonics, as a func- 
tion of the scattering matrix elements S,.. 4’ and the geometrical coefficients 
Z(L,Sil,Jy,sL). It turns out that the correct formula is obtained if we drop 
from the Z coefficients the factor 7’~"'+" contained in their definition (Biedenharn, 
Blatt and Rose 1952). In fact, it appears that the ‘natural’ Z coefficients for 
nuclear reaction formulae are those without the phase factor just mentioned, and 
that the latter has only intruded as a result of the error of Wigner and Eisenbud. 

Many other papers on nuclear reactions which derive ultimately from that of 
Wigner and Eisenbud must contain phase errors in principle. 

It remains to consider the practical importance of the phase correction. From 
the method of correction (i) above, which affects only the properties of the scattering 
matrix, it is clear that the correction can be disregarded when the matrix elements 
are treated as completely unknown, complex quantities, to be adjusted to experi- 
ment, Otherwise, however, following method (i), and in accordance with 
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equation (6), we must apply to each scattering matrix element Sy. 4.7 of Blatt 
and Biedenharn a correction factor 7’~'. The cross section being quadratic in the 
scattering matrix elements, this means that a term in the cross section corre- 
sponding to interference between (i) a transition leading from a channel /, to a 
channel /,’ and (i1) a transition leading from a channel /, to a channel /,’ requires a 
correction factor 7 ~~~") Considerations of parity show that this factor can 
only be + 1, but the change of sign can certainly occur in interference terms between 
channels of different /. Even so, however, use of the uncorrected formulae would 
only rarely lead to disagreement between theory and observation. ‘To illustrate 
this, let us consider the symmetry property of the scattering matrix as utilized by 
Blatt and Biedenharn for reduction of the number of parameters. ‘This is most 
apt for dealing with a collision in which no change of energy can occur, i.e. we have 
only elastic scattering, with possible change of s and /. It follows from parity 
conservation that in such a case the correction (6) cannot affect the symmetry of the 
scattering matrix, which can only be upset in reactions involving change of internal 
parity. On the other hand, actual discrepancy between theory and observation 
would probably result if one attempted, for example, to utilize the symmetry of the 
scattering matrix, employing the uncorrected formulae, in analysing the cross 
sections of all the possible processes, and the inverses, which occur on bombarding 
A with a, when there exists one other open channel B +6 with change of internal 
parity. 

As a general rule, it is advisable always to use angular momentum eigenstates 
phased according to (4). 

The following derivation of the symmetry of the scattering matrix S froma more 
general property may help to clarify matters. ‘The general property is: 


(b|S|p)=(Kp|S|K$), aes (7) 
for any states |¢),|~%). If we write, in the notation of Blatt and Biedenharn, 
Swot saat) = (a, 8',U,J,M|S|a,s, 47, M) 
and assume that the bra and ket both satisfy (4), then (7) becomes 
Cs V1 |S fess, = Cass, J, | Sig's. lf, os 
which, because of the invariance of S under rotation, yields 


Digoes a 
Syst as a Sosri a’s’l’ i 
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An Investigation of the (y, n) Reaction in Cu, Zn and Ag 
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observed in photodisintegration processes have made use of the brems- 

strahlung spectrum obtained from an electron accelerator. Owing to 
the continuous nature of the spectrum, the energy resolution obtainable with the 
method is relatively poor. Recently, however, Goldemberg and Katz (1953), 
using very careful control of the energy of a betatron, have shown that the excitation 
functions of the (y, n) reaction in several light elements up to and including 
fluorine show a number of distinct breaks which they interpret as due to excitation 
levels of the nuclei irradiated. 

The present note describes an attempt to find out whether a similar fine 
structure could be observed in the (y, n) excitation functions of heavier elements. 
The method employed depended on the variation with angle of the energy of the 
17-6Mev line from the reaction ’Li(p, y)’Be due to the Doppler effect. At the 
440 kev resonance, where the y-radiation is known to be emitted isotropically 
(Devons and Lindsey 1950), the energy shift amounts to +65 kev at 0 and 180° 
to the proton beam respectively. 

The elements studied were in the form of sets of twelve identical cylinders, 
2 in. long and with inside diameter $ in. and wall thickness 1/16 in. These were 
simultaneously irradiated on a jig which held them at equal distances (2 in.) from 
the target and spaced at equal intervals of cos @ with respect to the incident proton 
beam. After irradiation for a period of the order of one half-life of the resulting 
activity, the cylinders were transferred to a set of thin-walled Geiger counters. 
This procedure was repeated until sufficient counts were accumulated. The 
relative efficiencies of the counters were determined by repeating the experiment 
with all the cylinders irradiated in the 90° plane with respect to the proton beam. 
As an additional precaution the counters were interchanged after each irradiation 
so that in each run every cylinder was used the same number of times with each 
counter. 

The energy resolution obtained by this method was limited mainly by the finite 
angle subtended at the target by the cylinders, and is of the order of + 10 key. 

Practical considerations limited the use of this method to three elements : 
Cu, Zn and Ag. In the case of Cu and Zn, the peak of the giant resonance lies 
close to 17-6 Mev (Montalbetti, Katz and Goldemberg 1953); in the case of Ag, on 
the other hand, excitation will be due mainly to the broad 14-8 mev y-ray, and any 
fine structure is therefore expected to be largely smoothed out. In each case 
the observed activity is almost entirely due to a single isotope. 

The figure shows the results obtained. The cross section for the reaction 
*’Cu(y, n)®*Cu as a function of energy shows fluctuations which are well outside 
the statistical error. ‘That for Zn also shows a similar variation, although the 
result is somewhat more uncertain. Since the shapes of these curves differ from 


} { ost of the experimental studies carried out so far on the giant resonances 
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each other and from that obtained with Ag, the results cannot be ascribed to either 
deviations from isotropy of the y-ray or variations of solid angle subtended at the 
target. 


Relative Counting Rate 


66 


+22 0 “2 =44 
(Z£-17-6) (Mev) x10 


Relative (, n) cross sections as a function of energy. ‘The vertical scale is arbitrary, and 
different for the three curves. The alternation of points above and below the line 
in the lower two curves is due to an inaccuracy in the centring of the target. 


I would like to thank Professor S. Devons for suggesting this experiment and 
for his continued interest. I am also grateful to Dr. G. Goldring for a number of 
helpful discussions. 
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Levels of “Mg from the *’Al(p, «)*Mg Reaction 
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tions have been made of the charged particle reaction products emitted at 
90° from an Al target bombarded by 6:5 Mev protons from the Cavendish 
cyclotron. The target was an Al foil of 0:256mg cm. ‘The reaction products 
observed were alpha-particles from the *’Al(p, ~)**Mg reaction and protons 
elastically and inelastically scattered by Al. ‘These were detected using photo- 
graphic emulsions (Ilford E1), Alpha-particle and proton tracks in the emulsion 


: the course of a study of inelastic scattering by levels in Mg and Al, observa- 
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could be distinguished by inspection. ‘The scattered particles were separated 
using a subsidiary magnet; this avoided portions of the plate having too high 
a track density for measurement. 

The range spectrum for «-particles shows three groups of lengths 10, 23 and 
31 microns. The three groups give Q values of 1:61 + 0-04 Mev, 0-23 + 0:03 Mev 
and —2-57+0-04 Mev, corresponding to levels in *4Mg at 0, 1-38 and 4:18 Mev. 
The first two O values have been measured by Donahue et al. (1953), who give 
1-594+0-002mev and 0-228+0-003 Mev. The apparent single level in “Mg 
at 4:18 mev, corresponding to the third group, is presumably an unresolved 
doublet. This doublet is well known (cf. Endt and Kluyver 1954) and has been 
observed in the 2’Al(p, «) reaction by Reilley et al. (1952), who found Q values 
corresponding to levels of “Mg at 4-11 and 4-21 Mev. 

In the present experiments the differential cross sections were estimated 
using the proton elastic differential cross section which was known from other 
experiments. The values obtained were 0-16 barns/steradian (1-61 Mey), 
0-61 barns/steradian (0-23 Mev) and 0-15 barns/steradian (—2-57Mey). ‘The 
errors in these are estimated as + 20%. 
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inevitable electron scattering in the source material can cause serious errors. 

The possible falsifications of the angle of emission may be estimated from 
a nomogram given by Walter, Huber and Ziinti (1950) and are found to be quite 
appreciable at energies of less than a few hundred kev. Calculation of suitable 
corrections seems impossible because in the usual plane, inhomogeneous sources 
the individual observed electrons have traversed different layers of matter, and 
have begun their paths at different angles with respect to the plane of the source. 
As regards detection of scattered electrons by the movable counter (e.g. in e-e or 
B-e correlations) the situation is still more complicated, the observations taking 
place at several angles with respect to the plane of the source. 

By a simple extension of an argument which is due to Frankel (1951) one can, 
however, derive a safe upper limit to the expected scattering effects, and devise 
a counting method which eliminates their insidious angular dependence. 


I correlation experiments with soft conversion electrons or f-particles the 
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Consider a simple model case: a perfectly centred point source, surrounded by 
a massive spherical scatterer. ‘The spherical symmetry of this problem permits 
a straightforward treatment. Assuming first that only one of the two radiations 
is a soft electron, the number of genuine coincidences observed by two infinitely 
small counters is proportional to 


W*(«)dQ4dQs = dQ, | il W(ed225\0) | AQ WER (1) 


where @ is the angle between the counters, W(#)=Sa,P,(cos@) the original 
correlation function, and S(c) the multiple scattering function. S(c)dQ, gives 
the probability that an electron is scattered from a given direction through the 
angle o into the element of solid angle dQ,. The integration extends over the 
whole sphere. 

We develop the scattering function into Legendre polynomials: 

So) = > 2m+1)G,Pp 
with Gy=1; note that Sis normalized to unity over the unit sphere. If, as usual, 
S(c) decreases monotonically with a, the coefficients Gj, Gp,...are smaller than 
one but positive. For isotropic scattering G;,=G,=...=0. In the limiting 
case of no scattering S behaves like a Dirac delta so that all G,,=1. After 


m 


insertion of (2) in (1) the integration can be performed and yields (Frankel 1951) 
WW ()en> a GeP(cosa).0 gyeee ee tere (3) 


If the other radiation is a soft electron too, the reduction process repeats itself 
and we obtain 


(COSC) Mate eater (2) 


WF*(ay=5 4,G,'G,PP(cosw), 2 aos (4) 


the primes referring to the two scattering functions. The finite size of the 
detectors can now be taken into account in the usual way. 

The conditions of an actual experiment can often be approximated, to some 
degree, in terms of this idealized example. Thus, if the fixed counter detects 
scattered electrons from a source the plane of which is normal to the centre-to- 
counter vector, the set-up can be represented by a point source behind a plane 
parallel scattering foil, and the requisite G,,, can be taken from the explicit scattering 
function for normal electron incidence on that foil. Obviously this comparison 
will be the more accurate the feebler the scattering and the smaller the counter. 
The thickness of the fictitious scattering foil will have to be chosen according 
to circumstances; taking it equal to the actual thickness of the source one will 
in general obtain safe lower limits to the G,,. 

Application of the spherical model to the case of electron detection by the 
movable counter requires approximate spherical symmetry of the source. One 
could, for instance, stick twelve plane sources on to the faces of a little regular 
dodecahedron. This arrangement still has the fault that some of the sources 
are always nearly parallel to the plane of revolution of the movable counter, and 
thus give rise to scattering effects which are hard to assess. But one can also 
replace the spherical scatterer of the model, without significant change of the 
G,, in (3) and (4), by a short cylinder, and accordingly arrange the twelve sources 
with cylindrical symmetry about the axis of revolution. It is readily seen that 
they need not all be there together: one may count on one source at a time, and 
finally add up all counts taken at one detector position. If one avoids, for each 
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source, to count at those angles at which the detector sees the source almost 
edgeways, the G,, can again be taken, faute de mieux, from the scattering function 
for electrons incident normally on a plane foil. Choosing the foil about 1-5 times 
as thick as the actual sources will yield fair lower limits of the G,,” for approxi- 
mately homogeneous sources. Note that this same thickness has to be used to 
obtain the G,,’ for the electrons counted in the fixed detector. Note also that 
the sources had better be placed into the axis of revolution (successively, like the 
compartment walls in a capsule of poppy) in order to avoid large decentring 
errors (cf. Breitenberger 1954b). 

Appropriate scattering functions have been given by several authors (see 
Spencer 1953). The older formulae of Goudsmith and Saunderson (1940), 
though not very accurate (Moliére 1948, cf. Yang 1951), are well suited for the 
present purpose. They give the coefficients of (2) in the form G,,= exp(—S,¢), 
where ¢ is the foil thickness incm. Numerical values of the S,, (in Born approxi- 
mation for a Wentzel potential Ze? exp (—7/a)/r) are given below for (a) beryllium, 
(b) carbon of density 0-8 (e.g. formvar) and (c) aluminium, the three most important 
source backing materials of low Z. 


E (kev) 20 30 50 100 200 500 
(a) n=2 1005 477 191 BoE? 19-2 4°50 
4 1320 706 B21 110 SEZ 10-0 
(d) n=2 701 S37) 135 42-9 13-8 Syeehy, 
4 824 467 212 URS Lp 7-40 
(c) n=2 4350 2120 860 276 90:3 Panos 
4 3780 2410 1210 460 169 Adel 


For intermediate energies one can use linear interpolation on (S,,)"4. 

The following numerical examples refer to e—e correlation experiments which 
it is hoped to publish shortly (cf. Breitenberger 1954a). (1) Electron energies 23 
and 35 kev, activity deposited carrier-free on beryllium films of about 30004; 
taking t=4500A one finds G,'G,”=0-945. (2) Energies 51 and 82kev, activity 
embedded carrier-free in aluminium films of about 2200A; taking t=3500A 
gives G,’G,” =0-955 and G,'G," =0-935. 
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PETLERS 1 O THE EDITOR 


Nuclear Shell Structure 


In a recent review article (Pryce 1954) I gave an erroneous account of some 
early work on nuclear shell structure. I quoted the numbers 2, 8, 18, 32, 50 and 
126, not all of which are nowadays regarded as ‘magic numbers’, as having been 
proposed by Guggenheimer (1934) to correspond to shell closures. In fact 
this list is due to Elsasser (1934), where it appears in his Table 1. Elsasser 
also shows a plot of stable nuclei ((N, Z) plot), taken from Guggenheimer, on 
which he superposes arrows to indicate these numbers. I was misled by the 
arrows, appearing as they do on a diagram ascribed to Guggenheimer, into 
supposing that the numbers were also due to him. 

The list, as I quoted it, is incomplete, and should also contain 82. _Elsasser, 
in a note added in proof, suggests that 116 (as well as 126) is a shell closure. 

Guggenheimer, in his papers, presents evidence which can be interpreted 
as shell closures at 50, 82 and 126. 

I am grateful to Dr. Guggenheimer for drawing my attention to my error, 
and I sincerely regret having misrepresented his pioneer work. 

H. H. Wills Physical Laboratory, ME Lae PRYCE 

Bristol. 
14th October 1954. 


Etsasser, W., 1934, 7. Phys. Radium, 5, 389. 
GUGGENHEIMER, K. M., 1934, ¥. Phys. Radium, 5, 253, 475. 
Pryce, M. H. L., 1954, Rep. Progr. Phys., 17, 1 (London: Physical Society). 


The Elastic Scattering of 125 MeV Electrons by Beryllium 


Recently, the differential scattering curve for the elastic scattering of 125 Mev 
electrons by beryllium has been experimentally obtained (Hofstadter, Fechter and 
McIntyre 1953). Several one parameter functions for the nuclear charge density 
distribution have been employed (Schiff 1953) to correlate these experimental data. 
The theoretical calculations are properly based on the first Born approximation. 
The parameters of the proposed functions have been obtained by comparing the 
theoretical and the experimental diffraction patterns. However, it has been 
found that only a pure gaussian function and a modified exponential function 
provide reasonable values for the nuclear electrostatic energy. 

Now, we have proposed (Gatha, Shah and Patel 1954) the following 
characteristic nuclear density distribution for light elements to account for the 
nuclear scattering of high energy nucleons : 


3 
p(r')= 2,%qexp (— Bar") ie (1) 
where 7’ =r A-1 while * 
BeUece -o LUP ema4 Bb, =28:94x 10** cm 2 
== 0-19 108? em: Co 3°53 410% cm* 
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It has also been shown that this density distribution naturally turns out to be 
consistent with the requirement of the nuclear electrostatic energy. ‘Therefore, it 
would be of some interest to determine whether it can naturally correlate the 
experimental data on the nuclear scattering of 125 Mev electrons by beryllium. 

It has been shown by one of us (Mathur and Gatha 1953) that for a non-singular 
electrostatic potential, the scattering amplitude in the first Born approximation is 

iven b a EZe? (® ! 

Ha Oe a | pcr)sin (sr) rdr sane (2) 
where, s=2k sin 40 while the other symbols have the usual meanings. For the 


above density distribution one obtains 
2773/2 EA? Ze" 3 


FO)= — ya — 2, GIB eH (— AB) I (3) 
where s’=sA1/?, One also has 
o(0)=(L—pesin* Zo) fC) 2 ot ae ee eee (4) 


where B=v/c. 

We have used the above expressions and calculated the theoretical diffraction 
pattern for the nuclear scattering of 125 Mev electrons by beryllium. ‘This 
diffraction pattern is shown in the figure, together with the experimental patterns 
with and without the empirical corrections. It can be seen that there is a reason- 
able agreement between the theoretical and experimental patterns. The slight 
deviations at large angles may perhaps be due to the inelastic scattering and other 
competing processes (Rose 1948). 


10° 


Number of Counts 


3 
30-«40—~=«‘OSC«SSCSSC«SSC«CSSC 
6 (deg) 

The diffraction pattern for the nuclear scattering of 125 Mev electrons by Be : (1) The full 
curve represents the theoretical pattern normalized at 35°. (2) The points with 
errors represent the uncorrected experimental data. (3) The circles represent the 
empirically corrected data. 

‘hus we conclude that the proposed nuclear density distribution is approxi- 
mately consistent with the requirement of the nuclear scattering of high energy 
electrons. 


M.G. Science Institute, 


Navarangpura, K. M. Gatua. 
Ahmedabad, 9, IN. J Pare 
India. PS EP. PAVer 


8th August 1954, 


SE A ye on EE EE Te 


Letters to the Editor 1113 


Gatua, K. M., Suan, G. Z., and Pate, N. J., 1954, Proc. Phys. Soc. A, 67, 773. 
Horstapter, R., Fecuter, H. R., and McIntyre, J. A., 1953, Phys. Rev. 92, 978, 
Maruvr, A. L., and Gatua, K. M., 1953, Proc. Phys. Soc. A, 66, 773. 

Ross, M. E., 1948, Phys. Rev., 73, 279. 

Scuirr, L. I., 1953, Phys. Rev., 92, 988. 


The Absolute Standardization of the 2°615 Mev y-rays of ThC’ and the 
Cross Section for the Photo Disintegration of the Deuteron at 
this Energy 


MILLIGRAMME RADIUM EQUIVALENT OF THB AND OF THC’ 


Whilst intercomparing our radium standard (N.P.L. certificate C.2521) 
against the Paris substandard (Institut du Radium) we discovered that an error 
had been made in the interpretation of the intensity of our standard (Marin, 
Bishop and Halban 1953). ‘The N.P.L. certificate quoted the radium content 
in milligrammes, and not the effective value of the source on their ionization 
chamber as we believed. ‘Therefore, the effective value of the standard on 
our Curie chamber is not 1-01 x 1-062/1-050=1-:021 mc as we stated, but 
1-01/1-05 =0-961 mc. ‘This value agrees with the one found 0-960 + 0-003 mc, 
from the intercomparison with the Paris substandard. 

The mg radium equivalent of ThB is now 1:15 +0-01 mc instead of the value 
1-083 + 0-016 mc, quoted before. ‘The error is smaller, because we have reduced 
the uncertainty of 1°, due to the accuracy of the N.P.L. calibration, to 0:3%. 
The value of the mg radium equivalent of ThC” becomes 0-407 + 0-007 mc, 
instead of the previous value 0-384 + 0-009 mc. 

Substituting this value in the measurements of the cross section for photo- 
disintegration of the deuteron we find o=(13-0 + 0-29) x 10°78 cm?. 


We would like to express our thanks to Madame I. Joliot Curie and Monsieur 
J. Lecoin (Institut du Radium, Paris) for making a calibrated radon source 


available to us. 


Clarendon Laboratory, P. Marin. 
Parks Road, G. R. BrsHop. 
Oxford. H. Hasan. 


14th August 1954. 


Marin, P., BisHop, G, R., and HaLBan, H., Proc. Phys. Soc. A., 1953, 66, 608. 
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REVIEWS OF BOOKS 


Relativity : The Special and the General Theory, by ALBERT EINSTEIN. ‘T'rans- 
lated by Ropert W. Lawson. 15th Edition, revised and enlarged. 
Pp. x+165. (London: Methuen.) 12s. 6d. 


This is the book that, in its earlier editions, gave many of us our first 
acquaintance with relativity theory. Probably there is still no better intro- 
duction. The publishers and Mr. R. W. Lawson, the original translator, are 
doing good service in keeping it available. 

The main text and the three original appendices are reprinted without 
change. This is as it should be; for new readers will want the satisfaction of 
having a great little book in the form in which its reputation was established. 
But in any case the book stands in need of practically no revision. ‘This is not 
to say that Einstein’s theory of relativity is all that can ever be desired. But 
the book is concerned in the first place with a simplified presentation of 
considerations that any satisfactory theory must take into account. For the 
rest, it is Einstein’s theory to which it is an introduction and not some as yet 
unformulated superseding theory. 

The present edition contains also a brief appendix on the expanding universe, 
which has appeared in other recent editions, together with a longer new appendix 
now appearing for the first time. ‘This is on “‘ Relativity and the problem of 
space’’ and (in the prefatory note to this edition) Einstein describes it as 
‘““a presentation of my views on the problem of space in general and on the 
gradual modifications of our ideas on space resulting from the influence of the 
relativistic viewpoint.” While I think that the view which it expresses is what 
has become the orthodox interpretation of relativity theory, actual statements 
of the view are quite hard to find. ‘The present careful formulation is therefore 
very welcome. Particular attention may be called to the explanation (on p. 155) 
of the difference between the interpretation of the case of ‘ flat’ space-time 
in general relativity and in special relativity. Practically the same explanation 
was given by Eddington (Mathematical Theory of Relativity (1924), p. 16; 
Space Time and Gravitation (1923), ch. X). This concerns one of the main 
aspects of the theory involved in the question as to whether it deals adequately 
with the problem of znertia. Opinions differ as to its adequacy in this respect. 
But, although Einstein does not discuss the question here, the interpretation 
he gives contains the answer to the cruder forms in which criticism of the 
theory has sometimes been framed. 

In reviewing a book by Einstein at the present time one might be expected 
to say something on recent debates about the extent to which he was anticipated 
by other writers. But a work of elementary exposition is not a suitable starting- 
point for discussing this. Besides, the debates have not been about Einstein’s 
own claims but about the historical accuracy of others in ascribing particular 
discoveries to him. It may, indeed, be remarked that in the present book 
Einstein himself makes more explicit reference to the contributions of others 
than seems to be common practice in purely expository writing. 

Without, therefore, entering upon any detailed analysis, it may however be 
appropriate here to make one general comment, Parts of relativity theory were 
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discovered by others before Einstein and a good deal of the mathematical 
formulation of the theory may also be ascribed to others. Nevertheless, there 
seems to be little doubt that it was Einstein’s own work that gave the theory its 
fundamental and comprehensive physical significance. I think that the view of 
Einstein’s work as being pre-eminent in its effect upon physical thought is still the 
correct view. 

The present is the fifteenth edition of a book that can be expected to see a 
number of further editions. It is to be hoped that in future editions the dates 
of the text, the appendices, and the translator’s footnotes will be inserted. 

W. H. McCREA. 


Nuclear Physics, by W. HEISENBERG. | Pp. ix+225 (London: Methuen, 1953), 
Translated from the German by Frank Gaynor and Amethe von Zeppelin 
with the assistance of W. Wilson, F.R.S. 12s. 6d. 


I suppose most nuclear physicists have at one time or another been faced 
with the task of presenting their subject to an audience of ‘ intelligent laymen’ 
and therefore know how difficult it can be to describe the concepts and experi- 
mental bases of modern nuclear physics in a form that is intelligible, and yet does 
not vulgarize or distort the subject. ‘This little book, based originally on a series 
of lectures given under the auspices of the Association of German Electrical 
Engineers, is a real masterpiece in the art of presentation. ‘The subject matter is 
well selected and written in a form that sustains the interest throughout. 

The book commences with a summary of the development of the atomic 
theory from earliest times and leads on through an account of the early history of 
radioactivity to our present conception of the nucleus and its constituents. A 
chapter on the normal states of atomic nuclei is followed by a masterly account of 
nuclear forces in which difficult concepts such as those of exchange forces and the 
meson theory of nuclear forces are introduced in an elementary but clear manner. 
After a chapter on nuclear reactions there is a description of the tools of nuclear 
physics including an account of the construction of accelerators and of methods 
of detection and measurement of high energy particles. A final chapter deals with 
applications of nuclear physics in the production of atomic energy and in the use 
of isotopes in industry, medicine and research and this is followed by an appendix 
consisting of a reprint of an article in Nature on atomic energy research in 
Germany during the war. A useful series of tables of nuclear data concludes the 
book. 

The production maintains a high technical standard throughout and altogether 
it is one of the best elementary expositions of modern nuclear physics that has 
yet appeared. E. H. S. BURHOP. 


Progress in Metal Physics 5, edited by B. CHaL-mers and R. Kinc. Pp. vii + 324. 
(London: Pergamon Press, 1954.) 60s. 


The new volume in the Progress in Metal Physics series contains articles on 
Fracture (N. J. Petch), the Plastic Deformation of Single Crystals (R. Maddin 
and N. K. Chen), the Structure of Liquid Metals (B. R. 'T’. Frost), Precipitation 
(H. K. Hardy and T. J. Heal) and Solidification (Ursula M. Martius). Such 
articles as these, compiled from material drawn from a great mass of published 
work, are difficult to put together and require much laborious organization, 


1116 Reviews of Books 


A tribute should be paid to those who take on such tasks, for metal physics would 
be all the poorer to-day without the results of their work as embodied in the five 
volumes of this series. 

The articles in the present volume are fairly formidable even by previous 
standards. The report on precipitation runs to 137 pages with 350 references. 
Its value to many will be great indeed, but it hardly constitutes the kind of 
review the Editors have in mind in their Foreword. Can someone who is not 
active in the field read this review through and obtain a fair appraisal of the 
present situation? It is a complex account of theory, technique and experiment 
with some of the characteristics of a catalogue, and whilst it is to be admired for 
its comprehensiveness, the subject is surely altogether too large for a progress 
article. In other words, it becomes simply a very good reference source. Now 
an article in such a book as this should, in the first place, be readable. It should be 
illuminated by a point of view, and it should be most rigorously pruned of material 
not directly relevant to the exposition: ample references will take care of the 
rest. One does not want a sequence of abstracted summaries, but cohesion 
and even conjecture; in fact, one wants to be aware of the progress and aware 
of the direction in which this progress is heading, the whole being held together 
by some central framework. Certain articles have achieved this in the past, 
and they have all been both readable and worthy works of reference: Cottrell 
on Dislocations (Vols. 1 and 4), Nowick on Internal Friction (Vol. 4), and the Poly- 
gonization articles (Vol. 2) come to mind, and there are others. 

In the present volume, the fracture article fills a vacancy in this progress 
series. It is neatly compiled and very welcome. ‘The consideration of the 
geometry of crystal deformation is usefully confined to crystallographic effects 
and particularly treats probiems which have only recently been taken up as 
important—-the heterogeneity of the glide process and composite slip for 
instance. ‘The article gains by this limitation of viewpoint, as, in a way, does 
the article on solidification, which is severely confined to a consideration of 
some of the variables determining the mode of solidification. It does seem, 
however, to be quite inconclusive, and surely the whole question of nucleation 
and growth has received by now a disproportionate representation in this series, 
with the rate-process review (Vol. 2), the recrystallization and grain growth 
review (Vol. 3), and the nucleation review (Vol. 4), while other important 
subjects, such as fatigue, find no place among any of the thirty-four articles 
published so far. ‘The liquid metals review introduces a new subject to the 
series, and reveals the inadequacy (indeed the naivety) of the theoretical 
approaches to date. It would be interesting to see what a theoretical physicist, 
working on the subject, could have produced as a progress article of this 
nature. Fortunately, the emphasis is here on the experimental results, and as 
(for some reason) the subject rarely achieves a comprehensive review, the 
present article is all the more useful on that account. 

‘To sum up; a valuable volume, more prosaic than its predecessors in its 
general style, but a worthy addition to the reference value of this series. 


A. J. KENNEDY. 
BOOK NOTICE 


Nuclear Reactors for Industry and Universities, edited by E. H. WakerieLp, 
Pp.ix+95. (Pittsburgh: Instruments Publishing Co., 1954.) 
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OBITUARY NOTICES 


HERBERT STANLEY ALLEN 


Herbert Stanley Allen, the fifth son of Rev. Richard Allen, a Methodist 
minister, was born at Bodmin, Cornwall on 29th December 1873. During his 
early education at Kingswood School, Bath, he already showed great promise 
of a distinguished career. He was a Senior Prefect of the School and gained 
the distinction of taking the first place for all England in the London Matricu- 
lation Examination and in the Senior Cambridge Local Examination. 

At Trinity College, Cambridge, which he entered in 1893, he was awarded 
a First Class in the second part of the Natural Sciences Tripos. He then went 
to Aberystwyth where he spent a short time in a temporary post as assistant 
lecturer before returning to Cambridge as a research worker under Professor 
J.J. Thomson. In 1900 he went to Renfrew to take charge of Lord Blythswood’s 
Physical Laboratory. In 1905 he was appointed to the staff of the Physics 
Department in King’s College, London, where in 1909 he was awarded the 
degree of D.Sc. for his work on the photoelectric effect. 

In 1907 he married Miss Jessie Macturk whom he had met in Renfrew. 
They settled in New Malden, Surrey, where both their children were born 
and where they stayed until he was appointed lecturer in Professor Barkla’s 
Department in Edinburgh University in 1920. There he became a Reader. 
After spending three years in Edinburgh he was appointed to the Chair of 
Natural Philosophy in The United College of St. Salvator and St. Leonard in 
the University of St. Andrews. 

H. Stanley Allen was, for nearly fifty years, a member of the Physical Society. 
He took an active interest in the Society and between 1916 and 1921 he was 
a Member of Council and Honorary Papers Secretary. ‘The Society received 
with deep regret the news of his death on 27th April 1954. 

He was elected to the Fellowship of the Royal Society of Edinburgh when 
he took up his post in that city. He was awarded the Makdougall-Brisbane 
Medal and served on the Council. Election to the Fellowship of the Royal 
Society followed in 1930. This honour he shared with his brother Edgar Johnston 
Allen who was for many years director of the Marine Biological Laboratory at 
Plymouth. When, in 1944, he retired from the Chair of Natural Philosophy, the 
University of St. Andrews elected him Professor Emeritus and conferred on 
him the honorary degree of LL.D., fitting tributes to his devoted service 
to the University and to the cause of science. 

His enthusiasm for research led him into many branches of physics among 
which may be mentioned photoelectricity, the Zeeman effect, spectroscopy, 
x-rays and radioactivity. In St. Andrews he was chiefly interested in the 
quantum theory and its applications to spectroscopy, especially to the band 
spectrum of hydrogen. Apart from publishing many research papers he was 
the author or joint author of a number of books. The first of these, published 
in 1913, was his Photoelectricity, based largely on lectures delivered in London 
and including an account of his own work on photoelectric fatigue. 

The representation of physical phenomena merely in terms of a mathematical 
expression was, to Professor Allen, unsatisfying, and in his writing he always 
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tried to adopt the middle course between a purely mathematical treatment on 
the one hand and a purely descriptive treatment on the other. Whenever 
possible he tried to picture a physical model in terms of which the nature of 
the processes involved might be envisaged. ‘This “ middle course ’ he mentions 
in the preface to The Quantum and its Interpretation (1928), a book which did 
not profess to be a treatise on the quantum but rather to be “‘ an attempt to 
deal with the baffling problem of the nature of the quantum”. ‘This book 
was in the press just when the results of the earliest experiments on electron 
diffraction were being published. At that time much thought was directed to 
the dilemma of particles versus waves, a subject in which Allen was intensely 
interested and one which forms the theme of Electrons and Waves which appeared 
in 1932. In this book which is in a more descriptive vein he expressed his faith 
in an ultimate explanation of this dilemma. “Truth”, he says, “is great, 
and will prevail’. 

Allen and Moore’s Text Book of Practical Physics, first published in 1916, 
earned a well-merited popularity and by 1948, when the third edition appeared, 
it had passed through frequent reprinting. In A Text Book of Heat (1939), 
written in collaboration with his nephew, R. 5S. Maxwell, he adopted the 
historical method of presentation which is not so common as it deserves to be 
in scientific text books today. He had a gift for lucid exposition which was 
no less apparent in his lectures than in his writing; he spared no effort to make 
his meaning clear and, above all, to be accurate. 

In his youth he was fond of cycling and walking; he and Mrs. Allen spent 
many happy holidays on the Continent. In later years he enjoyed motoring 
with his family in the Highlands of Scotland although he himself never mastered 
the art of driving. Professor Allen was naturally shy and retiring. He was 
always ready to help others with encouragement and advice; his personal 
qualities and the inspiration of his teaching won for him the respect and affection 
of his students and of his more immediate associates. It was only those 
who knew him most intimately who could appreciate the kindness which lay 
behind his quiet dignity of manner. 

There are many who mourn the death of one who so unsparingly devoted 
himself to his life’s work. Professor Allen died in the Black Isle, Ross-shire, 
at the home of his daughter Mrs. G, S, M, Walker with whom he spent the 
last year of his retirement. 


D. JACK, 


ALFRED BLACKIE - 


Alfred Blackie was born in 1882 at Crowborough, Sussex. He was educated 
at ‘Tonbridge School, and Peterhouse, Cambridge. He obtained a First Class 
Honours Natural Sciences 'Tripos in 1903, and was awarded the Wiltshire prize 
for Mineralogy and Geology. Subsequently in 1905 he took the Mechanical 
Sciences ‘Tripos. 

His first post was on the teaching staff of the Royal Naval College, Dartmouth, 
an association which he very much treasured. In 1907 he joined the Physics 
Division of the National Physical Laboratory. His special knowledge of 
crystallography was of value in an investigation into the spontaneous changes 
of crystalline form that silica undergoes on prolonged heating at high temperature, 
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While at the N.P.L. he also devised a means, subsequently used in the Indian 
survey, of determining the corrections for the variation with height of the 
refractive index of the atmosphere. 

As a territorial officer in the Artists Rifles he was mobilized on the outbreak 
of war, and from 1914 to 1919 served with the Royal Engineers on Coast Defence 
in Southern Ireland and on the Channel coast, with the rank of Captain. 

On demobilization in 1919 he joined the newly founded Fuel Research 
Station of D.S.I.R. at Greenwich under its first Director—Sir George Beilby. 
In charge of the Physics Department he was responsible for developing a number 
of ingenious instruments, and methods of measurement of radiation and 
temperature, which proved of great value in the work of the Station. In research 
work on domestic heating he undertook fundamental work on the relationship 
of the optical density of smoke and its mass concentration, and on methods of 
reducing smoke. His advice was sought during World War II on smoke 
production for camouflage purposes. Before his retirement in 1947 he was 
responsible for designing a unique calorimeter building at the Fuel Research 
Station, containing 4 rooms, 12 ft. by 12 ft. by 9 ft., each a calorimeter equipped 
to measure completely and accurately the heat emission of a domestic heating 
appliance. 

His work was marked by a care and accuracy which is the hall mark of the 
true physicist. His wide knowledge in the field of natural science was a help 
to all his colleagues. He was a Life Fellow of the Physical Society, and a 
Founder Fellow and Life Member of the Institute of Physics. 

His interests were wide. He enjoyed foreign travel; he had a great love 
of nature, and specialized in Lepidoptera. He was a charming companion and 
friend, always willing to help those in need. Although not robust in health, 
he insisted on joining the Home Guard, and served as a Captain in the 23rd 


County of London Battalion. He died after a short illness in his 72nd year. 
AS Cami. 


ALBERT CAMPBELL 


Albert Campbell, one of the oldest Fellows of the Physical Society, a 
Vice-President from 1910 to 1912, for many years a frequent contributor to 
the Proceedings, and the Duddell Medallist for 1925, died at Cambridge on 
6th February at the age of ninety-one. He will probably be best remembered 
for his pioneer work on electrical measurements at the National Physical 
Laboratory, in particular his primary standard of mutual inductance and his 
alternating current bridges, but those who met him will long retain lively 
recollections of a highly original personality with qualities that aroused the 
warmest feelings on all sides. 

He was born at Ballynagard House near Londonderry, the third son of 
Thomas Callender Campbell, J.P., who seems to have been a man of some 
enterprise with varied interests that must have done much to stimulate in his 
son the taste for practical scientific work. At Ballynagard he ran a mill for 
scutching the flax grown in the neighbourhood, grew gooseberries in quantity 
to supply a Glasgow jam-maker, and later, by way of producing a fertilizer as 
a substitute for imported Peruvian guano, set up the necessary plant, including 
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a mill for grinding bones, and a complete installation for synthesizing sulphuric 
acid by the lead chamber process. The “ manure works”, wrote Albert, 
“ served the country for many years’, but the family had the option of giving 
up the lease of the house and land every seven years, and “in 1898 we used 
this option, dismantling the manure works and taking down the tall chimney. 
We got a site nearer town, where we built the house Ballynatrua partly with 
material salvaged from the manure works”’. Albert’s interests were to run on 
different lines, but it is possible to discern something of the same pattern in them. 

When he left the N.P.L. in 1918 he went back to Ballynatrua, and it was 
there that he made his last and best absolute determination of the ohm, and 
from there he published it in what must be one of the shortest papers ever 
printed in the Proceedings of the Royal Society. In a private letter (Nov. 28, 
1924) he gave a few more details. “The result came out 1-0005,, but the 
probable error is at least +0-0001, for my time measurements are inadequate. 
I used a 100 c/s fork which I had tested before leaving ‘'eddington, but 
I checked it with a phonic wheel and a 100-year-old 8-day clock which belonged 
to my great-grandmother.” 

But to return to his beginnings: he received his early education at Derry 
Academy, Queen’s College, Belfast, and Edinburgh University. ‘The link with 
Edinburgh no doubt came from his mother’s family, who were Callenders of 
Leith. His first paper was a note on the Peltier effect, presented to the Royal 
Society of Edinburgh in 1882, presumably while he was still a student under 
Professor Tait at Edinburgh University. In the following year he proceeded 
to Cambridge; he was admitted at Corpus Christi College in October 1883, 
became a Foundation Scholar in 1884, headed the Senior Optimes in Part I 
of the Mathematical Tripos, 1886, and got a Second in the Natural Sciences 
Tripos, 1887. His energy at this time had clearly not been all devoted to work 
for the Tripos, for his second paper on the Peltier effect was published in July 
1887, and he mentions that the experiments were carried out in Professor Tait’s 
laboratory and later continued in his own laboratory at Ballynagard. However, 
he had not yet discovered the line of work that he was to make his own. He 
became a science master at various schools, took a short course in electrical 
engineering at the Central Technical College, South Kensington, and then in 
1893, at the instigation of Alexander Russell, he joined the staff of Faraday House. 
Here he found himself in his element; he took part in the teaching work and 
supervised the testing and thus acquired an insight into the scientific problems 
of the rapidly growing electrical industry. Original work on instruments and 
measurements and on the electrical and magnetic properties of materials 
immediately followed, and by the time he left Faraday House he had published 
about a dozen papers, no less than five being read before the Physical Society 
between 1896 and 1901. However, his best-known work was to follow. 

In 1901 Glazebrook entrusted him with the task of building up in the 
newly-founded National Physical Laboratory a section for the measurement 
of the basic quantities encountered in alternating-current practice—inductance, 
capacitance, frequency, etc. He started from zero and during the next eighteen 
years gradually developed instruments and methods of measurement that were 
recognized as amongst the best of their kind in the world. The original 
Campbell primary standard of mutual inductance still forms the ultimate 
reference standard for the country, and the standards employed in several other 
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national laboratories are based upon it. ‘The Campbell inductometer or variable 
standard of mutual inductance was at one time a key-instrument, in almost 
every laboratory and test-room concerned with a.c. measurements, and his 
vibration galvanometer, his constant-inductance rheostat, and later his a.c. 
potentiometer became also very widely used. 

Most of his instruments were made with his own hands. He found great 
satisfaction in such work and even made his own galvanometers and resistance 
boxes, though he was not a skilled mechanic in the ordinary sense of the term. 
He brought fine craftsmanship to bear on the vital part of an instrument, but 
everything else would be of the most primitive construction, and to any user 
but their maker the auxiliary mechanical adjustments were often almost comically 
crude. 

This was all of a piece with his general character, which was one of extreme 
simplicity. Looking back, one associates most of his colleagues with brilliant 
careers; of Campbell no such thought is possible; one sees only a single-minded 
devotion to an ideal, not perhaps formulated explicitly, but unmistakably 
including simplicity as an essential element. It appeared not only in his 
instrument design but also in his gardening and music, which seemed to rank 
as the counterparts of his scientific work, his devotion to truth as he saw it in 
the one being matched by that to beauty in the others. He had very strong 
feelings about things that to him did not ring true, and he expressed them with 
force and wit. They might be anything from a part of an instrument showing 
a waste of labour or material, a pointless bit of administrative routine, or “‘ the 
hideous wobble of the professional singer’”’ (vibrato). A characteristic remark 
in gentler vein occurs in some memories of his childhood. Of his father, ‘‘ He 
was a constructive gardener, not like my Mother, who was mainly a destructive 
one. She loved tidying up”’. 

Such a personality could not fail to find much that was uncongenial in a 
large highly organized semi-industrial laboratory, and as the National Physical 
Laboratory continued to expand there came a point where Campbell felt that 
he would be better outside (though to the last his interest in the N.P.L. was 
always that of one who belonged to it). He was unmarried; his wants were 
simple and he estimated that he could manage to live without his salary, so he 
went back to Ireland and lived with his mother at Ballynatrua. He set up there 
his own laboratory and continued his work. His determination of the ohm there 
has already been mentioned. 

On his mother’s death in 1925 he decided to move to Cambridge. He 
packed up his laboratory and library (in 150 boxes !) and continued to work for 
about a year in lodgings while he had a house built to meet his own requirements. 
‘The ‘ base line’ was a 2-metre scale distance that, following his N.P.L. practice, 
he required in the principal room for his galvanometers. A treadle lathe stood 
on one side and on the other a doorway led into the greenhouse where he raised 
his seedlings. In this setting he steadily followed his chosen course to the end. 

It is not possible to give in a few words an adequate impression of his total 
achievement. Much of it was summarized in the articles he wrote in Ireland 
for Glazebrook’s Dictionary of Applied Physics, Vol. 2. He was urged to expand 
these into a book but heavy literary work did not greatly appeal to him and it 
was a relief to him when he found in Dr. E. C. Childs a man with whom he could 
collaborate. It is a satisfaction to note that the book was published in 1935. 
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His closing years were uneventful. He was no longer to be met at scientific 
meetings but occasionally appreciative fellow workers from as far afield as the 
United States and Japan would seek him out, an informal scientific honour 


that one felt to be peculiarly appropriate. 
L. HARTSHORN. 


FRANCIS CECIL CHALKLIN 


The tragic death of Frank Chalklin at the age of fifty-one came as a profound 
shock to his many friends. He was Professor of Physics at Canterbury University 
College, New Zealand, and had applied for the vacant chair of physics at University 
College, Hull. The authorities at Hull desired an interview and arranged for 
Chalklin to fly to England for this purpose. He duly embarked on the 
Quantas—B.O.A.C. Constellation air liner which crashed at Kallang airport on 
13th March, 1954, there being no survivors among the thirty-one passengers. 
He had left his home in high spirits and the end was mercifully sudden. 

Frank Chalklin was born on 15th November 1902, at Hadlow, near 
Tonbridge, of Kentish stock on both sides of the family, and his affection for 
his native county was very strong. He went to Judd School, ‘Tonbridge, which 
he left in 1919 with high distinctions. He then studied at King’s College, 
London, and after graduating in 1923 carried out research in the Wheatstone 
Laboratory, then under the guidance of Sir Owen Richardson. ‘The subject 
of his early investigations was the excitation levels of very soft x-rays, on which 
three papers by Richardson and Chalklin appeared in the Proceedings of the 
Royal Society. The experience which Chalklin obtained in these early days, 
both in experiment and theory, stood him in good stead during his whole 
research career, for very soft x-rays and allied subjects remained his great 
laboratory interest throughout his life. The method used in the King’s College 
experiments was a photoelectric one, but Chalklin subsequently turned to 
vacuum spectroscopy, with which he had outstanding success. For his work 
under Richardson he was awarded the Ph.D. in 1926. 

From 1927 to 1930 he was at the University of Sheffield as junior lecturer 
under Professor S. R. Milner, whence he came to London to take up the post 
of lecturer on the physics staff at University College. Here he speedily 
established his position both as a teacher and as an original worker. His 
unselfishness and integrity made him both loved and respected: nothing was 
too much trouble if he thought that duty demanded it. Quiet and unassuming, 
he had beneath the surface unshakable standards to which he remained true. 
He was thorough and dependable in everything that he did, with no tricks for 
seeking the popularity which he nevertheless obtained. At University College, 
in conjunction with his wife, an accomplished physicist, he developed his first 
vacuum spectrometer, making use of a narrow ruled grating at grazing incidence. 
With this apparatus outstanding results were obtained in the neighbourhood of 
50 A, a region then almost unexplored. He speedily became an acknowledged 
leader in this field, his discussion of his results showing a command of the 
theoretical aspect of his subject. In 1938 he published, with collaborators, in 
our Proceedings an account of a new vacuum spectrograph with a concave 
grating, designed for the spectral region 15 to 10004. His work with this 
instrument was brought to an end by the war, which saw the destruction of the 
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University College Physics Laboratory. During this period at University 
College he was awarded the London D.Sc. and made Reader in Physics of the 
University. 

The war years he spent at the University College of Wales, Aberystwyth, 
whither part of the physics department of University College had emigrated. 
Here he won golden opinions by his knowledge, tact and assiduity. The 
responsibility exercised a maturing influence. As soon as he returned to the 
desolation at London in 1944 he threw himself wholeheartedly into aiding with 
the work of restoration and speedily had his own research started again, as 
witness a considerable paper on intensity measurements in the very soft x-ray 
region which appeared in the Proceedings of the Royal Society in 1948. At this 
time Chalklin was already in New Zealand, having been appointed to his 
Canterbury chair in 1946. 

In New Zealand he set to work with his accustomed energy and with a full 
measure of success. He started research there by building, with his research 
students, the necessary apparatus, including the Geiger counter spectrograph 
for soft x-rays described in our Proceedings in 1951. He worked with system, 
laying the foundations surely for a solid school. In 1951 he was elected Fellow 
of the Royal Society of New Zealand and he had made himself greatly loved. 
The very full attendance at the memorial service held in the Cathedral at 
Christchurch bore witness to the respect in which he was held as a man and as 
a scientist. 

Frank Chalklin had a very happy home life. In 1928, while he was at 
Sheffield, he married Letitia (Letty) Pulley Davies, who, as already recorded, 
helped him as collaborator in some of his best work and in less learned ways 
no less. ‘There are three children, the eldest, a boy, now reading history at 
Oxford, and two girls, the youngest born in New Zealand. He was a very 
human character, much concerned with cricket, and himself a player of lawn 
tennis and badminton. Farming, too, was in his blood and in New Zealand 
the Chalklins had a small farm, run by a manager but the object of his expert 
interest. This notice can fitly conclude with some words which he himself 
wrote, just before his death, on his conception of a professor’s task. ‘They 
indicate well the man. ‘‘ The basic duty is, of course, to maintain a good 
standard of undergraduate teaching. And I also hold the orthodox view that 
the university is still the best place for performing fundamental pure research 
and indeed has the duty of conducting it. I conform also with the view that the 
teaching is likely to be uninspired in departments in which research is neglected. 
The professor would seem to have the duty of encouraging his staff in this 
direction and, in particular, of helping young staff members to get the habit 
of research early in their careers. ‘Their research record enables them to compete 
for posts in other universities as well as to secure promotion in their own. And 
movement between universities is stimulating to the individual and to the 
department. Finally, I believe that it is a duty to make the department a happy 
place for staff and students and that the senior and research students should be 
encouraged to look upon their department as their home.” 

E. N. DA C, ANDRADE,. 
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REGINALD STANLEY CLAY 
The death, on 10th April 1954, of Dr. R. S. Clay at the age of 85 years, 


removes a much respected figure from scientific circles in London. 

Reginald Stanley Clay was born at Portsmouth and was educated in the 
first instance at Tollington Park College. He took the degree of B.Sc. (London) 
in 1889, and afterwards went to St. John’s College, Cambridge, where he read 
Mathematics, becoming 21st Wrangler in 1892. ‘Two years’ experience as 
Physics Master at Mill Hill School was followed by his appointment in 1897 
as head of the Physics Department at Birkbeck College. He was awarded the 
degree of D.Sc.(London) in 1900, the title of his thesis being ‘On the 
application of Maxwell’s curves to three-colour work, with especial reference 
to the inks to be employed, and to the determination of suitable light filters’. 
However, he seemed to incline to the fields of teaching and administration, 
rather than to the exclusive pursuit of science, and in the same year he accepted 
the post of principal of Wandsworth Technical College. Only two years later 
he was appointed Principal of the Northern Polytechnic Institute. 

His position now allowed him the opportunity to wield a great influence 
in the development of the many sides of educational work in London, by no 
means exclusively concerned with science and technology. For example he 
was an active member of the National Council for Domestic Studies; he was 
Chairman of the Governors of the North London Collegiate School for Girls; 
and he became a member of various societies with cultural interests. From 
1907 to 1911 he acted as secretary of the Association of Technical Institutes. 
A lifetime of social service was the outward expression of his Christian faith. 
He was a member of a Congregational Church, and became a Mason in the 
Ophthalmos Lodge in 1929. 

His major scientific interest lay in the field of Optics, and his book on 
Practical Light, published in 1911, was widely used and valued. He joined 
the Optical Society in its early days, and took a large share in its elevation 
(during the 1914-18 war) from a minor status into that of a leading scientific 
Society. He served on its Council, and was President from 1927 to 1929. 
His Presidential Address dealt with the History of the Stereoscope. He was 
a keen participant in the discussions (sometimes rather heated) by which the 
members accomplished a good deal of their mutual education in optical matters. 
But Clay’s urbane manner and charming smile never failed him. His numerous 
duties left him little time for continuous research, and he published compara- 
tively little in this period beyond occasional brief descriptions of apparatus, 
but he was almost the ideal member and critic. Many were the occasions when 
some ingenious piece of equipment made by his own hands was brought to a 
meeting for exhibition. He was uniformly kind in his encouragement of 
younger workers, many of whom had cause to be grateful for his hospitality 
and constructive hints. 

He took much interest (as representing the Optical Society) in the formation 
of the Institute of Physics, being a Founder Fellow in 1918. He was elected 
to the Board in 1920, and served the Institute in various capacities during the 
remainder of his life, ie. as Examiner and as Chairman of the Advisory Board 


Obituary Notices 1125 


for the Journal of Scientific Instruments, to which he was a frequent contributor 
of short articles describing various tools and processes. He was also a member 
of the Council of the British Optical Association, and was its President in 1927; 
and he acted for many years as Examiner for this body. 

He became a member of the Physical Society in 1925, and later of the 
Optical Group, in which he took a great interest. He was welcome and 
honoured at all social events in connection with these bodies. 

His retirement from the Northern Polytechnic in 1931 gave him more 
leisure to pursue his favourite studies. Somewhat before this time, he had 
become acquainted with Thomas Henry Court, and had begun to collaborate 
with him in historical studies of optical instruments, especially the microscope. 
(He was already a member of the Royal Microscopical Society, of which he 
served as President in 1937.) ‘The most noteworthy product of this friendship 
was the History of the Microscope, written in collaboration with Court, and 
published in 1932. Clay himself had for some time been collecting old 
instruments, and in the end brought together a very representative set in which 
the period from a.p. 1670 to 1850 was represented by three hundred and twenty- 
eight microscopes. It is not surprising that the study of these, together with 
Court’s own magnificent collection, made the foundation for a most authoritative 
book. The Clay collection was acquired in 1943-44 for the Ashmolean Museum, 
Oxford. 

In 1936 he joined the Board of the United Kingdom Optical Company Ltd., 
at Mill Hill, and was associated with this firm in various ways till his death. 
During the war of 1939-45 he had much to do with the Admiralty Research 
Laboratory at Teddington, acting as liaison officer between this and various 
Service depots. 

One of his greatest pleasures in more recent years was his membership of 
the Royal Institution; he was a regular listener to the Friday evening discourses, 
and took the greatest interest in the demonstrations. His faculties seemed 
undimmed and his memory keen; his delight in science as great as ever. It 
was difficult to believe that he was approaching his 86th year. He suffered 
only a short illness. 

He married Theodora Tilley, who died in 1952. ‘They had a son and two 
daughters. 

The passing of a man such as this marks an epoch in the development of the 
Physical Sciences. At its beginning, the keen amateur could hold his own and 
take an important part; at its end, the Scientific Society largely reflects an 
aspect of professional duty. Is there any room for the non-specialist? It 
seems certain that, without the spirit of such people, Science might prove to 
be one of the biggest of human disappointments. 

L. C. MARTIN. 
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FRANK KENNETH GOWARD 


Frank Kenneth Goward, whose untimely death occurred on 10th March 
1954, occupied a post of Senior Principal Scientific Officer at the Atomic Energy 
Research Establishment, Harwell. Born on 30th August 1919, he received his 
early education at Queen Elizabeth’s Grammar School, Wakefield, and from there 
went up to St. John’s College, Cambridge, in 1938 on an open scholarship. 
After graduating in honours physics in 1940 he joined a group of physicists 
working on the radar chain stations in the early years of the war. With this 
experience behind him he joined the Telecommunications Research Establish- 
ment at Malvern towards the end of 1942. From then until the end of the war 
he was concerned with research and development of centimetre aerial systems 
and rapidly established a reputation as an authority in this field. 

When the war finished there was intense interest in this country and in the 
United States in methods of particle acceleration using radio-frequency fields. 
Frank Goward was quick to realize that experimental verification of the new 
principles of synchrotron acceleration could most readily be obtained by conver- 
sion of an existing betatron, and in collaboration with D. E. Barnes was the first 
to accelerate electrons by this method to an energy of 8 Mev. Higher energy 
synchrotrons soon came into operation in other laboratories and Goward played 
a leading part in the design of Britain’s largest electron accelerators at Glasgow 
and Oxford Universities, and in several 30 Mev machines built at the Atomic 
Energy Research Establishment. Using the latter machine Goward and his 
team made a number of notable contributions to fundamental nuclear research 
in their photodisintegration work using photographic plate techniques. 

In 1951, Goward was chosen to represent Great Britain at an international 
conference held under the auspices of Unesco to discuss the formation of an inter- 
national laboratory for Nuclear Research. Arising from this he was largely 
responsible for drawing together an international team of scientists to examine 
the problems of design of a 15 kmev proton synchrotron. The activities of the 
group entered a new and exciting phase in mid-1952 after Goward and the 
group leader Dr. Dahl brought back from America information of the new 
principle of alternating gradient focusing. In 1953 Goward was given leave of 
absence from Harwell and moved to Geneva with his family to take up his 
duties as deputy group director of the proton synchrotron team for C.E.R.N. 
(the Central European Laboratory for Nuclear Research). Not many months 
afterwards he became seriously ill and his wife brought him back to this country 
for specialist treatment. His colleagues will remember Frank Goward for his 
irrepressible sense of fun and good humour. 

W. WALKINSHAW. 


Se 
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FRANK LLOYD HOPWOOD 


The death on 2nd May 1954 at the age of 70 of Professor F. L. Hopwood, 
one of the oldest members of the Physical Society and for many years a member 
of its Council, is a great loss to medical physics of which he was a leading 
authority. 

Born in 1884 in Cheshire, Frank Lloyd Hopwood received his education at 
Hawarden Grammar School, the University College of North Wales, Bangor, 
and the Royal College of Science, and finally at the University College London, 
where he received his D.Sc. degree in 1919. He joined the staff of St. Bartholo- 
mew’s Hospital in 1906 and was teaching physics to the students at the Medical 
College there. In 1920 he became Physicist to the Hospital, and in 1924 was 
appointed to the Chair of Physics at the Medical College of St. Bartholomew’s 
Hospital, a post he held until his retirement in 1949, when the University of 
London conferred on him the title of Professor Emeritus. 

During the First World War Hopwood worked with Sir William Bragg on 
submarine detection problems. Ever since then he maintained an interest in 
ultrasonics, and he pursued research in this subject and published several 
papers even after his retirement; an interesting feature of this research being 
that it was carried out by means of a kitchen tap and sieve. He also maintained 
a close interest in nuclear physics and it was in his laboratory that the 
Szilard—-Chalmers process and the production of neutrons by x-rays in the 
photonuclear effect were discovered in 1934. But most of his interest lay in 
the fields of medical physics and radiology, in which he carried out a great deal 
of pioneering work. He played an important part in setting up the Strangeways 
Laboratory in Cambridge and in the installation of the million-volt x-ray 
machine at Barts, the first to be used for super-voltage therapy. In recent years 
he devoted a great deal of energy to the installation at Barts of the 15 Mev 
linear accelerator. 

Apart from the direct contributions he has made to radiotherapy, he has 
been very active in the organization and coordination of cancer research. He 
was a founder-member of the British Empire Cancer Campaign, and until 
his death he was a member of its Grand Council and its Honorary Secretary. 
He was a past President and Silvanus ‘Thompson Medallist of the British Institute 
of Radiology, Honorary Member of the Faculty of Radiologists, and for many 
years Secretary to the British Committee for Radiological Units. 

All these outside activities did not detract from his devotion to Barts, which 
he served with the utmost loyalty and where he was loved and admired by 
students and colleagues. During the Second World War, when the Pre-Clinical 
School was evacuated to Queens’ College, Cambridge, Hopwood was appointed 
Vice-Dean, a post he held until his retirement. He was mainly responsible for 
the excellent relationships that existed between the two Colleges during the 
seven years of evacuation, and in recognition of this the University of Cambridge 
conferred on him the Honorary Degree of M.A., and Queens’ College elected 
him an Honorary Member. 

A tribute to the memory of Professor Hopwood would not be complete 
without a reference to his remarkable personality. He was a big man both 
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physically and mentally. He had a great sense of humour and an inexhaustible 
store of anecdotes; he was a charming companion, tolerant, tactful and generous. 
He was always available to give advice, help and comfort, and there were many 
who leaned on his wisdom, experience and sympathy. He had a gift of infecting 
people with his own enthusiasm and vitality. Many of the leading authorities 
in medical physics are either his former pupils or people whom he introduced 
and inspired to enter into this new field. He managed to stimulate an interest 
in physics, and in science in general, in many thousands of medical students 
who passed through his hands. He will be greatly missed by his former students, 
his colleagues and his friends. J. ROTBLAT. 


JOHN EDWARD LENNARD-JONES 


In a brief obituary notice to a specialized journal it is impossible to do justice 
to all the aspects of the varied life and work of John Edward Lennard-Jones, 
mathematician, physicist, theoretical chemist, civil servant and administrator. 
Nor indeed can space be found there for a full record of his achievements and of 
the distinctions he received in recognition of his services. A fuller biography 
will doubtless appear elsewhere. 

Faced with the task of selection, I inevitably recall the years 1925 to 1932 
when we were close and intimate colleagues, a period also when in the prime 
of early manhood, Lennard-Jones was maturing from a state of marked 
promise as a researcher and teacher to that of high distinction and reputation. 

Coming to the University of Bristol from Manchester and Cambridge, where 
he had already attracted attention by his estimation of molecular fields from 
gaseous viscosity, from the equation of state and from crystal measurements, 
he here developed the pattern of so much of his subsequent work and career. 
The investigations he then carried out on the lattice properties of crystals and the 

rocesses of adsorption and diffusion on surfaces, in terms of interatomic forces, 
will find a permanent place in the literature. Moreover in this period he started 
to develop the molecular orbital technique for the study of diatomic molecules, 
which in its extension to more complex molecules has proved to be of so particular 
an interest to chemists. Indeed it is only three months ago that the eighteenth 
paper under the heading ‘ Molecular Orbital Theory of Chemical Valency’ 
was published from the Cambridge Laboratory where he held the Plummer 
Chair of Chemistry from 1932 until a year ago. 

In the light of its importance to-day, it is interesting to recall the status of 
the subject of theoretical physics in 1925 when Bristol initiated a readership in it 
and invited Lennard-Jones to fill the appointment. Departments of Applied 
Mathematics were, of course, well known: but Iam not aware of any permanent 
senior post at that time designed for a theorist working within the framework 
of a Physics Laboratory in a University of this country. Indeed, the very term 
‘ theoretical physicist ’ was not then in use in Britain. 

‘Two years after his arrival, the Henry Herbert Wills Physical Laboratory 
was completed, and a chair, the first in this subject in the country, was created for 
him. By then he had already begun to throw himself with all his drive and 
enthusiasm into the project of creating in a provincial centre a new school of 
theorists and experimenters, trained together, and working in daily contact and 
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close co-operation. When he left for Cambridge five years later, having helped 
in the meantime to secure substantial endowments for the Wills Laboratory from 
the Rockefeller Foundation and from Mr. Melville Wills, who endowed his chair, 
his pioneering work in its formative years had already borne fruit. Moreover, 
by his example, the conception behind the scheme was beginning to catch on in 
other centres. Indeed, when he himself was invited in 1932 to Cambridge as the 
first theorist to fill the Plummer Chair, he was again chosen to break fresh ground, 
though this time in a department of Chemistry. 

At Bristol also, | remember his early interest in administration, as a member 
of Senate and for two years as Dean of the Faculty of Science. He seemed even 
then to enjoy with others the task of framing policy ; and the work also gave 
opportunity for the exercise of his orderly mind in matters of detail and procedure. 

With the advent of war it was therefore not surprising to find him by 1942 
in high office as Chief Superintendent of the Armament Research Establishment, 
and later as Chief Scientific Officer and Director General of Scientific Defence 
Research in the Ministry of Supply. 

But the war over and in Cambridge again, re-established in an atmosphere of 
active research and academic influence, he might have been expected to have 
remained content in such pleasant and friendly surroundings. It therefore 
required courage and initiative on his part to be prepared to take up the challenge 
of a new task by accepting an invitation to become Principal of the University 
College of Staffordshire at this early stage in its life. How sad it is to record his 
death at the early age of 60, only a year after he and his wife had taken up their 
residence there. 

One final word: readers of the literature, seeking his papers prior to 1925, will 
find them under the heading J. E. Jones. On his marriage to Kathleen Mary 
Lennard, daughter of the late Alderman Lennard of Leicester, he changed his 
name by deed poll. ‘Thus arose the familiar abbreviation L-J, by which he was 
so often addressed or spoken of, to the end of his life, by an ever increasing circle 
of friends and fellow workers, 

A, M. TYNDALL. 


ROBERT STEWART WHIPPLE 


Robert Stewart Whipple, born on 1st August 1871 was the son of G. M. 
Whipple, the Superintendent of Kew Observatory, and so was brought up in 
an environment in which scientific instruments played an important part. 
After leaving King’s College School in 1888, he served as an Assistant in Kew 
Observatory under Dr. Charles Chree for eight years. 

For a short time he was Assistant Manager to Mr. L. P. Casella, and two 
years later joined Sir Horace Darwin as a personal assistant. Mr. Horace 
Darwin, as he was then, had founded the Cambridge Scientific Instrument 
Company eighteen years earlier, and it was in connection with this Company 
that R. S. Whipple was to spend the remainder of his life. He was made 
Joint Managing Director in 1909 and served in this capacity up to his retirement 
in 1935. From then until 1949 he was the Chairman of the Board of Directors. 

While his specialized early work was on the measurement of temperature, 
he was at all times interested in all types of scientific instruments, In a paper 
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on “ Thermometers and Pyrometers ” (1904) he says ‘“‘ one cannot help being 
struck with the interdependence of all branches of scientific work”. ‘This 
consciousness was to remain with him all his life. ‘The interest in thermometry 
was coupled with an early realization of the importance of temperature 
measurement in industry, and later his interest turned to the control of 
temperature in industry. Radiation pyrometry was little used in this country 
until Whipple introduced it, and his zeal caused him to press for its adoption 
in industry up and down the country. He secured the rights of manufacture 
in this country of the Féry pyrometer for the Cambridge Instrument Company. 
He invented the Whipple Temperature Indicator for use with electrical resistance 
thermometers, and it is still in considerable use. 

While he was a first-class physicist, much of his success was due to his 
practical outlook. For example, in a paper on “ Pyrometry as applied to the 
making of pottery’ (1913), in assessing the requirements for a successful 
pyrometer installation for pottery making, he put them in the order (i) simplicity, 
(ii) durability, and (iii) accuracy. In the same paper he said “. . . it is essential 
to assure the fireman that the purpose of the installation is to help him in his 
work ”’. 

This brings to mind his outstanding personal quality—a kindliness and 
gentleness of manner resulting from a sympathetic character. ‘There are many 
young scientists who have been encouraged by a kind word from R. S. Whipple. 

He served on many committees. He was President of the Optical Society, 
and was Treasurer of this Society for ten years, and a Vice-President for three 
years. He served for twenty-one years on the Board of the Institute of Physics, 
of which he was a Founder Member, and the Institute owes much to his 
generosity. He was one of the Founder Members of the Physical Society Club. 
He served the Royal Institution, as Visitor and Manager, and he was a Member 
of the Institution of Electrical Engineers, and served on its Council. He 
delivered the Faraday Lecture of that body in 1936. He was twice elected 
President of the Scientific Instrument Manufacturers’ Association. He presided 
over Section A of the British Association in 1939, 

His interest in all types of scientific instruments caused him to make a 
collection of historical scientific instruments and books; he gave this valuable 
collection to the University of Cambridge, together with a large sum of money 
for further purchases of books and apparatus. ‘This formed the nucleus of a 
Museum of the History of Science, opened in 1951 as the “* Whipple Museum ”’. 
It is in large measure due to him that the History and Philosophy of Science is 
now a subject for the Natural Sciences Tripos. 

He served his locality also, taking much interest in the Highgate Literary and 
Scientific Institution of which he was President for 16 years, and one of his 
last acts just before his death was to found a trust for the advancement of the 
sciences and arts especially in North London. Here again his breadth of outlook 
was shown by the latitude he left to the trustees. 

He was, as a foreigner once described him, “un homme plus que gentil ”. 
To meet him was to respect him, to know him was to love him. 


A, C. MENZIES. 


Obituary Notices 1131 


MAURICE EDMOND JOSEPH GHEURY pe BRAY 


We record with regret the death of M. E. J. Gheury de Bray who had been 
a fellow of the Physical Society from 1933 until he resigned through ill health 
in 1950. During the late 1940’s Gheury de Bray compiled for his own use a 
comprehensive subject index of volumes 1-10 of the Physical Society’s Reports 
on Progress in Physics. He presented the Physical Society with a copy of the 
Index, and this was published by the Society in 1953. 


FRED HARRISON 


We record with regret the death on Ist May of Fred Harrison, who had been 
a member of the Physical Society since 1893, and was thus one of the Society’s 
oldest members. 
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Absorption, continuous, of light in calcium vapour (R) 
Absorption of light by ect vapour (L) ; 
Absorption, optical, in metals and semiconductors, or é 


Absorption spectra, atomic and molecular : twee violet spectra 3 In vapour . 


Absorption spectrum of BiSe and BiTe in region 2900-2200 A 
Absorption spectrum of bismuth oxide : : : 

Absorption spectrum of lutetium (R) 

Absorption spectrum of thulium (R) 

Absorption, ultra-violet, of In vapour 

Air showers, extensive, sidereal correlation of 

Alkali “hd ky free plecnon diamagnetism and erstepupilices (R) 

Alloys, Ag—Pd, lattice thermal conductivity at low temperatures (L) 
Alloys, Shee cuonal: volume changes in(R) . 

Alpha-activity ree in gold by bombardment se ions at 13 (L) 
Alpha activity induced in gold by bombardment with nitrogen ions (R) 
Alpha emitters, short-lived, produced by *He and heavy ion bombardments . 
Alpha-particle bombardment, radiations from water under . 
Alpha-particles, binding energy of 

Alpha-particles, light emission in passage fecteh gases 

Alpha-particles, scattering of nucleons by: the s-phases 

Alpha standardization, absolute, with liquid scintillators (L) 

Aluminium monofluoride, triplet electronic states of (L) : 
Angular correlation experiments with soft electrons, source scattering (R) 
Angular correlation functions, electron—neutrino, in theory of beta-decay 
Angular correlation of successive y rays in ®°Ni at low temperatures 
Angular distributions in !’B(d, p)"B reaction 

Angular momenta, coupling, in reaction ?’Al(p, y)?8Si (L) 
Antiferromagnetism, collective electron (L) 4 ; 
Antiferromagnetism in metals (R) ; F : ' 
Aromatic molecules, electronic spectra : I—Benzenoid hydrocarbons 
Atomic orientation, optical methods (Holweck Lecture) 

Auger effect and negative meson capture 

Auroral spectrum, intensity distribution among nitoces bende in 


Band spectra, ultra-violet, of CCl and SiCl (R) . 

Band structure of silicon (L) 

Band system, beta, of NS molecule, oetional Airhlveia 

Band system, E-X, of SiS and dissociation energy of SiS (L) 

Band systems of Og, intensities : Broida—Gaydon, and atmospheric 

Bands, infra-red, auroral, of ionized nitrogen, excitation conditions (R) 
Beta-decay, theory, electron—neutrino angular correlation functions in . 

Beta rays of thallium 204 

Beta transitions, forbidden, and eden spin-orbit interaction 

Binding energy of alpha-particle . 

Bismuth 207, decay, and energy levels of 207Ph 

Bismuth oxide, absorption spectrum of ; 
Bismuth selenide and telluride, absorption peeenin ti in region 2900- 2200 Aye 
Bombardments, *He and heavy ion, producing short-lived emitters i 
Born approximation, second, in inelastic collisions of electrons with atoms . 


Bose-Einstein functions : 2 ; ; 
Bremsstrahlung spectrum, thick yee at sigh petick: energies. 
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Calcium vapour, continuous absorption of light in (R) : : < A = 
Celestial bodies, red-shift formula, interpretation (L) . : J : 5 
Celestial bodies, red-shifts in spectra of (L) : ‘ : : F : 
Cloud chamber with internal counters, for detection of lectuih pairs . - 7 
Cloud chamber study of Geiger discharge é : : : é 2 * 
Cloud chamber study of internal pairs from ?%C* ; : : ‘ . 2 
Cloud chamber, see a/so Wilson chamber. 

Cobalt 57, disintegration (R) . : : : c 


Cohesive energy of metallic sodium, and Rorrelacan oe in metals . 
Collective electron antiferromagnetism (L) 


Collective electron approximation, exchange interaction in é r 

Collisions, inelastic, of electrons with atoms, second Born approximation 2 : 

Collisions, inelastic, between heavy particles: II—double transitions associated 
with encounters between hydrogen atoms . 4 E P - 2 2 

Collisions, inelastic, between heavy particles : I[]—excitation of He atoms in fast 
encounters with H atoms, protons and positive He ions : : 

Collisions, inelastic heavy particle, involving crossing of potential ies curves : 
I—charge transfer from H atoms to Be®*, Si?* and Mg?* ions : ; : 


Collisions, inelastic heavy particle, involving crossing of potential energy curves : 
II—charge transfer from H-atoms to Al®*, B?*+, Li?+ and AP?* . : 3 

Condensation, Mayer theory, tested against simple model of imperfect gas 

Correlation energy in metals and cohesive energy of metallic sodium . . 


Cosmic radiation, ionization intensity and specific ionization in air at sea lev al : 
Cross section, photo-ionization, see Photo-ionization. 
Cosmic radiation, positive temperature coefficient (R) : : . “ 


Cosmic ray particles, associated, time coherence 

Coulomb effects in stripping reactions 

Coulomb energy and electron scattering data, showibe Uoretsteney of priciest aa 

Coulomb forces, and isotopic spin: excited states of light nuclei = : 

Coupling, intermediate studies ; []—radiative transitions in light nuclei . 

Coupling, j-j, radiative transitions in (L) : : 

Cross section for photodisintegration of deuteron at 2- 615 5 Mev yond abeohure sean 
ization of rays of ThC” (L) 

Cross sections, absorption, for 134 Mev protons 

Cross sections, absorption, neutron spectrum for 

Cross sections for reaction ‘Li(y, p)*He at 17-6 and 14- 8: Mev and first excited state 
of *He (R) 


Cross sections, (d, p) scattering: absolute magnitudes : : . : A 


Decay of *°*Bi and energy levels of 2°7Pb . 
Decay of *°8Pb and energy levels of 2°°T] . 


De-excitation of helium metastable atoms in helium (R) , F : ; ‘ 
Deuteron bombardment of oxygen (L) ‘ , ‘ ‘ . ; 
Diatomic molecules, vibrational transition pFunabilites Se 0 : ; : : 
Discharge, Geiger, cloud chamber study of ‘ é : 


Discharges, hollow-cathode, KHF3, and ultra-violet apbeiann eee diatomic 
hydride 


Disintegration of cobeltz 57 (R) 

Disintegration of MsThg, lens spectrometer anudy 

Disintegration of **8Pa, lens spectrometer study 

Dissociation energy of SiS, and E-x band system of SiS in emission (L) 


Eckart and Bargmann potentials for investigation of triplet neutron—proton scattering 
in low energy region 


Editorial : 
Elastic media, propagation of energy in (L) : : : : é 
Electron affinities of atomic fluorine, oxygen and lithium. 4 5 


Electron capture : [V—capture from helium atoms by fast nitions : : : 
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PAGE 
Electron impact, vibrational and rotational excitation of molecular hydrogen by . 909: 
Electron—neutrino angular correlation functions in theory of beta-decay F A Ta 
Electron pairs, detection in cloud chamber with internal counters ' : OAL 
Electron—photon showers, three-dimensional theory. : : : : Re ialliste.. 


Electron—positron pairs, emission from light nuclei : I—monopole transition in!*O 134 
Electron—positron pairs, emission from light nuclei: II—transitions in ‘Be, Be 


and 1&9 : : ; 413 
Electron—positron pairs, emission om fone naclen [nieeteaneitone in reaexion 

DN (py )sO 930: 
Electron scattering and Beulorn eneree data showin’ Consistency of potlear rds 950: 
Electron scattering by nuclei and spectroscopic isotope shifts (L) : : ‘ 393 
Electronic spin in semiconductors, chemical approach to treatment (L). ; é 294 
Electronic states in metallic lithium, calculation of eigenvalues by cellular method . 2 
Electronic states, triplet, of aluminium monofluoride oe) i : ‘ : : 94 
Electrons, Sasee scattering of, by beryllium (L) ‘ 5 ital 
Electrons, elastic scattering of, by excited 2s and 2p states of atorais hy drogen . 1086. 
Electrons, free, applicability of free-electron network model to metals . ; , 608 
ilectrons and posae difference in multiple scattering (L) P : : wn SO: 
Electrons, scattering and polarization by gold . 3 ; j : : : 711 
Electrons in solids, momentum distribution : results for some metals using Thomas— 

Fermi method : : : : : : ; 9: 
Elements, light, approximate nubleat density distnibusions : c aVtAS 
Emission spectra, ultra-violet, of gaseous monofluorides of gallium and Gain 5 | ets 
Emission spectrum, E-x, of SiS and dissociation energy of SiS (L) : : 4 95. 
Energy, see also Nuclear energy. 

Energy levels in 1°B and ®Be (R)_ _.. : ‘ : , ; : ; . 467 
Energy levels of 2°’Pb and decay of ?°’Bi . : ; : ; : : ‘ 540: 
Energy levels of 7°°T1 and decay of 7°°Pb . i : : : : : yer 254. 
Energy levels of triatomic molecules : : : : : 0 : er 
Energy, propagation in elastic media (L) . : : : ‘ : : : 726. 
Exchange interaction in collective electron approximation . c ; ; 221 
Excitation conditions for infra-red auroral bands of ionized nitrogen (R) : : 188 
Excitation of hydrogen atoms in fast encounters : - 663 


Excitation, vibrational and rotational, of molecular bud rower ie seston entre : 909 


Ferromagnetic anisotropy coefficient, etc., for nickel, calculation of fi OS: 
Ferromagnetic crystals, inelastic magnetic scattering of neutrons from . A ‘ 85 
Ferromagnetic crystals, scattering of slow neutrons by : ; - Bes 
Ferromagnetic exchange problem, self-consistent spin-wave seca, for : : 33 
Ferromagnetic properties of oxidized MnSb, (R) . - ; 2 2022 
Ferromagnetic resonance, in colloidal nickel, temperature depeadene: (L) : - 648 
Ferromagnetism, eared Poe s theory, ede form : ; ; : é 148 
Feynman’s theory of liquid helium . ; ; P : : : we PRE 901 
Field, self-consistent, for Au* : j ; ; : ; ‘ ; ; 789 
Hiswon rate, spontaneous, of *4°Pu (L) . : : ; 646. 
Forces, short range, and nuclear energy levels in mele ourhood of 208Ph : c 757 
Free-electron network model, applicability to metals . ; : : ; - 608 
Gadolinium sulphate octohydrate, paramagnetic resonance in (L) c : m7 SAe 
Galvanomagnetic and thermomagnetic effects in a plasma . : : : 5 coho’, 
Gamma radiation from reaction 7’Al(p, y)**Si_. - j : : 1015 corre 197 
Gamma radiation from reaction “B(p, y)"C .. fel 
Gamma-rays of ThC’, 2-615 mev, absolute crandatdicaiien abd ehowdismvenration 

cross section of deuteron (L) . : : : . : : > LS 
Gamma-rays, resonant scattering in **Cu and 56 Fe : ‘ : ; ; : 601 
Gas, cooling by radiation : 741 
Gas, dissociating, non-equilibrium Cderodemamics be chermal transpiration of (R) 639 
Gas, imperfect, simple model, and Mayer theory of condensation : : et 235 
Gases, contaminating, effect on energy per ion pair in helium (R) : i - 640 


78-2 


1136 Subject Index 


PAGE 
Gases, light emission in passage of w-particles through ; < 4 : - 841 
Geiger discharge, cloud chamber study of : : ; i a AO 9S. 
Gold, «-activity induced by bombardment with ions of Loe (L) : : 5 : 733 
Gold, «-activity induced by bombardment with nitrogen ions (R) : : ‘ 555 
Gold, scattering and polarization of electrons by ; j : 5 ; ; 711 
Gyromagnetic ratio, etc., for nickel, calculation ; ; : ‘ ‘ ~ 1505; 
Half-lives of 25Al and 2%Al, measurements, and determination of resonant energies 
for proton capture by 74Mg and Mg : : : : ; ‘ - 443 
Heat flow, inertia, in liquid helium II : i : : 1 485 
Heavy water, traces of light water in, nuclear method Se Sumnseion : : : 520 
Heisenberg’s theory of ferromagnetism, modified form : : i ; ; 148 
Helium atoms, electron capture from, by fast protons : . : 7 LOWS 
Helium atoms, excitation in fast encounters with ae atoms : c . 1069 
Helium atoms, two, van der Waals energy of . ; Cs 4 705 
Helium, effect of contaminating gases on energy per ion pair F(R) ; ; . 640 
Helium 4, scattering of 15:7 Mev electrons by . 657 
Helium 6, first excited state, and cross sections for pean AAGs p)SHera at 17- Y 
and 14: 8 Mev (R) . ; : : : AOS: 
Helium metastable atoms, de- erenatian in vahetionna (R) : j ; i ; 276 
Holweck lecture, 9th : 4 : ; j ; : 853 
Hydride, diatomic, ultra-violet speciiuna ecied in mets hollow-cathode 
discharges ; ‘ 3 ; : 68 
Hydrogen atoms, excitation OE helio atoms ee in Bet encounters : ; . 1069 
Hydrogen atoms, fast encounters, double transitions . . 2 66S 
Hydrogen, Hagleaniee vibrational and rotational excitation he dlecien ipace ; 909 
Hydrogen molecular ion, properties: [V—oscillator strengths of transitions 
connecting lowest even and lowest odd o-states with higher o-states : : 533 
Hyperfine structures in atomic spectrum of calcium : - - : ; 450 
Indium antimonide, electrical properties at low temperatures (R) ‘ : > 385 
Indium vapour, absorption of light by (L) P : : : i : : 196 
Indium vapour, ultra-violet absorption spectra : : : : : 2 864 
Internal pairs from ?2C*, cloud chamber study ; ; : , : $ 153 
Ionization by relativistic pe-mesons in oxygen. ; 5 Sei 
Ionization chambers, integrating, statistical errors at Beck ereund incensities : ae S46 
Ionization, cosmic ray, in air at sea level . F F : ‘ : ; : 421 
Isomerism in *4°Ti (R) . : ; : : : ; 286 
Isotope shift, spectroscopic, and nucear deformations : : : : "Gee 
Isotope shifts i in atomic spectra of tin and cadmium (L) : : : . 478 
Isotope shifts in atomic spectrum of calcium. : : : 181 
Isotope shifts, spectroscopic, and electron scattering ee moe (L) : 5 ‘ 393 
Isotopic spin and coulomb forces : excited states of light nuclei . ; : ; MY 
Lead 203, decay, and energy levels of ?°°T] : : : : : : 254 
Lead 205, search for (R) ; ; ‘ : ; ; : : 283 
Lead 207, energy levels, and decay ce 207Bj : : 4 540 
Lead ehienie selenide and telluride, molar heats in cempenieues range °20- 260°K ‘ 569 
Light, absorption by indium vapour (L) cate (& ; ‘ - ; ; 196 
Light, continuous absorption in calcium vapour (R) . ; : : F : 190: 
Light, emission, in passage of «-particles through gases : é : ' ; 841 
Light nuclei, emission of electron—positron yor from: I—monopole transition 
soy KON : ; ; . , : 134 
Light nuclei, emission of clectron® positon bas fronae I]—-y-transitions in Be, 
WBe aoe 160 F we 413, 
Light nuclei, emission of Slecvtene ipGeitton indies fone A ae prancteons in reacuon 
HIN( ps) Ooe ; ; ‘ ; ; : : ; : ; 930: 


Light nuclei, excited states in j , : : : ‘ : ; ; 39 
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Light nuclei, radiative transitions—study in intermediate coupling : 5 , 167 
Liquid helium, Feynman’s theory . : ; : : ’ : ‘ o SIuil 
Liquid helium IT, inertia of heat flow : : j 3 F ; i . 485 
Liquid helium 3, possible model ; 495 
Lithium, metallic, calculation of eigenvalues of ieiectrarse bites a Gelhalan piethod M, 
Lithium, photo-ionization cross section . ; : : : : A 5. SALI 
Lithium, x-ray measurements at low temperatures. , : 52 COE 
Low temperatures, angular correlation of successive y-rays in Ni ; : et0st 
Low temperatures, electrical properties of indium antimonide (R) ; 3 a Shots) 
Low temperatures, lattice thermal conductivity of Ag—Pd alloys . : : een 25, 
Low temperatures, specific heat of metals : 3 ; om ; ~ eyes 
Low temperatures, thermal conductivity of Ge and Si : : P : 5 weil 
Low temperatures, X-ray measurements on lithium. : : ‘ : oe eS 
Lutetium, absorption spectrum (R) i ; é ‘ : : : 5 OMI 
Magnetic fields, static, in general relativity ; ; ; : F Be ee 
Magnetic moments, see also under Nuclear. 
Magnetic susceptibilities, principal, of maleic acid molecule HOOC-HC : CH:‘COOH 

(R) : : ‘ : : 643 
Magnetic oa ana Biemaenere of alkali meals (R) : : : - 464 
Magnetic susceptibility of nitric oxide in clathrate compound ‘ : , cee 25: 
Magnetostriction, saturation, approach to (R) . ; : ; ‘ ; : 381 
Maleic acid molecule HOOC:-HC : CH:COOH (R) . ; . : : ; 643 
Matrix elements, phase, in nuclear reactions (R). : é See OS: 
Mayer theory of condensation tested against simple model of opertect™ gas . : 233. 
Meson capture, negative, and Auger effect. : : ; é 57 
Meson theory, elimination of divergences from, and Riew porencal ‘ : -  Byett} 
Mesons, see also Mu-mesons. 
Mesothorium 2, disintegration, lens spectrometer study : ; : : , 265 
Metallic conductivity, use of perturbation theory in, justification . : : : 206 
Metallic lithium and sodium, nuclear magnetic resonance . ‘ : ; : DN7 
Metals, antiferromagnetism (R) : : ? ‘ 5 : 7 OLS 
Metals, applicability of free-electron network tee : : : ; ; . 608 
Metals, magneto-resistance effect at high frequencies . . eS 
Metals, momentum distribution of electrons in, using Thomas-— Fern ereiniod 5 ) 
Metals, monovalent, thermal conductivity (L) . : f : ; : ; 194 
Metals and semiconductors, theory of optical absorption . : z : : 74 
Metals, specific heat at low temperatures . : . : : : : F 828 
Metals, thermal conductivity (R)  . : j ; . : ‘ F 5 290 
Mn.Sb, oxidized, ferromagnetic properties (R) . ; : 5 MO 
Molar heats of lead sulphide, selenide and telluride in mente range , 20- 200 Ke ero 
Molecular ion, hydrogen, properties: IV—oscillator strengths of transitions 

connecting lowest even and lowest odd o-states with higher o-states. : 5 sis) 
Molecular orbitals, approximate ; I—1so, and 2po, states of H,* . 2 : 6 343 
Molecular orbitals, approximate : I[I—2pz7,, and 3d7r, states of H,*. : ; 5 ee Ghewys 
Molecules, aromatic, see Aromatic molecules. 
Molecules, triatomic, energy levels . : : : : : : : : Shalt 
Momentum distribution of electrons in solids : results for some metals using '"homas— 

Fermi method ; ‘ 9 
Momentum distribution in nuclei (R) : : : ; : 288 
Multilayers, consisting of a few monolayers, x-ray Gavacnon foun ‘ : ce Ble 
Mu-mesons, anomalous scattering of (R) . : é ; : - : : 559 
Mu-mesons, relativistic, ionization by, in oxygen : : : ; : cee iil 
Neon, photo-ionization . : 927 
Neutron scattering, inelastic acneie: fora fe riomtamnetc erystal 5 : e 85 
Neutron spectrum for v~* absorption cross section. ; : F 5 SKov 


Neutron transport theory, two-group perturbation theory in ‘ : ; ~ Old 
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Neutrons, 15:7 Mev, scattering by *He_ ‘ : : : ; ‘ s 

Neutrons, slow, scattering by ferromagnetic crystals . ; : ‘ : 

Nickel, calculation of first ferromagnetic anisotropy coefficient, dycommanene ratio 
and spectroscopic splitting factor 

Nickel, colloidal, ferromagnetic resonance, eras dependence (L) 

Nitric oxide, in clathrate compound, magnetic susceptibility 

Nitrogen, active, method of production, and application to study of elicion Bede 

in Ng spectrum : j 

Nitrogen bands, in auroral specteun, Picensay detanaons 

Nitrogen, ionized, infra-red auroral bands, excitation conditions (R) 

Nitrogen ions, to induce a-activity in gold by bombardment (R) . 

Nuclear bound-state problems, method of solution 

Nuclear deformations and spectroscopic isotope shift . 

Nuclear density distributions, approximate, in light elements 

Nuclear energy levels and short range forces in neighbourhood of 208Ph, 

Nuclear levels, statistics of : : 

Nuclear magnetic moments, deviations fom Sehmnide ines. 

Nuclear magnetic resonance in metallic lithium and sodium 

Nuclear radii, consistency, from electron scattering and Coulomb energy ge Fe 

Nuclear reactions, phase of matrix elements in (R) 

Nuclear shell structure (L) ; 

Nuclei, electron scattering by, and Spceroscopie Howpe Ehites (L) 

Nuclei, momentum distribution in (R) 

Nucleons and electrons, high energy, scattering iy ethen (L) 

Nucleons, scattering by alpha-particles : the s-phases . 


‘Obituaries 

Optical ghsortons in mee and Secareoncchoce eheony 

Optical constants of tin below superconducting transition cemiperarnee (R) 
‘Optical methods of atomic orientation and their applications (Holweck lecture). 
Optical systems, wide aperture, field aberrations in 

Oxygen, deuteron bombardment (L) ; 


Paramagnetic resonance in gadolinium sulphate octohydrate (L) . - 

Particles, heavy inelastic collisions between : II1—double transitions ecco w ith 
encounters between hydrogen atoms . : : : 2 : : : 

Particles, heavy, inelastic collisions between : II]I—excitation of He atoms in fast 
encounters with H atoms, protons and positive He ions ‘ 

Particles, inelastic heavy, Rolle one involving crossing of potential energy curves : 
[charce transfer from H atoms to Be?*, Si?*+ and Mg?" ions. : ; 

Particles, inelastic heavy, collisions involving crossing of potential energy curves : 
II—charge transfer from H-atoms to Al®*+, B?*, Li?+ and Al?+ 

Penetrating showers, local, possible variation of rate (L) 

Perturbation theory for one-dimensional wave equation (R) . 

Perturbation theory, two-group, in neutron transport theory . 

Perturbation theory, use in metallic conductivity, justification 

Photodisintegration, see also Cross section. 

Photodissociation of spectrum of NO and pressure broadening in (R) 

Photo-ionization cross section of lithium 

Photo-ionization-of neon : 

Photon-electron showers, three- diene one csr 

Plasma, galvanomagnetic and thermomagnetic effects 

Plasma oscillations in periodic potential ; one-zone theory . 

Plutonium 240, spontaneous fission rate (L) : 

Polarization of 10-4 Mev ray in reaction °’Al (p, y)?8Si (L) 

Polarization and scattering of electrons by gold 

Positronium, gaseous reactions involving . ; 

Positrons and electrons, difference in multiple SCatering (L) 

Positrons from ”°Al, ond point energy, measurement (L) 
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Potential, periodic, plasma oscillations in : one-zone theory ; : : eLLOas 

Proton bombardment of ?*Na, radiations from . : : a OTS 
Proton capture by *4Mg and **Mg below 550 kev, decceminanion af resonant energies 

and measurement of half-lives of >Aland?®Al : F j ; . 443 

Protons, 134 Mev, absorption cross sections : : : : : : a AAS 

Quantum electrodynamics, elimination of divergences from, and Riesz potential: I . iy) 


Quantum electrodynamics, elimination of divergences from, and Riesz potential: II 201 
Quantum electrodynamics, elimination of divergences from, and Riesz potential : 


III (R) . : oe ‘ ‘ : : : : : : : OZ 
Radiation, see also Gamma radiation. 
Radiation, cooling of gas by . : : : : ‘ : 3 oe 74t 
Radiative capture and stripping reactions (R) : : : : : F + APL 
Radiative transitions in j-j coupling (L) . ‘ ; ; : i . 1024 
Reaction ?’Al(p, «)"4Mg, levels of ?4Mg from (R) 3 ; : ; : gl LOY 
Reaction ?’Al(p, y)?8Si, coupling of angular momenta (L)_ . F ; ; wi3 92 
Reaction *’Al(p, y)*8Si, y-radiation from . . ; : LOM rcorr 97, 
Reaction ?’Al(p, y)?8Si, polarization of 10:4 Mev y-ray (L) : : : . 481 
Reaction, !°B(d, p)'!B, angular distributions : : : : : : . 684 
Reaction “b(p,/)' Co a. : : : : : : ‘ : j or eel ail 
Reaction °Be(d,*He)*Li . : ; : ; ; : - : : : 946 
Reaction 7Li(p, y)*Be, yield curve. , : : q F ‘ : . 849 
Reaction (y, n) in Cu, Zn and Ag (R) : ; ; : ; F : OG 
Reactions, D-D . p : : : é : 3 ‘ , 5 ERXG) 
Reactions, (d, p) and (d, n) hear I—general theory ignoring coulomb effects ; 981 
Reactions, gaseous, involving positronium. : : : ; 2 : ‘ 695 
Reactions, see also Stripping. 
Red-shift formula, Freundlich’s, interpretation (L) . j ‘ : : OS 
Red-shifts in spectra of celestial bodies (L) : : : : : ; 12) 
Relativistic energies, thick target bremsstrahlung Por erceien at : P ‘ : 669 
Relativity, general, static magnetic fields in. : E ‘ : , ; : 225 
Resonance, paramagnetic, see Paramagnetic resonance. 
Riesz potential and elimination of divergences from meson theory ; ; 5 580 
Riesz potential and elimination of divergences from quantum electrodynamics: I. . 17 
Riesz potential and elimination of divergences from quantum electrodynamics: II . 201 
Riesz potential and elimination of divergences from quantum electrodynamics : III 

(R) é : P ‘ , : ; ee lLOZT 
Rotational analysis of B- hand epee oe NS Roleoole ; , , : a ; 365 
Scattering, anomalous, of z-mesons (R)_ . : : 559 
Scattering, elastic, of Blecesome by excited 2s and 2p states oy atomic medic sen : . 1086 
Scattering, elastic: of 125 mev electrons by beryllium (L) : : j : em letatay 
Scattering of high energy nucleons and electrons by carbon (L) F : : 92 
Scattering, multiple, of electrons and positrons, difference in (L) . ‘ . 5 eh) 
Scattering, neutron, inelastic magnetic, from ferromagnetic crystal. ; : ; 85 
Scattering of nucleons by «-particles: the s-phases . ‘ Ply ; > Wy 
Scattering and polarization of electrons by gold ‘ ‘ ‘ : ; : 711 
Scattering, resonant, of gamma-rays in ®*Cu and °*Fe : : F : = cox0)il 
Scattering of slow neutrons by ferromagnetic crystals. ; : wr 248 
Scattering, source, in angular correlation experiments with soft Siettrons (R) ae LLOs 
Scattering, triplet neutron—proton, in low energy region using Eckart and Bargmann 

potentials : 3 é : 4 Z ; : : : ; ila 
Scattering, see also Nectoue 
Scintillators, liquid, absolute alpha standardization with fee : é P é reer 97 
Self-consistent fieldfor Aut . ; eo Tse) 
Semiconductors, electronic spin in, chernical Pei oacht to treatment aan : . 294 


Semiconductors and metals, theory of optical absorption in . : 2 5 : 74 
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Showers, electron—photon, three-dimensional theory . 3 3 : . Pies ilsyss 
Showers, see also under Air, Penetrating. 
Silicon, band structure (L) ; ; : : + 562 
Sodium 23, radiations from proton Bomiaedment éf" 3 ; : : peme O78 
Specific Rene of metals at low temperatures ; : : : ; + O25 
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Section A 


The Electrical Conductivity of Cadmium Oxide at Low Temperatures, by J. A. 
Bastin and R. W. WRIGHT. 

Abstract. Measurements of the variation of conductivity with temperature in 
the range 1-250°K together with similar measurements by Wright in the range 
100-700°K are compared with the theoretical expression for the conductivity 
in an ionic crystal derived by Howarth and Sandheimer. ‘The comparison gives 
the number of free electrons and the characteristic temperature for each specimen. 
The resistance at zero temperature is discussed in relation to impurity scattering 
and crystalline boundary resistances. 


The Effects of Finite Nuclear Size on Bremsstrahlung Production, by S. J. BrEL 
and E. H. S. BurHop. 

Abstract. Calculations have been made of the bremsstrahlung spectrum emitted 

in different directions following electron—nuclear collisions, allowing for the 

finite distribution of the nuclear charge. 


Calculations were carried out for charge distributions of the uniform shape, 
spherical shell, gaussian and exponential forms, as well as for a uniform spherical _ 
case with a distribution falling off exponentially at the surface. In each case the 
parameter of the distribution was chosen to agree with the elastic scattering data 
of 16 Mev. 

The modification of the angular distribution obtained from the Bethe—Heitler 
formula for a point nucleus is large for electron energies above 20 Mev. 


On the Validity of the Weizsdcker Inhomogeneity Correction term, by R. BERG 
and L. WILETs. 


Abstract. An investigation is made of Weizsicker’s correction to the Thomas— 
Fermi statistical treatment, of the many-body problem. Numerical solutions 
of Weizsicker’s equation were obtained for the isotropic harmonic oscillator and 
the step potential in plane symmetry. These particular potentials were chosen 
as approximations to nuclear potentials. In the case of the harmonic oscillator, 
the error in the energy is an order of magnitude greater than for the ‘Thomas— 
Fermi equation, but a reduction in the magnitude of the Weizsacker correction 
term by a factor of 1/8 gives substantial improvement over the Thomas—Fermi 
solution. The step potential also shows that the Weizsacker term is too great, 
but the reduction factor necessary to give substantial improvement is between 
1/2 and 1. It is concluded that the Weizsacker correction term is not reliable 
as such, but that a reduction in the magnitude of the term may give plausible 
solutions for the density. ‘The reduction factor depends, however, upon the form 
of potential. 


The Effect of Radiative Corrections on a Charged Spin 4 Particle in a Constant 
Magnetic Field, by A. H. DE BorDE. 


Abstract. As an alternative approach to the problem of determining magnetic 
moments, the 5S matrix formalism for a Dirac particle in an electromagnetic 
field is re-expressed as an integral equation of the Feynman type for a one electron 
wave function. For a constant magnetic field, the equation reduces to a differen- 
tial equation which may be solved for the energy eigenvalues in a non-relativistic 
approximation with arbitrary radiative correction terms. Providing conditions 
resulting from gauge invariance are satisfied, application of charge renormalization 
shows that the cyclotron frequency is unaltered in all orders. The magnetic 
moment derived is the same as that derived direct from the S matrix. 


On the Identification of X-Ray Satellites, by D. J. CANDLIN. 


Abstract. 'The wave-numbers of K« satellites from Z = 19 to Z= 42 are calculated 
with analytical wave functions, and the spectroscopic terms from which the 
observed lines are derived are identified. 


The Temperature Dependence of Magnetostriction in a Nickel Crystal, by W. D. 
Corner and G. H. Hunt. 


Abstract. From a single crystal of nickel two specimens have been prepared in 
the form of prolate spheroids whose major axes lie along the [100] and [111] 
crystallographic directions. By the use of a special capacitance bridge arrange- 
ment described elsewhere the longitudinal magnetostriction of each specimen has 
been measured over the temperature range — 180°c to 360°c. 

The results obtained indicate that at low temperatures the magnetostriction 
below saturation varies with magnetization approximately in the manner given 
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by the domain treatment suggested by Heisenberg, and that with increasing 
temperature there is a steady departure from the calculated values. The satura- 
tion magnetostriction was found to depend on temperature in a way which did 
not correspond to any known theory. 


Angular Distributions and Angular Correlations in the Reaction *3Na(p, y)*4Mg, 
by P. J. Grant, J. G. RuTHERGLEN, F. C. Ftack and G. W. Hurcutnson. 


Abstract. The angular distributions and angular correlations of the more intense 
y-ray components in the reaction ?3Na(p, y)**Mg have been determined at four 
resonances. ‘Those at proton energies of 310 kev, 515 kev and 679 kev are 
assigned J = 2(—), J=1(+) and J=3(+) formed by p-, s- and d-wave protons 
respectively. The resonance at 593 kev has J =2(—) formed by p-wave protons 
and is therefore distinct from that in the (p, «) reaction at this energy. The 
level in *4Mg at 4-24 Mev is assigned J = 2( +) and that at 5-26 mev J =3, probably 
with odd parity. 


Excitation Functions for the Scattering of Protons and Deuterons by Be and Mg, 
by G. W. GREENLEES. 


Abstract. Absolute differential cross sections are given for the elastic and 
inelastic scattering by magnesium of protons with energies between 3-0 and 
6:5 mev and of deuterons with energies between 4-0 and 7:8 Mev. These were 
taken at an angle of 70° in the laboratory coordinates. Similar cross sections 
are given for protons scattered elastically and inelastically by beryllium at 90°. 
The levels giving rise to inelastic scattering have O values of — 1:37 +0-04 Mev 
and — 2-43 +0-05 Mev for magnesium and beryllium respectively. The marked 
difference of excitation function for protons and deuterons is noted and a discussion 
of possible mechanisms involved is given. 


On the Method of Atoms in Molecules, by A. C. HuRLEY. 


Abstract. ‘The method of atoms in molecules is investigated in detail for the case 
of covalent-ionic resonance in the ground state of the hydrogen molecule. It is 
shown that the method is reliable if, and only if, different orbitals are used to 
approximate atomic and ionic states of the same molecule. 


An Investigation of “Li (d, n) *Be and ™'B(d, n)#C Nuclear Reactions, by M. A. 
THSAN. 


Abstract. The energy levels of *Be and !2C have been studied by means of the 
(d, n) reaction using deuterons of energy 686kev. Evidence of levels in *Be was 
found at 2-98, and 7:53mev. Investigation of energy levels of *C has shown 
energy peaks at 4-40, 7:63 and 9-72 Mev respectively. ‘The angular distribution 
of neutrons from the ™B (d, n) !#C reaction also has been investigated. 


The Effect of 3pm Electrons: Energy Levels of Ethylene, by J. JAcoBs. 

Abstract. The usual tcao mo method for obtaining wave functions of organic 
molecules with double bonds uses only 2pz atomic orbitals. As a refinement we 
include 3pz atomic functions in the basic molecular orbitals. Detailed calcu- 
lations are made for ethylene, taking into account the interaction of configurations 
of like symmetry. The first excitation energy is calculated to be 8-7 ev, a much 
improved value compared with that obtained with only 2pz orbitals. ‘The 
implication for mo theory is that in any refined treatment the higher energy atomic 
orbitals can no longer be ignored. A list of newly computed atomic integrals is 
given. 
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Caminnatorwal Satan af the Trieamgular Ising Lattice, by R. B. Ports. 

Sistract_ The combmutersal methed of Kac and Ward is used to derive the 
Jariton timeten af am infinite two-dimensional triangular Ising lattice. The 
vest agrees with that obtained by algebraic methods. 


Crass Secttans 2s-2p Tramsitrems on H and 3s-3p Transitions in Na Produced by 
Protan Impact, by M_ J. Searor. 

Aistract. Relzable cross sections for 2s_2p transitions in H produced by electron 

znd by protom impact are required in certain astrophysical problems. In calcu- 

2ung these cross sections it is necessary to allow for strong coupling effects, 
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Such effects are also important 3s-3p transitions in Na produced by electron 
impact, for which experimental results are available. 

The total cross section Q is the sum of components Q! arising from the compo- 
nents of the incident wave with angular momenta #[/(/+1)]/?. For these a 
limiting value Q'(max) is set by the requirement of charge conservation. The 
approximation adopted is to calculate the QO’ using the Bethe approximation, to 
accept the values obtained if Q'(Bethe)<4Q(max) and to put O'=40"(max) if 
Q'(Bethe) > 4Q0'(max). The conditions for the validity of this approximation 
are examined, some use being made of an exactly soluble schematic model. It is 
considered that the final results for the H transitions should be correct to within 
+20%. The results obtained for electron collisions with Na are found to be in 
good agreement with experiment, the approximation used being considerably 
superior to the Born approximation at low energies. 


Electron Excitation Functions of Infra-Red Nitrogen Spectra, by D. T. STEWART. 


Abstract. ‘The relative excitation functions of lines and bands in the near infra- 
red spectrum of nitrogen have been determined using photographic photometry. 
The maximum of intensity of the (2, 0) and (3, 1) Meinel bands of N,* occurs at 
60 v while that of the Ni lines at 82004 resulting from the 3stP—3p*p® transition 
occurs at 90v. 


The Spin, Energy and Lifetime of ®Be, by P. B. 'TREacy. 

Abstract. Coincidences are used in studying the “B(p, «)*®Be(«)*He reaction 
to infer directional correlations between successively emitted «-particles. From 
this the spin of the ground state of *Be is found to be zero and its breakup energy 
90+5kev. The absence of any measurable loss of kinetic energy in the Be 
nucleus when recoiling into a dense material enables us to place an upper limit on 
its half-life of 4 x 101° sec, which confirms the assignment of zero spin. 


Positronium Formation in Gases and its Pressure Dependence, by C. B. O. Mour 
(Research Note). 


Section B 


Carrier Extraction in Germanium, by J. B. ARTHUR, W. BarpsLey, M. A. C. 5S. 
Brown and A. F. GiBson. 

Abstract. Itis well known that the density of current carriers (electrons and holes) 
in a germanium crystal can be increased by injection from a rectifying contact. 
The purpose of this paper is to show that large changes in carrier concentration 
can be obtained in near-intrinsic germanium by the reverse of injection, namely 
extraction. This technique allows some new fundamental experiments to be made 
and, by way of example, an experiment on the drift mobility of carriers in intrinsic 
germanium is described. 


Photoconductivity and Conductivity in Calcium Tungstate Crystals, by J. R. Coox. 


Abstract. In view of earlier contradictory published results on the photocon- 
ductivity of crystalline calcium tungstate, this effect has been examined using 
artificial single crystals and an intense ultra-violet source. Photoconductivity has 
been demonstrated, with a space change build up of long relaxation time. ‘This 
latter is probably linked with the long duration phosphorescence previously 
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reported in this material. The evidence produced indicates that calcium tungstate 
is an intrinsic semiconductor with an activation energy of 2:1e.s.u. ‘The photo- 
conductive properties are in approximate agreement with the assumption of an 
exponential trap distribution if a variation of capture cross section with temperature 
is postulated. 


The Growth of Electrodeless discharges in Hydrogen, by G. FRANCIS. 


Abstract. Measurements have been made on the starting potential, current, 
and rate of growth of current of electrodeless discharges in hydrogen. ‘The gas 
was contained in cylindrical glass or quartz vessels placed between plane parallel 
electrodes. The wavelength was varied from 50m to 6 x 10° m (frequency range 
6 Mc/s to 50 c/s), and the gas pressure from 1 to 76mm Hg. 

At short wavelengths the starting potential and current are low, and the 
discharge develops slowly. Atacritical ‘cut off’ wavelength the starting potential 
rises abruptly and then remains almost constant to the longest wavelengths. At 
wavelengths just greater than cut-off the current is large, grows rapidly and flows 
continuously : at all longer wavelengths a smaller current flows in a brief pulse 
which occurs near each peak of the applied field, and is of constant height and shape. 

The growth of the pulses is thought to be due to ionization in the gas, and 
electron emission from the walls of the vessel by photons. A pulse ceases when 
wall and space charges sufficiently reduce the field in the gas. 

Pulses occur so regularly that electrons must be left over from one pulse to 
enable the next to start. They are loosely bound on the ‘anode’ wall at the end of 
one pulse and easily pulled off when the field reverses. This emission occurs in 
quite small fields (<1000v cm), and is distinct from normal field emission. 

‘This idea has been tested using alternating square wave fields of very long 
period, and by removing the wall charges. 


Lamellar Defects in Single Crystals of Silicon, by J. Franks, G. A. Geacn and 
A. T. CHURCHMAN. 


Abstract. Otherwise perfect single crystals of silicon have been shown to contain. 
lamellar defects lying on (111) and (123) planes. Similar lamellae may be intro- 
duced by plastic deformation. 


An Experimental Investigation of Non-metallic Wear, by G. Hucues and R. T. 
SPURR. 


Abstract. ‘The rate of wear of a non-metallic substance is shown to be given by 
the equation W= KL/P (where W is the wear per unit sliding distance, L the load 
and P the hardness) over a wide range of sliding conditions provided the variation 
of the hardness of the specimen with temperature is taken into account. 


Growth of Lead Fluoride Crystals from the Melt, by D. A. Jones. 


Abstract. ‘The application of Stockbarger’s technique to the growth of PbF, 
crystals is described. ‘The melting point of PbF, was found to be 822°c + 2°c, 
and owing to its fairly high vapour pressure at this temperature, the crystals 
were grown in an atmosphere of oxygen-free nitrogen at a pressure of 2 to 10mm 
of mercury. ‘The crystal structure was found to be of the fluorite type, and the 
lattice constant 5-942 + 0-001 A at 18°c. Refractive indices are given for various 
wavelengths in the visible spectrum. The transmission limits, defined as the 
wavelength at which a specimen of thickness 1 cm absorbs 50% of the incident 
radiation, are 11-6 » and 28004, 
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Internal Conical Refraction of Transverse Elastic Waves in a Cubic Crystal, 
by J. DE KierK and M. J. P. Muscrave. 


Abstract. A general method for obtaining the elastic wave surface appropriate 
to any aeolotropic medium is here used to investigate the behaviour of transverse 
plane waves of normal (1, 1, 1) ina cubic crystal. It is shown that the conditions 
for internal conical refraction prevail; this prediction has been verified experi- 
mentally. 


High-frequency Ionic Conductivity of KC\ Solutions, by V.1. Lirrte and V. SMITH. 


Abstract. A differential method is described for measuring the ionic conductivity 
of potassium chloride solutions at 3 x 10®%c/s. The results reveal that a strong 
dispersion region exists at concentrations below 0-5 normal, which may be explained 
in terms of the perturbations by the applied field of a shell of water molecules 
surrounding the ion at a mean distance of 6A. 


Temperature Dependence of the Dielectric Constant of Diamond, by P. T. 
NARASIMHAN. 


Abstract. 'The temperature dependence of the dielectric constant of diamond 
has been measured over the temperature range 50-200°c. The value of (1/e)(de/dT) 
over this rangeis +1x10-°. Details of the method of measuring the temperature 
coefficient of dielectric constant are also given. ‘The magnitude and sign of 
(1/e)(de/dT) for diamond has been theoretically calculated using Maxwell’s relation- 
ship and Kramers—Heisenberg theory. ‘The agreement between theoretical and 
experimental values is extremely good. 


Some Applications of Fourier Series in the Numerical Treatment of Linear 
Behaviour, by F. C. RorEsLer. 


Abstract. Earlier work is here continued. Certain functional relations common 
to various phenomenological thories, like the theory of linear visco-elasticity and 
the theory of linear electrical networks, may be written as integral equations of 
the convolution type. As the circular functions are eigenfunctions of the 
convolution type kernels, such equations can be solved by Fourier expansion. A 
number of possible applications of such Fourier expansions are indicated and the 
relevant details are worked out. ‘The method centres on the evaluation of the 
eigenvalues for each kernel. ‘The examples discussed refer to the theory of visco- 
elasticity and include the determination of the relaxation spectrum either from 
the dynamic elasticity as a function of frequency or from the stress relaxation 
as a function of time. 


An Iteration Method for the Determination of Relaxation Spectra, by F. C. 
Roeser and W. A. ‘T'wyman. 


Abstract. The determination of relaxation spectra involves the numerical 
solution of certain linear, convolution-type integral equations of the first kind. 
A simple iteration method is shown by which some such equations may be solved. 
In the limit this is equivalent to the exact solution by means of Fourier integrals. 
If only moderate accuracy is required, the iteration method is sometimes less 
laborious than the use of Fourier series, proposed earlier, and in any case it involves 
only elementary arithmetical operations. 
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As one illustration, the relaxation spectrum of polyisobutylene is found from 
the damping, for the whole domain over which published data are available. In 
the rubber-glass transition region the results agree well with those previously 
obtained for this region by use of Fourier series. As a second illustration, succes- 
sive approximations to a fictitious single line spectrum are shown. 


Absolute Quantum Efficiency of Photofluorescence of Anthracene Crystals, by 
G,. 'T. Wricur, 

Abstract. ‘The fluorescence characteristics of organic crystals differ appreciably 
from those of the emitting molecules due to self-absorption of the molecular 
radiation. ‘These differences are investigated and properties of the fluorescence 
of the crystals are related to the corresponding properties of the molecular 
fluorescence; the equations developed are made the basis of an experimental 
determination of molecular quantum efficiencies of photofluorescence for the 
crystalline state. ‘This method avoids the considerable errors involved in a 
direct measurement which are occasioned by having to integrate numerically 
over the whole sphere of emission inside an optically anisotropic crystal the 
fluorescence intensity that is measured directly only within a certain solid angle 
external to the crystal. 

‘The method developed is particularly applicable to crystalline anthracene 
which has considerable overlap of absorption and fluorescence spectra. 
Experimental data for this substance are presented. These include the molecular 
and crystal fluorescence spectra and decay times; the latter are found to be 
5-0+0-2 mesee and 14-:0+0:3 musec respectively. The molecular quantum 
efficiency of photofluorescence of crystalline anthracene at a temperature of 
290°xK is found to be 0-88 + 0-02 which is reduced, by the effects of self-absorption 
of fluorescence, to a quantum efficiency for the crystal of 0-64 + 0-02; efficiencies 
of photoluminescence are found to be the same within the limits of experimental 
error. 


The Examination of Oxide Films by Reflectton Electron Microscopy, by J. S. 
HAuLLipay and W. Hirst (Research Note). 

The Barrier Height of Point-Contact Germanium Diodes Inferred from Manstieg: 
ments of the Voltage Dependence of Capacitance, by F. F. Roperts and 
J. R. ‘TrLeMan (Research Note). 


Letters to the Editor 
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Paramagnetism of Caesium Titantum Alum, by B. BLEANEY, G. S. BoGir, A. H. 
Cooke, R. J. Durrus, M. C. M. O’Brien and K. W. H. STepuHens. 

Nuclear Spins and Ratio of Magnetic Moments of Europium 151 and 153, by 
B. BLeaney and W. Low. 

Resolving Time_of an Internal Counter Controlled Wilson Chamber, by P. J. 
CaMPION and W. 'T. Davies. 

The Absolute Standardisation of the 2-615 Mev y-Rays of ThC” and the Cross 
Section for the Photo Disintegration of the Deuteron at this Energy, by 
P. Marin, G. R. BisHor and H. Hasan, 


Section B 
The Infra-Red Luminescence of Solid Halogens, by M. J. DUMBLETON. 
On the Differential Analyser Solution of the Water Bells Problem, by G. N. LANCE 
and E. C, DELAND. 
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Section A 


A Cloud Chamber Study of Some Aspects of the Geiger Discharge, by P. J. 
CAMPION. 


Abstract. An expansion type cloud chamber controlled by an internal counter 
has been used to study the discharge formed in the latter when operated in the 
Geiger and transitional regions. Both ethyl and iso-amyl alcohols have been 
used at their saturation vapour pressures as the combined condensant and 
quenching agent, together with argon or helium at various total pressures below 
one atmosphere. Significant differences in the behaviour of the counter are 
observed for the two alcohols, which can be attributed to the difference in the 
proportion of quenching agents in the two cases. ‘The photographic evidence 
shown supports the accepted theory of Geiger counter operation, 


On the Neutron Spectrum for v-* Absorption Cross Section, by B. Davison and 
M. E. ManpL. 


Abstract. An approximate expression is found for the neutron absorption energy 
spectrum in an infinite medium consisting of atoms of mass number M, for 
which scattering is assumed isotropic in the centre-of-mass system and o,/0,,0c v *, 
where « is a positive constant. The accuracy of certain useful types of integral 
over the resulting spectrum is examined. 


The D-D Reaction, by W. M. FairBalrn. 


Abstract. The two reactions 2H(d, p)?H and ?H(d, p)*He are examined under the 
assumption that they proceed via a stripping process. Coulomb effects are 
ignored. The angular distribution of the protons from the #H(d, p)®H reaction, 
and the variation with bombarding energy of the forward cross section are used 
for the comparison between the theoretical predictions and the experimental 
data. The agreement which is found is sufficiently good to justify the assumption 
that the reactions proceed partly via a stripping process. Stripping becomes 
the predominant process for bombarding energies greater than 5 Mev (lab.). 


On the Relation between Certain Forbidden Beta Transitions and the Nuclear Spin 
Orbit Interaction, by G. N. FOWLER. 


Abstract. ‘The second forbidden beta decay matrix element A;, is given in terms 
of the nuclear spin orbit potential strength « and another second forbidden 
beta decay matrix element, R,,. The result is used, together with the predictions 
of the Mayer shell model for the single partial configurations, to obtain an 
estimate of wu from the decay of Tc for two types of space dependence of the 
spin orbit potential. The result is in reasonable agreement with that found 
from a study of the stationary states of >He. Moreover, the special type of 
second forbidden tensor interaction which involves A;; and T;; alone is discussed, 
but it is found that in no case does this interaction lead to a value of u consistent 
with that found from the decay of ®T'c. 


Theory of (d, p) and (d, n) reactions: I—General Theory ignoring Coulomb Effects, 
by I. P. Grant. 
Abstract. ‘The differential cross section for the (d, p) process is evaluated using 
a Green’s function technique. Elastic scattering of the proton by an average 
central potential well is taken into account. A later specialization to the case 
of a harmonic oscillator potential gives a result similar to that of Horowitz and 
Messiah but having a closed form. Compound nucleus formation is discussed 
and it is shown that the (d, p) cross sections for different angular momentum 
transfers /, and j, are always additive. 
There is no polarization of the emitted particles in the model proposed. 


Molecular Tons in Discharges in the Inert Gases, by D. Morris. 


Abstract. 'Vhe relative wall-currents of molecular and atomic ions have been 
measured in hot-cathode d.c. discharges in several of the inert gases. The radio- 
frequency mass spectrometer probe was used for this investigation and results 
were taken over a range of pressures up to 1 mm Hg and tube currents from 
50 to 500 ma. From a study of the results the probable formation process for 
the molecular ions is found to be that involving collisions between normal atoms 
and atoms in highly excited states. 
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The Interpretation of the Properties of Indium Antimonide, by T. S. Moss. 


Abstract. The data given in a paper by Avery, Goodwin, Lawson and Moss 
on the optical properties of InSb are analysed and precise values for the position 
and temperature dependence of the absorption edge are given. 

The variation of the position of the absorption edge with impurity concen-. 
tration is explained by the very low effective mass of the conduction electrons, 
which is estimated by three methods to be about 0-03 of the free electron mass. 


Cathodo-Luminescence of MgO, by B. D. Saxsena and L. M. Pant. 


Abstract. ‘The cathodo-luminescence spectra of different samples of MgO— 
fresh, previously exposed to cathode rays, heated in a Bunsen and oxy-coal-gas 
flame etc.—show different characteristics. For the fresh crystal we get a strong 
band with peak at 4550-4400 A which weakens in intensity as the crystal receives 
increasing previous exposure to cathode rays. At the same time three bands 
in the red yellow region get increasingly stronger. On heating the exposed 
crystal, the previous condition (the same as that of the fresh crystal) is restored 
except for an increase of luminescence in the ultra-violet. The phosphorescence 
and the fluorescence spectra are the same for the fresh crystal, but for the crystal 
heated after previous exposure to cathode rays the fluorescence spectrum extends 
farther into the ultra-violet than the phosphorescence spectrum. ‘The spectra 
of heated samples also show marked differences from the spectrum of the: fresh 
crystal, and in the case of the sample heated in an oxy-coal-gas flame a new band 
at 24504 is obtained which disappears on continued cathode-ray bombardment. 


The Vapour Pressure of Calcium: II, by D. H. 'ToMtin. 


Abstract. Further determinations of the vapour pressure of solid calcium have 
been carried out by a similar application of the Knudsen effusion method to that 
described in the companion paper by Douglas, but with radiochemical analysis 
of the condensed deposits. It is concluded from the good agreement with the 
results of Douglas and of Pilling that vapour pressure data for the temperature 
range 800°K to 900°K are now well established, and that the results of Rudberg 
are inerror. ‘The matching of the results with those of Hartmann and Schneider 
for liquid calcium, when extrapolation is made to the melting point is discussed. 
Agreement in this respect remains incomplete. 


The Secondary Electron Emission of Sodium and Zinc, by J. Woops (Research Note). 
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A Proposed Notation for Quantized Angular Momenta, by J. A. Sprers (Letter). 


Short-lived Alpha Emitters Produced by *He and Heavy Ion Bombardments, by 
M. M. WINN (Letter). 


Section B 


Field Aberrations in Wide Aperture Optical Systems, by W. S. S. BLAScHEE. 


Abstract. It is shown how the considerations which lead to the sine condition 
may be simply extended to take into account the aberrations which depend on the 
square of the field but include all powers of the aperture. In this way the relations 
known in primary aberration theory between pupil and image aberrations are 
re-interpreted and extended. ‘The formulae are used to evaluate the field 
aberrations of a wide angle high numerical aperture flat field objective and 
comparison is made with the result of accurate trigonometrical calculation. 


Luminescence Characteristics of some Scintillating Crystals, by J. R. Cook and 
K. A. Manmowp. 


Abstract. The phosphorescence observed during the period 2 to 400 usec 
following the absorption of gamma-ray photons has been studied in crystals 
of sodium iodide and potassium iodide (thallium activated) and calcium tungstate. 
The integrated light output is found to vary with temperature over the range 
—180°c to + 15°c in a complex manner differing with each crystal. On the other 
hand, the decay time of the after pulses is to a first approximation temperature 
independent, with a decay constant in these particular crystals of around 15 zsec. 
It is concluded that a temperature dependent dissipative process occurs at some 
time during the initial decay, and is followed by the decay to a ground state with 
a time constant independent of temperature. 


The Vapour Pressure of Calcium: I, by P. E. Doucuas. 


Abstract. ‘The vapour pressure of calcium in the temperature range 800°K-920°K 
has been measured by the Knudsen effusion method. Calcium metal was heated 
in a specially designed nickel crucible, and the vapour which effused through 
a narrow slit aperture into a well-defined solid angle was condensed and 
determined chemically. ‘The vapour pressure p in mm Hg was found to be 
related to the absolute temperature 7' by the relation logy) p = 9°59 — 10089/ 7. 


Out-of-focus Diffraction Patterns for Microscope Objectives, by R. O. GaNnvy. 


Abstract. Formulae are derived for the diffraction pattern at the image plane 
of an out-of-focus point source, and an out-of-focus line source. ‘The lens 
considered is an idealization of a microscope objective; it is assumed to be a 
flat-field anagastigmat and to subtend a small angle at the image, but no restriction 
is placed on the angle subtended at the object. A discussion is given of the 
assumptions required both for deriving and for applying the formulae, and some 
indication is given of the effect of the differences between practice and theory. 
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The Time Coherence of Associated Cosmic Ray Particles, by V. C. Orricer and 
Poy. Eccrrs, 


Abstract. Short reaction time Geiger counters have been used at sea level to 
study the time coherence of associated cosmic ray particles under 18 cm of Pb, 
and also in air. A 50-channel hodoscope has been used to identify the events 
giving coincidences between two 138 cm? trays of these counters separated by 
15 cmina horizontal plane. No evidence was found for delays between associated 
particles of the order of 2x 10-8 sec, as reported by Robinson (1953), using 
spark counters, although the counter resolving time of 1-4 x 10-8 sec should have 
allowed detection of the effect. Multiple hits by particles on the Geiger counter 
trays were found to give modified counter reaction time distributions, and it is 
suggested that a similar effect could occur in spark counters. A theory which 
accounts for the behaviour of both spark and Geiger counters under multiple 
hit conditions has been developed. 


The Photo-Ionization of Neon, by M. J. SEATON. 


Abstract. Previous calculations of the photo-ionization cross section of neon 
have been extended to wavelengths just beyond the L, edge at 256A. The 
absolute value of the calculated cross section is found to be in reasonable agreement 
with the experimental results of Lee and Weissler and of Ditchburn and Marr, 
but compared with the calculated results the experimental curve rises more 
steeply just beyond the threshold and falls more rapidly at higher energies. 


The Elastic Scattering of Electrons by Excited 2s and 2p States of Atomic Hydrogen, 
by P. Swan. 


Abstract. The elastic scattering of electrons by H2s and H2p has been evaluated 
in the electron energy range 3-100 ev, the approximate method of Langer being 
used for large scattering phase-shifts and Born’s approximation for the small 
phases corresponding to large values of the orbital angular momentum /. 

The total elastic cross sections for H2s and H2p are much larger than for the 
ground state H1s even at the lowest energy considered, the interpretation being 
that the long tails of the H2s and H2p potentials make the partial cross sections 
for waves of higher orbital angular momentum / very important compared to 
the partial S cross section. 

The effect of electron exchange is small even at 3 electron volts energy, an 
increase in cross section of 8° resulting from its inclusion, so that its effect has 
been neglected at higher energies. 


The Detection of Electron Pairs in a Cloud Chamber with Internal Counters, by 
P. J. Campion and W. 'T’. Daviss (Research Note). 


The Resolving Time of an Internal Counter Controlled Wilson Chamber, by 
P, J. Cuampion and W. 'T. Daviss (Research Note). 


Riesz Potential and the Elimination of Divergences from Quantum Electro- 
dynamics: III, by L. S. Koruart (Research Note). 


On Antiferromagnetism in Metals, by R. H. TREDGOLD (Research Note). 
The Reaction *Be(d, *He)®Li, by M. M. WINN (Research Note). 


[3] 


ae 

i 

we 

j 
wy 

i 

of 

“nr 

= 


GiB Y . oy YM gee 
a - ,. 
c Pes! wo oe ee , , . * ~ 
We ae eet SI Fly fret 4 Lp AD . run 
- . « ae 
: gia & #4 cele Gs . . 2% la | Sew i ¢he8 ‘ ed 4) ath 
iy Aa . ‘ , ’ « a 
SHisvs Sit vier OF Bozo sax! aod worly rhary-Oe A am 


ay a% xo 


yt Patigiegse waniines. seat 6 eyes *e Wind senshiooiw Saabe 


a . . * - 
Tye Poet ge frees tter sepe leet) eyo} g ' : — < { 7 f 
holnisgeen noseise aveints 101 bavol 28w'ad raiq letnoxnad sata 
* — in =% > 7 7 : % 
~ * Cte ee ey spet FE » < a , f wet . 
ate ten ay PANEL FUE isQed : { 3 . ied ot 
-= y = Le ae a : ¥ > ° 7 
= * Rit Stir? SOrvlorsel adi otat =~ ber dy ge 
= K 4 8 _ d “ J s FZ é ar ls ile’ es { ua? af 
4 ™ - + 1 «> « % & on i 
Pa eS eo)" rf eart Sick i hy hh Wai 
- Ps on a -s : - “a . ? 
RES Aes Gt aie? i 
ee = - ‘ 
, awe 
- 2 - 7 ‘ 
é ¢ 
> - . ; a = <= 4 
™ 
~ 
* 
* ; , 
: 2" ous 
5 * ¢ 
— 
=. +s ; t 
+ + _ 7 
z 
‘ toy ~~ S 


> Z 
* 

. 

— 
» 

j 
» 
- 
r) 
2 
b= 
_ —S 
———— 
Y 

: . 


